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Motivated by the definition of rigid centres for planar differential systems, we
introduce the study of rigid centres on the center manifolds of differential systems on
R3. On the plane, these centres have been extensively studied and several interesting
results have been obtained. We present results that characterize the rigid systems on
R3 and solve the centre-focus problem for several families of rigid systems.
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1. Introduction

Consider the following planar system

Z':fyﬁ*P(IE,y), y:erQ(:c,y), (11)

where P, are real analytic functions in x,y without constant and linear terms,
which implies that the origin is an equilibrium point.

The centre-focus (or centre) problem, originally defined for (1.1) in the polyno-
mial setting, consists of obtaining conditions on the coefficients of the system to
distinguish when the origin is either a focus or a centre. It is one of the main and
oldest problems in side of the qualitative theory of ordinary differential equations
and has been the subject of intensive research (see [6, 36] and references therein).
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We recall that an equilibrium point p is a centre if all orbits sufficiently closed to
it are periodic, and p is a focus if there is a neighbourhood V' of p such that all the
orbits by points of V' \ {p} spiral either in forward or in backward time to p.

The study of the period function and isochronicity is another important area of
research related to system (1.1). We say that the origin of system (1.1) is isochronous
centre if it is a centre and the period function, i.e. the function that associates to each
periodic orbit its minimal period, defined in a small enough neighbourhood of the
origin is constant. The study of isochronicity probably started before the develop-
ment of the differential calculus. In the X VI century, Galileo Galilei considered this
problem when studying the classical pendulum. After, in XVII century, Huygens
studied the cycloidal pendulum [15]. This pendulum has isochronous oscillations
in opposition to the classical one. Huygens applied his results to the construction
of clocks. However, only in the second half of the last century the isochronicity
of centres of planar polynomial vector fields have been extensively studied, see
[5, 16, 27].

A particularly important class of isochronous centres are those which rotate
around the origin with the constant angular speed (see e.g. [10, 12, 28]). Cen-
tres with this property are referred to as rigid centres. In this case the centre-focus
problem is equivalent to the isochronicity problem and this is one of the reasons
why several authors have been interested for this type of centres. Probably, the
easiest way to formally define the rigid centres is by making reference to polar
coordinates. We say that system (1.1) is a rigid system, if in polar coordinates
(z,y) — (rcos,rsinf) it takes the form

7 = cos OP(r cos 0, rsin0) + sin 0Q(r cos,rsinf),

1.2
0=1. (2)
The emphasis in expression (1.2) is only on the angular speed, which in the rigid
systems is constant. Note that unitary angular speed (9 = 1) is a consequence of the
normalized framework (1.1). Moreover, system (1.2) is equivalent to a generalized
Abel differential equation, see [7]. This is another reason to study this type of
systems. If the origin is a centre of system (1.1), and it is rigid, then we say that
the origin is a rigid centre. In [1] the authors find conditions for a rigid system to
have an analytical commutator, and so they are able to solve the centre problem for
several families of rigid systems. Collins, in [8], obtained explicit algebraic formulas
that solve the centre problem for a particular class of rigid systems. Collins also
solved the centre problem for polynomial cubic rigid systems, see [9]. The existence
and uniqueness of limit cycles of rigid systems also are subjects of great interest,
see e.g. [21, 22].

In this paper, we deal with tridimensional systems having a centre on the center
manifold at the origin. Therefore, consider the following tridimensional system

T = -y + P(x,y,z), y =x+ Q(a@y,z), =Xz + R(x,y,z), (13)

where A # 0 and P, @), R are analytic in x, y and z without constant and linear
terms, which implies that the origin is an equilibrium point. Following the centre
manifold theorem, for every k € N, there exists a local two-dimensional C* invariant
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manifold W¢ tangent to z = 0 at the origin. In general, the invariant manifold W*
is neither unique nor analytic.

The concept of centre for system (1.3) extends naturally due to the existence of
centre manifold in the vicinity of the origin. This problem has been the subject
of several recent papers. In [14] the authors describe an algorithm to solve the
centre problem for system (1.3) on the center manifold and they prove that to fixed
value of X\ the set of systems of form (1.3), with P, @ and R polynomials, having
a centre on the local center manifold at the origin corresponds to a variety in the
space of admissible coefficients. The authors of [4] prove that the origin of system
(1.3) is a centre on the center manifold if and only if there exists a local analytic
inverse Jacobi multiplier. Using Lie algebra techniques, in [18], the authors obtain
a criterion for the origin to be a focus or a centre for systems of the form (1.3),
and for it to be linearizable. In [19] the authors prove that it is possible to bound
the cyclicity of centres at the origin of system (1.3) and in [20] the same authors
provide upper bounds on the cyclicity of centres on center manifolds in the well-
known Lorenz family, and also in the Chen and Li families. The centre problem on
the center manifold for Lii family is solved in [31] and for the Moon-Rand family
is studied in [24, 32]. Partial results about the centre problem on center manifolds
for quadratic families, i.e. for systems of the form (1.3) with P, @ and R quadratic
polynomials, were obtained in [23]. Mahdi in [29] partially solves the centre problem
on center manifolds for quadratic systems of the form (1.3) obtained from a third-
order differential equation. In [30] the authors complete this study and, for the first
time in the literature, they propose a new hybrid symbolic-numerical approach to
solve the centre problem.

We focus on studying the rigid systems in R3. More precisely, we studying the
centre-focus problem to the systems of the form

T = _y+xF(xayaz)v y = +ZJF($,Z/72), z= —)\Z+R($>Z/72) (14)

This system restricted to a center manifold is rigid. Moreover, in cylindrical coor-
dinates, their orbits rotate around the z-axis with the constant angular speed. In
fact, if system (1.3), in cylindrical coordinates, has constant angular speed, then it
has the form above (see proposition 2.4). However, there are systems of the form
(1.3) which, when restricted to a center manifold, are rigid, but cannot be written
in the form (1.4) (see proposition 2.6).

Motivated by the results of Conti [10] on the characterization of the rigid centres
for homogeneous rigid systems on the plane, we divided the study of the systems of
the form (1.4) in two class, homogeneous rigid systems and non-homogeneous rigid
systems. The paper is structured as follows.

In § 2 we introduce the rigorous definitions of rigid systems in R? and rigid systems
in R? by cylindrical coordinates and we characterized these types of systems through
normal forms (see propositions 2.3, 2.4 and corollary 2.5). We also showed that these
definitions are not equivalents (see proposition 2.6).

In § 3 we study the homogeneous rigid systems, i.e. systems of the form (1.4) with
F =F, and R = R,,, where F,, and R,,, are homogenous polynomials of degree n
and m, respectively. We prove that se R,,(z,y,0) =0 or 0F, /0z =0, then the
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origin of system (1.4) is a centre if and only if fozﬂ F,(cosf,sinf,0)dd =0 (see
propositions 3.1 and 3.2).

Assuming the hypothesis OR,,/0z = 0, in §4, we classify the centres of systems
of the form (1.4) with ' = F,, and R = R,,, where F,, and R,, are homogenous
polynomials of degree n and m, for the follows cases:

e n=1and m=2;
en=1m=3,4and A = 1;
en=2 m=23and A = 1.

In the case n =2, m =3 and A = 1, we have used modular arithmetic to do the
study and so we are not sure if the classification is complete, but we conjecture that
yes. Excluding the hypothesis OR,,,/0z = 0, we obtain several families of centres for
the case n =1, m = 2 and A = 1. These families were also obtained using modular
arithmetic and, as in the previous case, we are not sure if are all the families of
centres, although we believe so. We complete §4 classifying the centres of the case
n=m=2,A=1and Fy = Rs.

In § 5 we consider non-homogeneous rigid systems. More precisely, we study some
systems of the form (1.4) where F' is a polynomial in a unique variable, i.e. the
variable z, and R is a homogenous polynomial in three or two variables. This study
was motivated by interesting results obtained in [12, 28] for the equivalent cases
in the plane.

2. Rigid systems in R3

Similarly as in the R?, the most natural way to define rigidity is by expressing the
system restricted to a center manifold in polar coordinates.

DEFINITION 2.1 (rigid systems in R?). We say that the tridimensional system (1.3)
is rigid if its restriction to a center manifold by the origin, in the polar coordinates,
has the form (1.2). Moreover, if the origin is a centre on the center manifold, then
we say that the origin is a rigid centre.

The above definition is not very practical for computations, since to study rigid
centres in R? we have the additional difficulty of restricting system (1.3) to a center
manifold. For to avoid this task, we will introduce a subclass of rigid systems.

DEFINITION 2.2 (rigid systems in R3 by cylindrical coordinates). We say that
the tridimensional system (1.3) is rigid by cylindrical coordinates if, in cylindrical
coordinates (x,y, z) — (rcosf,rsind, z), it assumes the following form

7 =cosOP(rcosf,rsinb, z) + sin 0Q(r cos 0, rsinb, z),

0=1

Z=—MAz+ R(rcosf,rsiné, z).

)
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The right-hand expressions of the first and third equations in (2.1) are irrelevant
to the definition. The emphasis is in the second equation of (2.1), it shows that the
orbits of the system rotates around the z-axis with the constant angular speed.

We will see that the above definitions are not equivalent (see proposition 2.6).
In fact the rigid systems in R3 by cylindrical coordinates are a subclass of rigid
systems in R3.

The following propositions characterize systems (1.3) that are rigid and rigid by
cylindrical coordinates.

PROPOSITION 2.3. System (1.3) is rigid if and only if ils restriction to a center
manifold by the origin takes the following canonical form

where F is a C* map, defined in a small enough neighbourhood of origin, for any
1 <k< .

Proof. In polar coordinates (z,y) — (r cos@,rsin @), system (2.2) can be written as
7 =7rF(rcosf,rsinf), =1.

Thus by definition the system is a rigid system.

Now we show the converse. By the centre manifold theorem, for every k € N,
there exists a two-dimensional C* invariant manifold W¢ tangent to z = 0 at the
origin and so W¢ is locally the graphic of a C¥ map z = h(x,%) (see theorem 3.2.1
in p. 127 of [26]). Hence, system (1.3) restricted to W€ takes the form

where P(x,y) = P(z,y, h(z,y)) and Q(z,y) = Q(z,y, h(z,y)). In polar coordinates

system (2.3) becomes

= cos P(rcosf,rsinf) + sin @ Q(r cos,rsinf),
_ 1 . . (2.4)
=1+ - [cos B Q(rcos6,rsinf) —sinf P(rcosf, rsinb)].

By the rigidity assumption applied to system (1.3) (i.e. § = 1), we immediately
obtain of (2.4) that

1[COSH Q(rcos B, rsinf) — sin@ P(rcosb,rsin 9)] = o. (2.5)
,

In the (z,y) coordinates equation (2.5) is written as

2Q(x,y) — yP(z,y) = 0. (2.6)

Equation (2.6) implies that yP(0,y) = 0, that is P(0,y) = 0. Using Hadamard’s
lemma (see [3]), there exists a C* map F(z,y) such that P(z,y) = zF(z,v).
Similarly, we obtain Q(z,y) = yG(z,y), where G is a C* map. Thus, from
(2.6), we readily obtain zy(G(z,y) — F(z,y)) = 0, i.e. G(z,y) = F(z,y). Therefore,
f’(x, y) = xF(z,y) and Q(m7 y) = yF(x,y), which proves the proposition. |
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PROPOSITION 2.4. System (1.3) is rigid by cylindrical coordinates if and only if it
takes the following canonical form

t=-y+aF(zyz), y=v+yF(z,y,2), 2=-Az+R(=,y,2), (2.7)
where F' is an analytic map.

Proof. In cylindrical coordinates (x,y, z) — (rcosf,rsin@, z), system (2.7) can be
written as

7 =rF(rcosf,rsind, z), 6=1, = —Az+ R(rcosf,rsinb, z),

thus by definition the system is a rigid system.
Now we show the converse. In cylindrical coordinates system (1.3) takes the form

7= cosf P(rcosf,rsind, z) +sinf Q(rcosd,rsinb, z),

. 1

0=1+~ [cosﬁ Q(rcosf,rsinb, z) +sin@ P(rcosf,rsinb, z)}, (2.8)
r

Z=—Az+ R(rcosf,rsinb, z).

By the rigidity assumption applied to system (1.3) (i.e. § = 1), we immediately
obtain of (2.8) that

1
—[cos® Q(rcos,rsinb, z) +sind P(rcos,rsinb, z)| = 0. (2.9)
,

In the (z,vy, z) coordinates equation (2.9) is written as

2Q(z,y,2) —yP(x,y,2) = 0. (2.10)

Equation (2.10) implies that yP(0,y,2) =0, i.e. P(0,y,z) = 0. Therefore, there
exists an analytic map F such that P(z,y,2) = 2F(z,y, z). Similarly, we obtain
Q(z,y,z) = yG(x,y, z), where G is analytic. Thus, from (2.10), we readily obtain
xy(G(z,y,2) — F(x,y,2)) =0, ie. G(z,y,2) = F(x,y,z). Therefore, P(z,y,z) =
xF(z,y,2) and Q(z,y, 2) = yF(z,y, z), which proves the proposition. O

The following corollary is a straightforward consequence of the proofs of the above
propositions.

COROLLARY 2.5. Consider system (1.3). Then

(a) this system is rigid if and only if ©Q(x,y,z) —yP(x,y,z) =0 with z =
h(z,y), where h is the local expression of an invariant center manifold W¢;

(b) this system is rigid by cylindrical coordinates if and only if zQ(z,y,z) —
yP(z,y,z) =0.

It is obvious that if system (1.3) is rigid by cylindrical coordinates, then it is
rigid in R3. However, the next proposition shows that definitions 2.1 and 2.2 are
not equivalent. In fact the rigid systems in R3 by cylindrical coordinates are a
subclass of rigid systems in R3.
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PROPOSITION 2.6. The system

d=—y+ritaytrztyz+2% g=ctay+azt+y’+yz+ 22,

t=—z+xz+yz+ 22, (2.11)

is rigid, but is not rigid by cylindrical coordinates. Moreover, the origin is a centre
of it on the center manifold.

Proof. Note that z is a common factor on the right side of the last equation of
system (2.11). Therefore, the plane z =0 is invariant by the flow generated by
system (2.11) and so it is a center manifold of this system. System (2.11) restricted
to plane z = 0 is given by

T = —y+x2+xy, y::c+zy+y2.
This system is rigid and has the following first integral

z? +y?
H(z,y) = ———,
@) =T 212
which it is defined in the origin. Thus, system (2.11) is rigid and has a centre on
the center manifold.
Now, system (2.11) is not rigid by cylindrical coordinates, because

2Q(x,y,2) — yP(x,y,2) = 2z + 22> — y’z — yz*> # 0,

where P(z,y,z) =2?> +ay+zz+yz+ 22 and Q(z,y,2) =xy+xz+y? +yz +
22. O

REMARK 2.7. For some cases, the centre-focus problem in center manifolds of rigid
system in R? by cylindrical coordinates is exactly the same problem to rigid system
in R?. For instance, when R in (2.7) satisfies R(x,y,0) = 0, i.e. when we can write
R(x,y,z) = zR(z,y, z) with R € R[z,y, z]. In this case z = 0 is a center manifold
and system (2.7) restricted to it becomes

'jj:_y+$F('r7yaO)7 y:$+yF(9C7ya0)7

where F'(z,y,0) € R[z,y] is a polynomial without a constant term. Thus, the results
about rigid systems in R? are naturally extended to this class of rigid system in R3.

Another class of rigid systems in R3 by cylindrical coordinates which the results
about centre-focus problems are naturally extensions of the results in the plane are
systems of form (2.7) with (0F /0z)(x,y, z) =0, i.e. when we can write F(z,y, z) =
F(z,y) with F € R[z,y]. In this case the two first equations in system (2.7) are
uncoupled with the last one and so, system (2.7) restricted to any center manifold
is given by

i=—y+aF(z,y), §=x+yF(z,y).
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3. Homogeneous rigid systems in R3

Consider the following system
t=—-y+aF,(x,y,2), y=x+yF,(x,y,2), 2=—-Xz+ Rn(x,y,2), (3.1)

where F,, R,, € R[z,y, 2] are homogenous polynomial in x,y,z of degree n > 1,
and m > 2, respectively. System (3.1) are called homogeneous rigid systems. In this
section we will prove some propositions about these systems.

The next two prepositions are motivated by well-known results that characterize
the centres of planar homogenous rigid system, see e.g. [10, 11].

PROPOSITION 3.1. Consider system (3.1) with R,,(z,y,0) = 0. Then system (3.1)
has a rigid centre at the origin if and only if

/0 ! F,(cos(s),sin(s),0)ds = 0.

Proof. By remark 2.7 the plane z = 0 is the center manifold by the origin of system
(3.1). Hence, restricted to plane z = 0, system (3.1) in polar coordinates x = p cos 6,
y = psin 6 becomes

p=p "t F,(cosf,sin6,0), =1.
The above system is equivalent to the differential equation

dp

do
As F,, is not constant, separating the variables p and 6 of this equation, and
integrating between 0 and 6 we get that its solution satisfies

o p(0)" '
o(6) 1 —np(0)" foe F,(cos(s),sin(s),0)ds

F,(cosf,sinf,0)p" .

Hence, the origin is a centre in a center manifold to system (3.1) with n > 1 and
R (x,y,0) = 0, if and only if
27
F, (cos(s),sin(s),0)ds = 0.
0
Observe that, if n is odd, the above integral is always zero. This completes the
proof of the proposition. O

PROPOSITION  3.2. Consider system (3.1) with (0F,/0z)(x,y,z) =0, i.e.
F,(z,y,z) = Fp(z,y) is a homogeneous polynomial in the variables x, y. Then
system (3.1) has a rigid centre at the origin if and only if

2m
/ F, (cos(s),sin(s))ds = 0.
0
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Proof. By remark 2.7, system (3.1) restricted to a center manifold at origin is given
by

it =—-y+aF,(z,y), =2+ yF.(z,y). (3.2)
Hence, in polar coordinates x = pcosf, y = psin @, system (3.2) becomes
p=p" F,(cosb,sinb), 6=1,
which is equivalent to the differential equation

dp
do

As in the proof of previous proposition, the solution of this equation with initial
condition p(0) = po is

= F,(cos,sin)p" .

0) = £0 —
’ (1 — npy fo (cos( sin(s))ds) !

Now, system (3.1) have a periodic orbit by the point (pg, 0, o) if and only if p(27) =
po- Hence, by equation (3.3), we have that

(3.3)

27
F,,(cos(s),sin(s))ds = 0.
0
Here zy = h(po,0), where z = h(z,y) is a local expression of center manifold.
Observe that, if n is odd, the above integral is always zero. This completes the
proof of the proposition. O

In the study of centre-focus problem for homogeneous rigid systems in R?,
the above propositions given us two centre conditions. The first centre con-
ditions are the value parameters from system (3.1) such that R,,(z,y,0) =
0 and fo n(cos(#),sin(),0)dd = 0. The second centre conditions are the
value parameters from system (3.1) such that (9F,/0z)(x,y,z) =0 and
fo (cos(#),sin(6))dd = 0. We call this conditions of elementary centre condi-
tions for homogeneous rigid systems (or simply elementary centre conditions when
there is no confusion with others types of rigid systems).

4. Centre problem for some classes of homogeneous rigid systems in R3

In this section we study the centres at the origin on the center manifold of some
class of homogeneous rigid systems in R3. For do this, we summarize the method
described in [14] (see also [29, 30, 32]) for studying the centre problem on a center
manifold for vector fields in R3.

Consider system (1.3), the Lyapunov centre theorem states that this system has a
centre at the origin on the center manifold if and only if the system has an analytic
first integral defined in the origin of the form H(z,y,z) = 2% + 3% + - - -, where the
dots mean higher order terms (see [2, 14]). In what follows we consider that P,
Q@ and R in (1.3) are polynomials. We start by introducing the complex variable
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u = x + iy. Therefore, the first two equations in (1.3) are equivalent to the unique
equation @ = iu + - --. Adding to this equation its complex conjugate, changing @
(where as usual @ denote the conjugate of u) by v, thinking in v as an independent
complex variable, and substituting z by w, we obtain the following complexification
of system (1.3):

n
=iu+ g apgrufviw”,
pq+r=2

n
U= —iv + E bpgrulviw”, (4.1)
prq+r=2
n
W= Bw + E cpgrulviw’,
pH+q+r=2

where bgpr = Gpgr and the c,q are such that ZZ qir—n CpgruPufw” is real for all
u € C and w € R. Denote by X the new vector field associated with system (4.1)
on C3. Now the existence of a first integral H(z,vy,2) = 22 + y> + - - for a system
(1.3) is equivalent to the existence of a first integral of the form

H(u,v,w) =uv+ g v vFw!
J+k+1=3

for system (4.1).

By computing the coefficients of X H = (X, VH) and equating them to zero, we
investigate the existence of a first integral H for a system (4.1). Denoting by gi, ksks
the coefficient of u*1v¥2w"? in X H, except when (k1, ko, k3) = (k, k, 0) for a positive
integer k, we can solve in a unique way for vy, %, the equation gy, k,%, = 0 in terms
of the known quantities v, g such that oo+ 8 + A < ky + ko + k3. Hence, if g0 = 0
for all k£ € N a formal first integral H exists. When the coefficient gyro is non-zero
an obstruction to the existence of the formal series H occurs. Such coefficient is
called the kth focus quantity.

The focus quantities g119 = 0 and ga90 are determined in a unique way, but the
others depend on the choices made for vgro, k£ € N, k& > 2. Once such computations
are made, H is determined and satisfies

XH(u,v,w) = gzgo(uv)2 + g330(uv)3 N

It follows that if for one choice of the viio at least one focus quantity is non-zero, the
same is true for every other choice of the vigo. A sufficient and necessary condition
for the existence of a centre on the center manifold is to vanish all focus quantities,
otherwise we have a focus (see [14]).

THEOREM 4.1. Consider system (3.1) with (OR,,/0z)(x,y,z) =0, i.e. system
T=-y+ an(xvya Z)7 y=z+ yFn(xa:% Z)a Z=-Az+ Rm(-r7 y)v (42)

where Fo(2,Y,2) =3 jii=n ajpaiyt2t and Ry, (z,y) = D ith=m bikziy®.
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(a) If n=1 and m =2, system (4.2) has a centre at the origin on the center
manifold if and only if agpr = 0 or bog = b1 = by = 0.

(b) If \=n=1 and m = 3,4, system (4.2) has a centre at the origin on the
center manifold if and only if agpr =0 or bjr, =0 for all j, k € N with

j+k=34.

(¢) If \=1, n=2, and m = 2, system (4.2) has a centre at the origin on the
center manifold if and only if asgo = —ag20 and aigr = Go11 = agoz =0 or
a00 = —ag20 and bag = b1y = bz = 0.

(d) If A=1,n=2, m=3, and azpo = —ao20, @101 = Go11 = @oo2 = 0 0r azpp =

—a020, bso = ba1 = b1 = boz = 0, then system (4.2) has a centre at the origin
on the center manifold.

Proof. First we prove statement (a). Using the method described above, we have
that the first focus quantity associated with origin of system (4.2) is

ago1 (b2o + boz)

9220 = b\

Therefore, agg; = 0 or bps = —byy are necessary conditions to have a centre at the
origin on the center manifold of system (4.2). Note that agp; = 0 is also sufficient,
because it is an elementary centre condition by proposition 3.2.

Now, assume that agg; # 0 and bge = —byg. First we suppose that a1090 = agip =
0. In this case gao0 = 0 and the second focus quantity is

_ ador (403, +011)

9380 = TN (N 1 4)

So bog = b11 = bp2 = 0 is a necessary condition to have a centre at the origin on
the center manifold of system (4.2). It is also a sufficient condition, because it is an
elementary centre condition by proposition 3.1.

If a2y + ayo # 0, we can assume that system (4.2) is given by

t=—y+aly+z), y=c+yly+2), 3= —Az + baox? + br1xy — baoy>. (4.3)

Otherwise, we do the change of variables

ao10 a100
= 3 3 51,
apo + A1 atpo + Ag1g
a100 ap1o 1
ym 0 xSy - — 7 (4.4)
atgg t ajig atgp + Aj1g a0o1

The first focus quantity goop of system (4.3) is zero and the next four ggko,
k =3,4,5,6, can be easily computed (their expressions are too lengthy and we omit
them here), for instance using software of symbolic computations like Maple [33] or
Mathematica [37] (see the appendix from [32] for a Mathematica code for comput-
ing the focus quantities). We have that the focus quantities ggro, k = 3,4,5,6 are
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rational expressions and the Groebner basis of the ideal generated by its numerators
is given by the polynomials:

{b3, (463 + b1) , baobir (463 + b3y, (2bag — b11)(2bao + br1) (430 + b1 )
— (4b3g + b1) (23bag — 3b11A), bag (A* + 4) (4b3y + b1,) ,
— 308b3) + 116b3g\? + 476b3, — TThogb?, — 24bagA* — 96bog
+ 2067, A% + 11962, + 4by1 A? 4 16b11 ),
— 1024b3) X\ — 492b2,b11 + 24b35 A3 + 96b3,\ — 256b20b31 X + 36bgoby 1 A2
+ 144bogby; — 123b11, 308b3, — 132030 A% — 49203 + TThagb3; + 4bagA* + 52b20\>
+ 144byg — 3363, N2 — 12302, }.

The above polynomials are all null if and only if bog = b1; = 0. By proposition 3.1,
this is an elementary centre condition for system (4.3) and so it has a centre at the
origin on the center manifold if and only if bog = b1; = 0. This complete the proof
of statement (a).

To prove statement (b), as in statement (a), we also distinguish the three cases
{ago1 = 0}, {ago1 # 0,a100 = ao1o = 0} and {(a?y + a,0)ao01 # 0}. By proposi-
tion 3.2, agpr = 0 is an elementary centre condition for system (4.2) (with A =n =
1) and so it has a centre at the origin on the center manifold. When aj00 = agio =0
and agp; # 0, we have that for n = 1 and m = 3 the three first focal quantities are
9220 = g330 = 0 and

3, (5662, ,  (13bsg 2 )
= —— — b b 5b b b
9440 160%01 ( 5 + (b3o + b12)° + NG + V/5b12 + (ba1 + bo3)

13bos \ > 56b2,
5b .
+ (xf 2t > + =
In this case system (4.2) has a centre at the origin on the center manifold if and
only if bgg = ba1 = b12 = bgs = 0, because it is an elementary centre condition by

proposition 3.1. Now, for n = 1 and m = 4 the two first focal quantities are goo9 = 0
and

1
9330 = Za()01(3b40 + baa + 3boa).

Hence, byy = —3(bso + bos) is a necessary condition to have a centre at the origin
on the center manifold of system (4.2) in this case. Assuming this last condition, it
follows that the next two focal quantities are g449 = 0 and

2
a
g550 = — 1586 (64b%) + 32(3bsg — 2bos)? + 1003, + 63(b31 + b13)? + 1002, + 224b3,).

Thus, in this case, system (4.2) has a centre at the origin on the center manifold
if and only if byy = bg1 = boy = b13 = bpy = 0. Because, by proposition 3.1, it is an
elementary centre condition. Finally, in the case afy + ad,q # 0 and age; # 0, we
can suppose that aijpo = 0 and ag1g = agor = 1 in system (4.2) (with A =n =1),
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otherwise we do the change of variables (4.4). For n =1 and m = 3 we have to
compute six focal quantities ggro, kK =2,...,7. It follows that goo90 = 0 and the
next five are too lengthy and we omit them here. The Groebner basis of the ideal
generated by giro, £k = 3,...,7 is given by the polynomials

{b2,, 4b1o + 3bo3, 4bgy — 3boz, bso}.

We conclude that in this case system (4.2) has a centre at the origin on the cen-
ter manifold if and only if bgg = bay = b1 = bpz = 0, because it is an elementary
centre condition by proposition 3.1. Now, when n = 1 and m = 4, we have to com-
pute seven focal quantities ggro, k = 2,...,8. As in previous case, goo9 = 0 and the
next six are too lengthy and we omit them here. The Groebner basis of the ideal
generated by grro, k = 3,...,8, is given by the polynomials

{b2,,b13 — 5bos, bag + 3boa, b3 — 3boa, bao }-

Hence, in this case, system (4.2) has a centre at the origin on the center manifold
if and only if byy = b31 = baoo = b13 = byy = 0. Because, by proposition 3.1, it is an
elementary centre condition. This complete the proof of statement (b).

To prove statement (c) we distinguish the two cases ajp1 = a1 = 0 and a?y; +
a?;, # 0. Consider the first case, i.e. a101 = ag11 = 0. The first two focus quantities
associated with system (4.2) with A =1, n =2, and m = 2 are

1
9220 = G200 + @020, 9330 = 50 002 (2 (b3 + b32) + (3boo + 3bo2)® +b31) . (4.5)

Therefore, by the above expressions and propositions 3.1 and 3.2, we have only
elementary centre conditions and so the proof of statement (c) of the theorem in
the case a101 = ap11 = 0 it follows.
In the second case, i.e. a2y, + a3;; # 0, we can suppose that ajg; = 0 and agy; = 1
in system (4.2) with A = 1 and n = 2. Otherwise, we do the change of variables
ao11 aiol aiol ao11

T = X+ Y, y=
2 2 2 2 )
afpr + ajiy aip1 + o171

Y, z=2.
(4.6)

T2 2 2 2
ajp1 + g1y atp1 + ao11

For m = 2 the first two focus quantities associated with system (4.2) also are given
by (4.5). Hence, we must have asgp = —ag2o and, if agoz # 0, bag = b11 = bp2 = 0.
As in previous cases we have a centre on the center manifold. Now, if agge = 0, the
next focus quantity is

1
o (—4b35 — (3(b2o + bo2) + b11)?)

Thus, we have that byg =0 and bj; = —3bg2 are necessary conditions to have a
centre. Assuming these last conditions, the Groebner basis of the ideal generated
by the next three focus quantities gxxo, £ = 5,6, 7, is given by the polynomials

{bgz, a(Q)QOng, ng (36&110 + 35&020)} .

By the same argument used in previous cases, we conclude the proof o statement (c).
The proof of statement (d) is a straightforward consequence of propositions 3.1, 3.2,
i.e. we have the two elementary centre conditions. O

ga4a0 =

https://doi.org/10.1017/prm.2021.46 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.46

Rigid centres on the center manifold of tridimensional differential systemd 071

REMARK 4.2. We were unable to prove that the conditions of statement (d) of
theorem 4.1 are necessary and sufficient for system (4.2) with A=1,n =2, m =3
has a centre at the origin on the center manifold. However we believe that these are
indeed the necessary and sufficient conditions. As in statement (c¢) of the theorem,
the strategy for a possible proof consists of distinguishing the two cases a9 =
ap11 = 0 and 0%01 + a%u # 0. For the first case i.e. aj01 = ap11 = 0, the first three
focus quantities associated with system (4.2) with A =1, n = 2, and m = 3 are

9220 = 200 + G020, 9330 = 0,

1 2052 7b 2 Thos \ 2 2062
440 = == 0002 ( 30 4 <30 + \/§b12) + <\/§b21 + 03) 4 =%

80 3 V3 V3 3
3
- Z(azoo + ao20) (((Izoo —agp20)” + a%m) .

Therefore, the conditions of statement (d) of theorem 4.1 are necessary and suffi-
cient for, in this case, system (4.2) has a centre at the origin on the center manifold.
Because, by the above expressions and propositions 3.1 and 3.2, we have only
elementary centre conditions.

In the case ay; + a2, # 0, by the change of variables (4.6), we can suppose that
a1p1 = 0 and ap1; = 1 in system (4.2) with A =1 and n = 2. Now, even calculat-
ing the first twelve focus quantities, we were unable to obtain the necessary and
sufficient conditions to have a centre on the center manifold. However, using the
computer algebra system Singular (see [25]), we obtain the decomposition over a
field of characteristic 32003 of the radical of the ideal generated by the first eight

focus quantities I = (gaso, - - -, gogo) into an intersection of prime ideals (see p. 42
of [36] and [14, 29, 30, 32, 34, 35]). This decomposition consists of the following
two ideals:

Iy = (a200 + ao20, ba1, b1z, boz, bsg + 10668ba1 + 10668b12 + bos),
I = (as00 + ao20, bls + 933, 10667ag20b12 + ar10bos, ar10bi2 + 6ag20bos,

a31o +4adeg, ba1 + 3bos, bso + 10668ba1 + 10668b12 + bos).

Since 10667 = —2/3 (mod 32003) and 10668 = 1/3 (mod 32 003), we obtain

1 1
I = <a200 + ag20, ba1, bi2, bo3, bzo + 5521 + §b12 + b03>7

2
I, = <a200 + g0, biy + 93, *gaozoblz + a110bo3, a110b12 + 6ag20bo3,

1 1
a31o + 4adsg, bar + 3bos, bso + §b21 + §b12 + 503>-

Studying the zeros of the generators from above ideals, we obtain the condition
a200 = —ap20 and b30 = b21 = b12 = b03 = 0. Thus it is hkely that the conditions
of statement (b) of theorem 4.1 are necessary and sufficient for system (4.2) with
A=1,n=2 m =3 has a centre at the origin on the center manifold.
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We do a similar study for the systems given by (3.1) when (OR,,/0y)(x,y,z) = 0,
Le. for Fo(2,9,2) =3 ky1=n ajpay*zt and Ry, (z,z) = D itk=m bjrr?z*. When
n =1 and m = 2, we have that the first focus quantities is ga29 = apo1b20/\ and so
the only conditions of centres are the elementary. For A =1, n = 1, and m = 3, the
only centre conditions are also the elementary. In fact, computing the first seven
focus quantities we have that goop = 0 and using the computer algebra system
Singular, we obtain the decomposition of the radical of the ideal generated by the
six focus quantities I = (gs30,...,9gsso) into an intersection of the following prime
ideals (ago1) and (bzg). Now, for A = 1, n = 2 and m = 2, the computations are more
hard and we were unable to solve the centre-focus problem in this case. However we
also believe that in this case the only centre conditions are the elementary. More
precisely, we have that gaag = a200 + @20 and as {bag = 0, az00 + ap20 = 0} is one of
the elementary centre conditions, we can distinguish the cases {ag20 = —a200, b2 #
O} and b20b11 75 0. In the first case we have that g330 = 11a002b30/20 and so appo2 =
0. Hence, it follows that ga40 = 7(1)30/40)(9(1(2)11 + (3&101 + 2a011)2) and so a101 =
ap11 = 0. Therefore, we have the second elementary centre condition. Now, in the
case byob1y # 0, we can suppose that by = b1 = 1, otherwise we do the following
change of variables (z,y,2)" = A(X,Y,Z)" with A = (c;i)3x3, where cj, =0 if
j#k, c11 = caa = 1/b1y, and c33 = bag/b?,. Thus, even calculating the first nine
focus quantities, we were unable to obtain the necessary and sufficient conditions
to have a centre on the center manifold. However, using the computer algebra
system Singular, we obtain the decomposition over a field of characteristic 32003
of the radical of the ideal generated by the seven focus quantities I= (93305 - - - » g990)
into an intersection of prime ideals. This decomposition consists only of the ideal
<a101 + 14225&011 + 14226&002, apii, a002>. Therefore, we have only the elementary
centre conditions.

The case (OR,,/0z)(z,y,z) = 0 was not considered because it is equivalent, by
the change of variables (x,y, z) — (y, z, 2), the previous one.

The above results lead us to the conjecture that, if in system (3.1) R,, is
a homogeneous polynomial in two variables, the centre conditions are only the
elementary.

An interesting class of homogeneous rigid systems in R? are the systems of the
form (3.1) with n =1 and m = 2. Unfortunately this case seems to be computa-
tionally intractable. But we obtain some partial results in next theorem. Moreover,
in this case, there are centre conditions that are not elementary.

THEOREM 4.3. Consider system (3.1) with n =1, m =2, and A =1, i.e. system
T = —y+ xFl(xvyaZ)v y =+ yFl(xaywz)v Z=—z+ RQ(‘rayvz)a (47)

where  Fi(z,y,2) = aip0% + ao10y + aco1z  and  Ro(z,y, z) = bagox? + biiozy +
bio122 + bo2oy? + bo11yz + booaz2. If one of the following conditions

(a) ago1 =0,
(b) bago = bi1o = bo2o =0,

(¢) @100 = aoio =0, bior = bo11 = 0, boo2 = 2apo1, and bozo = —bago,
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(d) bio1 = 2a100 + @010, bozo = —b200, bo11 = —aio0 + 2a010, and booz = 2aqo1,

(e) bio1 = 2a100, bo20 = —b20o, bo11 = 2a010, booz = 2ao01, and (a3, — adip)
(baoo — b110) + @100@010(b110 + 4b200) = 0,

() bago = a100¢010(boo2 — aoo1) biio = (a300 — a310) (@001 — booz)

2 ’ 2 ’
po1 po1
[ booz2 (@100 + @o10) — @Go10@001 b — a100@010(@oo1 — booz) d
101 = » D020 = 3 ; an
apo1 apo1
[— booz2(@o10 — @100) + @100@001
011 = s
apo1

holds, then system (4.7) has a centre at the origin on the center manifold.

Proof. Observe that agg; = 0 is an elementary centre condition. Then, in this
case, system (4.7) has a centre at the origin on the center manifold. This proves
statement (a).

In what follows we will assume that agg; # 0. We distinguish two cases a1p9g =
ao1p = 0 and a?yy + a2,y # 0. If ajp0 = ap1p = 0, computing the first six focus quan-
tities and using the computer algebra system Singular, we obtain the decomposition
of the radical of the ideal generated by these focus quantities I = (gaso, - . -, g770)
into an intersection of prime ideals. This decomposition consists of the following
four ideals

I = (aoo1), I2 = (b200,b110,b020), I3 = (b200 + bo20, 2a001 — booz, bio1, bo11),
Iy = (baoo + bo20, b0 + b3y 1, bT1g + 4b3a0, b110b101 + 2bo20bo11, br1oborr — 2b1o1bo20)-

Studying the zeros of the generators from above ideals, we obtain the four set
of zeros {ago1 = 0}, {b200 = b110 = bo20 = 0}, {b101 = bo11 = 0, boo2 = 2a001, bo20 =
—baoo } and {bago = b110 = b1o1 = bo2o = bo11 = 0}. Note that bagg = b110 = bo20 = 0
is an elementary centre condition and so, in this case, system (4.7) has a centre at
the origin on the center manifold. As agg; # 0, remains to check the condition
b1o1 = bo11 = 0,bgo2 = 2ag01, and bgog = —bogg. Denote by X the vector field asso-
ciated with system (4.7) in this case. We have that X f = kf, where X f = (X, V f),
f(z,y,2) =z — h(z,y), k(z,y,2) = 2a001 — 1, and
1

1 1
h(z,y) = 5 (baoo — b110)z* + 3 (4 booo + b110)xy + £ (b110 — baoo)y>.

Therefore, f =0 is an invariant algebraic surface of X and k is its cofactor (see
p. 215 from [13]). Note that the plane xy is the tangent plane of f = 0 at the origin
and so the center manifold is given by the graphic of z = h(z,y). Hence, denoting
by X |.—h(z,y) the vector field X restricted your center manifold at the origin (i.e.
X |.=h(a,y) is obtained substituting z = h(z,y) in the first two equations of (4.7)),
we have that (X |.—p(z,))V = (div X |:—p(2,y)) V, where

V(x,y) = apo1?(4b200 + b110)?2* — 4 ago1?(b2oo — b110)(4 b200 + b110)2y
+ 4 ago1®(b200 — b110)?2%y* — 10 agor (4 baoo + b110) 7>

+ 20 ago1 (bgoo — bllo)l’y + 25.
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Thus V' is an inverse integrate factor of X |._j(,,) and as V/(0,0) # 0, it follows
that the origin is a centre of X |z:h(1;_,y)7 i.e. the origin is a centre on the center
manifold of system (4.7) in this case (see [17] for more details). This concludes the
proof of statement (c).

If afyy + adyo # 0, doing the change of variables (4.4), we can write system (4.7)
with F; = F; and Ry = Rg, where Fl(x Y,z) =y + 2z and Rg(x Y,2) = bogoz? +
buoxy + blmxz + bogoy + b011yz + boo222. The expression of the bmk are omitted
for simplicity. In this case the first focus quantities is gago = baoo + bozo. Thus, we
have bgog = *bgoo and even calculating the next nine focus quantities, we were
unable to obtain the necessary and sufficient conditions to have a centre on the
center manifold. However, using the computer algebra system Singular, we obtain
the decomposition over a field of characteristic 32003 of the radical of the ideal
generated by the next six focus quantities I= (9330, - - -, g770) into an intersection
of prime ideals. This decomposition consists of the following six ideals:

I = (b2g; + b1y — 2bio1 — 4bo11 + 5, 16001b110b101 + baoobor1 — 2b200
— 16001110, baoobior — 16 001b110bo11 — baoo — br1o, bage + 8001b31),
Io = (b1 + b211 — 2bio1 — 6bo11 + 10, 16001b110b101 + b200bo11 — 3b200
— 16 001b110, b200b101 — 16001b110b011 - b200 + 16 000b1107 b 200 + 8001b110>
I3 = (b200,b110), I = (bro1—,bo11 — 2,booz — 2),
Is = (baoo — 110, D101, bo11 — 2, booz — 2),
Is = <E2007 bi1o — ooz + 1, b101 — ooz + 17Z~7011 - l~7002>~
Here 8001 = 1/4 (mod 32003) , 16000 = —3/2 (mod 32 003) and 16001 = —1/2
(mod 32003). The set of zeros of the generators of I3 is {bgoo =by10 = 0}. Hence, as
in the previous case, bago = b11g = bo2o = 0 implies that system (4.7) has a centre
at the origin on the center manifold. This concludes the proof of statement (b).
Studying the set of zeros from other ideals above, we obtain the following sets of
conditions
(i) boz0 = —b200, bro1 = 1, bo11 = booz = 2,
(i) bo20 = —b200, b110 = b200, bro1 = 0, bo11 = booz = 2,

(iii) bo20 = —ba00, b200 = bozo = 0, bro1r = b110 = booz — 1, bo11 = booa-

Conditions (i), (ii) and (iii) correspond to conditions (d), (e) and (f) from
proposition, on the set of the original parameters, respectively.

Consider system (4.7) with F}; = Fy, Ry = R, and condition (i). In this case sys-
tem (4.7) has two invariant algebraic surfaces f; = 0 and fo = 0, where fi(z,y,2) =
22 + 92, fo(z,y,2) = (1 — b119)2? + 2bo0ory — 22 — 22 + 1, and k(x,y, 2) = 2y + 22
is the cofactor of both curves. Therefore, H = f1/fs is a first integral of system
(4.7), i.e. XH =0, where X denotes the vector field associated with the system
(see p. 219 of [13] for more details). Moreover, the Taylor series of H in the origin
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has the form H(z,y,2) = 2? +y? + ---. So, by theorem 3 of [14] (see also [2]), we
have a centre at the origin on the center manifold. This proves statement (d).

Now for system (4.7) with F| = Fy, Ry = Ry, and satisfying condition (i) the
associated vector field X has an invariant algebraic surface given by f(z,y,z) =
z — h(z,y) with cofactor k(z,y,z) = 2y + 2z — 1, where h(z,y) = bogozy. As the
plane zy is the tangent plane of f =0 at the origin, it follows that the center
manifold is given by the graphic of z = h(z,y). Hence, denoting by X |._p(z.)
the vector field X restricted your center manifold at the origin, we have that the
planar system associated with X [._j () is invariant by the change of variables
(z,y,t) = (2, =y, —t). i.e. X |[._p(q,y) is reversible. Therefore, we have a centre at
the origin on the center manifold, what proves statement (e).

Finally, consider system (4.7) with F; = Fy, Ry = Ry, and condition (iii). First
we suppose that bgge # 0. In this case system (4.7) has two invariant algebraic
surfaces, fi = 0 and fo = 0, where fi(z,y,2) = 22 + 4% and fo(x,y, 2) = —boo2z —
boo2z + 1 with respective cofactors ki (z,y,z) = 2y + 2z and ko(z,y, 2) = boo2y +
boozz. Therefore, H = f1/(fs)(2/t002) is a first integral of system (4.7). If bgop = 0,
as in the previous case, system (4.7) has the invariant algebraic surface, f; =0
and an exponential factor g(z,y,z) = e**T2¥ (see p. 217 of [13]), with respective
cofactors ki and k, = —ki. Therefore, G = f1g is a first integral of system (4.7).
Moreover, the Taylor series of H and G in the origin has the form z? 4+ y? +---.
As in the previous case, we have a centre at the origin on the center manifold. This
proves statement (f) and complete the proof of proposition. O

Another interesting class of homogeneous rigid systems in R? are the systems of
the form (3.1) with n = m and F,, = R,,. In the next theorem we consider the case
m = 2. Observe that the centre conditions are only the elementary.

THEOREM 4.4. Consider system (3.1) with n=m =2, A=1 and F» = Ry, i.c.
system

&t =—y+aFy(z,y,2), y=x+yF(z,y,2), 2=—2z+ Fy(z,y,2), (4.8)

where  Fy(z,y,2) = a007? + a1107y + a10172 + ao20y> + ao11y2 + ago2z?.  Then
system (4.8) has a centre at the origin on the center manifold if and only if one of
the following conditions

(a) a200 = a110 = ao20 =0,

(b) ap20 = —a200 and a101 = ap11 = agoz =0,
holds.

Proof. Computing the first six focus quantities and using the computer algebra
system Singular, we obtain the decomposition of the radical of the ideal generated
by the six focus quantities I = (g220, - - -, g770) into an intersection of prime ideals.
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This decomposition consists of the following three ideals

I = <a200 + a0207a110,0020>, I, = <a200 + a020,a101,a011,a002>,
2 2 2 2
I3 = (a200 + @020, aTo1 + G511, aT10 + 46320, G110G101

+ 2a020a011, —2a101G020 + A1100011)-

Note that the conditions of statements (a) and (b) belong to the set of zeros of the
generators from above ideals. Therefore, they are necessary for the origin to be a
centre of system (4.8) on the center manifold. Now, by the propositions 3.1 and 3.2
they are also sufficient. O

5. Centre problem for some classes of non-homogeneous rigid systems
in R3

In this section we consider some systems of the form (2.7) where F' is a polynomial in
the variable z and R is a homogenous polynomial in three or two variables. Observe
that if z is a common factor of R or F' = 0 we have that the origin is a centre on the
center manifold. In this case we call this conditions of elementary centre conditions
for these systems. The study of this type of systems was motivated by general
results obtained for some families of rigid systems in the plane, i.e. systems of the
form (2.2) such that F is a polynomial of one variable or product of polynomials
of one variable. More precisely, in [12, 28] the authors obtain a very simple bases
for the ideal generated by the focal quantities.

THEOREM 5.1. Consider system
t=—-y+aF(2), y=x+yF(2), 2=—2+ Ra(x,y, 2). (5.1)

where F(z) = Z?:l a;jz? and Ra(z,y,2) = baoox? + bi1oxy + bio12z + bo2oy® +
bo11yz + boo222.

(a) Assume thataz = a4 = a5 =---=ag =0 (i.e. F(2) = a1z + a3z®), then sys-
tem (5.1) has a centre at the origin on the center manifold if and only if either
ay = a3 =0 or by = br1o0 = bo2o = 0 or big1 = bp11 = a3 = 0, b2 = 2a4,
and b020 = 71)200.

(b) Assume that a1 = a3 = a5 = a7 = ag = 0 (i.e. F'(2) is an even function), then
system (5.1) has a centre at the origin on the center manifold if and only if
either as = ay = ag = ag = 0 or bagg = b110 = bo20 = 0.

(¢) Assume that bi1g = booo = bo11 =0 (i.e. Ro(x,y,2) = Ro(x,2) is a homo-
geneous polynomial of degree 2 on the variables x, z), then system (5.1)
has a centre at the origin on the center manifold if and only if either
a1:-~:ag:0 OTbQQ():O.

(d) Assume that as = -+ = ag = 0 and bypy = bo11 = booz = 0 (i.e. F(z) = a1z +
a2? + azz® + asz* and Ry(z,y, 2) = Ro(x,y) is a homogeneous polynomial
of degree 2 on the wvariables x, y), then system (5.1) has a centre atl the
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origin on the center manifold if and only if either a1 = as = a3 = a4 =0 or
b20o = b110 = bo20 = 0.

Proof. To prove statement (a) we distinguish two cases, bjp1 = b1 = 0 and b3y, +
b2, # 0. In the first case, we have that the decomposition of the radical of the
ideal generated by the six focus quantities I = (gaao, - - -, g770), into an intersection
of prime ideals, consists of the following three ideals

I =(ay,a3), Ir = (baoo + bo20, b1 + 4b5a0), Is = (as,2a1 — booz, baoo + bo2o)-

The conditions {a1 = asz = 0}7 {bgoo = b110 = b020 = 0} and {0,3 = 0, booQ =
2a1, boao = —bago} correspond to the set of zeros of the generators from above ide-
als. Therefore, they are necessary for the origin to be a centre of system (5.1) on
the center manifold. Now, {a; = a3 = 0} and {bagg = b110 = bo2o = 0} are also suf-
ficient because they are elementary centre conditions. Note that system (5.1) with
the condition {az = 0,boo2 = 2a1,bo20 = —baoo} is exactly system (4.7) with the
condition (c) of theorem 4.3. Therefore, this condition is also sufficient.

When b%m + b%ll =% 0, we can assume that b1g; = bg11 = 1. Otherwise, we do the
change of variables

~ bior + b011X bior — bony bio1 — b011X bio1 + bo11 y _z

bior + 031 bor + 0311 b1 + 031 bior + 0311
In this case, the decomposition of the radical of the ideal generated by the seven
focus quantities I = (g220, ..., gsso), into an intersection of prime ideals, consists of

the two ideals Iy = (aq, as,) and Iy = (bago, b110, bo20). As in the previous case, we
have that the origin is a centre on the center manifold.

With the hypothesis of statement (b) we can suppose that byap = bogo in system
(5.1), otherwise we do the following change of variables

xTr = (b200 — bozo)X - (b110 + \/(bQOO - 17020)2 + b%lo)Yv

y = (b0 + \/(5200 — bo20)? + b319) X + (b200 — bo20)Y,
z=J.
In this case we have that the two first focus quantities are goo9 = 0 and
1
9330 = %%(401’300 +b110)-

If as # 0, then we must have bygg = b119 = 0. Hence, we have an elementary centre
condition and so the origin is a centre on the center manifold. Now, if ao = 0, the
next two focus quantities are g440 = 0 and

330bio Bb%m).

= 204
9550 a“( 20% g 1600

Therefore, we must have a4, = 0 and the next focus quantities is

3b300b710 _~_9b§oob%1o i b910
4 320 12800 /°

9660 = ag (25300 +
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Hence, we have that ag = 0 and the next two focus quantities are gy79 = 0 and

7b300b%10 + 21béZLOObAIJLIO 4 7b%00b?10 + 7bél;IO
5 160 3200 ' 2048000 )

gsso = as (25300 +

We must have ag = 0 and so the origin is a centre on the center manifold, because
we have an elementary centre condition.

Now we will prove statement (c) of theorem. Computing the first nine focus
quantities ggro, K = 2,...,10, we have that the Groebner basis of ideal generated
by these quantities is given by {a;(b2oo)’ }j=1,... 9. Therefore, it follows that the
origin is a centre on the center manifold if only if bygg =0 or a1 =-+- = ag = 0,
because these conditions are the elementary centre conditions.

Finally, we will prove statement (d) of theorem. The decomposition of the radical
of the ideal generated by the eight focus quantities I = (gaag,...,g990), into an
intersection of prime ideals, consists of the two ideals Iy = (a1, as,as,a4) and Io =
(b20o + bo20, b%lo + 4bga0). Again we have only elementary centre conditions and so
the origin is a centre on the center manifold. O

Statement (c) of theorem 5.1 lead us to the conjecture that if in system (2.7) F
is given by F(2) =77, ajz?, and R is given by R(x,z) = D k=2 bjrx? 2*, then
a basis to ideal generated by its focus quantities is {a;(b20)? }j=1,.. n-

Observe that in the proof of statements (b), (¢) and (d) we have only elemen-
tary centre conditions. In statement (a) we have one centre conditions that is not
elementary. In the next result we have another family of rigid systems with one
non elementary centre conditions, even with R a homogeneous polynomial in two
variables.

THEOREM 5.2. Consider system (2.7) with F and R given by F(2) = a1z + a22? +
azz® and R(z,z) = D ith=3 bikzizk. Then the origin is a centre on the center
manifold if and only if either a; = az =az =0 or b3g =0 or as = 3a3, az =0,
b21 = b12 =0 and bog = 90,%

Proof. We have that goo9 = 0 and the decomposition of the radical of the ideal
generated by the next ten focus quantities I = (gxko)r=3..13, into an inter-
section of prime ideals, consists of the three ideals Iy = (a1, as2,a3), Is = (bsp)
and I3 = (9a? — bos, as, ba1, b12, 3as — bp3). The conditions {a; = az = az = 0},
{bgo = O} and {CLQ = 3(1%7(13 = O, b21 = b12 = O7 bog = 90,%} COI‘I‘GSpOHd to the set
of zeros of the generators from above ideals. Note that the two first condi-
tions are elementary centre conditions and so we have a centre at the origin on
the center manifold. For the last condition, note that fi(z,y,2) = 2% +y? and
fo(z,y, 2) = 3arbsox?y + 2a1b30y® — 3a12 + 1 are invariant algebraic surfaces of
system with the cofactors ki(x, vy, 2) = 6a22? + 2a1z and ko (z,y, 2) = 9a%22 + 3a, 2,
respectively. Hence, H = f1f, /3 s a first integral of system and the Taylor series
of H in the origin has the form 22 + y% + - - -. Therefore, we have a centre at the
origin on the center manifold. O
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