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DISCRETE METRIC SPACES:
STRUCTURE, ENUMERATION, AND 0-1 LAWS

DHRUV MUBAYI AND CAROLINE TERRY

Abstract. Fix an integer r > 3. We consider metric spaces on n points such that the distance between
any two points liesin {1..... r}. Our main result describes their approximate structure for large n. As a
consequence, we show that the number of these metric spaces is

r+1 (’2’>+a(n2)
=1
Related results in the continuous setting have recently been proved by Kozma, Meyerovitch, Peled, and
Samotij [34]. When r is even, our structural characterization is more precise and implies that almost all
such metric spaces have all distances at least r/2. As an easy consequence, when r is even, we improve
the error term above from o(n?) to o(1), and also show a labeled first-order 0-1 law in the language £,
consisting of r binary relations, one for each element of [r]. In particular, we show the almost sure theory
T is the theory of the Fraissé limit of the class of all finite simple complete edge-colored graphs with edge
colorsin {r/2..... r}.

Our work can be viewed as an extension of a long line of research in extremal combinatorics to the
colored setting, as well as an addition to the collection of known structures that admit logical 0-1 laws.

§1. Introduction. Given integers n.r > 3, define M, (n) to be the the set of all
metric spaces with underlying set [n] := {1,...,n} and distances in {1,...,r}. The
goal of this article is to investigate the approximate structure of most elements of
M, (n) for fixed r and large n, and in the case when r is even, to prove that M, (n)
has a labeled first-order 0-1 law.

1.1. Background. A graph is a set equipped with a symmetric irreflexive binary
relation. Given n € N and a collection H of graphs, let Forb, (%) denote the set of
graphs with vertex set [#] which do not contain any element of # as a subgraph.
There is a long line of research in extremal combinatorics which investigates the
structure of graphs in Forb, (H) for various H. One of the first such results is due to
Erdoés, Kleitman, and Rothschild [20]. which states that if 4 = {K3}. then almost
all graphs in Forb, () are bipartite. More precisely. if B(n) is the set of bipartite
graphs on [n], then
. |Forbn({K3})|

lim

=1.
n=oo  |B(n)|
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In [30], Kolaitis, Promel, and Rothschild extend this result to the case when H =
{K;} for integers / > 3, showing that almost all K;-free graphs are (I — 1)-partite.
These fundamental combinatorial results have been extended and generalized in
numerous ways. For instance, in the graph setting, [5.8.36,38] contain similar results
about Forb,, (H) for specific collections H. and [3.4,19.28,44] contain results which
apply to Forb, (H) for H satisfying general properties. Results of this spirit for other
types of structures include, for example, [11, 12, 29] for partial orders, [35.45,47]
for directed graphs, and [6, 7,43] for hypergraphs.

In some cases, the structural information obtained about Forb, (%) from such
investigation is enough to prove a labeled first-order 0-1 law, which we now define.
Suppose L is a finite first-order language and F = J,cy Fu. Where F, is a set
of L-structures with underlying set [n]. For each L-sentence . set u,(y) to be
the proportion of elements in F, which satisfy w. Then, the asymptotic probability
of yis u(y) = lim,_.o u,(yw) (if it exists). We say F has a labeled first-order
limit law if for each L-sentence w, u(y) exists, and we say F has a labeled first-
order 0-1 law if moreover, for each L-sentence y. we have u(y) € {0,1}. The
almost sure theory of F is the set of L-sentences y such that u(y) = 1. In [30],
Kolaitis, Promel, and Rothschild use the structural information they obtain about
Forb({K;}) = U, ey Forb, ({K;}) for I > 3 to show that each such family has a
labeled first-order 0-1 law in the language of graphs and to give an axiomatization
of its almost sure theory.

Givenaset X.let (5) ={Y C X :|Y|=2}and2¥ = {Y : Y C X}. Anr-graph

G is a pair (V. c), where V is a (vertex) set, and ¢ : (g) — 21 we call G a simple

complete r-graph if |c(xy)| = 1 for all xy € (}). Elements of M, (n) are naturally
viewed as simple complete r-graphs by assigning edge colors corresponding to
distances. Given a set H of r-graphs, let Forb, () be the set of simple complete
r-graphs with vertex set [n] which contain no element of H as a substructure. By
taking H to be the set of simple complete r-graphs on three vertices which contain
violations of the triangle inequality, we see that M, (n) = Forb),(#). In this way, we
can view M,(n) as an edge-colored analogue of Forb, (). This analogy suggests
that one could prove similar results as in [20] and [30] about M, (n). In this article, we
show that this is indeed the case. utilizing techniques from graph theory to describe
the approximate structure of most elements of M, (n) for large n.

We may view elements of M,(n) as first-order structures in the language L,
consisting of r binary predicates, one for each edge color. In this setting, as a
corollary of our structural results, we are able to prove in the case when r is even,
that there is a labeled first-order 0-1 law for M, = (J,.y M,(n) and to give an
axiomatization of its almost sure theory. In this article, we consider only r > 3
for the following reason. There is no way to violate the triangle inequality using
distances in {1,2}, so M>(n) consists of the set of @/l simple complete 2-graphs.
This means that given a pair x, y of distinct elements of [#], the distance between x
and y is equal to 1 in exactly half of the elements of M>(n). For each G € M>(n).
associate a graph G with vertex set [n] such that for each x,y € [n], there is an
edge between x and y in G if and only if the distance between x and y is equal to
1 in G. Under this association, we see that M>(n) behaves exactly like the random
graph G (n,1/2), the structural properties of which have been studied extensively
(see [10]). and which is known to have a labeled first-order 0-1 law [21,24].
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The results of this article may be of interest to both combinatorialists and model
theorists. From the combinatorial perspective, our work appears to be the first
extension of the classical enumeration results in extremal graph theory to the edge-
colored setting. The proofs of our main results will rely on a stability theorem which
is proved using a multicolor version of the Szemerédi regularity lemma [2]. Although
our proof techniques bear some resemblance to the classical results in [19, 20, 29],
we need several new ideas that are motivated by work on weighted Turan-type
problems [23]. Our contributions also add to existing results that study metric
spaces as combinatorial objects [14, 34,40, 41]. In particular, [41] and [34] address
questions similar to ours in the continuous setting. In [41], Mascioni investigates
the following problem. Given an integer # and a fixed set X of n points, if we assign
i.i.d. uniform real numbers in [0, 1] to the elements of (3 ). what is the probability
we get a metric space? It is shown in [41] that this probability p satisfies

G I\ /2] o n/2)(Tn/21-2) 1
- <p<|-= = ,

where the lower bound is obtained by noting that any assignment of distances from
[%, 1] yields a metric space. In more recent work, Kozma, Meyerovitch, Peled, and
Samotij [34] identify the set of metric spaces on [1] having all distances in [0, 1] with

elements in the cube [0, 1](’21). Let M,, be the subset of [0, 1](3) which corresponds to
the set of metric spaces on [n]. Then, [34] shows that there are constants ¢, ¢’, and
C such that ¢ > 0 and

1 ¢’ 1/(2) 1 C
— — < 2) < — —
5T TS (volM,) /2 < 5+ o (2)

They also prove that with high probability, all distances are between 1/2 — n—¢

and 1. The upper bound in (2) implies that p'/ () approaches 1/2 as n — oo,
where p = volM, is the probability from (1). Given a fixed even r > 4, our
results about M, (n) can be translated into results about metric spaces on [1] with
all distances in {)l L, ’);1 1}. In this setting, our Theorem 1.2 says that almost
all such metric spaces (as n — oo) have all of their distances in [%, 1], therefore
capturing a similar phenomenon as the results of [34] (for odd r the situation is
slightly more complicated). If it were possible to generalize our results to the setting
where r — oo and n is fixed, then they could apply to the continuous setting.
From the model theory perspective, we provide a new example which may aid in
understanding further why some classes of structures have labeled first-order limit
laws and others do not. There has been much investigation into finding sufficient
conditions for when a class of finite structures has various types of logical limit laws.
One type of sufficient conditions, first introduced by Compton in [15, 16], requires
that the number of structures of size n does not grow too quickly as n — oo. The
theorems in [15, 16] and various extensions of them (for instance [9. 13]) provide
a large number of examples of logical limit laws. However, these theorems only
apply to families with a growth rates of the form 200")  Yet there are many examples
of families with logical limit laws whose growth rates are of the form 290) for
example, the family Forb({K;,;}) for / > 2 [30]. For all » > 3, we will show
the number of structures in M, of size n is at least 2Q<"2), and therefore fails the
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sufficient conditions in [9, 13, 15, 16]. In [33] Koponen presents conditions which
cover more known examples. In particular, it is shown in [33] that the family of
almost /-partite graphs for / > 2 has a logical limit law. Koponen combines this
with the main result of [28] to prove the existence of logical limit laws for Forb({#})
when H is a complete (/ + 1)-partite graph with parts of sizes 1, sy, ... . s;, for some
1 <sp<---<s.Whens =--- =s5,H = Kjy, so this generalizes the 0-1 law
proved in [30] for Forb({K;}). ! > 3. More results on logical limit laws for various
families of graphs appear in [25, 26,32, 37]. However, these results do not apply to
M, as elements of M, are not graphs.

In [31], Koponen studies the asymptotic probability of extension axioms in
families of structures in finite relational languages satisfying certain general require-
ments. This generality allows the results to be applied to structures other than
graphs. For example, Koponen combines results of [31] with the main results of [6]
and [43] to show certain families of hypergraphs with forbidden configurations have
labeled first-order 0-1 laws (see Example 10.7 of [31]). Another article which studies
logical limit laws for more general languages is [1] by Ahlman and Koponen, which
focuses on families of structures in finite relational languages satisfying certain col-
orability requirements and with an underlying pregeometry. While none of these
results apply directly to M, a result of [31] does imply that a subfamily C, of M,,
(which will be defined later) has a labeled first-order 0-1 law. Our results will show
that when r is even, almost all elements of M, are in C,, which will yield that M,
has a labeled first-order 0-1 law. Therefore, this article provides the combinatorial
argument required to reduce the existence of a labeled first-order 0-1 law for M, to
the existence of one for C,, while the fact that C, has a labeled first-order 0-1 law
follows from known results, and is in fact very easy to prove directly. Part of the
motivation for this work is the idea that having more examples of logical limit laws
in languages other that of graphs, and seeing the techniques used to prove them,
will improve our general understanding of when a family of finite structures has a
logical limit law.

1.2. New results. In this section, we state the results in this article. First, we give
some necessary definitions and notation. Given positive integers r, s and a set X,
set [r] = {l.....r}. ({) ={Y c X : |Y| =s}.and 2¥ = {Y : Y C X}. Recall
that an r-graph G is a pair (V.c). where V is a set, and ¢ : (}) — 2U). We call ¥
the vertex set of G and ¢ the coloring of G. In the case when |c(e)| < 1 for every
e € (). wesay that (¥ ¢) is simple, and when ¢ (e) # ( foreache € (}). wesay G is
complete. Given integers r.n > 3, we consider M, (n) as the set of simple complete 7-
graphs ([n], ¢) satisfying the triangle inequality, i.e., for every three pairwise distinct
elements x, y. z of [n],

if {i} =c(xy).{j} =c(yz). and {k} = c¢(xz). then we have i < j + k.

Given a set X and {x,y} € ()2() we will write xy to mean {x, y}. Given integers
i< j,set[i,jl=Aii+1,..../}.

DerINITION 1.1, For an even integer r > 4 and any integer #. let C.(n) be the set
of all simple complete r-graphs G = ([n]. ¢) such that c(e) C [4.7] forall e € (14)).
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When r is even, there is no way to violate the triangle inequality using distances
in [5.7]. so C,(n) C M,(n). The strongest structural result we will prove (Theorem
1.2 below) says that when r > 4 is even, almost all elements in M, (n) are in C,(n).

THEOREM 1.2. Let r > 4 be an even integer. Then there is f > 0 and M > 0 such
that for alln > M,

(Coln)| > My ()| (1 — 27,

When r is even, |C,(n)| = (§ + 1)(’> Therefore Theorem 1.2 yields that when r

is even, n |
(5 1)(2) <M, (n)] < (ﬁ) (Z+ 1)(2)

for some positive f and sufficiently large n. We obtain the following Corollary.

COROLLARY 1.3. Let r > 4 be an even integer. Then |M,(n)| = (5 + l)(g)“(l).

When r is odd, we still obtain a result on the approximate structure of most
elements of M, (n) (Theorem 1.5 below):; however, the situation in this case is more
complicated.

DEFINITION 1.4. Let > 3 be an odd integer. Define C,(n) to be the set of simple
complete r-graphs G = ([n], ¢) such that there is a partition ¥, U---U ¥V, of [n] and
for every xy € (1),

(55t —1] ifxy € () for some i € [1].

1
2
[rglJ.] ifXEViaerj fOFSOmei7éjE[t]~

c(xy) C {

Itis easy to see that for r odd, C,(n) C M,(n). Givend > 0, two r-graphs G = (V. c)
and G’ = (V. ¢’) with the same vertex set V' are d-close if |[{e € () : c(e) #

c’(e)}| <o|V|>. Set
Co(n) = {G € M,(n) : thereis G’ € C,(n) such that G and G’ are d-close}.

We now state our structure theorem vyhich holds for all » > 3. Informally, it states
that most members of M, (n) arein C? (n) for small d and n large enough depending
ono.

THEOREM 1.5. Let r > 3 be an integer. Then, for all 6 > 0, there exists an M and
B> 0 such that n > M implies

(M, () \ ()| _ M, () \ € ()
MG S 0

We will prove the following enumeration theorem as a corollary of Theorem 1.5 in
Section 3.

COROLLARY 1.6. Let r > 3 be an integer. Then. |M,(n)| = [£1] (3)+olr),
Given r > 3, define £, = {Ry,..., R,} where each R; is a binary relation

symbol. Given n € N, we can natufally consider elements G = ([n],c) € M,(n)
as L,-structures by interpreting for each (x.y) € [n]%. RZ(x.y) < xy € (1) and
¢(xy) = {i}. We will prove as a consequence of Theorem 1.2 that, when r is even,
M, = U, ey M, (n) has a labeled first-order 0-1 law. In fact. we will define a set T, of

L,-sentences such that the following holds (see Section 2 for the definition of T}).

<2-h,
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THEOREM 1.7. Let r > 4 be an even integer and consider the elements of M, (n) and
C,(n) as L,-structures. Then M, =,y M, (n) and C, = J, oy C,(n) have labeled
first-order 0-1 laws. Moreover, they have the same almost sure theory, and this theory
is axiomatized by T,.

When r is odd. the error term in Corollary 1.6 cannot be improved from o(n?)
to O(n). and moreover, Theorem 1.2 does not hold (see Section 7 for a detailed
discussion). This leads us to make the following conjecture.

CONJECTURE 1.8. Let r > 3 be an odd integer and consider elements of M,(n) as
L.-structures as in Theorem 1.7. Then M, = UneN M, (n) has a labeled first-order
limit law, but does not have a labeled first-order 0-1 law.

1.3. Notation and outline. Throughout the article, we will omit floors and ceilings
where they are unimportant to the argument. Let » > 3 be an integer and let G
be an r-graph. We will write ' (G) to denote the vertex set of G and ¢ to denote
its coloring. For simplicity of notation we set E(G) = (V<2G)), and for subsets
X.YCV(G)setE(X.Y)={xy € E(G):xe X,y e Y} andE(X) = E(X. X).
Given a simple complete r-graph G, we define d° : E(G) — [r] to be the function
sending xy € E(G) to theuniquei € [r]such thatc%(xy) = {i}. We will sometimes
also wish to discuss graphs, meaning a set equipped with a single binary, symmetric,
irreflexive relation. In order to avoid confusion, these graphs will be denoted by
G = (V.€). where V is the vertex set of G and £ C (Y) is the edge set of G. Given a
graph G = (V. &) and v € V, we will write DEG(v) = [{u : uv € E}|.

By a violating triple we will mean a tuple (i. j.k) € N? such that |i — j| <
k <i+ jis false. By a violating triangle. we will mean an r-graph H such that
V(H) = {x,y,z}, and for some violating triple (i, j. k), i € ¢"(xy), j € ¢#(yz),
and k € ¢ (xz). Given two r-graphs H and G, we say H is a sub-r-graph of G if
V(H) C V(G)and forallxy € ("), ¢ (xy) € ¢%(xy). We say G omits H if H
is not a sub-r-graph of G. Define a metric r-graph to be an r-graph G = (¥, ¢) which
omits all violating triangles. We will say an r-graph contains a violating triangle if it
contains a violating triangle as a sub-r-graph. Given two finite r-graphs G and G’
with V(G) = V(G’). set

A(G.G') = {xy € E(G) : c®(xy) # % (xp)}.

In this notation, given é > 0, G and G’ are 5-close if |A(G, G')| < 5|V (G)|*. Given
a set of finite r-graphs S and a finite r-graph G, say that G is d-close to S if G is
o-close to some element of S. Given r > 3, set

m(r) = P—;l—‘.

A subset A C [r]is called a metric set if A> contains no violating triples. Note that
when r is even, [5.r] is a metric subset of [r] of size m(r). When r is odd, both
[551. r — 1] and [Z5L. r] are metric subsets of [r] of size m(r). As remarked earlier.
any r-graph meeting the requirements in the definition of C,(n) is already in M, (n).
In particular, C,(n) contains all simple complete metric r-graphs with distances in
[m(r), r]; therefore, |C,(n)| > m(r)(;). These observations yield the following fact
we will use throughout the article.
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REmMARK 1.9. Let n,r > 3 be integers. Then,
M, (n)] > |Co(m)] = m(r) ),
and if r is even, then, |C,(n)| = m(r)(z)

We now give an outline of the article. In Section 2. we introduce the notion of a
labeled first-order 0-1 law and prove as a consequence of Theorem 1.2 that Theorem
1.7 is true, i.e., when r > 4 is an even integer, M, has a labeled first-order 0-1 law in
the language consisting of r binary predicates. In Section 3, we prove Corollary 1.6,
which provides an asymptotic enumeration of M, (n) as a consequence of Theorem
1.5. In Section 4, we provide preliminaries and notation regarding a multicolor
version of Szemerédi’s regularity lemma, then we prove Theorem 4.13, which is
a stability result needed to prove Theorem 1.5. In Section 5, we prove Theorem
1.5. and in Section 6 we prove Theorem 1.2. Finally, in Section 7, we explain why
Corollary 1.3 and Theorem 1.2 do not hold when r is odd. then discuss open
questions concerning M, (n) when r is odd.

§2. Proof of logical 0-1 law. In this section, we assume Theorem 1.2 and prove
Theorem 1.7, which says that for even integers r > 4, the family M, = |J, .y M, (n)
has a labeled first-order 0-1 law in the language £, consisting of r binary relation
symbols. The outline of the argument is as follows. Theorem 1.2 allows us to
reduce Theorem 1.7 to showing the existence of a labeled first-order 0-1 law for
the subfamily C, = |J, o C(n). The existence of a labeled first-order 0-1 law for
C, follows from a standard argument. In particular, it follows from a theorem in
[31] which generalizes the method in [21]. We assume familiarity with the theory of
Fraiss¢ limits. For an introduction to this subject. see Chapter 7 of [27]. For a survey
on logical 0-1 laws, see [49]. We begin with the required terminology concerning 0-1
laws.

DEerFINITION 2.1. Let £ be a finite first-order language. For each n, suppose V), is
a set of L-structures on [n], and V' = J, oy Vi-

1. u) : vV, — [0,1] is the probability measure defined by setting ) (G) = ‘ !

Vi

foreach G € V,. |

2. Given a first-order L-sentence y. set u) (y) = u) {G € V, : G = w})
and 1" () = lim,_00 p) (w). When 1" (y) exists, it is called the labeled
asymptotic probability of v .

3. The almost sure theory of V is T}, = {w:y is an L-sentence and
lim,, o0 ﬂf(v/) = 1}-

4. V has a labeled first-order 0-1 law if for each first-order L-sentence v, u" (y)
exists and is 0 or 1.

—

It is straightforward to show that ' has a labeled first-order 0-1 law if and only
if T,); is a complete, consistent theory with infinite models.

Fix an even integer » > 4 for the rest of the section. Define £, =
{Ri(x,y),..., R (x.y)}, where each R;(x,y) is a binary relation symbol. Given
an r-graph G, make G into an £, -structure by interpreting for all (x. y) € V(G)?.

RY(x,y) & xy € E(G)and i € c“(xy).
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From here on. all r-graphs will be considered as £,-structures in this way. We now
prove that as a consequence of Theorem 1.2, M, has a labeled first-order 0-1 law if
and only if C, does.

LEMMA 2.2. For all L.-sentences y. if u< (w) exists, then u™r(y) exists. and
moreover, u (y) = u™ (y).
PrOOF. Assume u< () exists. For all n.
() LG E MO\ GG (6 € Gl G v
|M;(n)] |M, (n)]|
By Theorem 1.2, there is f > 0 such that for sufficiently large 7,

|M,(n)\ C.(n)| <27P"|M,(n)| and |C,(n)| < |M,(n)| < (1 4+27)|C,(n)

(3)

s

where the second inequality is because foralln, C, (n) C M, (n). Thus, for sufficiently

large n,
HGeC):GEyl {GeCl):GEwl H{GeCn): Gyl
|G ()| (1 4-2m) = | M, (n)| - |Cy(n)] '
and
{G e M)\ Cn) : G =yl _ b
|M,(n)| -
Therefore,
lim |{G € M,‘(I’l) \ Cr(n) ' G ): V/}l -0
n—oo |M,(I’l)|
and
- HGeCm):GEyw} . H{GeCl):GEy}
st [, () = G, ()] =# W)
Combining these with (3) yields that u™ () = u< (y). -

Towards stating the definition of 7, from Theorem 1.7, we now fix some notation.
Fix aninteger k > 2. Given A € M, (k). write x; ... x; = A asshort hand for the £, -
formula which says that sending x; — i makes xj ... x; isomorphic to 4. Explicitly

we mean the formula w(xi.....x;) given by
/\ <RdA(i,j)(xiexj)/\ /\ ﬁRs(xi,xj))
1<i<j<k s#dA(i.,])

Given 4 € M,(k)and A’ € M,(k+1), write A < A’ to denote thatforallij € ([15])7
d“(ij) = d* (ij). Given such a pair 4 < A'. let 7 4/,4 be the following sentence:

Vxp . Y ((xooxp = 4) = 3y(xg .o xy = 4)).

Sentences of this form are called extension axioms. Let T be a set of £,-sentences
axiomatizing an infinite metric space with distances all in [5. r].

T = U{O'A//A A€ Cr(k),Al S C,(k+ I)A < A/}, and
keN
T,=TuT'.
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Given an L,-structure M, let Th(M) denote the set of L,-sentences true in M.
Given a set of £,-sentences I', we will write M |= T to denote that M |= ¢ for all
¢ el

PrOOF OF THEOREM 1.7. Lemma 2.2 implies that if C, has a labeled first-order 0-1
law then so does M., and moreover T = TM- . Therefore, it suffices to show C, has
alabeled first-order 0-1 law and to show T, axiomatizes 7.5 . Let C, be the class of £, -
structures obtained by closing C, under isomorphism. Given M € C,, we will write
V(M) to denote the underlying set of M . That C, is a Fraissé class is straightforward
to see. For the sake of completeness we verify that C, has the amalgamation property.
Given X, Y € C,, anisometry f : X — Y is an injective map from V' (X) into V' (Y)
such that for all xy € E(X). d*(x,y) = dY(f(x). f()). Suppose 4. B.C € C,
and /' : C — A4, g : C — B are isometries. Without loss of generality, assume that
f and g are inclusion mapsand V' (4)NV (B) = V(C). To verify the amalgamation
property, we want to find D € C, and isometries 4 : 4 — D and s : B — D such
that for all ¢ € V(C). s(¢) = h(c). We do this by setting V(D) = V(4) U V(B)

and for xy € ("?)), setting

d4(x.y) ifxy e E(A).
dP(x.y) = qd®(x.y) ifxy e E(B)\E(A), 4)
r ifx e (V(A)\V(C)).,ye(V(B)\V(C)).

D is a simple complete r-graph with d? (x. y) € [§.r]forallxy € E(D).so D € C,.
Defineh : A — D and s : B — D to be the inclusion maps. Then forall ¢ € V' (C),
h(c) = s(c) = c. as desired, and C, has the amalgamation property. Note that we
could have chosen any color in [5. r] to assign the edges in the third case of (4), as
there are no forbidden configurations in C,. We leave the rest of the verification that
C, is a Fraissé class to the reader.

Let FL(C,) be the Fraissé limit of C, and make FL(C,) into an L,-structure by
interpreting, for each (x,y) € FL(C.)?. R;(x.y) if and only if d% (x.y) = i. It
is a standard exercise to see that FL(C,) = T, and further that 7, axiomatizes
Th(FL(C,)). Therefore T, is a complete, consistent £,-theory, so to show C, has
a labeled first-order 0-1 law, it suffices to show that for each y € T,, u“ (y) = 1.
For y € T, this is obvious. Because there are no forbidden configurations in C,,
a straightforward counting argument shows that for v € T', u&(-y) = 0, and
therefore 4 () = 1. An example of such an argument applied to graphsis the proof
of Lemma 2.4.3 of [39]. The proof in our case is only slightly more complicated,
so we omit it. We also point out that this fact (that for all w € T’, u& (y) = 1)
follows directly from a much more general result, Theorem 3.15 of [31]. Because
this theorem is much more powerful than what our example requires, we leave it to
the interested reader to verify it applies to C, and w € T". -

We end this section by showing that while there is a Fraissé limit naturally asso-
ciated with M,, its theory is very different from the almost sure theory we obtain
from M,. Let M, be the class of finite metric spaces obtained by closing M, under
isomorphism, that is, M, is the class of all finite metric spaces with distances all in
[r]. It is well known that M, is a Fraissé class. For instance, this is a simple case
of general results contained in [18], which tell us when, given S C R, the class of
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finite metric spaces with distances all in S forms a Fraissé class. For completeness
we verify the amalgamation property for our case, that is, when S = [r].

Suppose 4. B,C e M, and f : C — A4, g : C — B are isometries. Without loss
of generality, assume that /" and g are inclusion maps and V' (4) N V(B) = V(C).
To verify the amalgamation property, we want to find D € M, and isometries
h:A— Dands: B — Dsuchthatforallc € V(C).s(c) = h(c). Givens.t € [r].
lett 4+ s =min{r,z +s}.Set V(D) = V(4) U V(B) and for xy € (V(ZD)), set

d*(x.y) if xy € E(A).
dP(x.y) = {dB(x.y) if xy € E(B)\ E(4), (5)
max{d?(x.c) +dB(c.y):c e V(C)} ifxec(V(A)\V(C)).ye (V(B)\V(C)).

We leave it to the reader to verify that the assigned distances do not violate the
triangle inequality, and therefore, that D isin M,.. Define# : A — Dands : B — D
to be the inclusion maps. Then for all ¢ € V(C). h(c) = s(c) = c. as desired,
and M, has the amalgamation property. Note that unlike in the proof of the
amalgamation property for C,, the distance in the third line of (5) must be chosen
carefully, as there are many forbidden configurations in M,.

Let FL(M,) be the Fraissé limit of M,. It is a standard exercise that the theory
of FL(M,) is axiomatized by the axioms for an infinite metric space with distances
all in [r] and the collection of all extension axioms of the form ¢4,/ for some
A e M, (k), A € M.(k +1) with 4 < A’, and k > 0. We can see now that
Th(FL(M,)) and Th(FL(C,)) are different. For instance. let y be the sentence

IxIyR; (x. y).

Then y € Th(FL(M,)), while clearly Th(FL(C,)) = —w. Model theoretically,
Th(FL(C,)) is simple (in the sense of Definition 7.2.1 in [48]). This can be seen
by adapting the argument used to prove the theory of the random graph is simple,
as C, is just an edge-colored version of the random graph (see Corollary 7.3.14
in [48] for a proof that the theory of the random graph is simple). On the other
hand, a straightforward adjustment of the construction in Theorem 5.5(b) of [17]
shows that Th(FL(M,)) has the r-strong order property (SOP,). a measure of the
complexity of a first-order theory defined in [46]. It is shown in [46] that for all
n > 3, a theory with SOP,, is not simple. In sum, when r > 4 is even, we have a
family of labeled finite structures, M, associated with two theories which differ in
model theoretic complexity:

e Th(FL(M,)) where M, is obtained by closing M, under isomorphism. This
theory has SOP, (and therefore is not simple).

o TM = TS = Th(FL(C)), where C, C M, is a special subfamily, and C, is
obtained by closing C, under isomorphism. This theory is simple.

§3. Asymptotic enumeration. In this section we assume Theorem 1.5 and prove
Corollary 1.6, which asymptotically enumerates M, (n) for all » > 3. Recall that for
all integers r > 3, m(r) = [=51].

PrOOF OF COROLLARY 1.6. Fix an integer r > 3. All logs will be base m(r) unless
otherwise stated. Remark 1.9 implies that | M, (n)| > m(r)(g), so it suffices to show
that for all 0 < y < 1, there is M such that n > M implies | M, (n)| < m(r)(;)“'"z.
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Fix 0 < y < 1. Let H(x) = —xlog, x — (1 — x)log,(1 — x). Recall that (") <
2H(n foralln € Nand 0 < x < % (see for instance page 427 of [22]). Basic calculus
shows H(x) — 0 as x — 0. Choose > 0 small enough so that

(H(6)+6)log2+dlogr < %

Theorem 1.5 implies there existsa f = f(6) > 0 and M; = M,(5) such thatn > M,
implies
M, (n)\ C°(n)| < 27 m(r)(5).
Choose M > M; large enough so that n > M implies n”> + nlogn < 4n? and
Ln?+log2 < yn*. Wenow assume n > M and bound the size of C/ (n). All elements
G € C?(n) can be constructed as follows:
e Choose an element of G’ € C,(n). There are |C,(n)| ways to do this. If r is

even, then |C,(n)| = m(r)(;). If r is odd. we must find an upper bound for
|C,(n)|. When r is odd., we can construct any element of C,(n) by first choosing
a partition of [n], then assigning a color to each edge in a way compatible with

the partition. There are at most n”m(r)(;) ways to do this.
e Choose at most én” edges to be in A(G. G’). There are at most ((3’;22)2‘5”2 <
2(HG)+” \ways to do this.
e Assign a color to each edge in A(G. G'). There are at most pon’ ways to do this.
Thus

|Cro(}’l)| < nnm(r)(g)z(H((5)+(5)n2rén2 _ m(r)(g)+n2((H(¢3)+¢3) 10g2+o"logr)+nlogn.

By our assumptions on ¢ and M. this is at most m(r)(;)%”z” logn m(r)(g)+%”2.
Therefore, since M, (n) = (M, (n)\ C?(n)) U C?(n) we have

M, ()] < ()72 ()OI < o) 457 = () ()52 <y () G

where the last inequality is by the choice of M. -

84. Stability theorem. In this section we prove a stability theorem which implies
that for all integers r > 3. for large enough n. if G € M, (n) has close to the maximal
number of different distances occurring between its vertices, then it is structurally
close to an element of C,(n). This is a crucial step in the proofs of Theorems 1.2
and 1.5. Before proceeding further, we require some definitions and notation.

4.1. Regularity lemmas and preliminaries. In this section we state a version of
Szemerédi’s Regularity Lemma which applies to r-graphs. We will also prove easy
consequences of this for our situation.

DEerNITION 4.1. Let » > 3 be an integer. Fix a finite r-graph G and disjoint
subsets X, Y C V(G).

1. We call a partition A = {4;,..., Ay} of V(G) an equipartition of order m if
[|4i|—14;|| < lforalli # j. A refinement of Aisapartition 8 = {B..... By}
such that for each i € [k]. there is j € [m] such that B; C 4;.
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2. For/ € [r]. set
ef(X.Y):=|{xy €E(X.Y):l€c%xy)} and
e(X.Y)
|Xy| -
3. The density vector of (X. Y)in G is (pC.....p¢) where p¢ = p?(X.Y).

4. (X.Y) is e-regular for G if for all X’ C X and Y’ C Y with |X’| > €| X| and
|Y'| > €| Y| forall/ € [r].

(X Y) = pf (X' Y)| <e.

5. A partition B = {By..... B} of V(G) is called e-regular for G if it is an
equipartition of ¥ (G). and for all but at most ek of the pairs ij € (1),
(B;. B;) is e-regular for G.

PP (X Y) =

We now state the multicolor version of the Szemeredi Regularity Lemma and one
of its corollaries we will use in this article. Both results appear in [2].

THEOREM 4.2 (Regularity Lemma). Fix an integer r > 2. For every € > 0 and
positive integer m, there is an integer CM = CM (m. €) such that if G is a finite
r-graph with at least CM vertices, and A is an equipartition of G of order m, then
there k such thatm < k < CM and a refinement B of A of order k which is e-regular
for G.

THEOREM 4.3 (Embedding Lemma). Fix an integer r > 2. For every 0 < d < 1
and k € N\ {0}, there is a positive y = y,(d. k) < d and 6 = d,(d, k) such that
the following holds. Suppose that H and G are r-graphs and V (H) = {v, ..., v }.
Suppose V1, .... Vi are pairwise disjoint subsets of V (G) such that for everyij € (UE]),
(Vi V;) isy-regular for G.andfor eachl € [r].1 € ¢ (v;v;) implies p? (Vi V) > d.
Then there are at least & Hf;l |Vi| k-tuples (wy,....w) € Vi X -+ X Vi such that
foreachij € (Ug]), cf(viv;) C @ (wiw;).

We will apply these theorems to what are called reduced r-graphs, which we define
below. Recall that a metric r-graph is an r-graph with no violating triangles.

DerINITION 4.4, Letr > 2 be aninteger, G afinite r-graph, and0 <y < d < 1.

1. Suppose P = {V)...., V,} is an p-regular partition for G. Let R(G,P.d) be
the r-graph R with vertex set [7] such that s € ¢®(ij) if and only if (V;, V;) is
n-regular for G and p(V;. V;) > d. We say R is a reduced r-graph obtained
from G with parameters 7 and d.

2. Let M, (1) be the set of metric r-graphs on [¢] and set

0,.4:(G) = {R(G.P.d) : P is an n-regular equipartition for G and
P has order ¢}, and
CM (.1)

0,.4(G) = | 0.:(G).

=3

_We emphasize that the difference between M, (t) and M,(t) is that r-graphs in
M, (t) need not be simple and need not be complete. The following two lemmas will
be needed.
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LEMMA 4.5. Let r > 2 be an integer, 0 < d < 1.0 < y < y4(d.3). and § <
6u(d.3). Let (i. j. k) € [r]? beaviolating triple. Suppose G € M, (n) and V', V5. V3 C
V(G) are pairwise disjoint and pairwise y-regular for G with 8| V|| V2| V3| > 1. If
{X.Y.Z} ={V1, V2, V3}, then

min{p? (X. Y). p7 (Y. Z). p¢ (X. Z)} < d. (6)

PrOOF. Suppose for contradiction that { X, Y. Z} = { V1. V. V3} and (6) fails. By
Theorem 4.3 there exists at least 8| V|| V2||V3] > 1 tuples (x,p.z) € X x ¥ x Z
such thati € ¢%(xy), j € ¢%(yz) and k € ¢%(xz). But now {x, y., z} is a violating
triangle in G, a contradiction. -

LEMMA 4.6. Let0 < d < 1and0 < n < yy,(d.3). There is an M such thatn > M

Ly) ~
implies that for all G € M,(n). 0 # 0,4(G) C UtC:Ml("J7> M, (t). In other words, any

n
reduced r-graph obtained from G with parameters d and n omits all violating triangles.
2CM (.17)

PROOF. Let M = = oI Suppose n > M and G € M,(n). Asn > CM(%ﬂ)
0y(d.3)3
there is ¢ with % <t < CM(%, n)and P = {Vy,....V,} an p-regular partition for

G. Therefore Q) 4,(G) # 0.50 0, 4(G) # 0. Let R = R(G.P.d) € 0,4.(G). We
will show that R € M, (¢). Note that for all V;, V;, V; € P,

3 3
3
n n n
NV Vil > 6. - - — | >4 —

Sat(d. )Vl Vil Vil = du(d. 3)(Z 1) > (d.3) <2Z> > G (d. 3>8CM($$,7)3 > 1,
by assumption on M. Thus by Lemma 4.5, R contains no violating triangle. so
R € Mr(t). =

We spend the rest of this section stating various definitions and facts we will need
for our proofs. We will work with the following subset C,(n) C M,(n) which is an
analogue of C,(n) C M,(n).

DEFINITION 4.7. Let r > 3 be an integer. Set C,(¢) to be the the set of complete
r-graphs R with V' (R) = [¢] such that
(i) if r is even, then for all xy € E(R). ¢®(xy) =[5.7].
(i) if r is odd, then there is a partition [1] = V; U ... U V; such that for all
xy € ().
Rlxy) = {[’—21,r —1] ifxy € (%) for some i € [s].
[, 7] if xy € E(V;.V;) forsomei # j € [s].

S8}

Note that elements of C,(7) contain no violating triangles, so C.(1) ¢ M,(1).
Further, note that when r is even, C,(¢) consists of a single r-graph. The following
weight function defined on metric r-graphs is crucial to our proof.

DEFINITION 4.8. Let 7 > 2and r > 3 beintegersandlet R € M, (1). Forij € ([?),
set

fRG.j) = max{[e®(ij)l.1}  and  W(R)= [[ f*G.J).
ije(Y)
Note that for integers » > 3 and ¢+ > 2, any r-graph R with ¢ vertices has
W(R) < r(). Recall that when r is even m(r) = |[5.r]] and when r is odd.
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m(r) = |[%,r - 1] = |[%,r], so for any integers r > 3 and ¢t > 2, for all
Re C()andij e (W), £R(i. j) = m(r), and thus W (R) = m(r)(2),

We now state a lemma which restricts how many colors we can assign to the edges
of a triangle {7, j. k} in an r-graph without creating a violating triangle. The proof
of this lemma is elementary but somewhat tedious, and for this reason is relegated
to the Appendix.

Lemma 4.9. Fix an integer r > 3. Let A. B, and C be nonempty subsets of [r]
such that |A| > |B| > |C|, |A| > m(r), and |B| > m(r). Set x = |A| — m(r) and
y = |B| — m(r), and suppose

c| > max{m(r) — x — y, 1} if 1 is even,
T | max{m(r) —x —y +2.1} ifrisodd.

Then there is a violating triple (a,b.c) € A x B x C.

A straightforward consequence of this is that m(r) is the largest size of a metric
subset of [r]. Another important consequence is the following.

COROLLARY 4.10. Let r.t > 3 be integers and let R € M,(t). Suppose
wv,vw,uw € E(R), and fR(u,v) > fR(v.w) > m(r). Then fR(u,w) < m(r)
and max{fR(u,v) fR(u, w). fR(v,w) fR(u,w)} < m(r)> - 1.

Proor. For xy € (U), set f(x.y) = fR(x.p). Given 4. B.C C [r]and x,y €
[r]. write P(A4, B, C,x.y) if A, B, C. x, y satisfy the hypotheses of Lemma 4.9, that
is, if the following hold.

o [4] =B = |C|.

o x = |A| —m(r) and y = |B| — m(r),

o |A| > m(r) and |B| > m(r).

Set A = c®(uv), B = c®(vw), C = cR(uw), x = |A| — m(r), and y = |B| — m(r).
We show P(A. B, C, x, y) holds. By definition of x and y. the second bullet holds.
Since |4] = f(u.v), |B] = f(v,w), and |C| = f(u,w), our assumptions imply
|4| > |B| > m(r), so the last bullet holds. We now show the first bullet holds.
that is. that |4| > |B| > |C|. Suppose for a contradiction that |C| > |B|. Let
z = |C| — m(r) and note our assumptions imply that either P(4, C, B, x.z) or
P(C. A, B. z,x) holds. In either case, |B| > m(r) > m(r) — x — z + 2 implies by
Lemma 4.9 that there is a violating triple (a.b.c¢) € A x B x C. Now {u,v,w}isa
violating triangle in R, a contradiction. Thus |4| > |B| > |C]|.

Consequently, P(4, B, C. x, y) holds, so if |C| > m(r) — x — y + 2 were true,
Lemma 4.9 would imply that there is a violating triple (a.b.c) € A x B x C,
making {u, v, w} a violating triangle in R, a contradiction. Therefore, we must have
|C| < m(r)—x—y+2.Ourassumptions imply that x, y > 1, so in fact, |C| < m(r).
Further, we have shown that

IBIIC| = f (w.w) £ (.w) < (m(r) + y)m(r) = x =y +1) < (m(r) + y)m(r) = y)
= m(r) =y <m(r) -1,

and
[4][C| = fuv) f(u,w) < (m(r) +x)(m(r) —x =y +1) < (m(r) + x)(m(r) - x)
=m@r)* = x*<m@r)* -1,

as desired. .

https://doi.org/10.1017/js1.2019.52 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.52

DISCRETE METRIC SPACES: STRUCTURE, ENUMERATION, AND 0-1 LAWS 1307

4.2. Two lemmas. In this section, we prove two lemmas toward our stability
result. The first lemma bounds the size of W (R) for R € M, (1). We will frequently
use the following inequality which holds for all integers r > 3:

m(r)> —1>r. (7)

LEmMmA 4.11. Let t.r > 3 be integers and R € M,(t). Let ar = |{ij € E(R) :
fR(i. j) > m(r)}|. Then

W (R) < m(r)) 43 <m(r)2 - 1>aR

Proor. Fix an integer r > 3. Given an integer ¢ and R € M, (). set g(R) =
m(r)@“”(%)”’* We proceed by induction on ¢. Assume ¢t = 3 and fix R €

m

M, (7). In this case ag < 3.s0 g(R) > m(r)>(m(r)? — 1)3. It is straightforward to
verify that 3> < m(r)>, as r > 3. Therefore,

W(R) <r* <m(r)’(m(r)* = 1)* < g(R).

Assume now that + > 3 and the claim holds for all ¢ with 3 < ¢/ < ¢. Fix
R € M,(t). set a = ag, and for xy € ([;]), set f(x.y) = fR(x.y). If a = 0 then
W(R) < m(r)(é) < g(R) trivially. So assume a > 0.

Choose uv € E(R) such that f(u,v) is maximum. and note that @ > 0 implies
S (u,v) > m(r). Define R’ to be the r-graph with V' (R’) = [¢] \ {u. v} and for each
xy €E(R"), X =cR|ypy. Leta' = ap,

Y={zeV(R) max{f(u.z), f(v.2)} > m(r)},

and set s = |Y|. For all z € Y, because max{f(u,z), f(v,2)} > m(r)
and f(u.v) > m(r), Corollary 4.10 implies min{ f (u.z), f(v.z)} < m(r) and
f(u.z)f(v.z) < m(r)> — 1. By the definition of Y, for all z € V(R')\ Y,
max{f(u,z),f( 2)} < m(r). so f(u.z)f(v.z) < m(r)*>. Combining these facts
we have
W(R) = U)(H f(u,z)f(z,v)) (H f(u»Z)f(Zav)>
z€Y z¢Y

<WR) fuv)(mr)* = 1m0 < W(R)r(m(r)* — 1) m(r)?1 =279,

Using (7)., we can upper bound this by
( )2 | s+1
W (R (m(r)? = 1) m(r)20 727 = W(R')(—’" j ) m(rp=2.

By the induction hypothesis, this is at most

=y as (m(r)? — 1 « m(r)? —1 s —s Nepra (mGr)? =1 a'+s+1
m(r)(2) +< e > < T > m(r)% =2 = m(r)®) <W> .
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Note that @ = a’ + [{zu : z € Y and f(u.z) > m(r)} U{vz : z € Y and
f(v,z) >m(r)} U{uv}|. Because for each z € Y exactly one of f(u,z) or f (v, z)
is strictly greater than m(r), this shows a = a’ + s + 1. Therefore,

- m(r)?

W(R) < m@)(é)““(M) <¢(R).

This completes the proof. =

We now fix some notation. Suppose r > 3 is an integer, 0 < € < 1, R is an
r-graph, u € V(R),and t = |V (R)|. For i € [r], set

IR u) ={veV(R): fR(uv) =i}
uR(u) = [TR(w)
V) = {0 € VR) s ) (0) < (1 = vaE - D),

We now prove the second lemma.

, and

LEMMA 4.12. For every integer r > 3 there are Cy, Cy, Cs, depending only onr such
that for every 0 < € < 1, there is M such that if t > M the following holds. Suppose
R € M,(t) with W(R) > m(r)“_s)(;). Let agr = |[{ij € E(R) : fR(i.j) > m(r)}|
andbgr = |{ij € E(R) : fR(i. j) < m(r)}|. Then

1. ar < C]Glz,

2. br < Cyet?, and

3. |V0R(€)| < VeCst.

PRrOOF. Let r.¢ > 3 be integers. Fix e > 0 and suppose R € M,(t) is such
that W (R) > m(r)“iﬁ)@. Set @ = ag and b = bg. All logs in this proof are

base m(r). Our assumptions and Lemma 4.11 imply m(r)(l*)(z) < W(R) <
m(r) (2)+1+5 (S —1ya Consequently,

m(r)?
(—mz’ﬁiﬁ 1) <m(r) @, g

Suppose M is large enough so that 1 > M, implies 7(1 — §) + 5 < %2, and assume
¢t > M. Taking log of both sides of (8) we obtain

m(r)? t €, €, 3et?
< — — = —
alog(m(r)2_1>e<2>+t+5<2t+4t 1

where the last inequality is by assumption on M. Therefore a < Cjet?, for appro-
priate choice of C; = C;(r). This proves (1). For (2), note that by the definitions of
W (R), a, and b we have

W (R) < (m(r) — 1P r@m(r)&)—a=?,

Thus our assumptions and part (1) imply that,

b
m(r)(l—s)(;) < (m(r)_l)brClgtlm(r)(;)—a—b < (m(r)_l)br(,'lgllm(r)(;)_b _ (m(r) ‘_ 1) rClEﬂm(;‘)(;)_
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Consequently,

b
<m?:)(rz 1) < m(r)G)rae,

Taking log of both sides, we obtain

m(r) t 2 1 2
1 _ 1 — 1 .
bog(m(r)_l><e(2>+clet ogr<<2—|—C1 0gr>el/

from which (2) follows directly for an appropriate choice of C; = C»(r). For (3),
parts (1) and (2) yield

t

i € EQR): £G.)) =m)H = () —a—b = (]

) —(Cy + Cy)et* = (; (¢ + C2)6> 2 %

Settingm = |V (e)| = [{u € V(R) : uf ,>(u) < (1 —+/e)(t — 1)}], it is clear that

m(r

ST i @) < m(1 =Vt = 1)+ (t—m)t = 1) = 2 = 1 = Jemt +/em.
vEV(R)
On the other hand. let G be the graph with vertex set V = [t] and edge set £ = {ij €
(¥) : SR(ij) = m(r)}. Then

S kW) = 3 DEG() = 2/E] > 2((% —e(Cr + cz)>z2 - %) = (1-26(Cy + C))P 1,

vEV(R) veV

Consequently (1 —2¢(Cy + C2))t> —t < t> —t — \Jemt + \/em. Simplifying this we
obtain ( 2 5
2e(Cp + Cy)t t
_— =2 C C .
Je —1) Ve(Cr + 2)1_1

Set C; = 3(C; + C,). It is now clear that there is M> such that if > M>, then
m < \/eCst, so (3) holds. Therefore if 1 > M = max{M;, M>}, (1), (2), and (3)
hold. B

4.3. Proof of the stability result. In this section we will prove our stability result
below.

THEOREM 4.13. Fix an integer r > 3. For all 6 > 0 there is 0 < e < 1 and M such
that for all t > M the following holds. If R € M, (t) and W (R) > m(r)“’s)(;), then
R is 5-close to C.(t).

The following is a consequence of Lemma 4.9, so its proof appears in the appendix
along with the proof of Lemma 4.9.

LeEmMA 4.14. Suppose r > 3 is an integer and A, B, C C [r] are such that |A| =
|B| = |C| = m(r) and there is no violating triple (a.b,c) € A x B x C. Then one of
the following holds:

1. risevenand A = B = C = [m(r) — 1.r].

2. r is odd and for some relabeling {A, B.C} = {D, E, F} one of the following

holds:
(a) D=F =E =[m(r) —1.r —1].
(b) D=F =[m(r).r]. EC[m(r) —1....7].
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An immediate corollary of this is the following.

COROLLARY 4.15. Suppose r.t > 3 are integers, R € M,(t). and xy. yz, xz € ([Q)
are such that fR(x.y) = fR(y.z) = fR(x.z) = m(r). Then one of the following
holds:

1. riseven and cR(xy) = c®(yz) = R(xz) = [m(r) — 1.7].

2. risoddand for some relabeling {x, y, z} = {u, v, z} one of the following holds:
(a) cR®(uv) = cR(uw) = cR(vw) = [m(r) — 1.r —1].
(b) cR(uv) = cR(uw) = [m(r).r]. cR(vw) C [m(r) — 1.7].

PrOOF. R € M,(t) implies there is no violating triple (a.b.c¢) € cR(uv) x
c®(uw) x ¢®(vw). Thus the corollary follows immediately by applying Lemma
414to 4 = cR(uv), B = c®(uw) and C = cR(vw). -

We will use the following consequence of Corollary 4.15.

LEMMA f1.16. For all integersr > 3 and 0 < € < 1, there is M such that t > M
and R € M, (t) implies the following. Let V = [t]. Then one of the following holds.

(i) ris(e\;enandforallxy e O\EWVR(e)). fR(x.y) = m(r) implies c® (xy) =

[m(r) —1.r].
(ii) r is odd and for all xy € (5) \ E(V. V&(e€)). fR(x. ) = m(r) implies both of
the following:
(a) eitherr € cR(xy) or cR(xy) = [m(r) — 1.7 —1].
(b) either m(r) — 1 € cR(xy) or cR(xy) = [m(r).r].

Proor. Fixanintegerr > 3and0 < e < 1. Choose M largeenoughso that7 > M
implies r —2—2/e(t —1) > land fix R € M,(¢). Suppose xy € (5)\ E(VE(e). V)
and f2(x. ) = m(r). Since x. y ¢ Vi(e). min{® , (x). 1k (6} = (1= /)t -
1). Therefore

4 ﬂl—‘fl(r)(x) mr,ﬁ(,)(}’” >t -2-2/e(t—1)>1,

where the last inequality holds by our assumption on M. Thus thereisz € V' \{x, y}
suchthat fR(x.y) = fR(y.z) = fR(x.z) = m(r).If riseven, part (1) of Corollary
4.15 implies ¢®(xy) = [m(r) — 1,r], so (i) holds. If r is odd, part (2) of Corollary
4.15 implies ¢®(xy) C [m(r) — 1,r]. Recall that since r is odd, |[m(r) — 1.7]| =
m(r)+ 1. Therefore, since [c®(xy)| = fR(x.y) = m(r) and R (xy) C [m(r)—1.7].
m(r)—1 ¢ ¢R(xy) implies c®(xy) = [m(r),r] (so (i) holds), and r ¢ ¢®(xy) implies
cR(xy) =[m(r) — 1.r — 1] (so (ii) holds). =

We now fix some notation. Suppose r > 3 is an integer, R is an r-graph, and
u € V(R).Fori € [r]. set

NR(u) ={ve V(R):ie c®(uv)}and
deg®(u) = |NR(u)|.
PrOOF OF THEOREM 4.13. Let r > 3 be an integer, and fix 6 > 0. Let Cy, Gy, Cs
be as in Lemma 4.12. We will consider the cases when r is even and odd separately.

Castl.riseven. Fix 0 < € < 1 small enough so that max{,/€Cs. (C; + Cy)e} < §.
Apply Lemma 4.12 to e to obtain M|, and apply Lemma 4.16 to € to obtain M. Set

M = max{M,. M,}. Fixt > M and R € M,,(l)Nsuch that W(R) > m(r)“_e)(;).
Set V' = [t]. Let R’ be the unique element of C,(¢), that is, R’ is the complete
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r-graph with vertex set ¥ such that for all xy € (4). ¢® (xp) = [m(r) — 1.r]. We
show |A(R, R")| < 6¢%.

Let Vo = V() and Vy = V\ V. Define 4 = E(Vo. V)U{xy € (4) : fR(x.
m(r)}. Suppose xy € (5) \ 4. Then xy € (}) \ E(V. Vo) and fR(x.y) = m( )
so Lemma 4.16(i) implies ¢®(xy) = [m(r) — 1.7]. Thus ¢®(xy) = ¢® (xy) and

xy ¢ A(R, R"). We have shown A(R, R") C A, and consequently |A(R’, R)| < |A|.
We now bound | 4|. The definition of 4 andparts( ). (2), and (3) of Lemma 4.12

imply
|A| < |V||Vo| + ar + br < (VeCs + (C1 + Ca)e)t?

By assumption on e, (/€Cs + (C1 + Ca)e)t? < (§ + §)t> = 512, and consequently,
|A(R. R")| < 61? as desired.

Cast 2. r is odd. Fix 0 < € < 1 small enough so that max{,/eCs. (C; +
Ge, 2\ /e} < ‘% Apply Lemma 4.12 to e to obtain M; and apply Lemma 4.16
to € to obtain M». Choose M > max{M, M,} large enough so that 7 > M implies

% < ¢ e +1 < 2\/et?, and I’_—l < 2t. Fix t > M and R € M,(t) such

that W(R) > m(r)1—9 () and set ¥ = [t]. We construct an element R’ € C,(1),
then show |A(R, R’)| < d¢>. First we choose integers k > 1, £ € {0.....k},and a
partition Vo, Vi,.... Vi, ..., Vi of V with the following properties:

° |V0| < \/EC3Z,
e If 0 </, then foreach 1 < i <[, thereis u; € V and B; C V such that
Vi = (N’ff( ) (Ll,) N B,’) U {u,},

o If/<k,then V;q,..., Vi are singletons.

STEP 1. Let Vg = V*(e). Note that part (3) of Lemma 4.12 implies |Vy| < \/€Cst.
Define By = V' \ V. If there exists u € B; such that |Nn’f(,,>_1(u) NBy| > e(t —1),
then choose u; to be any u € By with |N,ff<r)7l(u) N B;| maximal, and set V;, =
(N,ﬁ(r)fl(ul) NB)U{u}. IV \ (VouV;) =0, set k =1 =1 and end the
construction. If not, go to step 2. If no u exists in B; such that |Nn§(r>_] (u) N Bi| >
Ve(t — 1), then put each element of B; into its own part and end the construction.
Thismeansweset/ = 0,k = t—|Vy|,andlet V1,..., V} partition B into singletons.
SteP i 4 1. Suppose i > 1 and we have chosen Vi, B;i, and u; such that V; =
(VR wi)NB:)U{u }and VAU V; # 0.Set By = V\U)_, V;. If there exists
u € B;.| such that |Nr§(r)71(“) N B;i1| > y/e(t — 1), choose u; 1 tobeany u € B,y
with |NR () N Bi 1| maximal, and set V. = (N,ff(r) W) N Bigy) Uf{uiga ).
If 1\ U’+1 Vi =0.set k =1 =i+ 1and end the construction. Otherwise go to
step i + 2. If no u exists in B;, such that |Nn’f(,,>_]( u) N Bi1| > y/e(t — 1), then put
each element of B, into its own part and end the construction. This means we set
=i k=1t-— |U1 o Vi itls..., Vy partition B;. into singletons. This
completes the construction of the partition Vo, Vi, ..., V). ..., Vi. Given xy € (12/)
define

R’ {[m(r)—l,r—l] 1fxye( )someO<l<l
™ (xy) =
[m(r).r] otherwise.
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This completes our construction of R’. We now bound |A(R, R')|. Set
1% /
A=E(Vo.V)U {xy e (5): 1w # m<r>} O EQui} V)UE(Vi VTR ().
i=1
We first bound | 4|, then |[A(R, R) \ A|. By parts (1), (2), and (3) of Lemma 4.12,

< |VHV()‘ +ar +br < C3\/Et2 + C]él‘z + Czél‘z.

E(Vo.V)U {xy e (L) rfoen # m<r>}

By construction, foreach 1 <i </, |V;| > \/e(t — 1), therefore [ < \/(t ) . Thus
LIJE({ui}, V)| <t < i ﬁ,
U NGO

where the last inequality is by assumption on M . By construction, foreach 1 <i </,
up ¢ Vo implies [\ TR (u;)| < /et — 1) + 1. Therefore

! !
)| < D IVillV AT ()] < (Velt = 1) Z

i=1 i=1
< (Velt = 1)+ 1)t < 2V/e’,

where the last inequality is by assumption on M. Combining all of this yields that

i
U Vl’ 4 \ 1—‘m
i=l

2
|A| < | VeC3 4 (C1 + Cr)e+ —— +2\/e | 1
Vet

We now bound |A(R, R’) \ 4|. An edge xy € A(R,R’) \ A4 is contained in one of
the following:

o X =Upiaiesclxy € BV V) \ A cR(xp) £ [m(r). 1]},

e Forsomel <i <[, Y;={xyec E(V;)\4:cR(xy)#[m@r)—1,r—1]}.

e Forsome 1l <i</landi<j <k Z;={xy e EVi,V;)\4:cR(xy) #

[m(r).r]}.

We now bound |X|. Define G to be the graph with vertex set V = U];:, 41V and
edge set

E={xye (12}) cm(r) — 1€ c®(xy)}.

By definition of X for all xy € X we have xy € (g) \EVo. V). fR(x.y) = m(r).
and c¢®(xy) # [m(r).r], so Lemma 4.16(ii)(b) implies m(r) — 1 € ¢®(xy). and
therefore X C &. By construction, for all u € V, DEG(v) = |Nn’f LNy <

Ve(t — 1), thus

X| < Jel = 2 3" peg(e) < Y2

UEV
We now show each Y; is empty. If / = 0 this is vacuous, so assume / > 1. Suppose for
a contradiction that forsome 1 < i </, Y; # (). Then thereis xy € E(V;) such that
fR(x.y) =m(r)and c®(xy) # [m(r)—1.r—1]. By Lemma4.16(ii)(a). r € c®(xy).
But by construction. m(r) — 1 € ¢®(u;x) N eR(u;y). Now (r.m(r) —1.m(r) — 1) €
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cR(xy) x c®(ujx) x ¢®(u;y) is a violating triple, making {x, y.u;} a violating
triangle, a contradiction.

We now show each Z;; is empty. Suppose for a contradiction that for some
1 <i</landsomei< j <k, thereis xy € Z;;, say with x € V;, y € V;. Then
fR(x.y) = fR(u;.y) = m(r) and c®(xy) # [m(r).r]. By Lemma 4.16(ii)(b).
m(r) —1 € ¢®(xy). and by construction m(r) — 1 € ¢®(xu;). Also by construction.,
m(r) — 1 ¢ ¢®(u;y), so Lemma 4.16(ii)(b) implies ¢®(u;y) = [m(r).r]. But now
(rm(r) = 1.m(r) = 1) € eR(u;y) x c®(u;x) x eR®(xy) is a violating triple, making
{u;, x, y} a violating triangle, a contradiction.

Combining all of this yields that |A(R, R') \ 4| < Y22 so

2
[A(R, R')| < (eC3 + (C1 + Cr)e + Ja Tt 2V/e+ %)zz.
By our assumptions on € and because % <2 (VeC3+(C1+ Cr)e + % +2/e+
YE)12 < 5912 = 012, and |A(R. R')| < 61> as desired. =

§5. Proof of Theorem 1.5. In this section we prove Theorem 1.5, which says that
for all integers r > 3 and all § > 0, almost all elements of M, (n) are é-close to
C,(n). We begin with some key definitions. For n, . s > 3 integers. andd.5.d. e > 0,
set

Co(s) = {R € M,(s) : Risd-close to C,(s)}.
D,(n.6.n.d) = {G € M,(n): Q,4(G) # D and forall R € Q,4(G).R € C°(¢)
where t = |V (R)|}.
E(s.¢) = {R € M,(s): W(R) >m(r)"~9G), and
E.(ne.n.d)={G e M,(n):forall R € 0,4(G). R € E,(t.€) where t = [V (R)|}.
and recall that C%(n) = {G € M,(n) : G is 6-close to C,(n)}. Theorem 1.5 follows
from two lemmas that we now prove. The first lemma below informally states that

r-graphs in M, (n) with reduced r-graphs close to C,(7) are themselves close to
C,(n). We will use throughout the following observations.

Fact 5.1. Suppose 3 < t < n. Then (("é’]) < ("/’;]) <!
(n/t +1)> < 4n?/t2.

LeEmMmA 5.2. Let r,n > 3 be integers. For all 6 > 0, there is dy such that for all
positive d < dy andn < y,(d.3).

2

=

and [n/t]> <

g

D,(n,5/8.n.d) C Cf(n).

ProOF. Fixd > 0 and set dy = 2(#15) Fix d < dyand n < y,(d.3). and suppose
G € D,(n,6/8.n,d). Then by definition of D,(n.6/8.7n.d). G € M,(n) and there is
R € 0,4(G) which is 2-close to C,(t) where t = |V (R)|. Let R’ € C,(t) be such
that R is %—close to R’. We will build an element G’ € C,(n) such that G is J-close

to G'.
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Let P = {Vi.....V,} be an n-regular partition for G such that R = R(G,P.d).
Define

(]

A=AR.R)U{ij € <2

) : (Vi.V;) is not g-regular for G}.

Note that || < 2> + yt2. Define G’ by V' (G') = V(G) = [n] and for xy € (1),

r—1 if xy € E(V;. V;) for some ij € (1)) such that either ij € A ord(x.y) ¢ ¢¥ (ij).

r—1 if xy € E(V;) for somei € [t].
d(x.y) =
d%(x.y) ifxy € E(Vi.V;)forsomeij € ([?) \ dand d%(x.y) € R,

Set
U, = [m(r).r] ifrisodd. o, [m(r) — 1.r —1] if ris odd,
[m(r) —1.r] ifriseven [m(r) — 1.7] if 1 is even.

Note thatr— 1 € U, N L,. By the definition of C, (1), there is a partition Wi, ... W,
of [] such that for all ij € (1)),

R (i) = L, ifijeE(VfN/u)s?meue[s], |
U ifij € E(W,. W,)someuv € (1)).

Define a new partition W1,.... W; of [n] by setting W, = (J; 3, Vi foreachu € [s].
Then by construction, for all xy € (%),

d% (x,y) 6{

Therefore, G’ € C,(n) by definition. We now show |A(G, G’)| < én?. Recall that
by definition of 0, 4(G) and 5, 3 < % <t < n. Edges xy € A(G, G’) fall into the
following categories:

L. ifxyc E(W,)someu € [s],
U, ifxy e E(W, W,)someuv € ([E]).

)

o xy € E(V;) forsome i € [¢]. There are at most ¢(")1) < Z’Z—j =2 < yn* such
edges.
e xy € E(V;.V;) for some ij € A. The number of such edges is at most
n12 an* /6, N\ 4nr o /6 5
<42 < (£ (2 ,
|A|[J < 4| 12 —(8Z +771) 12 (2+4'7)n
o xy € E(V;. V;)forsomeij € ()\Asuchthatd?(x.p) ¢ ¢® (ij). This means
(Vi, V;) is p-regular for G and ¢® (ij) = c¢R(ij). Because R = R(G,P.d). for
each/ € [r]\ ¢®(ij) we have that e” (V;. V;) < d|V;||V;|. Therefore there are
at most dr (5)[2]? < drg“ti; = 2drn? such edges.
B

Combining these bounds with the fact thaty < d < dy = TS yields

0 0 0
IA(G, G")| < n*(5n+ 3 +2dr) < n*(5dy + 3 +2dor) = nz(z +do(2r + 5)) = on’.

_|

We now prove the second lemma. Informally, it says that most graphs in M, (n)
have all their reduced graphs R with W (R) quite large.
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LEMMA 5.3. For all € > 0, there is f = B(e) and dy = do(e) > 0, such that for all
positived < dy andn < y,(d.3). there is M such that n > M implies
(M, (n) \ E,(n.e.n.d)|
m(r) )

<2 b, 9)

Proor. All logs in this proof are base 2. Fix e > 0 and set f = e"’g—’” . Define
F(x) = 5xlogr +4r(H(x) + x) — 2.

and choosedp < 3 ! smallenough so that F(dy) < —f.Recallthatfor0 <y < x < 1.
H(y) < H(x).soforany 0 < y < x < dy. F(y) < F(x). Fix d < dy and
7N <7a(d.3)<d.SetN = CM(%,;y) and define

C =log(N — 1 +1) +log(2")(}) + (H(n) +n)N?,

=logN + '°g’” ) 4 N?logr, and

C”—Snlogr+4r( (d)+d)—4p.
For any integer n, define

S(n) =nlog(N)+(H(n)+n)N>+(5nlogr)n>+4r(H(d)+d)n*>+nN>logr.

S’(n) = S(n) + log(N — % +1) + (5) log(2"). and

S"(n) = S'(n) — 4pn* + —l"g’z”(’)n.
Notice that §”(n) = C + C'n + C"n* and C” < F(d) — 2. Choose M > N
large enough so that n > M implies S”(n) < (C" + 28)n> < F(d)n*>. We show
n > M implies (9) holds. Fix n > M. Our assumptions on d < dy and M imply
S"(n) < F(d)n® < F(dy)n*> < —pn?. so it suffices to show

|Mr(n) \ Er(’fa €.7, d)' < 25”(11).
m(r)(’)
By definition of E(n,€,%.d), we have G € M, (n) \ E,(n.e.n.d) if and only if there
is % <t < Nand R € M,(t) such that R € 0, 4(G) and W (R) < m(r)“_s)@. We
give an upper bound for the number of such G.
Fix some % <t < N and R € M, () such that W(R) < m(r)(lfe)(g). All

G € M,(n) such that R € Q, 4(G) can be constructed as follows:

e Choose an equipartition of [n] into ¢ pieces Vi...., V;. There are at most
t" < N" such partitions. Note that for each i € [¢] < 1.
e Choose J C (1) to be the set of ij such that (V. ;) is not y-regular for G.

There are at most ( ((2,)))2’7(2) < QHP+n® < p(H )+ N ways to do this.

(10)

e Choose dG(x y) foreach xy € E(V;) and i € [t]. There are at most P <
P < " ways to do this.

e Choose d%(x, y) for each xy € E(V;, V;) where ij € J. The number of ways
to do this is at most (r(”/’]z)”’2 < P = A,

e Choose d“(x. ) for each xy € E(V;, V;) where ij € I = (1)) \ J. For each

ij €1,(V;,V;)isn-regular, so the colors for edges in E(V;, V;) can be chosen
as follows:
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(a) For each s ¢ ¢®(ij). choose a subset of E(V;,V;) of size at most
d|V;||V;| to have color s. The number of ways to do this is at most

<< ’V’}:l//t—l-|22>2d[n/ﬂ2> < o H@)[nfT4d[n/i1?) < 2% (H(d)+d)
dn/t - -

(b) Assign colors from ¢®(ij) to the rest of the edges in E(V;. V ) The

number of ways to do thlslsatmostfR(z I < FR(, ])12+ <

fR(. ])ﬂrs“ < R, ])z-r ways to do this.
Therefore, the total number of ways to choose d¢(x, y) for xy € E(V:,V;)
where ij € I is at most

[12" [RG ) e < 2 <HleJ )
ijel

ijel

:
e

A

S 24V<H +d) ﬂN W(R)f .
By the assumption, W (R) < m(r)'~¢ )(), Therefore

W(R):’_22 < m(r)'- 95 o m(r) 1=+,

Combining the above yields that the number of G € M,(n) with R € Q,,4(G) is at
most

Nn2(H(r])+17)N2r517n224r(H(d)+d)n2rnN2m(r)(l—e)((;)+§) _ 2S(n)m(r)(l—e)((g)+%).
The number of R € M,(t) with % <t < N isatmost (N — % + 1)|M,(N)]. so
M, (n)\ E;(n.e.n.d)| < (N — % + 1)|MY(N)|2S<")m(i‘)<1_€)<(;)+%)

<V = L4 1)@) (3) 2500y () 17BN+ Z 957,y 1=0(3)+5)

n
Thus
My () \ E(noen.d)] _ 25 Om()! @8
m(r)C) m(r)C) '
We have shown that n > M implies (10) holds, so we are done. -

PrROOF OF THEOREM 1.5. Fix 6 > 0. Apply Theorem 4.13 to % to obtain e and
My 13. Apply Lemma 5.2 to 6 to obtain (dy)s». Apply Lemma 5.3 to € to obtain
and (dp)ss3. Let dy = min{(do)sz (do)s3}. Apply Lemma 5.3 to d = dy < (dy)s3
and = min{y,(d.3). 3 37} to obtain Ms3. Set M = max{CM (7, ),M5.3} and

fixn > M. Lemma 5.3 nnphes
|M,(n) \ E,(n.€.n.d)|
m(r)(:)
We now show E,(n.e.n.d) C D,(n.6/8.n.d). Suppose G € E,(n,e,n,d). We need

to show that 0, 4(G) # () and for all R € 0, 4(G). R € C//*(¢) where 1 = [V (R))].
Asn > CM(y, %) by Theorem 4.2, we have 0, 4(G) # (. Suppose R € Q,4(G)

<2 (11)
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and set 7 = |V (R)|. By definition of E,(na, e.n.d). R € E,(t,¢€). Theorem 4.13 and
our assumptions on # imply that R € C’,?/g(l), so E,(n,e.n.d) C D,(n.6/8.n.d).
Lemma 5.2 implies D, (n.6/8.7.d) C C?(n). Combining these inclusions with (11)
we have that i
| M, (n) \ C7 (n)]
m(r)(2)
By Remark 1.9, |M,(n)| > m(r)(;) SO

|Mr(”)| B m(r)(g) B ’

which completes our proof of Theorem 1.5. -

< 2=hn,

§6. Proof of Theorem 1.2. In this section we prove Theorem 1.2, which says that
for all even integers r > 4, almost all G in M, (n) are in C,(n). The outline of the
proofis as follows. Given € > 0 and integers r,n > 3, define

A,(n.€) = {G € M,(n) : 3x € [n] such that for some / € [m(r) — 2].|NC (x)| > en}.

(7]

Ay(n.e) ={G € M,(n)\ A,(n.€) : Ixy € ( 5

) with d(x. y) € [m(r) — 2]}.

For all e > 0. n € N, and even integers r > 4., we have that M,(n) = C.(n) U
A, (n.e) UA.(n e), and thus M,(n) \ C,(n) = A,(n,e) U A.(n, €). We will show that
when r is even, there are € > 0 and > 0 such that for large n, |4, (n,e) U A.(n,€)| <
275" M, (n)|, from which Theorem 1.2 will follow. We do this in two lemmas, one
for each of the sets 4, and 4/ defined above. The first lemma will apply to all r > 3,
while the second will apply only to even r > 4.

LEmMMA 6.1. For all integers r > 3 and all € > 0 there is f > 0 and M such that
n > M implies

|4, (n.€)| <2777 |C, (n)). (12)

PrOOF. Let r > 3 be an integer and fix e > 0. By Remark 1.9, it suffices to find
S > 0and M such that n > M implies

|4,(n.e)| < 275 (1) ).

Choose T > 0large enough so that 52652 — <L > 1. thenchoose 0 < § < min{ 7., %}

Apply Theorem 4.13 to d to obtain €413 and M4 3. Apply Lemma 5.3 to €413 to
obtain dy and f > 0. Choose d < dy and < min{d, y,(d.3). 5.d. ﬁ} Apply
Lemma 5.3 to this d and 7 to obtain Ms3. Choose M > max{Ms 3, CM(%,n)}.
Lemma 5.3 implies that for alln > M,

|MI‘(n)\El‘(n764.l37’77d)|
m(r)(g)
Therefore, it suffices to prove that n > M implies that A,(n.e) C M,(n) \

E.(n.es13.n.d). Fix n > M and suppose for a contradiction that there is some
G € A.(n.e)NE,(n.€eq13.1n.d).Since G € A,(n,€), thereisx € [n]and/ € [m(r)—2]

<2 b,
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such that |NIG(x)| > en. Because n > CM(%ﬂ) by Theorem 4.2, there is
R € 0,4(G). Also. G € E,(n.esy3.n.d) implies that W(R) > m(r)!~19)
where ¢ = |V (R)|. Then ¢ > % > M, 13 implies that there is R’ € C,(¢) such that
|A(R,R")| < 612

Let P = {V1.....V,} be an n-regular partition for G such that R = R(G,P.d),
and define X = {i € [1] : [N (x) N V;| > §|Vi[}. We have that

en < INF(x)| =Y INF(x) N Vil + D INS(x mV|<|Z|[} (Z—IZI)EH-
i€x i¢x
(13)

Note that n > 3 implies [n/t] < . s

IZW?F“—'EDE(?W=|2|(1—§)(?1+Z’H—IEI( e

4n  2en

=EI(1-3)5 + 5

Combining this with (13), yields that en < [Z|(1 —
obtain that [X| > (en/3)/((4n/3t)(1 - 5)) = 5=
2

I ={ij € E(X): (Vi V;)is y-regular for G and c®(ij) = R (i)}

Applying that P is an #-regular partition for G, that |A(R, R")| < 6¢>, and that
& < |Z] yields

€t 2 2
ST _ 2 s2_p2f€ sy € af€ €l
|7 > <2> nt*—ot° =t <32 n 5) g 20\ 33 20 g (14)

P . als . . . . l
where the last inequality is because # < J. By our assumptions, > 5 > T and

0< % These facts imply the right hand side of (14) is at least %T — % > 1. Thus
I1#0.

Take ij € I and let W; = NP (x) N V and W; = Nf(x)N V. Since n < £
and (V;. V; )1s;7 -regular for G, we have p& | (W, W ) > pC (Vi.V;) —n. Because

cR(ij) = ¢®(ij). we have that r — 1 € ¢R(ij). Therefore, by definition of R,
prGfl(Vi, Vj) >d,sop¢ (Wi, W;) >d —n >0, where the last inequality is by the
assumption on 7. Therefore, there is (x;,x;) € W; x W; such that d%(x;,x;) =
r—1.Butnow d%(x,x;) =1,d%(x,x;) =1, and d%(x;, x;) = r — 1 implies that
{x.x;.x;}is a violating triangle in G, a contradiction. This finishes the proof that
Ay (n.e) C M,(n) \ E.(n.e413.1.d), so we are done. -

LEmMMA 6.2. Let r > 4 be an even integer integer. There are €, f > 0 and N such
that n > N implies

)3 4 21 Rearranging this, we

3
e = 9 & Set

AL (n.€)| < 2V PG, (n)]. (15)

PrOOF. All logs are base 2. Set f = $(logm(r)> — log(m(r)? — 2)) and choose
€ > 0 small enough so that

2 (H(e) + ) — 2ﬁ<—ﬁ (16)
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Given an integer k, set

F(k) = log <];> +log(m(r) —2) — 2log(m(r)* — 2) + 2rk(H (¢) + €) and
F'(k) = F(k)+ 3logm(r).
By Corollary 1.6, there is ngy such that n > nry implies
M, (n)] < 2<”_1>2_/f”m(r)(g) = 2<”_]>2_/f”|C,.(n)|. (17)
y (16) and definition of F’(n), there is n; such that n > n; implies
F'(n) —2Bpn+5< —pn. (18)

Apply Lemma 6.1 to € to obtain M| and 1. Choose N > max{Ms . nog, n; } large
enough so fs (N —2)> > 1. We show by induction that for all » > N, (15) holds.
We begin with the base cases n = N and n = N + 1. Combining (17) with the fact
that for all n, A.(n.e) C M,(n) yields

|AL(N.€)| < |M,(N)| < 2W=D=IN|C (N)| < 2V ~#¥|C,(N)| and
JAL(N + 1,6)| < |M,(N + 1) < 2V FND| ¢ (N 4 1)),

Therefore (15) holds forn = N and n = N + 1. Suppose now n > N + 2 and (15)
holds for all m such that N < m < n — 1. We show it holds for n. We can construct
any element G of A’.(n, €) as follows.

Choose a pair of elements xy € (%)), There are (%) ways to do this.

Choose d“(x.y) € [m(r) — 2]. There are m(r) — 2 ways to do this.

Put a structure on [ \ {x,y}. There are at most | M, (n — 2)| ways to do this.
For each [ € [m(r ) ]. choose N, (x) and N, (y). Since G is not in A4, (n. €),
for each I € [m(r) — 2] max{|N;(x)|.|N;(»)|} < en. Therefore, there are at
most (! )25”) m(r)=2) < parn(H(e)+e) Ways to do this.

e For each z € [n]\ ({x,y} U Ul 77 Ni(x) U Ni(y)). choose d“(x,z) and
d%(y.z). Note that (d%(x.z).d%(y.z)) must be chosen from [m(r) — 1.7] x
[m(r) — 1,7]\ {(m(r) — 1.7), (r,m(r) — 1)}, so there are at most m(r)> — 2
choices.

Combining all of this we obtain that |4/ (n. €)| is at most

(’;) (m(r) = 2)22" M) (g (r)> = 2)" 2 M, (n = 2)] = 25" (m(r)* — 2)" | My (n = 2)).
(19)
Because M, (n —2) = C,(n —2) U A,(n —2.€) U A.(n —2.¢€).
(M, (n = 2)| = [Cr(n = 2)| + |4, (n = 2.€)| + |4;(n = 2. ¢)].

Lemma 6.1 implies |4,(n — 2.€)| < |C,(n — 2)]2%1(1=2" and our induction
hypothesis implies |A.(n — 2.€)| < |Ci(n — 2)|2Y"=F"=2) Remark 1.9 implies
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|C,(n)| = m(r)*—3|C,(n — 2)|. Combining these facts with (19). we obtain that
A (n,€)] < 250 (m(r)? = 2)7(1 4 27 0=2F L N =B0=2) €, (4 — )|
= 270 (m(r)? = 2)"m(r) 2 (1 427022 VI € ()
= 2F" (=2 (] 4 g ~Furn=2 4 ON* == €, (). (20)
By assumption on N, —fs.1(n — 2)> < —1, so we have that

4 ifN2— B(n—2)<1

1+2_ﬁél("—2)2 +2N1—/f(n—2) < 2+2N1—/f(n—2) < ,
- =202V —Fe=2)y N2 — B(n—2) > 1

Combining this with (20) yields that

2F (0=2p1+2| C, ()| if N> — B(n —2) < 1and
2F'=3ntN*45|C ()| i N2 — B(n—2) > 1.

In both cases we have |4’ (n.¢€)| < 2NZ+F'(”>*2ﬁ”+5|C,(n) , (18). |4"(n.€)| <
2V*=Fn|C,(n)|. This completes the induction. 8

PrOOF OF THEOREM 1.2. Fix r > 4 an even integer. Apply Lemma 6.2 to obtain
€6.2- fo.2. and Ng. Apply Lemma 6.1 to €4, to obtain ff; and Mg 1. Set € = €4, and
B = 1Bs2. Let M’ be large enough so that n > M’ implies 2 han’ 4 NG —Pean <

27" Set M = max{Ms. Ns>. M'}. For all n, by definition, M,(n) \ C,(n) =
Ay (n.e) U AL(n, €). Therefore, when n > M our assumptions imply

[ 4(n.e)] < {

IM,(n) \ Cr(n)| = |4, (n, )] + |4}, €)] < (276" 4 2¥0a—Fo2n) €, (n)] < 2777|C, (n)].
Rearranging yields that |C,(n)| > |M,(n)|(1 — 275", as desired. =

87. Concluding remarks.

e When r is odd, the error term in Corollary 1.6 cannot be strengthened from
o(n?)too(1) (orevento O(n)), as in Corollary 1.3. This can be seen by constructing
a large collection of elements of M, (n), which will show that |M,(n)| is at least
m(r)( )+ Qnlog, ) (m)  Fix p a sufficiently large integer. Define a matching to be a
set S C (%)) such that no two elements of S have nonempty intersection. Given a
matching S. define A(S) to be the set of simple complete r-graphs G such that for
eachxy € S.d%(x.y) = m(r)— 1 and foreach xy € (U)\ S.d%(x.y) € [m(r).r].
One can easily verify that for any matching S. no element of A(S) contains a
violating triangle, so A(S) C M,(n), and that given another matching S’ # S,
A(S) N A(S") = (). Furthermore, it is clear that |4(S)| = m(r)(;)*‘s‘ and [S] < 4.
so [A(S)| > m(r)(g) >. Finally, note that there are at least (4)! distinct matchlngs

n [n]. This and Stirling’s approximation yields that

n n

(M ()] = (3)im(r) ()8 = m(r)B) 120tz

Combining this with Theorem 1.6, the best bounds we have obtained for | M, (n)]

are
m(r)(§)+£2(n logn) < |M,(n)| < m(,,)(’é)%—o(nz).

We conjecture that in fact, |[M, (n)| = m(r)(;)+®(”l°g").
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e [t is impossible to extend Theorem 1.2 to the case when r is odd. Indeed, one can
show that ,

|C.(n)] < (1 =% | M, (n)).
The proof of this (see the Appendix of [42]) in fact shows that there is a £,-sentence
w such that for all n, C,(n) C {G € M,(n) : G = -y}, and

Co(n)] < 1 {G € M, (n) : G = y}. (21)

Suppose we knew that for some a > 0, |C,(n)| > «|M,(n)| for all sufficiently
large n. Then since for all G € C,(n), G = —w we would know that

HG € M.(n) : G = -y} > a|M,(n)|.

Dividing both sides of this by | M, (n)| gives us that 4™ (-y) > «, and therefore
uM (y) < 1 — . By dividing the quantities in (21) by |M,(n)|, we obtain that
|C,(n)|/|M,(n)| < ™ (y)r65”, and therefore a/r®5"" < ™ (y). Combining these
inequalities, we would have that
0< s <u(y)<l-a<l.

r ¥
that is, ™ (y) ¢ {0,1}. Therefore, if we could show such an « existed, we
would know that M, had no labeled first-order 0-1 law. However, we do not
know that such an « exists. In fact it seems likely to the authors that instead,
lim, o |C; (n)|/| M, (n)| = 0.
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Appendix.

PrOOF OF LEMMA 4.9. Given an integer r > 3, subsets 4, B, C C [r], and integers
x.y.write H,(A. B, C. x. y) tomean A. B. C, x, y satisfy the hypotheses of the lemma
for r. We show by induction on r that forall » > 3, A, B,C C [r], and x,y € N,
H,.(A,B.C. x.y)implies 4 x B x C contains a violating triple.

Case r = 3. Fix A, B, C C [3]. and integers x, y such that H3(4,B.C.x. ).
Asm(3) =2and 3 —m(3) = 1, wehave |[4| =3. x =1, |B] >2,0< y <1,
and |C| > max{2 — 1 —y + 2.1} = max{3 — y.1}. If y = 0, then |B| = 2 and
|C| > 3 — y = 3, contradicting that |B| > |C|. Therefore, y = 1, |B| = 3, and
|C| > 2. This implies that A = B = [3] and C N {1,3} # 0, so either (3,1,1) or
(1,1,3)isin A x B x C, and we are done.

CASE r > 3. Let r > 3 and suppose by induction that the claim holds for all
3 <r' <r.Fix A.B.C C [r] and integers x. y such that H, (4, B. C, x, y). Notice
this implies x > y > 0 and x > 1. Suppose 4, B, C C [r — 1]. Then

m(r —1)+x+1 ifriseven,

Al = =
|A| m(r) + x { (r—1)+x if r is odd,

m

m(r—1)+ypy+1 ifriseven,
1Bl = m(r) +y = " Dy

m(r—1)+y if r is odd
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and

c| > {max{m(r) —x—yp 1} =max{m(r —1) — (x +1) = (y +1) + 3.1} ifriseven,

T | max{m(r) —x —y + 2.1} =max{m(r — 1) —x —y + 2,1} if 7 is odd.
Thus, H,_1(A4. B. C. x.y) holds when ris odd. and H, (4. B.C.x+1,y+1) holds
when r is even, so we are done by the induction hypothesis. Assume now one of 4, B,
or C containsr. Leta =min A4, b =min B, c =minC, a’ = max 4, b’ = max B,
and ¢/ = max C. Our assumptions imply that

m(r) —1—x ifriseven,

<r—|Al+1=r— 1= 22
asr—ldl+l=r—(mlr)+x)+ {m(r)—x ifrisodd, %2
and
b<r— Bl +1<r—(m(r)+y)+1= ") 71y iriseven
m(r) —y if r is odd.
Thus
dih< mir)—l—x+m@r)—1l—-y=r—x—y %fr%seven,
mir)—x+m@r)—y=r—x—y+1 if r is odd.
If

, F—x—y if r is even,
c > . .
r—x—y+1 ifrisodd,

then (a. b, ¢’) is a violating triple and we are done. So assume

o £
o< F—x-—y ¥r%seven, (23)
r—x—y+1 ifrisodd.

Note that
. < r=x—y—|Cl+1<r—x—y—(m@r)—x—y)+1=m(r) -1 if r is even,
T lr—x—-y+1-|C|+1<r—x—y+1—(mlr)—x—y+2)+1=m(r)—1 ifrisodd.

Therefore

m(r)—14+m@r)—1—x=r—x ifriseven,
c+a< [
m@r) —14+m@r) —x=r—x if ¥ is odd.

If b > r — x. then (a.b’.c) is a violating triple and we are done. So assume
b’ <r — x.Because x > 1, this implies r ¢ B. Further,

(24)

b < r—x—(m@r)+y)+1=m@r) —x—y—1 ifriseven,
T lr—x—-m@r)+y)+1l=m@r)—x—y if r is odd.

Suppose r ¢ C. Then we must have that «’ = r € A. Therefore,

J b > r—m@)—x—y—1)=m@r)+x+y—1 ifriseven,
“lr—(m@G)—x—yp)=m@r)+x+y -1 if r is odd.

Wenow havec < m(r) —1 <m(r) +x+y —1<a’—b.so(a’.b.c) is a violating
triple, and we are done.
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Suppose now ¢’ = r € C. By (23), this implies that r is odd, x = 1 and y = 0.
By (24). b < m(r) — 1. Therefore,

¢ —b>r—(m@r)—1)=m(r) >m(r) — x.
so by (22). (a.b.c') is a violating triple. This completes the induction. -

PrOOF OF LEMMA 4.14. We proceed by induction on r > 3. The base case r = 3
can easily be verified. Suppose now the claim holds for all 3 </ < r. Set A’ =
AN[r—=1.B =BNn[r—1l,and C'=CnN[r—1].

Suppose that r is odd. If 4, B, C C [r — 1], then because |[4| = |B| = |C| =
m(r) = m(r — 1), the induction hypothesis implies that 4 = B = C = [m(r —
1) = 1.r —1] = [m(r) — 1.r — 1], i.e.. Case (2)(a) holds. Suppose now at least
one of 4, B, or C contain r. By relabeling if necessary, we may assume r € A.
Leta’ =r € A, b = minB, and ¢ = minC. Then b < r — |B| + 1 = m(r).
Therefore ¢ > a’ —b > r —m(r) = m(r) — 1. so C C [m(r) — 1. r]. Similarly,
¢ <r—|Cl+1=m(r).sob >a'—c > r—m(r) = m(r)—limplies B C [m(r)—1,r].
If b = ¢ = m(r) — 1, then (a’. b.¢) is a violating triple, a contradiction. Thus as
most one of b or ¢ is m(r) — 1. Therefore, by relabeling if necessary. we may assume
B C [m(r),r]and C C [m(r)—1,r]. Recall that [[m(r)—1.r]| = m(r)+1 = |B|+1.
so this implies that B = [m(r), r]. Leta = min A. Then r € B and ¢ < m(r) implies
a>r—m(r) =m@r) —1,s0 4 C [m(r) —1.r]. If C = [m(r),r]. then we are
done. If C # [m(r),r]. then ¢ < m(r) implies (m(r) — 1, r, ¢) is a violating triple, so
m(r) —1¢ A. Thus A4 C [m(r),r] and |A| = |[[m(r),r]| implies 4 = [m(r),r] and
we are done.

Suppose now that r is even. Note that min{|4’|, |B’|.|C’|} > m(r) — 1. If two
elements of the set {|4'|, |B’|.|C’|} are strictly greater than m(r) — 1 = m(r — 1),
then Lemma 4.9 implies there is a violating triple in A’ x B’ x C’, a contradiction.
Therefore by relabeling if necessary, we may assume |A'| = |B'| = m(r) — 1. so
re€ ANB.Leta = minA4, b = min B, ¢ = min C and note that max{a,b,c} <
r—m(r) +1=m(r) — 1. Now (a.r.c) and (r, b, ¢) cannot be violating triples, so

a>r—c>r—(m@r)—1)=m({r) -1,
c>r—b>r—m(r)=1)=m(r) —1and
b>r—c>r—(m@r)—1)=m(r) — 1.

Thus, A, B,C C [m(r) — 1.r]. Since |4| = |B| = |C| = |[m(r) — 1, r]]. this implies
A=B=C =[m(r) - 1.r]. —
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