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In this paper, we extend and complement previous works about propagation in kinetic
reaction—transport equations. The model we study describes particles moving according to
a velocity-jump process, and proliferating according to a reaction term of monostable type.
We focus on the case of bounded velocities, having dimension higher than one. We extend
previous results obtained by the first author with Calvez and Nadin in dimension one. We
study the large time/large-scale hyperbolic limit via an Hamilton—Jacobi framework together
with the half-relaxed limits method. We deduce spreading results and the existence of travelling
wave solutions. A crucial difference with the mono-dimensional case is the resolution of the
spectral problem at the edge of the front, that yields potential singular velocity distributions.
As a consequence, the minimal speed of propagation may not be determined by a first-order
condition.
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1 Introduction
1.1 The model

In this paper, we are interested in propagation phenomena occurring in the following
reaction—transport equation:

a[f(t,x,l)) +v- fo(ta X,U) = M(U)p(ta X) - f(t’ X,U) + Vp(t,X) (M(U) - f(ta X,U)),
(t,x,v) e Ry xR"x V,

f(O,X,U):f()(X,U), (X,U)E]RnXV,
(1.1)
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where r > 0. The mesoscopic density f depends on time t € R™, position x € R" and
velocity v € V' and describes a population of individuals. The macroscopic density is
p(t,x) = fV f(t,x,v)dv. The subset V' C R”" is the set of all possible velocities. From now
on, we assume the following:

(HO) The velocity set V' C IR" is compact.

For any given direction e € S"~! and p € R", we define

ve)=max{v-eveV},  u0)=0, u(p)=|p|v<|§>, if p#0,

and

Argu(p)={veV|v-p=up)}.
We set

Umax ‘= max |v/, V| := / dv.
vevV 1%

Individuals move following a so-called velocity-jump process. That is, they alternate
successively a run phase, with velocity v € V, and a change of velocity at rate 1, which
we call the tumbling. The new velocity is chosen according to the probability distribution
M. Throughout the paper, we assume

(H1) M € L'(V), and

(V) = / vM(v)dv = 0. (1.2)
14

Note that it is challenging to replace the linear BGK (Bhatnagar-Gross-Krook) operator
Mp — f by a more general collision operator of the form P(f) — 2 f where P is a positive
operator. However, to remain consistent with [11], we will stick to their framework and
leave this question for future work.

Remark 1.1 In fact, our analysis can easily be extended to the case (v),, € R"\ 0. Setting
V=V —(),, Mw) =Mw+ (v),,) and F(t,x,w) = f(t,x + (v),, t,w + (v),,), for all
(t,x,w) € Ry x R" x V, we recover our assumptions in the new framework.

The reproduction of individuals is taken into account through a reaction term of
monostable type. The constant » > 0 is the growth rate in absence of any saturation. New
individuals start with a velocity chosen at random with the same probability distribution
M. The quadratic saturation term accounts for a local competition between individuals,
regardless of their speed.

We assume that initially 0 < fo < M, so that this remains true for all times, see [11,19].

1.2 Earlier works and related topics

It is relatively natural to address the question of spreading for (1.1), since there is a
strong link between (1.1) and the classical Fisher-KPP (Kolmogorov-Petrovskii-Piskunov)
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equation [24,30]. Indeed, a suitable parabolic rescaling
Szatgn +év - vxgz; = (M(U)pg,, - gl:) + Szl’Pg,, (M(U) - gz;) s (13)
leads to the Fisher—KPP equation (see [19] for example) in the limit ¢ — 0,

00 = (0%) ), 0np” = rp® (1 =), (1.4)
g" = limg, = Mp",

assuming that the two following conditions on M hold:

/vM(v)dv =0, <02>M = / v M (v)dv > 0.

14 14

We recall that for non-increasing initial data decaying sufficiently fast at x = +oo, the
solution of (1.4) behaves asymptotically as a travelling front moving at the minimal speed
c* = 24/r(v?),, [1,30]. However, even though the philosophy of the results will be the
same in spirit, we emphasize that nothing related to this parabolic limit will be used in
the present paper. Our argumentation does not rely on any perturbative analysis. Hence,
we obtain results without any smallness assumption on the parameters. This will yield
significant differences, regarding both the results and the methods of proof.

A short review of earlier results is now in order. Hadeler has worked on propagation
for reaction—telegraph equations [20,27], which can be seen as two-speeds kinetic models.

Moreover, a similar type of result was obtained by Cuesta et al. [19] in the diffusive
regime (i.e., for sufficiently small ¢ in (1.1)). Using a micro-macro decomposition, they
constructed possibly oscillatory travelling waves of speed ¢ > 2v/rD for & small enough
(depending on ¢). In addition, when the set of admissible speeds V is bounded, ¢ > 2/rD,
and ¢ is small enough, they prove that the travelling wave constructed in this way is
indeed non-negative.

Propagation for the full kinetic model (1.1) has then been investigated by the first author
with Calvez and Nadin in [11]. In one dimension of velocities, and when the velocities are
bounded, they proved the existence and stability of travelling waves solutions to (1.1). The
minimal speed of propagation of the waves is determined by the resolution of a spectral
problem in the velocity variable. In particular, it is not related with the KPP speed, except
that the speeds coincide in the diffusive regime. It is worth mentioning that the case of
unbounded velocities is significantly different as the front spreads with arbitrarily large
speed [11]. This case shall not be discussed further in this paper. This phenomenon was
newly appearing for this type of equations and unexpected from the macroscopic limit.
One aim of this paper is to extend the construction of travelling waves solutions to any
velocity dimension, which was left open after [11].

There is a strong link between this KPP type propagation phenomena and large
deviations for the underlying velocity-jump process. Indeed, it is well known that fronts
in Fisher-KPP equations are so-called pulled fronts, that is, are triggered by very small
populations at the edge that are able to reproduce almost exponentially. Thus, studying
large deviations for these type of processes at the kinetic level is an interesting problem
in itself. In [7,8], the authors have combined Hamilton—Jacobi equations and kinetic
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equations to study large deviations (and propagation) from a PDE (Partial Differential
Equations) point of view. These works show that the asymptotics of large deviations in
the kinetic equation do not coincide with the asymptotic of large deviations obtained
after a diffusive approximation.

As a side note, the Hamilton—Jacobi technique (that will be described in the next
subsection) has also much been used recently to study long time dynamics in all sorts
of structured models. An interested reader could describe the evolution of dominant
phenotypical traits in a given population reading [4,12,31] and the references therein,
study different adaptative dynamics issues [21], describe propagation in reaction—diffusion
models of kinetic types [10] but also in age renewal equations [16]. This approach has
also recently been used to study large deviations of velocity jump-processes [8,9,15] or
slow—fast systems [13,14,23,29,32].

1.3 The Hamilton—Jacobi limit

After the seminal paper by Evans and Souganidis [22,25], an important technique to derive
the propagating behavior in reaction—diffusion equations is to revisit the WKB (Wentzel-
Kramers-Brillouin) expansion to study hyperbolic limits. We will directly present the
technique on our problem for conciseness but one can find the original framework for the
Fisher—-KPP equation in [22] and complements in [2,3,18,33].

We perform the hyperbolic scaling (¢, x,v) — (é, f,v) in (1.1). Importantly, the velocity
variable is not rescaled (it cannot be rescaled since it lies in a bounded set). The kinetic
Hopf—Cole transformation (already used in [8,15]) is written

Y(t,x,0) e RT x R" x V, ¢°(t,x,v) = —eln (W) , (1.5)
or, equivalently:

_ oftx)
&

fit,x,0) = M(v)e (1.6)

Thanks to the maximum principle [19], ¢° is well defined and remains non-negative for
all times. Plugging (1.6) in (1.1), one obtains the following equation for ¢*:

)=o)

61(p8+v~quos+r=(1+r)/ M) (1—e ; )dv’-l—rps. (1.7)
%

Our aim is to pass to the limit in (1.7). To make the convergence result appear naturally,
we shall start by providing formal arguments. Assuming Lipschitz bounds on ¢, and since
p* is uniformly bounded, the boundedness of [, M(v")(1 —exp((¢*(v) — *(v))/e)dv’ implies
that we expect the limit ¢° to be independent of v. To identify the limit ¢°, we shall thus
perform the following expansion:

o°(t, x,v) = q)o(t, x) + en(t, x,v). (1.8)

Plugging the latter into (1.7), we get formally at the order &°

’ 0 ¥
00" +v-Vip'+r=(1+ r)/ M@’ (1 — 1=l )> dv' +re” T / e 1)y’
v v
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As a consequence, for any (t,x) € {¢" > 0}, we have
00" +v-Vip® =1—¢"(1 + r)/ M(@@")e ")y’ (1.9)
v

One should read this equation as an eigenvalue problem in the velocity variable. Indeed,
setting

p(t,x) = Vi@ (,x),  Qpw(v) = M(v)e ™, H(p(t,x)) = —0,¢(t, x),

we see that (H, Q) are the principal eigenelements of the following spectral problem:
(14 1MO) | Qe/) ' — (1= v p) Qy(6) = HpIQ, ).
v

The dependency with respect to r can be identified by setting p’ := 1% H() = W

and Qp/ = Q,. Indeed, we have then that 0,¢°+ (r + 1)H(;47)+r = 0 and the Hamiltonian
‘H is given by

(1+H ) —v-p)Qpv) = /Qp (W) dv'. (1.10)

After these heuristics, we are now ready to define properly the Hamiltonian H involved.

Definition 1.2 We define, for e € S"1,

_ M(v)
l(e)—/‘/mdv

The so-called singular set is defined by

Sing (M) := {pe]l{”,/l//mdvél} {pe]R” l(| |) <|p|}. (1.11)

Then, the Hamiltonian ‘H involved in this paper is given as follows:

o If p ¢ Sing (M), then H is uniquely defined by the following implicit relation:

M(v)
— dv =1 1.12
/V1+H(p>—v-pd“ ’ (1.12)

e else, H(p) = u(p) — L.

The relevancy of such a definition, i.e., the resolution of (1.10), will be discussed in
Section 2 below. This hamiltonian is the same as the one from [15]. In particular, let
us mention that A is Lipschitz continuous and convex on IR" and that it is C' on
IR"\ 8Sing(M). Moreover, H(p) = u(p) — 1, which implies that lim, _, ;. H(p) = +oo. The
proof of those results can be found in [8, Section 1] and in [15, Proposition 2].

With this definition in hand, the convergence result for the sequence of functions ¢° is
as follows.
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Theorem 1.3 Suppose that (HO) and (H1) hold, and that the initial data satisfies
V(x,v) e R" x V, 0°(0,x,0) = @o(x,v).

Then, (¢°), converges uniformly on all compacts of Ri xR" x V towards ¢°, where ¢° does
not depend on v. Moreover, ¢° is the unique viscosity solution of the following Hamilton—
Jacobi equation:

min{@zgoo—i-(l—i-r)H(vli‘;o) —i—r,(po} —0, (t.x) € R% x R,
(1.13)
¢°(0,x) = min @o(x, v), x € R".
veV

Let us now emphasize the differences between the result presented here and the very
related works [7,8,15]. First, the results from [8] and [7] only hold for n = 1 and for
M = 6 > 0. In [7], the first author successfully proved a convergence result in the case
r > 0. It is worth mentioning that a much wider class of collision operators was considered
in [7], but under the condition of existence of a L! eigenvector. We believe that the ideas
of the present work could be used there, but with technicalities inherent from the spectral
problem that would require a special study.

As explained before, the multidimensional case (n > 1) is more delicate since the relation
(1.12) may not have a solution. We refer to our Examples 2.3 and 2.4 for situations where
this happens. In [15], the second author generalized the convergence result of [8] in the
multidimensional case, with no reaction term. However, the proof we design in this paper
is simpler and more adaptable. For this, we manage to use the half-relaxed limits of Barles
and Perthame [5] in the spirit of [12].

We point out that an asymptotic preserving scheme has been developed by Hivert
in [28] to numerically solve (1.7) using the Hamilton—Jacobi framework developed in [7].

We present the proof of Theorem 1.3 in Section 2 below.

1.4 Travelling wave solutions and spreading of planar like initial data

We then investigate the existence of travelling wave solutions of (1.1). As in the mono-
dimensional case treated in [11], we will prove that there exists a minimal speed ¢* for
which travelling wave solutions exist. We will use the following definition throughout the

paper.

Definition 1.1 A function f is a travelling wave solution of speed ¢ € R, and direction
e € S" ! of equation (1.1) if it can be written f(t,x,v) = f (x - e — ct,v), where the profile
f e L= (R,LY(V)) solves

(v-e—c)d.f =M@W)p—F+rp (M) - ), (1.14)
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in the sense of distributions and satisfies

V(iz,o) eRxV, 0<f(z,v) < M@), Zlir_noof"(z,v)zM(v), ZEwa(z,u)zo.
(1.15)

It is well known for this kind of Fisher—KPP type problems that propagation fronts are
so-called pulled fronts, that is, the speed of propagation is given by seeking exponentially
decaying solutions of the linearized problem in a moving frame. As a consequence, for
any / > 0, one can define ¢(4, e) using the spectral problem solved in Theorem 1.2. Indeed,
we set

c(le) = (1+rH (f;) T (1.16)

Then, we have the formula for the minimal speed in the direction e € ",
*(e) = inf ¢(4,e).
c’(e) =infc(4 e)

We obtain the following existence result.

Theorem 1.4 Let e € S"~!. For all ¢ € [c*(e),T(e)), there exists a travelling wave solution of
(1.1) with speed ¢ and direction e. Moreover, there exists no positive travelling wave solution
of speed c € [0,c*(e)).

Following very closely the proof used in the mono-dimensional case, we shall prove
this Theorem using sub- and super-solution and a comparison principle satisfied by
(1.1). We shall construct these sub- and super-solution using travelling wave solutions
of the linearized problem. The main difference concerning the travelling wave result is
the way we prove the minimality of the speed c¢*(e). Indeed, it might happen that ¢(/,e)
is singular at its minimum A* so that one can not reproduce the same argument as for
the mono-dimensional case used in [11], that was based on the Rouché theorem. Using
the Hamilton—Jacobi framework above, in a similar fashion as in [6] for the Fisher— KPP
equation in an heterogeneous media, we prove the following result.

Proposition 1.5 Let fo be a non-zero initial data, compactly supported in some direction e,
such that there exists y < 1 such that
VM(U)I[—X,n,in]'GoJrGOL (X) < f()(x, U) S ]VI(U)I[—XM,XM]'BoJreoL (X),

for all (x,v) € R" x V, where eg- denotes the orthogonal complement of Span(ey). Let f be
the solution of the Cauchy problem (1.1) associated to this initial data. Then, we have

lim sup p(t,x) =0, if ¢ > c*(ep), (1.17)

[—=+00 x.e0>ct

rli+m f(t, eOl + cteg,v) = M(v), if ¢ < c*(eo), (1.18)

uniformly inv € V.
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1.5 Spreading of compactly supported initial data

Finally, we also deduce from the Hamilton—Jacobi framework a spreading result for initial
conditions that are compactly supported. To this aim, let us first define the speed w*(eq)
associated to any direction ey € S"~! via the following Freidlin-Gértner formula (see [26]

for its first derivation).
w*(eg) = min (c (e)>'

eesn—l eo - e
ep-e>0

We obtain the following result.

Proposition 1.6 Let f° be a non-zero compactly supported initial data such that 0 <
fo(x,v) < M(v) for all (x,v) € R" x V. Let f be the solution of the Cauchy problem
(1.1) associated to this initial data. Then, for any ey € S"~! and all x € R", we have

rlim f(t,x + cteg,v) =0, if ¢ > w*(ep), (1.19)
pointwise and
tlirn f(t, cteg,v) = M(v), if 0<c<w(e), (1.20)

forallveV.

This result is interesting since, contrary to the case of the usual Fisher—-KPP equation for
which the Freidlin—Gértner formula holds when coefficients vary in space, this Freidlin—
Girtner formula in space is induced by an heterogeneity of the velocity set. This would
not be present in the macroscopic limit (the Fisher—-KPP equation, see above). Of course,
if V is rotationally symmetric, the speed w* is independent of the direction, and the
propagation is radial.

One could wonder how the shape of V' (e.g., its topological properties or its convexity)
influences the shape of the front and the speed of propagation. We will investigate this
question in a future work.

The rest of this paper is organized as follows. In Section 2, we prove the Hamilton—
Jacobi limit. We discuss the construction of travelling waves and the spreading results in
Section 3.

2 The Hamilton—Jacobi limit

In this section, we present the proof of the convergence result Theorem 1.3. We then
prove a convergence result for p? in the region {¢° = 0}. This result will help us to show
that the speed of propagation is still the minimal speed of existence of travelling waves,
despite the fact that H may have a C! discontinuity.

2.1 The spectral problem

In this section, we discuss the resolution of the spectral problem given by (1.10). We also
provide examples for which the singular set of M is not empty.
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2.1.1 The resolution

For any p’ > 0, we look for an eigenvalue H(p’) associated to a positive eigenvector Q,,/
such that

s(1+HP)—v-p) ép/(v) = M(v)/V@pl(v’) dv’, veV.

Note, that it may happen that sz has a singular part. Since the problem is linear, one can
always assume that Q, is a probability measure. We are thus led to find an eigenvalue
‘H(p’) such that there exists a probability measure Qpll such that

(1+H(p")—v-p) Qp/(v)zM(v), veV.

To make the singular set Sing (M) appear naturally, let us first investigate the case when
0, € LY(V). If a solution exists, then the profile Q, necessarily satisfies the following
equation:

_ M(v)
LA Hp) —v-p”

0y (v) vev. (2.1)
This is only possible if such an expression defines a probability measure. As a consequence,
one shall look for conditions under which there exists H(p’) such that

NS\ . M(UI) ’r
1 (H(p"),p') '_/Vl—i—H(p’)—v’-p’dv =1,

with 1 +H(p') —v' - p > 0 for all v/ € V, that is, H(p') > u(p’) — 1.

For any p’ ¢ Sing(M), since the function & — I(&,p’) is decreasing over (u(p’) — 1, +00),
H(p') exists and is unique in this interval since I(u(p’) — 1,p’) > 1, by the definition of p’
not being in the singular set.

However, for any p’ € Sing(M), it is not possible to solve I (H(p’),p’) = 1 since
I(u(p’) — 1,p") < 1. After Theorem 1.2 in [17], there exists a solution to (1.10), given by
the couple (H(p'), @p,) where H(p') = u(p’) — 1 and @p, is a positive measure given by

5, . M [ M)
O = u(p’) —v~p’dv - <1 /Vu(p’) —v-p dv) o

where 0,, is the dirac mass located at w € Arg u(p’). If Argu(p’) is actually the set {w},
then this solution is unique but if #Arg u(p’) > 1, then the spectral problem has infinitely
many solutions in the set of positive measures (see, e.g., [17] for more details).

From [15], we know that the set Sing(M)° is convex and contains 0. To identify the
different cases where such a singularity set may occur, we detail four examples hereafter.

! To avoid too many notation, we identify Q,/ to its density when relevant.
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2.1.2 Examples

Example 2.1 In the one-dimensional case (n = 1), we have Sing(M) = () when 121f/ M(v) >0
v

since

/" M) P _/” M(v) 1nva)

v = ~+00. 2.2
-0 ,u(p/) - Up/ -0 ‘p/‘vmax - Up/ / |p |U 1 - ( )

By monotone convergence, we have

_ v M(v)
1 — 7 w=
Hﬂ:t(m / T H du 400,

hence, for all p' € R, there exists a unique H(p') that solves the spectral problem in L'(V).

n [11], it was assumed that n = 1 and 1r€11f/ M(v) > 0, as in Example 2.1. In fact, we only
v

require that M does not cancel in a neighbourhood of v = 7 in order to get Sing(M) = ()
Indeed, the integral in (2.2) will also diverge in that scenario. If M(7) = 0, this argument
may not work out. Consider, for example,

Example 2.2 Let n=1, V =[-1,1] and M(v) = 3(1 — |v|)%. Then,

PME) 3 A —fel? [ (=0

4 1=v 2/, 1—-v (lfv(l—f—v

1 — —
:3/1 ”dvz3/ ﬂdv
0 1+U 0 1+U
b2
-3 /01+Udv—1 —32In(2) - 1).

Hence, |p'| = 3(21n(2) — 1) if and only if

/1 M(v) /(1 oD
71#(17)—019 ~ 2 l—v .

therefore, Sing(M) = (—3(21n(2) — 1),3(2In(2) — 1))°. Let us also notice that
M) 3 Nl s
/V(m)fv)zd“_z T 3/ (1 +0v)

_3/ (1402 =2(1+0v)+2
B (1+v)?

1 2 2
=3 -4+ = )4
/0< 1+v+(1+v>2> !

=3(1 —2In(2) + 1) = 6(1 — In(2)) < +cc.

I(1) =

dv

We will make a use of this result later.
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In the multidimensional case, we may encounter a singular set, even when inIt; M(v) > 0.
ve

These singularities can occur in the simplest cases.

Example 2.3 Let n > 1, let V = B(0,1) be the n-dimensional unit ball. Let e = ey and
M =w,! A gy, where w, is the Lebesgue measure of V. For n =1, since M > 0, we have
Sing(M) = () (recall Theorem 2.1). Suppose now that n > 1. Then,

1 1
l(ey) = / Adu = —/ dv
B(0,1) v(e)) —v- ®n JB(0,1) 1-u

IR
= w— 1 11— o (/ {b +LZ+ +17<1}(U2’ Y dvz, dUn> dl)l.
nJ—

Now, for fixed vy, the quantity [ ]l{v§+u§+~-.+v§<1}(l’2’ s Up)duy, ... dvy, is the Lebesgue meas-

ure of the (n — 1)-dimensional ball of radius \/1 — v?, hence

n—1
- / 2
/1{0%+U%+,,_+U%<1}(02a---avi‘l)d02>~~~»dvn = w,_1 X ( 1-— U1> .

Finally,

n—1

L1 -2y 7 1 n—3
l(el) _ Wp—1 / ( Ul) dvl _ 2(1)}1—] / (1 _ Ulz) 23 dvl
—1 0

Wy 1 - Wy

_ 20 / " (cos(0)) 2 do =
Wy 0

n—1

where we have used, for example, the relationship between the volume of the unit ball and
the Wallis integrals. By rotational invariance, Sing(M) = B (0 "’1)0.

> n

When, V' is a polyhedron, the set Sing(M) may have a different shape since the I(e)
might be infinite along certain directions.

Example 2.4

Let n = 2, let V = [—1,1]" be the n-dimensional unit cube and M = 27" on V. Let
e € S""1. In this situation v(e) = |le||;. Let us consider two typical examples.

Consider first e = ey. Then, t(e) = 1. Moreover,

B M(v) 1 I | B
0= [ ez f et = [ ot =

- _ _eite = _ lesitea|ls
Consider now e ool Then, v(e) Tatelh:

M(v) on=2 /‘ /1 ler + e
(e =/ — dv = dvidv
© yoe)—v-e 2 J ) e teli—o -

=21n(2) < +oc.
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-2 -

FIGURE 1. The set Sing(M) when ¥V = [—1,1]>. Red plain line: V. Black plain line: 0Sing(M). The
set Sing(M)° is the connected component of R" that contains (0,0). The lines {y = 0} and {x =0}
are included in Sing(M)‘.

The computations can be extended to a general e, but with not much more informative
formulas, so we keep only these two examples for simplicity. We represent in Figure 1 the
shape of Sing(M). It is worth mentioning that, unlike what happened in Example 2.3, the
set Sing(M)° is not bounded here.

2.2 Proof of Theorem 1.3

In this section, we now prove Theorem 1.3. We will use the half-relaxed limits method
of Barles and Perthame [5]. In addition to that, and similarly to the papers [8,15], we
need to use the perturbed test-function method. We emphasize that the corrected test
function is defined thanks to the spectral problem (1.10), keeping only the regular part of
the eigenfunction (recall that it may have singularities).

Since the sequence ¢° is uniformly bounded by the maximum principle (check
Proposition 5 in [7]), we can define its upper- and lower- semi-continuous envelopes

https://doi.org/10.1017/50956792518000037 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792518000037

Spreading in kinetic reaction—transport equations in higher velocity dimensions 231

by the following formulas:

e*(t,x,v) = lim S(l)lp o°(s, ¥, w), @(t,x,v) = ligliglf O°(s, y,w).
(s,y,wsr—:(t,x,v) (8. w) = (6.x,0)

Recall that ¢* is upper semi-continuous, ¢, is lower semi-continuous and that from their
definition, one has ¢, < ¢*. We have the following:

Proposition 2.5 Let ¢° be a solution to (1.7).

(i) The upper semi-limit ¢* is constant with respect to the velocity variable on IR x IR".
(if) The function (t,x) — @*(t,x) is a viscosity sub-solution to (1.13) on R} x R".

(iii) The function (t,x) — minyey @«(t,x,w) is a viscosity super-solution to (1.13) on
R; x R"

We recall that for all (¢,x), the minimum min,cy @.(t,x,w) is attained since V is
bounded and ¢, is lower semi-continuous. We point out here that if r = 0, that is, the
case of [8,15], it is not necessary to prove that ¢* is constant in the velocity variable. One
can replace this by proving that max,,cy ¢* is a sub-solution to (1.13). The fact that ¢*
is constant in the velocity variable is needed to control the limit of p®.

Proof of Theorem 2.5 We start with the proof of (i). Take (£°,x% %) € R% x R" x V. Let
p be a test function such that ¢* — 1 has a strict local maximum at (¢, x°, v°). Then, there
exists a sequence (t%, x%,v%) of maximum points of ¢° —  satisfying (¢%, x%,v%) — (%, x°, 0°).
From this, we deduce that lim, o @®(t%, x°,v°) = @*(t, x,v). Recalling (1.7), we have at
(%, x*, v%)

oy +v° - Vyp+r=(1+r) (1 - / M@ )e" =" dv’) +rpt.
|4

From this, we deduce that

£l &8 £ &)
7\ LX) et X)L,

M(@')e @ dv
VI

is uniformly bounded for any ¥’/ C V. By the Jensen inequality,

X!

exp 7,/ (@°(1,x°,0°) — @*(1%, x°,0")) MW" ) < —— [ M(v)e e 4
8|V |M |4 ‘V |M v’

where |V'|,, == [,,, M(v)dv. Thus,

V/A\
o

e—0

lim sup (/ (@*(t°,x°,0%) — @*(t°,x°,0")) M(v’)du')
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We write
[ 06 = o) e
= [ 1@ = pe) = (60 = ple) + (00e") — pie)] MO
= /V @) = p(") = (")) — w(0)] M()do"
+ [ )= pw) Mear.

We can thus use the Fatou Lemma, together with — lim sup,_,, @*(t, x%,0') = —*(¢°, x°,v')
to get

( M(v')dv’) 0" () — / 0" (¢ )M)de’ = / (0°() — 0*(t))) Moo/
y , ,

< / liminf (*(v°) — @°(v")) M(v")dv’
V/

e—0

e—0

< liminf (// (p°(v°) — @*(v")) M(v’)dv’)

< limsup (/, (*(v) — () M(U’)dv’)

e—0

< Oa
We shall deduce, since the latter is true for any |V’| that
" (1%, x",0") < inf 9" (1%, x", ),

and thus ¢* is constant in velocity.

We now continue with the proof of (ii). We have to prove that on {¢* > 0} N (R} xR"),
the function ¢* is a viscosity sub-solution of (1.13). To this aim, let y € C*(R% x IR") be
a test function such that ¢* —y has a local maximum in (1, x%) € (R} x R")N {¢* > 0}.

000 0y — Vap(i'x°)
We denote by p°(t°, x") = 7.
First case: p°(t°, x°) ¢ Sing M.

We define a corrector # according to the following formula:
n(v) =1n (14+H (p°(°x%) — v - p°(%x?))

Let us define the perturbed test function p* := y + ¢n. We recall the fact that in this case
Jy M(v")exp(—n(v'))dv’ = 1. The function y* converges uniformly to y since 5 is bounded
on V. As a consequence, there exists a sequence (t*, x°,v%) of maximum points of ¢° — *
satisfying (%, x°) — (¢, x%) and such that lim,_q @%(t*, x*,v°) = ¢*(t°, x°). Recalling (1.7),
we have at (%, x%, v%)

J
of —of

O’ +v° - Vi +r = (1+7) (1—/M(v’)e s dv’> +rpt
14
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Since (¢%, x%,v%) is a maximum point, we may rearrange the r.h.s. of the latter so that the
previous equation may be rewritten as follows:

O’ +v° -Vl +r < (1+7) (1 - / M) exp (n(v*) — n(v")) dv') + rp,
v

— (14 (1 _ ( /V M) exp (—n(0")) dv') exp (n(vs))> e,

= (14+7r)(1 —exp(n(*))) +rp’,
= —(14+rH (p°(%x°) +0v° - Vap°(e%, x°) + rp”.

Since (t°,x%) € {o* >0} and lim,_o @*(t*, x*,v°) = @*(¢°,x"), we have that, eventually,
o°(t, x%,v°) > 0*(t%,x°)/2 > 0 for ¢ sufficiently small. Since

rp£< & —1 <1—/M(U )e : “(pl >_(atlps+l78'vxlps)a

and the latter r.hs. is uniformly bounded from above in & we deduce that
lim, o p°(¢%,x*) = 0. Taking the limit ¢ — 0, we get

N
=

V(% x°
oy (1%,%) + (1 + 1) (‘f(ﬂ )> r
Second case: p°(t°, x°) € Sing M.
Let v* € Arg u(p°(t°, x°)). The function (t,x) — @°(t,x,v*) — (t, x) has a local maximum
at a point (t°, x°) satisfying (¢, x*) — (1, x°) as ¢ — 0. We then have

Op(t, x°) + 0™ - Vap(t%, x°) + r = 0,¢°(¢%, x%, v™) + V(p(t X0 )+ r
+r/M l—e S )dv—i—rp
1+r)+rph

Since (£, x°) € {¢* > 0}, we have p*(t*, x*) — 0. As a consequence, taking the limit & — 0,

we get

dp(1%, xX0) + (Vip(°,x%) < 1.

We finally turn to the proof of (iii). That is, the fact that on R% x IR", the function
minycy @.(+, w) is a viscosity super-solution of (1.13).
Letp € Cl(]R’jr x IR"™) be a test function such that min,,cy @, —y has a local minimum

in (1%, x°) € R%. We denote by p°(¢°,x°) = M We define the truncated corrector 7,

nw) =1n(1+H (p°(t,x) —v-p°(tx)),
ns(v) = max (n(v), —1/9).

Let us define the perturbed test function y* := y + ens. For any é > 0, the function °
converges uniformly to y as ¢ — 0 since #s is bounded on V. Since ¢,(t°,x°, ) attains its
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minimum at, say, v°, we have, for all v € V and locally in the (¢, x) variables,

(p*(tor XO’ UO)_U)(IO’ X0)= 1\41;1611[/1 (p*(to’ xo)_w(to’ x()) < glEHVl (p*([’ X)—lp([, x)<qo*(t, X, U)_W(tr X),

and thus (t°,x°,0°) is a local minimum of ¢, — , strict in the (t,x) variables. By the
definition of the lower semi-limit, there exists a sequence (5, x5,v%) of minimum points
of ¢® — y° satisfying (£5,x5) — (t°,x%), as ¢ — 0. We obtain, after (1.7), at the point

(t5, x5, 05),
Ot + 05 - V' +r = (1+4r) <1 — / M) exp (ns5(v) — ns(v")) dv’) ,
v

=(1+7) <1 - < /V M) exp (=n5(v")) dv’) exp (na<vfé>)) :

Since the sequence v§ lies in a compact set, taking the limit ¢ — 0 (up to extraction), we
obtain v such that

O + 08 - Vi +r = (1+7) (1 - ( / M(u’)ew”du') e’“(”g’) .
14

By construction, n; > 5. As a consequence, [, M(v')e dv’ < [, M(v")e™"")dv’ < 1.
Thus,

dp 408 Vap+r > (L) (1— @),

We now pass to the limit 6 — 0. By compactness of V, one can extract a converging
subsequence from (vg)(s, we denote by v* the limit.

First case: p°(t°, x°) ¢ Sing M.
In this case, since 7 is bounded, ns = n for ¢ sufficiently small. Thus, passing to the limit
0 — 0, one gets

o +0" - Ve +r=(1+7) (1 —exp (n@")),
= —(1+ryH (p°(°x%)) + 0™ - V(e x°),

from which we deduce

0 ,.0
V(e x )) r>0.

0 .0
6[1p(t,x)+(1+r)H( 7

Second case: p°(t°, x°) € Sing M.
In this case, the corrector #5 is

ns(v) = max (In (u (Vap(t%,x%)) — v - Vop(t%,x°)), —1/9)..

If v* & Arg u(p®(t°, x)), since 1 is bounded on all compacts of V' \ Arg u(p°(t°, x°)), we
get 75(v)) = n(vY) for § sufficiently small and we recover the first case.
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If v* € Arg u(p°(:%,x°)), then take 6’ > 0, one has when § < &’ is sufficiently small,

1
5 = ns (v9) = ns(0)),

and thus, limg_,¢ 175(1;(05) = —oo. From that, we conclude
oy +u (thp(to, xo)) > 1.
U
We now conclude with the proof of the convergence result. For this, we need to input
initial conditions. Obviously, one cannot get any uniqueness result for the Hamilton—

Jacobi equation (1.13) without imposing any initial condition. We now check the initial
condition of (1.13) in the viscosity sense.

Proposition 2.6 If one assumes that @, = @o, the sequence ¢@° converges uniformly on com-
pact subsets of R} x IR" to @°, the unique viscosity solution of

: 0 V.¢" ol _ * n
mln{@t(p —l—(l—i—r)H(Hr)—i-r,q)}—O, (t.x) € R% x R,
¢°(0,x) = min @o(x, v), x € R".

veV

Proof of Theorem 2.6 We extend the definition of ¢* to {t = 0} x R" by the formula

0*(0,x) = limsup ¢*(t, x').
AN

x —x

One has to prove the following:

Vo™
1+r

min (min {tho* +(1+rH ( ) +r, qo*} Q" — melll} (Po(',v)> <0, (2.3)
on {t = 0} x IR" in the viscosity sense.

Let p € C! (IRJr X ]R) be a test function such that ¢* — y has a strict local maximum
at (t° = 0,x°). We now prove that either

¢*(0,x°) < min @o(x,),
veV

or
Vip
1+r

a,w—i—(l—i—r)H( )+r<0 when ¢*(0,x°) > 0.

Suppose then that

¢*(0,x°) > min o(x, ).
veV
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We shall now prove that

Vip
147

6,1p+(1+r)H( )-}-rSO,

since then ¢*(0,x°) > 0. We now go through the same steps as for the proof of Theorem 2.5,
but with slight changes due to the present situation. We keep the same notations.

First case: p°(¢°,x°) ¢ Sing M.

The function y® converges uniformly to i since # is bounded on V. Adding this fact to
the definition of ¢*(0,x%), we get the existence of a sequence (¢%, x*,v*) of maximum points
of ¢ — y* satisfying t* > 0, (¢!, x*) — (0,x°) and such that lim,_o @*(t*, X%, v%) = ¢*(0,x°).
The rest of the proof is similar.

Second case: p°(t°,x°) € Sing M.

Let v* € Argu(p’(t°,x%)). As for the previous case, due to the definition of ¢*, the
function (t,x) — @%(t,x,v™) — p(t,x) has a local maximum at a point (¢°, x°) satisfying
(t* > 0,x%) — (t° x°) as ¢ — 0. The conclusion is the same.

We shall now prove that the initial condition for min,, ¢, is given by

V(min,, ¢.)

max (min {6, (min (p*> +(1+rH ( ) + r, min (p*} ,min ¢, — min (po> =0,
w 14+r w w veV
(2.4)
on {t =0} x R" in the viscosity sense.
Let us prove (2.4). Let p € C' (RT x R) be a test function such that min,cy @, — y

has a strict local minimum at (t° = 0, x°). We now prove that either
min ¢,.(0,x°, w) = min ¢o(x°, v),
weV veV

or

Vi
1+7r

oy +(1+rH ( ) +r=0 and min ¢,.(0,x°, w) > 0.

wev

Suppose that min,cy @,(0,x% w) < min,cy @o(x°,v). The argument now starts similarly
as in the proof above. Let us define the perturbed test function yp* := y + ens. For any
d > 0, the function y° converges uniformly to i since 55 is bounded on V. Since ¢, (0, x°, -)
attains its minimum at, say, v°, we have, for all v € V and locally in the (t,x) variables,

QD*(O, XO, UO)ilP(Os XO) < ml{/l QD*(O, xo)ilP(()’ XO) < ml{/l qo*(t’ x)iw(t’ X) < 90*('«3 X,U)*W(t, X),
we we

and thus (0,x°%,0°) is a local minimum of ¢, — , strict in the (t,x) variables. By the
definition of the lower semi-limit, there exists a sequence (5, x5, v5) of minimum points of
@° —p° satisfying (¢4, x5) — (0,x%), as ¢ — 0. We first claim that there exists a subsequence
(te5 Xep» Vg )k Of the above sequence, with ¢ — 0 as k — oo, such that ¢, > 0, for all k.
Suppose that this is wt true. Then, take a sequence (x}',v3" ) such that (g, x5 ) —
(0,x°) and that ¢% — % has a local minimum at (0,x}",v§"). It follows that, for all
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&t &t

(t,x,v) in some neighbourhood of (0, x;",v"), we have

min Po(x3,v) — ' (0,x3,05") < po(x vy ) — & (0,xF,v5")
o™ (0.x",05) — v (0.x, 0"
)

<
< % (t,x,0) — P (t,x,v).

Taking lir/n inf at the both sides of the inequality, one obtains

(t,x,0)— 10,,\‘0‘1'0)

. 0,y _ 0\ < mi 0y 0
min go(x’, v) w(O,X)\{pEerw*(O,X) p (0,x7).

However, this is in contradiction with min,ey ¢.(0,x%, w) < min,ep @o(x°,v). Now having
in hand that this sequence of times t,, > 0, one can reproduce the same argument as from
the proof above along the subsequence (t;,, x:,, vz, )-

By the strong uniqueness principle satisfied by (1.13) (that is, a comparison principle
for discontinuous sub- and super-solutions), we deduce that for all (¢, x,v) € R} xR" x V,

min @, (t, X, w) < @.(t,x,v) < @*(t,x,v) = @*(t,x) < min @, (t,x, w)
weV welV

We deduce that necessarily all these inequalities are equalities, and thus that ¢® converges
locally uniformly towards ¢°, independent of v, on any subcompact of R% x R”". O

2.3 Convergence of the macroscopic density p*

We prove a convergence result for p¢ in the region {¢° = 0}. Namely,

Proposition 2.7 Let ¢° be the solution of (1.7). Then, uniformly on compact subsets of
Int {q)o = O},
limpf =1, lim f*(0) = M()

Proof of Proposition 2.7 We develop similar arguments as in [22]. Let K be a compact
set of {¢® = 0}. Note that it suffices to prove the result when K is a cylinder. Let
(°,x°) € Int(K) and the test function

2
Y(t,x) € K, ot x) = |x — x°)> + (t—to) .
Since ¢° = 0 on K, the function ¢° — y° admits a strict maximum in (%, x°). The locally
uniform convergence of ¢° — y° gives a sequence (¢, x%v°) of maximum points with
(%, x%) — (t°,x°) and a bounded sequence (v°), such that at the point (¢°, x%,v%) one has
0’ +v° - Vo +r < rph. (2.5)
As a consequence, one has, since r > 0,

Pt x") = 1+ 0(1), as ¢ — 0, (2.6)
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and then lim, .o p°(t%, x?) = 1 if one recalls p® < 1 (which, again, is a consequence of the
maximum principle).

However, we need an extra argument to get lim,_o p®(t°,x°) = 1. Since (‘,x%,v°)
maximizes ¢° — °, we deduce that for all v € V, we have

¢a (IS,XS,US) o 1700(]:3’ xB) > QDS (IO’ XO,U) o 1'UO(tO’ XO).

Since p°(¢%, x%) = 0, p°(t°, x°) = 0, we find

“0 (0 v) 98 (8 P %)

P, x%v) = M()e™ + = = M@)e™ . (2.7)

We shall now prove that lim,_ e~ 'p®(t?, x*,0°) = 0. Let us rewrite (1.7) at the point
(£%, x5, v°) in the form

rps(ts,xg) (ew(z xE0) <1 . / M( /)e £ (e, Yég) w(tsm )d /> 7(arw0 +u- waO) (tebxs’US)

We finally deduce using the maximum principle in the latter r.h.s. that

z(ra )

0 <rp'(eh,x) (75 = 1) < ool
and thus lim,o (67 '¢®(t*,x%,v%)) = 0. This implies lim,_o f*(t,x,v) = M(v) locally uni-
formly on K x V. OJ

2.4 Speed of expansion

To be self-contained, we recall here how to study the propagation of the front after deriving
the limit variational equation, in the case r > 0. From Evans and Souganidis [22], we are
able to identify the solution of the variational Hamilton—Jacobi equation (1.13) using the
Lagrangian duality. We emphasize that, in this context, one may assume that our initial
condition is well prepared, i.e., (0, x,v) = @o(x). We recall the following equation:

min {a,(p F(1+rH ( 1+r) yr <p} =0, V(t.x)eR: xR,
#(0,x) = @o(x).

We recall from [8,15] that the Hamiltonian 7 is convex. For any ey € $"~!, we define the
minimal speed in that direction by the formula

" . 1 e
c*(e) = ﬁg%c(i, e), c(4,e)= 3 ((1 +r)H <1 - r) + r) . (2.8)
We first discuss the speed of propagation of a front-like initial data.

Proposition 2.8 Assume that

_ [0 xeep
Polx) = {-I-oo else
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Then, the nullset of ¢ propagates at speed c*(eg):

Vi >0, {o(t,-) = 0} = ey + c*(eo)t eo.

Proof of Proposition 2.8 We first notice that since the initial data is invariant under any
translation in e, and the equation (1.13) invariant by translation, the solution ¢ depends
only on x - eg, that is, ¢(t,x) = ¢@(t,(x - ep)ep) = @(t, x - ep). The function @ satisfies

min {a,¢+ (1 4+ ryH (ff;eo) n r,(p} =0, V(n&eR: xR,

9(0,8) = 9(<),

where
0 ¢&¢=0,
+o0o  else

®o(&) = {

The Lagrangian associated to the latter Hamilton—Jacobi equation is by definition

£ = sop (p— (17t () ).

qeR

la| ) )
=su —(1+rH e | —r|,
qeng<pq ( ) <1+r0

= sup (pq — |qlc(lql. e)) ,
qgeR

To solve the variational Hamilton—Jacobi equation, let us define

J(x,t) = inf {/0 [L(3()] ds | y(0) = x, y(1) = 0}

yecC!

the minimizer of the action associated to the Lagrangian. Thanks to the so-called Freidlin
condition, see [22,25] we deduce that the solution of (1.13) is

@(t,¢) = max (J(¢,1),0).

The Hopf-Lax formula gives J(&,t) = t£ (t7'¢) thanks to the assumption on the initial
condition. Hence,

Ee{pt,)=0} = L(17'¢) <0 = sup (¢¢ — lqle(gl, e0)t) <O,
q

<~ VgeR, ¢g&—lqlc(|q|,e0)t <O,
|€] < ¢*(eo)t.
We deduce the result for ¢ by changing the variables back. O

For a compactly supported initial data, the issue of the speed of propagation in general
is more involved, since different directions may have different speeds of propagation.
Namely, the following Freidlin—Gértner formula holds.
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Proposition 2.9 Assume that

0 x=0
400 else

p0(x) = {

Define

w*(eg) = min (c*(e)>'

ecS"" 1 \ €€
ep-e>0

Then, the nullset of ¢ propagates at speed w*(ey) in the direction ey:

Ve =0, {x eR, p(t,xep) =0} = {x € R, |x|] < w*(ep)t}.

Proof of Proposition 2.9 The Lagrangian is by definition

£y = sup (p-a—rrm (1) =),

qeR”

le
sup sup (Ap-e— |(1 +r)H +rl,
eesglﬂvell?+ ( P {( ) <1 +") }>

= sup sup (A[p-e—c(ie)]),
ecS'—1 JeRT

To solve the variational Hamilton—Jacobi equation, let us define

J(x,t) = inf {/0 [L(p(s)]ds [ y(0) = x, y(t) =0}

yeC!

the minimizer of the action associated to the Lagrangian. Thanks to the so-called Freidlin

condition, see [22,25] we deduce that the solution of (1.13) is
@(x,t) = max (J(x,1),0).

The Lax formula gives
J(x,t) = min {tﬁ (x_y) + (,Do(y)} =i (%),
y€eR” t t
thanks to the assumption on the initial condition. Hence,

o(t,xep) =0<= L (Eeo) <0<«<= sup sup (A[x(eo-e)— c.(A)t]) <0,
t eeS—1 JER*

— VieR" " VYeecS" ! Jl(x-ep)e-e)—c(A)]<O,

Ve e S" 1, x(e-e) < c*(e)t
. c*(e
< |x| < min ( ( )) t = w*(eg)t.
ecS""! \ €€
ep-e>0
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3 Existence of travelling waves and spreading result

In this section, we now explain how to construct travelling wave solutions to (1.1). We will
follow closely the construction in [11]. As is classical in this type of Fisher—KPP problems,
the speeds of propagation are given by studying the linearized problem at infinity. As
we will see later on, the main difference that has motivated this paper is the possible
singularity of c¢(4, e) at 1*(e).

3.1 Proof of Theorem 1.4: Travelling wave solutions

Given a direction e € $"~!, looking for exponential solutions to the linearized problem of
the form e~ #x¢=<%F, (v) for any positive 4 is exactly looking for solutions to

[1+ A(c(he) —v-e)] Fi.(v)=(1+ r)M(v)/ F o (v")dv', vev.
%

In view of earlier computations, it boils down to setting ¢(/, e) as in (2.8) and F;, := Q e
+r

as in (2.1).

Recall that ££ € Sing(M) if and only if I(e) < %, that is, 2 > A(e) := (1 +7)l(e). Thus,
for /. < J(e), the function c(4,e) is convex and regular, and the profile is explicitly given
by

(I+7rM(v)

F}V,e (U)

Tt Mo —v-e

For /. > (e), that is, to say f—;r € Sing(M), one has c¢(4,e) = v(e) — %, which is concave and
increasing. As such, the infimum of 4 — ¢(/, e) is attained for a A < J(e), which we denote
A*(e). As a consequence, the minimal speed c*(e) is always associated to an integrable

eigenvector, since if 1*(e) = /(e), one has

(14+7rM (v)
z(e)’e (U) =z — s
Ale) (D(e) —v - e)

with [}, F,, (v)dv = 1 thanks to the definition of Z(e).

Given a direction e € S"!, we shall now discuss the type of functions A — c(,e)
that may arise from this problem. Qualitatively, four situations may happen. The first
possibility is the one already appearing in [11] in the mono-dimensional case, that is,
7(e) = +oo and thus Sing(M) = (). We plot an example of this case in Figure 2, case 1. If
J(e) < 400, three supplementary situations can occur. Either the infimum of 1 — ¢(4, e)
is attained for 1 < J(e), as shown in Figure 2, case 2, either it is attained for A = A(e). In
the latter case, the infimum can either be attained at a point where the left derivative of
c(4,e) is zero (Figure 2, case 3), or where it is negative (Figure 2, case 4).

Remark 3.1 One can get a criterion to check which case holds. The dispersion relation
defining c(2,e) on (0, (e)) is
I(/L C(;‘a 8), 8) = 1,
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(a) Case 1 (b) Case 2
IE
035 o / E 056 7
7 /s
1 ’
(c) Case 3 (d) Case 4

FIGURE 2. Various cases of speed functions 1 — c¢(4,e). Red plain line: 1 — c¢(4,e). Black dotted
line: A — o(e) — /1 (@n=1LV=[-L1l,e=1,M= % and r = 1. In this case, Sing(M) = 0 so that
the function 4 — c(4, 1) is regular. This is the case discussed in [11]. (b) n =2, V = D(0,1), M = %
and r = 1. In this case, Sing(M) # 0 but the minimum of ¢(2, ;) is attained for 4 < A(e;) = 4. (c)
n=1,V=[-11], M) = 3(1 - p|)> and r = —1 +1(1)"> [} (IMjg;zdu ~ 0.37. In this case, the
minimum of ¢(4,e;) is attained for A = (e;), with a zero left derivative. Numerically, (1) ~ 1.58.
dn=1,V=[-11], M) = %(1 - |v|)2 and r = 1. In this case, the minimum of ¢(4, 1) is attained
for 2 = J(1), with a negative left derivative. Numerically, A(1) ~ 2.31. (a) Case 1. (b) Case 2. (c)
Case 3. (d) Case 4.

where

. (14+7rM (v)
Z(2,c,e) ._/V—l—i—i(c—we)dv' (3.1)

Differentiating with respect to 4, we find

/ A (A, e)M (v) v +/ (c(4,e) —v-e)M (v) do — 0.
v 1+ Ac(he)—v-e)? v 1+ Ac(he)—v-e)?
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Recalling [, H}(Ldv = (1 +r)~! and defining

c(de)—v-e)
B M ([v)
J(he)= /V [1+ Ac(,e) —v- e)]sz’

we get

vy DT

c(l,e)-(l 7.0 )

As such, computing the value of lim,_ 5, - J(/,e) allows to know in which case one falls.
Indeed, the function A — c(2) attains its minimum at J(e) if and only if ¢’ (z_(e)) < 0, which
is equivalent to J (X)) < (14 r)~" which is in turn equivalent to

M

/ %du < (14r)l(e), (3.2)
v (D(e) —v-e)

which can be checked case by case. Note that one has always, given the Cauchy—Schwarz

inequality, I( fV L(e Le)z

Example 3.2 Let us look back at Theorem 2.2. As was stated, 1(1) = 3(2In(2) — 1)

and [, 7%dv = 6(1 —In(2)) < +oo. Thus, for r > —1+1(1)72 [ #%dv > 0,

the condmon (3.2) is satisfied so the minimum of A +— c(4,e) is attamed at (e

F=—14+1(1)"2 fV M(L) > dv, the minimum has its left derivative equal to 0 (i.e., 2*(1) =

We lllustrate those results in Figure 2, cases 3 and 4.

). F
)

(1))

Since ¢(4,e) tends to infinity when A tends to 0, for any ¢ > c*(e), one can find
. € (0, 2(e)] such that c(4,e) = c.

Fix ¢ € (c*(e),v(e)). Denote J. is the smallest solution in (0,7(e)) of c(le,e) = c.
Notice that by construction, it is possible to obtain F; , integrable and bounded
(bounded since ¢ > c*(e)), the proof of [11], Section 3.2, that constructs sub- and
super-solutions for (1.1) is unchanged. From the construction of a pair of sub- and
super-solutions, we deduce the existence of travelling wave solutions exactly as in [11],
by a monotonicity method when ¢ > c¢*(e) and passing to the limit ¢ — c¢*(e) to get the
case ¢ = c*(e).

The main difference between the mono-dimensional case of [11] and the higher
dimensional case comes here. It is rather non-standard and interesting that the
function giving the speed of propagation could be singular at its minimum
value.

To prove that ¢* is still the minimal speed of propagation, the arguments used in [11,
Lemma 3.10] are not applicable. These arguments can be summarized as follows: in the
one-dimensional case when M > 6 > 0, the function 1 — Z(4,c,e) (recall (3.1)) is analytic.
Thus, we can not find 1 > 0 such that Z(4,¢,e) = 1 when ¢ < ¢*. However, an argument
using the Rouché theorem states that we can solve this problem in € \ R. Assuming
that there exists a travelling wave solution f for ¢ < ¢*, we then can use such a 1 € C
to construct a sub-solution under f which does not converge to 0 as x — oo. In our
framework, the function 4 — Z(4, ¢, e) might not be analytic around 4*(e), which prevents
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us from using this technique. We thus choose to use the Hamilton—Jacobi framework
combined to the comparison principle.
We now prove the following lemma.

Lemma 3.3 Let f be a travelling wave solution to (1.1) in the direction e € S"!, with
speed c. Then, ¢ = c*(e).

Proof of Theorem 3.3 Let f be such a travelling wave solution with initial data (x,v), i.e.,
f(t,x,v) = f(x-e—ct,v). After Theorem 2.7, we deduce that f(t,x,v) = f ( (x - e — ct),v)
satisfies lim, .o f* =M on x-e—ct <0 and lim, .o f*=0onx-e—ct >0. Take 0 <y < 1
and define g(x,v) = yM(v)1[_1 1jxr—1(x) and g°(x,v) = g(x/e,v). We have

—¢ln(y) x € [—e&,elep + ey

yi(x) = —¢ln(g(x/e,v)/M) = { +00 else

Since lim._,_o f(z,v) = M uniformly in v € V, one can shift the profile sufficiently
enough so that M > f > g > 0. Thus, the comparison principle (see [11], Proposition 2.2
for a proof) yields that f¢ > g Passing to the limit ¢ — 0, and recalling Theorems 1.3,
2.7 and 2.8, we deduce that

(eg + c*(eo)teg) - eg — ct <0,
from which the result follows. O

From the Hamilton—Jacobi formalism, we may also deduce the following.

Proof of Proposition 1.5 We start by proving (1.17). For this, we use the super-solution
naturally provided by the linearized problem. We have

f(t,x,0) < min{M(v), e—/l*(eo)(x~eo—(~*(eo)t)Fz*(eo),eo(u)}.

As a consequence,
p(t,x) < min{1, e_;“*(eo)(X~eo—c*(eo)t)}’

and thus one has lim;_, 4 oo SUpP, ;= P(L,X) = 0.

For (1.18), we use the Hamilton—Jacobi results in the following way. We first notice
that since the initial data is invariant under any translation in ey, and the equation
(1.13) is invariant by translation, the solution f(z,x,v) depends only on x - ¢y, that is,

f(t,x,v) = f(t,(x - ep)eg,v) = f(t,x - eg,v). For any ¢ < c¢*(ep), recalling Theorems 1.3, 2.7
and 2.8, we have

lim £z, ei + cteg,v) = lim f(t,ct,v) = Iirr(l)f”(l,c,v) = M(v),

since ¢ < c*(ep). O
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3.2 Proof of Theorem 1.6: Spreading of a compactly supported initial data

We finally prove Theorem 1.6. The spreading result (1.19) goes as for the Fisher—KPP
equation in an heterogeneous media [6]. It can be found by using the super-solution

]7(15, X,U) — inf e*/l*(e)(x.efc*(e)t)Q;b*(e)e(z))_
eeSn—l
By the comparison principle, and since the initial data is compactly supported, the function
f lies above f (multiplying f by a big constant if necessary). We deduce that for any given
eo € S"!, and any fixed x € R",

f(t,x—l—ceot,v) < inf ef)."(e)((x-!—ceot)-efc*(e)t)QA*(e)e(v) — inf ef)v"(e)(x-e+ceo~et7c*(e)t)Q/l*(E)e(v).
ecS—! eeSi—1

Moreover, the domain of Q;«(). contains V \ {v,.e} and Qj;«(). is bounded on all
compact sets of V \ {v,uve}. Hence, for fixed v € V, we can choose e € $"~! such that
v € V' \ {Umaxe}. Then, as soon as ¢ > w*(eg), we have c(e - ¢g) > c¢*(e) for any e, and thus
lim; . o f(t,x 4 ceot,v) = 0.

Moreover, we shall prove (1.20) as follows. For any ¢ < c¢*(ep), recalling Theorems 1.3,
2.7 and 2.9, we have

tlim f(t, cteg,v) = llim f(t,ct,v) = l_irr(l)]”(l,ceo,v) = M(v),

since ¢ < w*(ep).
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