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In this paper we prove that the best constant in the Sobolev trace embedding

HY(2) — L9(d02) in a bounded smooth domain can be obtained as the limit as € — 0
of the best constant of the usual Sobolev embedding H' () < L9(we,dx/c), where
we = {z € 2 : dist(z,082) < €} is a small neighbourhood of the boundary. We also
analyse symmetry properties of extremals of the latter embedding when {2 is a ball.

1. Introduction

The main goal of this paper is to obtain the best Sobolev trace constant for a given
domain as the limit of the usual Sobolev constant in small strips near the boundary
of the domain when the width of the strip tends to zero.

We consider a bounded smooth (C? is sufficient for our arguments) domain §2 C
R and we deal with the best constant of the Sobolev trace embedding H!(2) <
L1(942). For every critical or subcritical exponent, 1 < ¢ < 2, = 2(N —1)/(N —2),
we have the Sobolev trace inequality: there exists a constant C' such that

2/q
C(/ |U|st> g/(\vm?ﬂ?)dx
o 2

for all v € H'(§2). The best Sobolev trace constant is the largest C' such that the
above inequality holds, that is,

2/q
T, = inf </ Vv|2+v2dx>/</ |v|qd5> : (1.1)
veH (2)\Hg(2) \ /o on
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For subcritical exponents, 1 < ¢ < 2,, the embedding is compact, so we have the
existence of extremals, i.e. functions where the infimum is attained. These extremals
can be taken to be strictly positive in {2 and smooth up to the boundary. If we
normalize the extremals with

/ lul7ds = 1, (1.2)
o082
it follows that they are weak solutions of the problem

—Au4+u=0 in £2,
0

g _ T,lul??u on 092,

ov

(1.3)

where v is the unit outward normal vector. In the special case ¢ = 2, (1.3) is a linear
eigenvalue problem of Steklov type [14]. In the rest of this paper we will assume
that the extremals are normalized according to (1.2).

As we have mentioned, we want to see how the best trace constant, Ty, can be
obtained as the limit of the usual Sobolev constant for some subdomains. To this
end, let us consider the subset of (2,

we = {x € 2: dist(z,00) < }.

Notice that this set has measure |w.| ~ €|0f2| for small values of €. For sufficiently
small o > 0 we can define the ‘parallel’ interior boundary I, = {y—ov(y), y € 002},
where v(y) denotes the outward unitary normal at y € 9f2. Note that I'y = 9f2.
Then, we can also look at the set w. as the neighbourhood of Iy defined by

we={r=y—ov(y), yc o, cc(0,)} = U I,
0<o<e

for sufficiently small €, say 0 < & < 9. We also define 25 = {z € 2 : dist(x,002) >
0} and for § small we have that 0825 = Is.
Let us consider the usual Sobolev embedding associated to the set w., that is,

HY(02) — L <wg,dx).
3

We have normalized the size of w. by taking da /e as measure in w,. In this case the
embedding is continuous for exponents ¢ such that 1 < ¢ < 2* = 2N/(N —2). Note
that 2* = 2N/(N — 2) is larger than 2, = 2(N — 1)/(IN — 2). The best constant
associated to this embedding is given by

/q
_ 24 42 L/ 2
Sq(e) _vegllf(n) (/QV’U| +v da:)/(6 5 [v|7dx ) . (1.4)

For ¢ < 2*, by compactness, the infimum is attained. The extremals, normalized
by

1
g/ |ul?dz =1 (1.5)
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are weak solutions of

S
—Au+u= ﬁx% (z)|u|??u in £,
€
(1.6)
Ou_ o0
= = on
ov ’
where y,,. denotes the characteristic function.
Our main result is the following.

THEOREM 1.1. Let 2 be a bounded C* domain and let T, and S,(g) be the best
Sobolev constants given by (1.1) and (1.4).

(i) For critical or subcritical ¢, 1 < ¢ < 2, =2(N —1)/(N —2), we have

lim Sqle) =1T,,. (1.7)
Moreover, for subcritical ¢, 1 < g < 2, = 2(N —1)/(N — 2), the extremals of Sy(e)
normalized according to (1.5) converge strongly (along subsequences) in H'(£2) and
in C?(£2), for some B> 0, to an extremal of (1.1),

1in(1) ue =ug strongly in H'(2) and in CP(2).
e—

In the critical case, ¢ = 2, = 2(N — 1)/(N — 2), the extremals of Sq(e) converge
weakly (along subsequences) in H(£2) to a limit, ug, that is a weak solution of (1.3).
This convergence is strong in H(2) if and only if the limit verifies fan ud =1 and
in this case ug is an extremal for Ty, .

(ii) For supercritical q, 2, =2(N —1)/(N —2) < ¢ < 2* = 2N/(N —2), we have
lim S,(e) = 0. (1.8)

e—0

A reference closely related to this work is [1], in which the authors consider
concentrated reactions near the boundary in an elliptic problem. They prove that
the solutions converge to a solution of a problem with a non-homogeneous flux
condition at the boundary. Our results can be viewed as a complement of the
results of [1], since here we deal with (nonlinear) eigenvalue problems when the
reactions are concentrated near the boundary (see the right-hand side of (1.6)).

Next, we look at the symmetry for extremals of (1.4) in the special case when (2
is a ball, 2 = B(0, R). In this case we prove the following result.

THEOREM 1.2. Let Sy(e) be the best Sobolev constant given by (1.4) with 2 =
B(0,R).

(i) For 1 < ¢ <2 and for every R,e > 0, the extremals of (1.4) in a ball are radial
functions that do not change sign. In particular, there exists a unique non-negative
extremal of (1.4) satisfying (1.5).

(ii) For2 < ¢ < 2, =2(N —1)/(N — 2), there exist 0 < Ry < Ry < o0 such that:

(a) for 0 < R < Ry and e small (possibly depending on R) the extremals of (1.4)
are radial;
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(b) for R > Ry and e small (possibly depending on R) the extremals of (1.4) are
not radial.

REMARK 1.3. As a consequence of our results, we find that extremals for the
Sobolev trace embedding in small balls are radial. For symmetry results of extremals
of Sobolev inequalities see, for example, [6,7] and references therein. Also, for ref-
erences concerning Sobolev trace embeddings we refer the reader to [2,5,8-10] and
references therein.

2. Proof of theorem 1.1

This section is devoted to the proof of theorem 1.1. First, we prove that the Sobolev
trace constant is continuous as a function of the domain. We believe that this result
is interesting for itself.

LEMMA 2.1. Let 25 = {x € 2 : dist(x,002) > 6}. Then the function
6 — Tq(_Qg)
is continuous at § = 0.

Proof. Consider a sufficiently small fixed g > 0. For all 0 < § < &g, let us consider
a smooth increasing function s such that 15(0) = 9§, ¥s5(s) = s for all s > ¢ and
s(s) = s as § — 0 in C1([0,00)). Now we take the diffeomorphism

A5 12— Qg,
As(x) = y—s(s)v(y) for z =y —sv(y), withy € 902, s € (0,¢),
’ x for x € 2\ @,.

Observe that if y € 92 and 0 < s < €, then z = y — sv(y) € w,,. Moreover, As is
also a diffeomorphism when restricted to the boundary,

A5 100 — 895
This diffeomorphism has bounded derivatives and, furthermore,
lim |DAs(z) — I =0 (2.1)
6—0

uniformly in 2. Here I € M,,»,, is the identity matrix.
Therefore, we can change variables with

u(x) = v(As(z))
for x € 2 or z € 9f2. This induces a map denoted, similarly, by
A5 : HI(Q) — Hl(Q(;),

which is a diffeomorphism. Moreover, we see that the following diagram is commu-
tative:
HY () —— L1(002)

Agl A(;i (2.2)

HY(0s) — L1(0%2s).
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Therefore, from (2.1), we obtain
01(5)/ |Vul|? + u? dz < / |Vo|? +v?de < 02(5)/ |Vu|? + u? du,
2 2 7

where C;(0) — 1 as 6 — 0.
In a similar way, we get

01(5)/ |u\qu</ |v|qu<02(5)/ luf? dS, (2.3)
o 0025 o

with C;(6) — 1 as § — 0.
From the previous inequalities we obtain that there exist two constants Ki, Ko
such that K;(d) - 1 as d — 0 and

K1(0)Tq(82) < Ty(825) < Ka(0)To(£2).
The desired continuity is proved. O

The next result shows that the traces on 0f25 also behave continuously as § — 0.
In order to do this, we first figure out a device that allows us to compare traces
taken on different surfaces close to the boundary of {2. For this, observe that, for
any ¢ < 2,, we can define the mapping

vs : HY(02) — L9(0925) +— L1(012).

Here the first arrow denotes traces and the second denotes the diffeomorphism
induced by A;' as in (2.2).

Then, we have the following result which, in particular, complements some results
in [1].

LEMMA 2.2. Denoting by v the trace operator on 0f2, we have
limvs =~ n LI(012)
6—0
uniformly on compact sets of H () if ¢ = 2. or in L(H(£2), L1(902)) if ¢ < 2..
In particular, for ¢ < 2., if ue is a bounded sequence in H'(§2), then

1
- |1z |?
€

We

1s also bounded.
Moreover, if uc — ug strongly in H(2) and q < 2., then

/ \ue\qu—>/ |uo|? dS (2.4)
0925(e) o0

as 6(e) = 0 and

1
/|u5|qu—>/ o7 dS (2.5)
€ We on

as € — 0.
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Proof. If ¢ < 2, and u. is a bounded sequence in H*({2), using the co-area formula
and the fact that the gradient of the distance to the boundary has length 1, we

write
1 1 [®
7/ lue|?da = f/ / |ue|?dS do
€ Ju. € Jo Jogns
1 €

< g/0 Tq(Qé)—Q/QHuEH%[l(Qé)d(S

< sup [Tq(Qé)iq/Q]”uE”?—Il(Q)’
5€(0,e]

which is bounded using lemma 2.1 and the fact that the sequence u. is bounded
in H'(02).
Note that if g < 2, there exists some 0 < s < 1, such that

Y5+ HY(2) — H*(2) — LYU(0825) +— L1(00).

In a similar fashion, if ¢ = 2,, we take s = 1.
For any fixed u € H*((2), from (2.3), we have that these operators converge to
the usual trace on 042, that is

lim 75 w) = ().

Moreover, we have
151l (a2 (), Lao02)) < C

uniformly on §. Hence, from the Banach—Alouglu-Bourbaki lemma, we get
li =
55% Y5 =7
uniformly on compact sets of H*((2).
In addition, if u. — g strongly in H'($2),

e—0

im [ e (u)]7dsS = / ol S,
on on

which, combined with (2.3), gives (2.4).
On the other hand, to obtain (2.5) we write

1 1 /¢
- lue|?da = f/ / |ue|?dS do.
€ Ju. €Jo Josws

Since for every ¢ < ¢, f{mé |ue|? and [, |ug|? are uniformly close, we obtain (2.5).
O

REMARK 2.3. The only property that we have actually used in the proof of the
previous results is (2.1). Therefore, both lemmas above remain true for any family
of domains (25 such that there exists a diffeomorphism Ay : 2 — (25 with As :
082 — 0f2 such that (2.1) holds. Also note that in lemma 2.2 the conclusions
remain true for ¢ < 2, under the weaker assumption of convergence in H*({2) for
s < 1 but sufficiently close to 1.
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Proof of theorem 1.1. We first prove (1.7) for critical or subcritical exponents, i.e.
1<¢<2,=2(N-1)/(N—2). Given k > 0, let us take a regular function u such

that
1 2/‘1
T,+—-> (/ |Vuk|2+uﬁdm>/</ ugd5> .
k (9] on

By the regularity of uy, from lemma 2.2 (see also [1]), we have, for a fixed k,

1
lim — dx = lim — / / dS ds = / UZ ds.
e—=0 ¢ we e=0¢ 90
Therefore, using uy, as test in (1.4) and taking limits we get
1
limsup S,(e) < Ty + —
e—=0 k
Letting £k — oo we obtain

limsup S, (g) < Ty. (2.6)

e—0

Now let us prove that for g < 2, we have

1II€IS(I)1f Sq(e) = Ty, (2.7)

For this, note that, for u € H(2), using the restriction to 25, we obtain

2/ 1 2 1 2
u|?dS < ————|u < ——|ullFo)-
([, miras) " < sl < gl

Integrating for ¢ € (0,¢), we obtain

dé

Thus, we have obtained

G/ AT >/ < Sale) (28)

This fact, together with the continuity of the map
6 - TQ(‘Q6)a

proved in lemma 2.1, gives (2.7).
From (2.6) and (2.7) we obtain (1.7), i.e

lim S, (e) = T,.

e—=0

Now we turn our attention to the convergence of extremals in the subcritical case
g < 2,. Let us consider u. an extremal of Sy(¢) normalized by
1
- lue|?dx = 1. (2.9)
€

We
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Hence, for e small, using (2.6), we obtain
el () = Sale) < Ty + 1.

Therefore, the sequence u. is bounded in H'(§2) and we can extract a subsequence
(that we still denote by wu.) such that

ue — ug weakly in H'(£2),

u. — ug  strongly in L*(£2),

us — ug strongly in H*(£2) for all s < 1, (2.10)
ue — ug strongly in L4(012),

ue — ug almost everywhere in (2.

Now we claim that

/BQ o] dS = 1. (2.11)

To prove this note that, as we have

1 1 /¢
1=- \u€|qu:f/ / lue|?dS do
€ Juw. €Jo Jons

from the integral mean-value theorem, there exists 0 < d(¢) < € such that

/ lue|?dS = 1.
8925

Now, from the convergence of u. to ug in H*({2), valid for 0 < s < 1, we conclude

that
/ IUO‘q ds=1
o2

(see remark 2.3). This completes the proof of the claim.
Bearing this in mind, we have

q/2
T, < (/ Vu0|2+ugdx>(/ |u0qu)
Ie; a0

< luoll 3 (o) < lim inf lue |3 ()
< limsup Hu5||?{1(m = limsup Sy(e) = Ty.
e—0 e—=0
Therefore,
gi_%HUsHHl(Q) = |[uollz1(02)-

In particular, the convergence of the norms implies that the extremals of Sy(e)
normalized according to (2.9) converge strongly in H!(£2) to an extremal of (1.1),

lim u. = ug strongly in H*(£2),
e—0

which satisfies (2.11).
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Now, let us prove that we have convergence in C?(£2), for some 3 > 0. To this
end we will use some results from [1] that describe the behaviour of solutions of
linear elliptic equations with concentrated potentials.

Denote by Vz(z) = S,(e)u?™? so that u. is a solution of the problem

1
—Aue +u. = ~Xw, Vete in §2,
S

Oug

=0 a12.
v on
First, note that as ¢ is subcritical we can choose r > N — 1 such that
1 Sq(e)"
z |Vo|" dz = L ‘ue‘(q%)r dz < C,
We € We

with C independent of . Indeed, as u. is uniformly bounded in H!({2), from
lemma 2.2 for any 0 < 2(N — 1)/(N — 2), we have
1

- lus|? dz < C.

We

Now, we just write § = (¢ — 2)r and use the fact that ¢ < 2(N — 1)/(N — 2) (this
implies that (¢ — 2) < 2/(N — 2)) to obtain (¢ — 2)r < 2(N —1)/(N — 2) for some
r>N -1

Moreover, since S, () — Ty, us — ug in H'(£2) and ¢ is subcritical, we have that

1
7/ Vpdr — | VopdS
€ We o902

for any smooth function ¢, where Vp(x) = Tqugﬁ(x). Hence, ug satisfies
—Aug+ug=0 in £2,

Buo
v

With all this at hand, we can apply [1, theorem 3.1 and corollary 3.2], which guar-
antee the convergence in the Holder norm C?(£2), for some 3 > 0.

In the critical case ¢ = 2, we also obtain a uniform bound in H!({2) for the
extremals u. of S,(¢). Therefore, we can extract a subsequence such that (2.10)
holds. Passing to the limit in the weak form of (1.6), we find that the limit ug is a
weak solution of (1.3). However, due to the lack of compactness, we cannot ensure
that ug verifies [, [ug|? =1 in this case.

To finish the proof of the theorem it remains to show (1.8) in the supercritical
case 2, = 2(N —1)/(N —2) < ¢ < 2* = 2N/(N — 2). To see this, assume that
0 € 02 and consider

= Voug on 0f2.

u(z) = |a| 7,

where we choose A such that u € H'(£2),i.e. A < (N—2)/2. Now we choose A = \(q)

such that
/ |ul?dS = +o0,
o0
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that is, A > (NN — 1)/q, which is possible since ¢ > 2,. We observe that with this
choice we have

e—=0 ¢

1
lim f/ |u|?dz = +o0.
The proof is complete. O

REMARK 2.4. Observe that, in the critical case, using a sequence of minimizers and
subsequences if necessary, we have u. — ug weakly in H'(§2) and S.(q) — T,. Also,
we have

HUOH%II(!?) < lim inf HUEH%I(Q) < lim sup HUEH%I(Q) = limsup S, (e) = T,
=0 e—0 e—0

a/2
T, < </ |Vu0|2+ugdx) (/ |uo|qu) .
2 o

Hence, if ug is a minimizer, then [}, [uo|? dS < 1. Conversely, if [}, [uo|?dS > 1,
then the argument above shows that this integral is actually equal to 1 and wg is
a minimizer. Moreover, in such a case, we obtain the convergence of the H!((2)
norms and, hence, the strong convergence in this space.

Thus, u is a minimizer if and only if [, a0 [u0|?dS = 1, which in turn is equivalent
to the strong convergence.

Also, in the critical case it may then be the case that one obtains (1.5) and
fan |u0|qu < 1.

and

3. Proof of theorem 1.2

We divide the proof of theorem 1.2 into several lemmas. Throughout this section
we take £2 = B(0, R), except in the next result.

LEMMA 3.1. Let 2 be arbitrary. Then for any 1 < q¢ < 2 and any € > 0, every

extremal is of constant sign. Moreover, there exists a unique positive extremal
of (1.4), normalized according to (1.5).

Proof. Note that non-negative extremals of (1.4) are indeed positive solutions of
(1.6), i.e. when normalized as in (1.5), they satisfy
—Au = f(z,u) = a(z)u” —u in {2,
9 (3.1)
au_ 0 omn 0f2,
v

where

Xw. () 20 and p=q—1.

Also note that, from (1.4), non-negative extremals exist, since the absolute value
of an extremal is an extremal.

Now, we use an argument from [15] (see also [12,13]). Note that if ¢ < 2, then
p < 1. Hence, if x € 2\ & we have f(z,u) = —u < C(x)u + D(x) if we take
C(z) = —1 and D(z) = 0.
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On the other hand, if x € w,, for sufficiently small §, Young’s inequality yields

flz,u) < (6 — 1)u+5{5q(5)} 1/(1-p)

ore

for some constant 5 > 0 and we can take C(z) = — 1 and

Sq(a) 1/(1-p)
dre '

D) =ﬂ[

In summary,

Clo) = b 0) =1 D) =5)|
and, for v > 0 and = € {2, we have
flx,u) < C(x)u+ D(x).

Note that, for sufficiently small §, the semigroup generated by A + C(x) in {2 with
Neumann boundary conditions decays exponentially. Then, since D € L>®({2), we
see from [12,15] that there exists a solution of (3.1) which is maximal in the sense of
pointwise ordering. In particular, it is non-zero since it bounds above in a pointwise
sense any normalized positive extremal.

Now, the proof concludes by showing that, in fact, (3.1) has a unique solution,
which follows from the fact that

f(z,u) _ alz)

U ul=r

is non-increasing for v > 0 and strictly decreasing on a set of positive measure.
Indeed, let ¢ be the maximal positive solution of (3.1) and 0 < ¥ < ¢ any other
solution. Then, multiplying the equation satisfied by ¢ by v, and multiplying that
for 1 by ¢, subtracting and integrating by parts in {2, we have

OZ/QWW_/QWW_/QU(ZQP)_f(zw))w'

Now, since 1) < ¢ we obtain that

flz,0)  flz,9)
® (0

and is non-zero in a set of positive measure. Therefore, we must have ¢ = 0.
When g = 2 the conclusion of the lemma follows easily, since the first eigenvalue

of the elliptic problem (1.6) is simple [11]. Therefore, there exists a unique positive

eigenfunction such that (1.5) holds. O

<0

With this, if 2 = B(0, R), we get the following result, which actually proves the
first part of theorem 1.2.

COROLLARY 3.2. For every 1 < q < 2 and every R,e > 0, every extremal of (1.4)
s radial and does not change sign in {2.
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Proof. Note that in any case when ¢ < 2 or ¢ = 2 the absolute value of an extremal
is also an extremal. Therefore, the absolute value is a non-negative extremal and
must then coincide with the unique positive extremal. This, in turn, must be radial,
since, by uniqueness, it must coincide with any of its rotations. O

The following lemma proves theorem 1.2(a).

LEMMA 3.3. For2 < q <2, =2(N-1)/(N—2) there exists Ry such that, for every
R > Ry, there exists ey such that the extremals (1.4) are not radial for e < eg.

Proof. The results of [3] imply that in this case the extremals of the best Sobolev
trace constant T, (B(0, R)) are not radial (since they develop a concentration phe-
nomena). Since the extremals for S;(e) converge to the extremals of T,(B(0, R)) as
€ — 0, they cannot be radial for sufficiently small £ (possibly depending on R). O

Now we finish the proof of theorem 1.2.

LEMMA 3.4. For 2 < g < 2, = 2(N — 1)/(N — 2) there exists Ry such that, for
every R < Ry, there exists €9 such that there exists a radial extremal of (1.4) for
e <gg.

Proof. First, let us choose Ry in such a way that, for any R < Ry, the problem
—Au+R*u=0 in B(0,1),

ou _ 2 Ty(R) q—1 (32)
% =R A U on 0B(0,1)
has a unique positive solution close to uy = |0B(0, 1)\_1/ 7 normalized with the

usual constraint faB(o 1y u? =1 (see [6]). Here

_ gN —2N +2
Y

B

Observe that the above problem is merely (1.3) (together with (1.2)) rescaled
from the ball of radius R to the ball of radius 1. Also note that, from the results
of [4], we have

Ty(R) [B(0,1)]

lim =

R0 RF  |0B(0,1)[2/4’

Moreover, we can assume (taking Ry smaller if necessary) that, for R < Ry, the
linearization of (3.2) is invertible. This can be obtained since, for small R, there is
a unique solution to (3.2) with

/ ul =1
9B(0,1)

and the linearized problem is invertible at R = 0, u = 1/(|0B(0,1)|*/) and then
invertible at (R, up) for small R (see [6] for details).

Now we want to use the implicit function theorem in (1.4). To this end, let us
rescale (1.6) to the unit ball defining v(x) = R*u(Rz), where u is the solution
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of (1.6) satisfying (1.5). If @« = (N — 1)/q, we have that v satisfies

1
—_— Ide =1 3.3
e [, et (33)

where A; g = B(0,1)\ B(0,1 —eR™!) and also

S
—Av+ R* = R2ﬁ§)_lxe,3(x)vq_l in B(0,1),

v
e 0 on 0B(0,1),

where x. g(z) is the characteristic function of A, g. Let

S= {v c H'(B(0, 1));/3 lw]7dS = 1}.

B(0,1)

If we multiply v by an adequate constant p in order to have w = uv € S, we have

1/‘1
M (/OB 0 b )
( ) )

and we are left with a solution of

A(e) .

2, _ p2 1

-Aw+Rw=R RiRp Xe,r(x)w? in B(0,1), (3.4)
ow
E_O on 83(0,1)

Here

B 1-2/q
Ae) = Sq(€)</ v? dS> )
8B(0,1)

where the integral term also depends on € through v. From (1.7) and the convergence
of the extremals in theorem 1.1, using (3.3) and lemma 2.2, we find that

Ae) = T,

as € — 0.
Let us consider the functional

F: 8 x[0,e0] = (H(B(0,1)))",

given by

Fw.e)(o) = [

VwVedr + R? / wodz
B(0,1)

B(0,1)
_ R?A(e) /
eR™1RP B(0,1)\B(0,1—eR~1)

This functional is C! with respect to w € S (since ¢ > 2).

wi tpde.
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Recall that we are looking for pairs (w, €) that are solutions of F(w,e) = 0 (these
are weak solutions of (3.4)).
To apply the implicit function theorem we need to compute

OF

First, let us compute the derivative

oF
—(w, = VxVaodr + R? d
aw(w £)(¢)(x) /B(o,l) xVodx /B(o,l) X¢dx

_ R*A(e) /
eRTIRP [0, 1)\B(0,1-cR-1)

Taking the limit as ¢ — 0 and evaluating at w = wu, we obtain (by [1] or by the
results of the previous section)

(g — 1)wq_2¢x dz.

oF
Ge@w0@ = [ VVode+ B [ xoda
w B(0,1) B(0,1)
T
— RQ—q/ q— Du?2¢pydx.
RA 83(0,1)( )

This problem corresponds exactly with the linearization of (3.2) that is invertible
by our choice R < Ry.

Therefore, by the implicit function theorem, we find that there exists g9 such
that for any € < g( there exists a unique solution w, € S of

F(we,e) =0
close to u, that is, a unique weak solution of (3.4), with

lim w, = u.

e—0
Since we have proved that every extremal of (1.4) tends to u as € — 0 and we have
uniqueness of solutions of (3.4) in a neighbourhood of u, the extremals must be
radial. O

Acknowledgments

J.M.A. and A.R.-B. were partly supported by MEC Grant nos BFM2003-03810 and
MTM2006-08262 (Spain), and by Grant no. GR69/06. Grupo 920894, Comunidad
de Madrid—UCM (Spain). J.D.R. was partly supported by EX066, CONICET and
ANPCyT PICT Grant no. 05009 (Argentina).

References
1 J. M. Arrieta, A. Jiménez-Casas and A. Rodriguez-Bernal. Nonhomogeneous flux condition
as limit of concentrated reactions. Rev. Mat. Ibero (In the press.)
2 P. Cherrier. Problemes de Neumann non linéaires sur les variétés Riemanniennes. J. Funct.

Analysis 57 (1984), 154-206.

https://doi.org/10.1017/50308210506000813 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210506000813

10

11

12

13

14

15

Sobolev trace constant 237

M. del Pino and C. Flores. Asymptotic behavior of best constants and extremals for trace
embeddings in expanding domains. Commun. PDEs 26 (2001), 2189-2210.

J. Ferndndez Bonder and J. D. Rossi. Asymptotic behavior of the best Sobolev trace con-
stant in expanding and contracting domains. Commun. Pure Appl. Analysis 1 (2002),
359-378.

J. Ferndndez Bonder and J. D. Rossi. On the existence of extremals for the Sobolev trace
embedding theorem with critical exponent. Bull. Lond. Math. Soc. 37 (2005), 119-125.

J. Ferndndez Bonder, E. Lami Dozo and J. D. Rossi. Symmetry properties for the extremals
of the Sobolev trace embedding. Annales Inst. H. Poincaré Analyse Non Linéaire 21
(2004), 795-805.

B. Kawohl. Symmetry results for functions yielding best constants in Sobolev-type inequal-
ities. Discrete Contin. Dynam. Syst. A 6 (2000), 683-690. (Erratum 17 (2007), 690.)

O. Ladyzhenskaya and N. Uralseva. Linear and quasilinear elliptic equations (Academic,
1968).

E. Lami Dozo and O. Torne. Symmetry and symmetry breaking for minimizers in the trace
inequality. Commun. Contemp. Math. 7 (2005), 727-746.

Y. Li and M. Zhu. Sharp Sobolev trace inequalities on Riemannian manifolds with bound-
aries. Commun. Pure Appl. Math. 50 (1997), 449-487.

S. Martinez and J. D. Rossi. Isolation and simplicity for the first eigenvalue of the p-laplacian
with a nonlinear boundary condition. Abstr. Appl. Analysis 7 (2002), 287-293.

A. Rodriguez-Bernal and A. Vidal-Lopez. Extremal equilibria for parabolic nonlinear reac-
tion diffusion equations. Proc. Equadiff 11, Bratislava, Slovakia (ed. M. Fila, A. Handlovi-
cova, K. Mikula, M. Medved, P. Quittner and D. Sevcovic), pp. 531-539 (Bratislava: Come-
nius University Press, 2007).

A. Rodriguez-Bernal and A. Vidal-Lopez. Extremal equilibria for nonlinear parabolic equa-
tions and applications. Preprint MA-UCM-2006-6, Universidad Complutense de Madrid.
M. W. Steklov. Sur les problémes fondamentaux en physique mathématique. Annales Sci-
ent. Ec. Norm. Sup. 19 (1902), 455-490.

A. Vidal-Lopez. Soluciones extremales para problemas parabolicos de evolucion no lineales y
aplicaciones. PhD thesis, Departamento de Matemaética Aplicada, Universidad Complutense
de Madrid (2005).

(Issued 11 April 2008)

https://doi.org/10.1017/50308210506000813 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210506000813

https://doi.org/10.1017/50308210506000813 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210506000813

