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ABSTRACT

We consider the conditional mean risk allocation for an insurance pool, as
defined by Denuit and Dhaene (2012). Precisely, we study the asymptotic
behavior of the respective relative contributions of the participants as the total
loss of the pool tends to infinity. The numerical illustration in Denuit (2019)
suggests that the application of the conditional mean risk sharing rule may pro-
duce a linear sharing in the tail of the total loss distribution. This paper studies
the validity of this empirical finding in the class of compound Panjer—Katz
sums consisting of compound Binomial, compound Poisson, and compound
Negative Binomial sums with either Gamma or Pareto severities. It is demon-
strated that such a behavior does not hold in general since one term may
dominate the other ones conditional of large total loss.
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1. INTRODUCTION

In this paper, we consider the conditional mean risk allocation of independent
losses, as defined by Denuit and Dhaene (2012). According to this rule, each
participant to an insurance pool contributes the conditional expectation of the
loss brought to the pool, given the total loss experienced by the entire pool.
The properties of the conditional mean risk allocation have been studied in
Denuit (2019), and the present study originates from the empirical findings in
the numerical illustration contained in that paper.

From a theoretical point of view, we investigate the relative behavior of
the conditional expectations of random variables given their sum, when the
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realization of the sum tends to infinity. Conditions are given under which one
of the following two cases occurs:

Case (i) The conditional expectations are asymptotically in fixed, positive
proportions to each other (the “linear” case).

Case (ii) One of the random variables dominates, the conditional expectations
of the others being asymptotically vanishingly small with respect to
this one.

This research question is investigated for the class of compound Panjer—-Katz
sums consisting of compound Binomial, compound Poisson, and compound
Negative Binomial sums. This class of distributions is central to actuarial math-
ematics so that the results derived in this paper are of wide applicability in
insurance studies. As far as severities are concerned, we consider the heavy-
tailed case with regularly varying tails. In particular, the Pareto law belongs to
this class of distributions. We also discuss a light-tailed case where severities
obey the Gamma distribution. Since the Gamma distribution is the prototype
example of light-tailed distribution, widely used in theory as well as in actuarial
applications (also in compound Poisson sums, giving rise to the Tweedie distri-
bution), this choice appears to be relevant for our investigation. Independence
is assumed in all cases.

Since all standard severity models correspond to absolutely continuous
probability distributions, the present paper naturally concentrates on this
situation. We nevertheless also consider the particular setting of the numeri-
cal illustration proposed by Denuit (2019), that is, compound Poisson sums
with integer-valued claim severities. This is because these empirical findings
motivated the present study.

The remainder of this paper is organized as follows. Section 2 provides the
reader with economic motivation for the study conducted in the present paper
by demonstrating its relevance for peer-to-peer (P2P) insurance. The problem
under investigation is also properly positioned there, relative to the existing
literature. In Section 3, we recall the connection of the conditional mean risk
sharing rule with the size-biased transform. Section 4 derives the size-biased
transforms and the conditional mean risk sharing of compound Panjer—Katz
sums. In this paper, we favor direct reasoning specific to compound Panjer—
Katz sums to recover their respective size-biased transforms. These results
can be found in Denuit (2020), where they are derived by means of general
results about size-biasing sums and mixtures. Sections 5 and 6 study the asymp-
totic linearity of the conditional mean risk allocation in the case of severities
with regularly varying tails or obeying the Gamma distribution, respectively.
Compared to other papers dealing with tails of sums of independent random
variables, we must deal here first with non-identically distributed random vari-
able and second with probability density functions and not tail probabilities.
Section 7 goes back to the empirical findings in the numerical illustration
proposed by Denuit (2019) that motivated the present paper. Specifically, we
consider independent compound Poisson losses with integer-valued severities.
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We establish that the application of the conditional mean risk sharing principle
produces a linear allocation in the tail of the total loss distribution when claim
severities possess the same, finite upper endpoint to their support. Since a com-
mon finite upper endpoint to the support of claim severities can be obtained
with the help of an excess-of-loss protection, this result appears to be particu-
larly interesting for applications. But it is also shown there that the conditional
mean risk sharing may fail to produce an asymptotically linear allocation. This
is the case when the finite upper endpoints of the respective supports differ. For
the case when the severities are heterogeneous with unbounded support, we
provide an example where severities follow Logarithmic distribution showing
that the asymptotic linearity does not hold in general.

All proofs are gathered in appendix. The following notation is adopted
throughout the text. For two positive functions g; and g, defined in a neigh-
borhood of infinity, we write g, ~ g, provided lim,_ o, g;(x)/g2(x) =1 and we
write g; = o(g,) provided lim,_, ., g1(x)/g>(x) = 0. We use =, to denote equality
in distribution for two random variables. Independence is assumed through-
out this text, among severities and frequencies involved in the sums, as well as
between sums.

2. MOTIVATION

The paper aims at contributing to the rich literature on risk sharing and risk
allocation that are both core topics in actuarial science. After Karl Borch’s
seminal contribution, many papers have been devoted to risk sharing. We refer
the interested reader to the reviews by Aase (1993, 2002). Within this vast
topic, we concentrate on P2P insurance schemes where participants share their
respective losses, reviving the ancestral compensation mechanism consisting
in using the contributions of the many to balance the misfortunes of the few.
See, for example, Abdikerimova and Feng (2019) and the references therein.
The conditional mean risk sharing rule appears to be a very convenient way to
distribute retained losses among participants, as shown by Denuit (2019).

Consider n participants to a P2P insurance pool, numbered i=1,2,...,n.
Each of them faces a risk X;. By risk, we mean a nonnegative random vari-
able representing a monetary loss. In the remainder of this paper, we assume
that Xy, X, ..., X, are independent and we adopt the notation S=) ;| X;
for the total risk of the pool. In a risk pooling scheme, each participant con-
tributes ex-post an amount /,(s), where s = ) | x; is the sum of the realizations
X1, X2, ..., x, 0f X1, X5, ..., X,.

In the design of the scheme, it is important that the sharing rule repre-
sented by the functions /; is both intuitively acceptable and transparent. In
that respect, the conditional mean risk sharing (or allocation) 4} proposed by
Denuit and Dhaene (2012) seems to be particularly attractive. Recall that this
allocation is defined as

h(S)=E[Xi|S], i=1,2,...,n. .1
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In words, participant i must contribute the expected value of the risk X;
brought to the pool, given the total loss S. Clearly, the conditional mean risk
sharing (2.1) allocates the full risk S as we obviously have

> _hi(S)=) E[XiIS]=S
i=1 i=1

so that the sum of participants’ contributions covers the entire loss S.

In the expected utility setting, every risk-averse decision-maker prefers
h*(S) over the initial risk X; so that the conditional mean risk sharing rule
appears to be beneficial to all participants (as an application of Jensen’s
inequality). Conditions for Pareto-optimality have been provided by Denuit
and Dhaene (2012).

The present paper investigates the question whether the respective relative
contributions of the n participants tend to stabilize when the total loss of the
pool increases, or equivalently if there exist constants §;, i=1,2,...,n, such
that

8; > 0 forall i and Z(S,-:l

i=1
and
hi(s)=E[X;|S=s]~8sforie{l,2,...,n}. 2.2)

When the total loss gets large, it can thus be shared among participants accord-
ing to the proportions §; when Equation (2.2) holds true. This is case (i) as
referred to in the introductory section of this paper. As it can be expected,
certain symmetry relations must hold between the random variables under
consideration for Equation (2.2) to be valid.

It is worth to mention that Furman ez al (2018) investigated a related
problem. Precisely, these authors studied conditions ensuring that the identity
h(s) = 8;s holds true for some §; depending on the means of the risks under con-
sideration (see Theorem 3.2 in that paper). Compared to Furman et al. (2018),
we only require asymptotic linearity in (2.2).

If one loss, X, say, dominates, then the conditional expectations of
the others may become asymptotically negligible with respect to this one,
that is,

hy(s)~ s and K7 (s) = o(s) for j € {2, ..., n} (2.3)

holds true. Formula (2.3) corresponds to case (ii) as referred to in the introduc-
tory section of this paper. It suggests that the upper layer should be borne by
only one participant in the pool. This implies that pooling is not effective for
that upper layer. If Equation (2.3) holds true, then pooling is only meaningful
up to a certain level and reinsurance is needed beyond that level.
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Let us now explain why Equations (2.2) and (2.3) are relevant for appli-
cations to P2P insurance. Linear risk sharing rules have often been applied to
allocate losses among members of a P2P community. Such rules are of the form

R™S)=E[X]]+a; (S—E[S]), i=1,2,...,n,

where Y7 | a; = 1. Clearly, a linear risk sharing scheme allocates the full risk S
and satisfies the fairness constraint E[4i"(S)] = E[X;] fori=1,...,n. With /i,
participants agree to pay the pure premium E[X;] and to divide deviations of
S from the total pure premium E[S] (positive or negative) in proportion to the
coefficients a;.

Remark 2.1. Linear risk sharing rules I are fair in the sense that the expected
values of participants’ original risks X; are equal to the expected values of their
share in the pool. Another sense of fairness has been considered by Biihlmann
and Jewell (1979) based on market value (assuming that there exists a liquid
insurance market). The corresponding linear risk sharing rules have the same
Sform than W™ except that expectations are taken under a market pricing measure
rather than under the real-world measure. See, for example, Schumacher (2018)
for a contribution on linear risk sharing that is fair in terms of market value.

As an example of linear rule, participants may agree to take a fixed percent-
age of the total loss S, in accordance with the expected values of the risks they
bring to the pool compared to the total expected loss, that is,

ro E[Xi] E[Xi]
TP(S) = E[X]+ o (S — E[S) = —=.
hi7(S) = E[Xi] + S| (S — E[S] E[S] S
This rule, referred to as the proportional risk sharing rule, has often been
applied in the context of P2P insurance. However, volatility is not accounted
for because participants i; and i, with E[X; ]= E[X,] contribute equally to the
total loss even if the respective variances V[X; ] and V[X,] strongly differ.

With linear sharing rules, the same proportion ¢; of the total losses S is allo-
cated to each participant, whatever the realization of S. In the case investigated
by Furman et al. (2018) recalled above, such linear rules are perfectly appropri-
ate. If Equation (2.2) holds true, then linearity remains relevant even for large
realizations of S but the coefficients §; may differ from the assumed ;. On
the contrary, under Equation (2.3), linear risk sharing rules depart from the
conditional mean risk allocation. This means that when the pool experiences
large losses, the application of the assumed proportions «; leads to individual
contributions that do not reflect the expected contribution of X; given S. As
an extreme situation, for a loss X; at most equal to b, say, we might end up
with Ain(S) > b when S gets large, whereas hi(S) always stays smaller than b.
This questions the relevance of linear risk sharing rules in adverse scenarios. Of
course, the upper layer of S is generally (re-)insured because of the limited risk-
bearing capacity of the P2P community. The results derived in this paper then
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suggest that the price of the stop-loss protection for the upper layer should not
be distributed among participants according to the same proportions «; defin-
ing 4. Notice that under Equation (2.3), the price of the upper layer should be
borne by only one participant to the pool so that there is no point in forming a
pool for that upper layer and risk transfer is required beyond a certain level.

It is well known that

X\, X5, ..., X, are independent and identically distributed = A} (s) = 5.
n
2.4)

Thus, the conditional mean risk sharing is linear and §; = % in this case. The
rule /i} extends this uniform allocation to heterogeneous losses. As a particular
case of the results derived in this paper, we will discuss the homogeneous case
(2.4) to recover this trivial situation (to some extent). It is interesting to point
out that Equation (2.4) is the key argument to derive Panjer recursive formula;
see, for instance, the proof of Theorem 3.5.1 in Kaas et al. (2008).

3. CONDITIONAL MEAN RISK SHARING RULE AND SIZE-BIASED
TRANSFORM

The size-biased transform appears to be useful to study the conditional mean
risk sharing rule, as pointed out in Denuit (2019). Given a nonnegative random
variable X with distribution function Fy and strictly positive expected value
E[X], define X with distribution function

E[XI[X <1]]
E[X]

where I[ -] denotes the indicator function (equal to 1 if the event appearing
within the brackets is realized, and to 0 otherwise). Then, X is said to be a
size-biased version of X, and the operator mapping the distribution function
Fy of X to the distribution function Fy of X is called the size-biased transform.
Henceforth, we assume that X and X are mutually independent.

The size-biased transform can be traced back to the late 1960s in the sta-
tistical literature. It has proven to be useful in the study of risk measures after
the pioneering work by Furman and Landsman (2005, 2008) and Furman and
Zitikis (20008a, 2008b). The size-biased transform is an example of weighted
distribution. Initially developed in order to unify various sampling distribu-
tions when the chance of being recorded by an observer varies, weighted
distributions are closely related to weighted risk measures and weighted capital
allocation rules. See Furman and Zitikis (2009) for an overview. Among these
weighted distributions, the size-biased or length-biased one corresponds to the
identity weight function.

Compound sums with absolutely continuous severities have a probabil-
ity mass at 0 and possess a probability density function over (0, c0). Such

PIX <f]=
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a distribution is said to be zero-augmented, and it appears to be relevant
to examine the effect of size-biasing in this case. Assume that X is a zero-
augmented risk, that is, it is equal to 0 with probability P[X = 0] > 0 or strictly
positive with probability P[X > 0] and possesses the probability density func-
tion fxx-o over (0,00). Then, X is a strictly positive random variable with
probability density function

fo|X>O(x)

= pxi =0

(3.1)
See, for example, Property 2.1 in Denuit (2019).

Let us now give the reason why size-biasing appears to be useful in relation
with the conditional mean risk sharing. Consider independent, zero-augmented
risks X, X,, ..., X, with positive expectations. Let Xi, X5, ..., X, be their cor-
responding size-biased versions, assumed to be independent and independent
of X1, X5,...,X,. Itis proved in (Denuit, 2019, Proposition 2.2 (iii)) that, for
any s > 0,

E[Xi]fS—X,--‘-)?,- (s) p
o EIXG) foxvx, ()

If the random variables X}, X, . .., X, are identically distributed, then the ratio
appearing in (3.2) is equal to 1/n and we recover (2.4).

Considering (3.2), we see that to study the asymptotic behavior of /(s) as
s is large, we must deal with probability density functions of sums of indepen-
dent random variables for large values and not with survival functions. The
literature on this topic is, however, limited in extreme value theory. The main
contributions are found in Tauberian theory.

E[Xi|S =s]= (3.2)

4. S1ZE-BIASED TRANSFORM AND CONDITIONAL MEAN RISK SHARING
WITHIN THE COMPOUND PANJER-KATZ FAMILY

4.1. Compound Binomial sums

Assume that the loss X; brought by participant i to the insurance pool can be
represented as

Ni
X;=)_ Cy with N; ~ Binomial(v;, p)), i=1,2,..., 4.1)

k=1

where v; is a positive integer, p; € (0, 1), and where the claim severities C;; are
positive, absolutely continuous, distributed as C;, all these random variables
being independent.

The next result gives the size-biased transform of compound Binomial
distributions; its proof can be found in Appendix A.
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Proposition 4.1. The size-biased version of the compound Binomial random
variable X = Z;:/:l Cy. with N ~Binomial(v, p) and claim severities Cy that are
positive, absolutely continuous, independent, and identically distributed as C,
all these random variables being independent, is given by X =, Z,’LI G+ C,
where N'~Binomial(v — 1, p), and where N', C, Cy, ..., C,_| and C are
mutually independent.

Proposition 4.1 allows us to deal with the situation where each participant
to the insurance pool brings a loss of the form (4.1). To this end, let /;;, I;2,...,
I;,, be independent Bernoulli distributed random variables with common mean
p; and independent of C;;, Cia,..., C;,,. Then,

Vi
Xi=a4 E Yir, where Y, =1, Ciy.

k=1
Proceeding as in the proof of Proposition 4.1 (see Appendix A), we have that

vi—1
X, =, Z Yie + Yi,,
k=1
where Yi;, Y, ..., Y1 and T’,;U[ are mutually independent. Using
the fact that Y;,, = ;C;, where C; is assumed to be independent of all Y;;, we
get from (3.2) that

B fsy,e (9) s
Y E[X] Ss—v,,+¢ (9 .
Now, assume that C,,C,...,C, are identically distributed. Then,

E’l, C,, ..., C, are also identically distributed. Assume also that p; =... = p,.
Then, (4.2) allows us to write

E[X;|S =] (4.2)

E[X|S=s]= s, (4.3)
D,

where v, = v; + ...+ v,. The representation (4.3) shows that the conditional
mean risk sharing rule is linear in this case with slopes §; = v;/v,. This result can
be related to (2.4) by considering the independent and identically distributed
random variable Y.

Remark 4.2. In the limiting case p; = 1, we recover sums with deterministic num-
bers of terms, that is, losses X; of the form X; =Y, Cis. Identity (4.2) then
becomes

E[Xi] /. S=Ci+Ci (5)

m S.
Zj;] E [‘X;] fS*C/,\/ﬁ*a/ (S)

E[X/|S=s]= 4.4)
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4.2. Compound Poisson sums

Assume that the loss X; brought by participant i to the insurance pool can be
represented as

N;
X; =" Cy with N;~Poisson(1,), i=1,2,..., (4.5)
k=1

where the claim severities Cj, are positive, absolutely continuous, distributed
as C;, all these random variables being independent.

Proposition 4.3. The size-biased version of the compound Poisson random vari-
able X = Z,](V | Ck with N ~ Poisson (L) and claim severities Cy that are positive,
absolutely continuous, independent and identically distributed as C, all these ran-
dom variables being independent, is given by X =; X + C, where X and C are
mutually independent.

The proof of Proposition 4.3 is given in Appendix B. It can be seen there
that Panjer formula can be invoked for compound Poisson sums with abso-
lutely continuous severities, in order to recover the corresponding size-biased
transform derived in Denuit (2020) from general results about size-biasing
compound sums.

For each X;in (4.5), usmg the fact that X; is distributed as X; + C;, where the
size-biased version C of C; is independent of X;, we get from (3.2) that

E[Xi] fsiz, (9)
21 E[X] fs:z, (S)

Assume that Cy, C,, . .., C, are identically distributed. Then, a, Z’z, R E‘n
are also identically distributed and (4.6) allows us to write

E[X|S=s]= (4.6)

A
E[X,|S=S]: )\’—S, (47)

where A, = A + ...+ A,. The representation (4.7) shows that the conditional
mean risk sharing rule is linear in this case with slopes §; = A;/A,. [t is interesting
to compare (4.7) to (2.4) by considering A, . . ., A, as proper volume measures.

4.3. Compound Negative Binomial sums

Assume that the loss X; brought by participant i to the insurance pool can be
represented as

N;
X, = Z C;, with N; ~ Negative Binomial(§;, 8;), i=1,2,..., 4.8)
k=1
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with N; obeying the Negative Binomial(§;, 8;) distribution with positive param-
eters B; and &;, that is,

B & +k)
(1+ B)s+e KIT(&)

and where the claim severities C; are positive, absolutely continuous, indepen-
dent and distributed as C;, all these random variables being independent.

P[N:=k]= k=0,1,2,...

Proposition 4.4. The size-biased version of the compound Negative Binomial
random variable X = Z,iv:l Cy. with N ~Negative Binomial(¢, B) and claim sever-
ities Cy that are positive, absolutely continuous, independent and identically
distributed as C, all these random variables being independent, is given by
X =4 X + C+ Z, where Z is a compound Negative Binomial sum Y_r—, C}, with
M ~Negative Binomial(1, B) and C, distributed as Cy, all these random varlables
being independent.

The proof of Proposition 4.4 is given in Appendix C. As for the compound
Poisson case, it is based on Panjer recursive formula.

For each X; of the form (4.8), usmg the fact that X; is distributed as
X: 4 C; + Z;, where the size-biased version C; of C; and Z; are independent
of X;, we get from (3.2) that

E[Xi] fS+5,+Z,~ () s
Y E [X}] fsic1z, (5)

Assume that Cy, C,, . .., C, are identically distributed. Then, Z’l, Z‘z, R 6,1

E[X;|S=s]= 4.9)

are also identically distributed. If 8, = ... = B, then (4.9) allows us to write

where &, =& + ...+ &,. The representation (4.10) shows that the conditional
mean risk sharing rule is linear in this case with slopes §; = &;/&,. The compari-
son with (2.4) is again instructive, by introducing proper volume measures.

5. SEVERITIES WITH REGULARLY VARYING TAILS

Let us now refine the results derived in Section 4 by adding some informa-
tion about claim severities. In this section, we assume that claim severities have
decreasing densities and regularly varying tails. This corresponds, for instance,
to severities obeying the Pareto distribution. Precisely, we assume in this sec-
tion that the loss X; brought by participant i to the insurance pool can be
represented as

Ni
Xi=) Cy (5.1
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where N; is a counting random variable, the claim severities C;; are positive,
absolutely continuous, distributed as C;, all these random variables being inde-
pendent. Moreover, we assume that the tail functions F¢, defined as F¢,(7) =
P[C; > 1] satisfy

Fc,. xX)~x"%L; (x), (5.2)

where L,(-) are slowly varying functions and «; > 1 for i =1, ...,n. We refer
the reader to Embrechts et al. (1997) for a description of this class of distri-
butions and further bibliography on the topic. The following result establishes
the large-loss behavior of the conditional mean risk sharing rule in that case.

Proposition 5.1. Assume that C; have decreasing densities fc, and that N; are

random variables such that there exist g; > 0 with E[ee"N"] <oo,i=1,2,...,n
The following results then hold true:
(i) Ifay=...=a,=a and L; (x) ~ ¢;L (x) with¢; >0 fori=1, ...,n, then
E[Ni]c; .
EXS =g~ 20 et .

> i EIN]lg
(ii) If @) < min{ay, ..., a,}, then

E[X1|S=s]~sandE[Xj|S=s]=o(s) forjef{2,...,n}.

The proof of Proposition 5.1 is given in Appendix D. Proposition 5.1
applies in particular when N; is a positive integer, or obeys the Binomial
distribution, the Poisson distribution, or the Negative Binomial distribution.
Proposition 5.1 thus covers compound Panjer—Katz sums when severities have
decreasing densities and tails satisfying (5.2), as in the Pareto case for instance.

In addition to cases (i) and (ii) considered in Proposition 5.1, it is possi-
ble to encounter situations where several «; parameters are equal and equal
to the minimum of these parameters. For instance, we might have o; = o, <
min{as, ..., ,} and L; (x) ~¢;L (x) with ¢; >0 for i=1,2. In this case, the
respective relative contributions of the n participants satisfy

E[Ni]c;
> EINg
E[X|S=s]=o0(s) forie{3,...,n}.

E[X;|S=s]~ sforie{l,2},

When claim severities are heavy-tailed, we see from Proposition 5.1 that
only severities matter for (2.2) to hold as long as the number of terms N, has a
finite moment generating function in a neighborhood of the origin. This is gen-
erally the case when the tails of compound sums are studied. See, for instance,
Robert and Segers (2008) and the references therein.
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6. GAMMA-DISTRIBUTED SEVERITIES

In Section 5, we have considered heavy-tailed severities. In this section, we
consider a light-tailed case, and we assume that C; follows the Gamma(w;, ;)
distribution, with positive parameters «; and t;, i=1,2,...,n. Precisely, the
probability density function of C; is given by

o

fo (x) = Fr(ioz,-) xlexp (=xt;), x=>0.

Gamma distributions are prototype examples of light-tailed distributions. They
have been widely applied in practice, because they belong to the exponential
dispersion family to which the Generalized Linear Model machinery applies
and also because, together with the Poisson distribution, they are the building
blocks to the Tweedie distribution that is often used in insurance studies. This
explains why results established in that particular setting remains relevant for
applications.

The following results cover compound Panjer—Katz sums with severi-
ties obeying the Gamma distribution. Proposition 6.1 considers compound
Binomial sums, Proposition 6.2 compound Poisson sums, and Proposition 6.4
compound Negative Binomial sums. Each time, item (ii) refers to the situa-
tion where (2.2) holds true, whereas item (i) identifies the situation where (2.3)
applies. Some comments are given to discuss all possible situations.

Proposition 6.1. Assume that the loss X; brought by participant i to the insurance
pool is of the form (4.1) with C; ~Gamma(q;, t;). The following results then hold
true.

(i) If 1 <min{r, ..., 1,}, then
E[X1|S:s]~sandE[Xj|S:s]:0(S) forje{2,...,n}.
(ii) If y=..=t,=r1, then

nv,—al- sforie{l,2,...,n}.

D1 Ve

The proof of Proposition 6.1 is given in Appendix E. To get (2.2) in the
compound Binomial case with Gamma-distributed severities, we thus see that
all the parameters t; must be equal. If one of them differs from the others, then
we switch to (2.3) and the conditional expectation of the loss with the smallest
7; dominates the others.

In addition to cases (i) and (ii) considered in Proposition 6.1, it is possi-
ble to encounter situations where several t; parameters are equal and equal
to the minimum of these parameters. For instance, we might have t; =
T, < min{ts, ..., 7,}. In this case, the respective relative contributions of the »
participants satisfy

E[X|S = 5]~
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E[X;|S=s]~ zviis forie{l,2},
=1 Vi%

E[X:|S=s]=o0(s) forie{3,..., n}.

Proposition 6.2. Assume that the loss X; brought by participant i to the insurance
pool is of the form (4.5) with C; ~Gamma(q;, t;). The following results then hold

true.
(i) Assume that 1y = ... =1, If 0y > max{ws, ..., a,}, then
E[X1|S=s]~sandE[X,»|S=s]=0(s) forje{2,...,n}.
(ii) Assume that 1, =...=1, and ay = ... = . Then,

A
E[Xi|S=s]=rsforie{1,2,...,n}.

The proof of Proposition 6.2 is given in Appendix F. Compared to the com-
pound Binomial case considered in Proposition 6.1, we see from Proposition
6.2 that we must impose stronger constraints on the Gamma parameters «; and
7; to get (2.2) in the compound Poisson case with Gamma-distributed severities
as all the parameters «; must be equal, not only the parameters ;. If not, then
we switch to (2.3) and the conditional expectation of the loss with the largest
«; dominates the others. Clearly, if the parameters 7; are not equal then (2.2)
cannot hold so that all cases are covered.

Remark 6.3. Since C; follows the Gamma(wa;,t;) distribution, the random
variables X; in Proposition 6.2 obey the Tweedie distribution. Precisely, the
probability density function of each X;|X; > 0 is given by

— 00 1
exp (—x1) X 'y, (AT X™) withr, (X) = . .
( ) ; JIT (joo)

— J
Sxix=0 (X) = 1 —eon X

Proposition 6.4. Assume that the loss X; brought by participant i to the insurance
pool is of the form (4.8) with C; ~Gamma(«;, t;). The following results then hold

true.
(i) Assume that 1y=..=1,=71, ¢y =...=a,=«a and B; > max{p,, ..., B.}.
Then,
E[X1|S:s]~sandE[Xj|S:s]zo(s) forje{2,...,n}
(ii) Assumethatt,=..=1,=7, a1 =..=o,=c and 1 =...= B,. Then,

E[X,«lS:s]:?sforie{l,&...,n}.

https://doi.org/10.1017/asb.2020.23 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2020.23

1106 M. DENUIT AND C.Y. ROBERT

The proof of Proposition 6.4 is given in Appendix G. Compared to the
compound Binomial and compound Poisson cases, the conditions imposed on
the parameters are even stronger in the compound Negative Binomial case.
The Gamma parameters «; and 1;, as well the Negative Binomial parameters
Bi, must be equal for all participants to get (2.2) in the compound Negative
Binomial case with Gamma-distributed severities. If not, then we switch to (2.3)
and the conditional expectation of the loss with the largest 8; dominates the
others. Clearly, if the parameters «; and 7; are not equal, then (2.2) cannot hold
so that all cases are covered.

Compared to the heavy-tailed case considered in Section 5 where only claim
severities mattered for (2.2) to hold, Proposition 6.4 also imposes conditions on
the Negative Binomial parameters to get asymptotic linearity.

7. DISCUSSION FOR COMPOUND POISSON WITH DISCRETE SEVERITIES

In this section, we consider the situation investigated in the numerical illustra-
tion proposed by Denuit (2019) that motivated the present study. The aim is to
explain the empirical findings in that paper and to provide preliminary results
in the discrete case (that appear to be of independent interest).

In this section, we assume that the loss X; brought by participant i to the
insurance pool is of the form (4.5) where the claim severities C;; are val-
ued in {1,2,3,...}. Based on the classical Panjer recursive formula, Denuit
(2019) established that the conditional mean risk allocation for independent
compound Poisson sums X7, ..., X, in (4.5) is given by

E[X,)P[S+ Ci =5

E[X)|S =s] = —
> i1 EIX1P[S + C; =35

(7.1)

In the particular case where Cy, (s, ..., C, are identically distributed, so that
Ci, Gy, ..., C, are also identically distributed, (7.1) allows us to see that (4.7)
1s still valid.

7.1. Heterogeneous claim severities with bounded support

Assume that the claim severities are bounded but not identically distributed
among compound Poisson sums. The following result shows that the condi-
tional mean risk sharing is asymptotically linear in the case where the severities
C; have a common finite upper endpoint to their support. The weights §; will
be, however, different than those in the case (4.7) of homogeneous severities,
that is, A;/A,.

Proposition 7.1. Consider independent compound Poisson losses of the form (4.5)

where the support of C; is {1,2,...,b;} for some b; < 0o, so that P[C;=b;] >0
foralli=1,2,...,n The following results then hold true.
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(i) Ifby=by=...=b,=b, then

)xiP[Ci == b]
> i1 A PICi=b]

E[X:|S =s]~ sforie{l,2,...,n}.

(ii) If by > max{b,,...,b,}, then
E[X1|S:s]~sandE[X_,-|S:s]zo(s) forje{2,...,n}.

The proof of Proposition 7.1 is given in Appendix H. We see from (i) that
(2.2) holds true if all severities have the same, finite upper endpoint to their
support. If not, (ii) indicates that (2.2) is no more valid and the share for
participant with the largest finite upper endpoint to the support dominates.

Notice that, when claim severities are identically distributed, b; = b; = b and
P[C; =b] = P[C; =] for all i and j. The limiting result in Proposition 7.1(i) is
in accordance with (4.7). The proportions A;/A, still apply asymptotically if
b;=b;=b and P[C;=b]= P[C; =] for all i and j, as in the numerical exam-
ple described in Denuit (2019, Section 6.1) where the claim severities put the
same probability mass 0.3 on b = 4. To be precise, there were four participants
(n =4) with respective claim severities C;, C,, C;, and C, such that C; and
C; are identically distributed, with probability masses 0.1, 0.2, 0.4, and 0.3 on
1, 2, 3, and 4, whereas C, and C, are identically distributed, with probability
masses 0.15, 0.25, 0.3, and 0.3 on 1, 2, 3, and 4. Hence, we get from item (i) in
Proposition 7.1 that

Ai S
E[X;|S=s]~ a° fori e {1,2, 3,4} in this example,

and the asymptotic behavior thus coincides with (4.7) established for homoge-
neous severities. It is worth to stress that the respective shares E[X;|S = s]/s do
not converge to E[X;]/E[S] as erroneously suggested in Denuit (2019) based on
the numerical illustration contained in that paper.

7.2. Heterogeneous claim severities with Logarithmic distribution

It is tempting to deduce from Proposition 7.1(i) that the result remains valid let-
ting b tend to infinity. The following example of heterogeneous claim severities
with unbounded support shows that it is not necessarily the case. Specifically,
assume that C; obeys the Logarithmic distribution with parameter p;, that is,

-1 P
P[Ci=k]l=———"L k=1,2,....
[ : In(1-p) k

The corresponding size-biased transform is given by

PICi=K=0-p)p'", k=1,2,...,

https://doi.org/10.1017/asb.2020.23 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2020.23

1108 M. DENUIT AND C.Y. ROBERT

that is, C; obeys the Geometric distribution with parameter 1 — p;. The next
result shows that the application of the conditional mean risk sharing rule fails
to deliver a linear sharing in the tail of the total loss distribution if the severities
C; are not identically distributed.

Proposition 7.2. Consider independent compound Poisson losses of the form (4.5)
where C; obeys the Logarithmic distribution with parameter p;, i=1,2,...,n. If
p1 > max{p, ..., p.}, then

E[X\|S=s]~sand E[X;|S=s]=o0(s) forje{2,...,n}.

The proof of Proposition 7.2 is given in Appendix 1.
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APPENDIX A. PROOFS OF THE RESULTS

A. Proof of Proposition 4.1

Define Yj = I;,Cy, where Iy, I», ..., I, are independent Bernoulli distributed random vari-
ables with common mean p, thatis, P[Iy =1]=1— Pl =0]=pfork=1,2,...,v. Clearly,

v
X=4¢)_ Y
k=1
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We know (see, e.g., Corollary 3.2 in Denuit, 2020) that the size-biased version of a sum
Z = ZZ:l Dy, where v is a positive integer and the random variables Dy, D3, ..., D, are
nonnegative, independent and all distributed as D, is given by Z=4 Z,‘;} Dy + D, where
D\, Dy, ...,D,_; and D are mutually independent. Therefore,

v—1
X=4 Z Y+ 7,
k=1

where Y, Y», ..., Y,_; and ?U are mutually independent. The announced result then
~ ~ !
follows since C =; Y, and Z;(V:l Cr =4 Z,‘i;} Yy

B. Proof of Proposition 4.3

The random variable X obeys a mixture of a Dirac distribution at 0 with probability e=*
and a continuous distribution over (0, co) with probability density function

Sxix>0 (¥) = T Z 7 xk

with probability 1 — e, where fék is the probability density function of the sum C; + ...+
Cy.. Considering (3.1), the probability density function of the size-biased version X of X is
given by

e

fx(x) AE[C]

——— XX x>0().
Define
g =(1-¢) frix=0 ().
We know from Panjer (1981) that
g =re M () + % /0 ) e g(x—y)dy.

Therefore,

xg (x)=ArE[Cle

e () Sy
e “E[C]/o e

and it follows that
) = a0+ (1 f S#0) fxx=0 (x — ) dy

= el + ( =) fspreo )
=fxie ™).

This ends the proof.
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C. Proof of Proposition 4.4
The random variable X obeys a mixture distribution: a Dirac distribution at 0 with prob-

ability P[N = 0]= 5/ (1 + 8)! and a continuous distribution over (0, co) with probability
density function

Sx1x=0 () = ZP[N STNOR

with probability PIN > 1]. Considering (3.1), the probability density function of the size-
biased version X of X is given by

PN >1]

1200= " prer

Xfx|x>0(X).
Define

g(x)=P[N =1]fx|x>0 (x).

We know from Panjer (1981) that

1 B y
g(x)—m< (1+/3)5fC()+/ (1+(§—1);)fc(y)g(x—y)dy>,

which gives

g () = 2 E[CIPIV=0)

e | ¢ Ve )
= —pd
L+p E[C] " T+p CJ/ Efc] VY
1+ﬂ/ Jc ) (x=p gx—ydy.
Then,
E E
0 = El v =0+ 1T [ reme-na
1 EE[C]
T f fe 0)f7) () dy,

and it follows that

fr) = L ﬂP[N 01/ + 5 ﬁP[N> 1] / F20) fxix=0 (x— ) dy
g [ e a-nay
This finally shows that
1
f)?(x) l+ﬂfX+C( )+ 1+,3fX+C (X)
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Denoting as Ly (¢) the Laplace transform of X, we deduce from the previous equation that

1
[:j“( ([) m£X+E (t) + mﬁ}?+c (t)

B - .
mﬁx () Lz )+ mﬁx ) Lc @)

B/(1+P)
(I=Lc@®/(01+p)

=Lx (O Lz () Lz (1),

= Lx (1) Lg (1)

which ends the proof.

D. Proof of Proposition 5.1
We know from (Embrechts ez al., 1997, Theorem A3.20) that
Fy, (x) ~ E[Nj] F¢; (x) .

Since the density function f¢, is a decreasing function, the density function

Sxix=0 () =Y PINi=K] f¢£ ()
k=1

is also a decreasing function. We then deduce from (Embrechts et al., 1997, Theorem A3.7)
that

. 1 i
S0 ()~ prr—r E N o™ L (x).
Moreover, from (3.1), we also have

Yxix=0(x) 1

. _aiL. B
EXix, -0 Bt M

fr ()=

and by Karamata’s theorem,

o

1
E[Clai—1

F;(i (x) ~ x4t ().

‘We now consider separately the two cases (i) and (ii) in Proposition 5.1.

Considering (i), assume that aj =...= o, =« and L; (x) = ¢;L (x) with ¢; >0 for i=
1, ...,n. We have that

Ci o —a+1
ECla-n" =W

FS—X,-+)~(1 (x) ~ F)N(,- (x) ~
Since f_ X+ is an ultimately decreasing function, we deduce that

Ci

E[C]

fS—X,-+)7,- (x) ~ ax %L (x).

The announced result then follows from (3.2).
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Turning to (ii), assume that «; < min{ay, ..., @,}. Since the random variable X | has a
regularly varying tail with index o — 1 < 1, we have that

7 _ P L.
Fs_y 4%, ()~ Fg ()~ mmx L (x).
Forje{2,...,n}, we have
(0] (xfa' Ly (x)) ifa; <oj—1

2

Fs i3, (9

aj —aj+17 . H A
E[Cj](aj_l)x L (x) ifop>ai—1
=0 (FS—X1+;\;1) »

and we deduce that
Fspr, 09 =0 (Fsxy13,(9)-

Since f_ Xt X0 je{l,..., n}are ultimately decreasing functions, we deduce that

fsijJr;(j x)=o0 (fS7X1+)?1 (x)) forje{2,...,n},

and the announced result follows.

E. Proof of Proposition 6.1

E.1. Sums with deterministic numbers of terms
Before considering compound Binomial sums, we start with the limiting case considered
in Remark 4.2, that is, with sums comprising deterministic numbers of terms. Losses
X1, X5, ..., X, are thus of the form Xizzziz 1 Cix for some positive integers v; and
Cix ~Gamma(a;, 7;), all the random variables being independent. We establish the validity
of Proposition 6.1 in this limit case.

For (i), note that X;~Gamma(v;o;, ;) and X’,- ~Gamma(v;o; + 1, 7;) for all ie
{1,...,n}. Since 71 < min{1y, ..., 7,}, we deduce from Example 7.32 in Balkema et al. (1999)
that

fS—X1+)~(1 ) Nf)?l ) 1_[ MX/ (Tjil) ’

J=2,.n

and that, fori > 1,
Ssxois O~ My, () T My (57')-

The announced result follows immediately.
For (i), since X; ~Gamma(v;o;, ) and X; ~Gamma(v;a; +1,7) for all ie{l,...,n}
with t =17 = ... =1, we have

n
S—X,'+X/,'~Gamma Zl)jotj—{- 1,7
J=1
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The result then follows from (3.2) and by noting that E [X;] = via;/z.

E.2. Compound Binomial case

As in Section 4.1, we denote N]~Binomial(v; —1,p;) and X, Zk 1 Cik+ Z’[ for i=
1,...,n. We define

Ai,ml,...,mn ={Ny=my,.,N;_1=m;_ 1,N =mj, Niy1 =mjq1, ..., Ny =my}.
For (i), given the event 4, ... m,, we have
X; ~ Gamma ((m; + Ve, 1) ,
and forj #i
X; ~ Gamma (mjaj, 7j)  ifm;>1,
X;=0 ifm=0.

From the proof of the validity of Proposition 6.1 for sums with deterministic numbers of
terms (see Section E.1), we deduce that there exist positive constants D;, i = 1, ..., n for which
we must have

fS*XIJr)?] (x) ~ D1x"11 exp (—x11)
-f;?—XH-X’,' (x) ~ Dix"1e1—1 exp (—xt1) fori=2,...,n,

since

vi—1 vp

fS*XﬂL:‘}I (X) Z Z Z lm] """ m”]fS X7+X1‘A1ml (x) :

m=0 m=0 my=

The announced result then follows.
For (ii), given the event A;,....m,, we have

n
S— X+ X; ~ Gamma | Y mjoj + (e + 1), 7
j=1
Therefore,
Ss—x;4%, () ~ PINy =v1, .., Niop = Vie1, Ni=vi = L, Nit1 = vig1, ooy Ny = 1]
tz;l:l Vjaj+1
X—— X
n
r (Z;:1 viaj + 1)
Vi n .
[Toip) 2=t >

= x&=1Y% exp (—xT) .
pir (Z,’-’zl vjej + 1)

Zn

j=1"% exp (—xT)

The announced result then follows from (3.2).
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F. Proof of Proposition 6.2

To prove Proposition 6.2, we first discuss the asymptotic behavior of the conditional mean
risk sharing rule for absolutely continuous risks with Gaussian tails.

F.1. Absolutely continuous risks with Gaussian tails
Suppose that the probability density functions of X7, ..., X, are positive on an interval I that
is unbounded above. Assume further that these density functions are such that

fx; X)~yi ) e V™ asx > oofori=1,2,...,n,

where the functions ¥; and y; satisfy the following conditions:
(a) the function v; is C2 (i.e., twice differentiable);
(b) the function v; is ultimately convex, that is, ¥/ (x) > 0 for large x;
(c¢) the function o; defined as o7 (x) = (v’ (x))_l/ 2 s self-neglecting, that is,

lim M =1 locally uniformly in #; (F.1)
=t o (x)

(d) the function y; satisfies the condition

i to; (O
lim AT o atly uniformly in . (F.2)
= ()

Finally, assume that 7o =limy_.o0 ¥/ (x) is independent of i. The risks X, X>,..., X,
are then said to have Gaussian tails after Barndorff-Nielsen and Kliippelberg (1992) and
Balkema ez al. (1995).

We then have the following result.

Proposition A.1. Consider independent risks X1, ..., X, with Gaussian tails. Assume that
limg_, o0 0 () /s=0fori=1,...,n. Let the function q; be defined as

, =D
gi@=> W) oyl (.

J=1
The following results then hold true:

(i) If qi(s) ~ Biq(s) for a positive function q and some positive constants B; fori € {1,...,n},
then

n .

E[Xi|S=s]~Zﬂi 3 sforie(l,2,..., n}.
j=1 B

(ii) If qj(s) = o(q1(s)) for j €{2, ..., n}, then
E[Xi|S=s]~sand E[Xj|S=s]=0(s) forje{2,...,n}.
Proof of Proposition A.1 The asymptotic behavior of the probability density function of the

sum S of risks X7, X>, ..., X;, with Gaussian tails is characterized in the following theorem,
taken from Barndorff-Nielsen and Kliippelberg (1992).
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Theorem A.2. (Barndorff-Nielsen and Kliippelberg, 1992). The probability density function
of S satisfies

fs () ~ys(s)e VS as s— o0,

where Vs is C2, Vs (8) > 0 for large s, o5 (s) = (wg (s))fl/ 2 s self-neglecting. Explicit for-
mulas for ys and Vs can be given as follows: define the function q; from V| (q;) = t, where
s=5(1)=q1 + ... + qn. Then, s is a continuous strictly increasing function of t and s (t) 1 0o
as v 1 teo. Now one may choose

Us () = Y1 (q1) + oo + Vn (qn)
02 (5) = of (q1) + .. + 07 (qn)

and

n

V2o (5) vs () =[] (V2xoi (@ vi (@)

i=1

Then, os (s) = (V¢ (s))_l/2 and limg ;o0 ¥ (8) = Too.

The results stated under Proposition A.1 are then established as follows. Fori=1, ..., n,
we have

T3, ()~ (%) e Vi as x> oo,
where ¥; (x) = xy; (x) /E [X;] and satisfies

lim M =1 locally uniformly in ¢.
X—>00 Yi (%)

Using Theorem A.2, we deduce that

Ts—xi+%, O qi(s)
Is () E[X)]

The asymptotic behavior stated under (i) and (ii) are then easily deduced from (3.2).

F.2. Proof of Proposition 6.2
We are now ready to establish the validity of the results stated in Proposition 6.2.
Considering item (i), it is proved in Withers and Nadarajah (2011) that the function r,
appearing in Remark 6.3 satisfies

1/2 o0

1
rq (X) ~exp ((1 + o) Sx,a) (magx,a> Z é’jfxiolm

Jj=0
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where &, = (xa*"‘)l/ (149) 2nd the coefficient ej is given by formula (3.3) in Withers and
Nadarajah (2013). It follows that

wy 1/2
e 1 1—a/(1+a;) P ap 1/2(14a) 1
Jxixi=0 (x) ~ v (27_[ a +ai)0t,- ciftire (AT x%7) X

X exp (—xri + (1 +aw) a;a"/(lw") (Airf‘ix“f)l/(]+ai)>
and

Fxi1x=0 (X) ~ i (x) e Vi)

with

vi (x) = I

et 1 I4a;/(14a;) 172 o an—1/2(0+a)) 1
_e—A,-< % ) (i) T

27 (1+a;)
Ui (x) = x1i — (1 + o) ai_a"/(Ha”) (Aitf"x“f)l/(1+ai) .

Note that v; is C? and ¥/ (x) > 0 for large x. Moreover, the function o; (x) = (1//,-” (x))_l/ 2
is self-neglecting, that is, (F.1) is valid. Also, the function y; satisfies condition (F.2).
Furthermore, too = limy_ o ¥} (x) is independent of i if 1) = ... = 7 = Teo.

Now, we have

= () ~ — e (x) e Vi)
Iz, (%) E[Xl_]y,(X)e .

Moreover, S — X; + X, i 1s absolutely continuous and

‘fS_Xi"’)?i (S) = Z P [Aizjlamaik] fS—X,’+X’[|A,‘J1,ka (S) (F3)
k=0,...,n—1
Ttk €412, n i

with
Aiji g =Xy > 0,00, Xj > 0, Xy =05 1 # j1, s ik, ).
Since

fs—f\/i"')?i (s) ~ P[X1>0,..., X;—1>0, X;11>0, ..., X,>0] fs—Xi"'yi\Xl>0,~-,X[7l»Xi+l»~--aXn>0 (s)

_A‘ . S ~
= 1_[ (I =e™) fx1x,>0 * - % fx, 11X 10 * /7, * X0 164150 % - %X, 1,50 (5) 5
J#i

we can use Proposition A.1 (ii) to conclude.
Turning to item (ii), we see that Cy, Cy,, ..., G, are identically distributed in this case
and the result is given by (4.7).
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G. Proof of Proposition 6.4

(i) Note that Cy, Cy,, ..., C, are identically distributed with distribution Gamma(c, 7).
Moreover,

1

Mc, ()=Mc ()= m

Let «; be such that M¢ (x;) = (1 + B;) and define

1 /
V] = mMc (K]) .

Since N; ~Negative Binomial(;, 8;), we deduce that

&
. Bi/(1+ Bi) A
My, () = <(1 Ty +/3i))) fort<In(1+8),

3 Bi/(1+ B) fi e
o0 = (aeoiray) or<r(@+m™-1),

Ms (@) =[] My, @ for 1<z ((1+ )71 —1).

i=1
Moreover, we have

=21 )
¢ E[C] E[C] €

_ Bi/( + B) o
Mz, (1) = ((I—Mc(t) /(1+/3i))> fort<1:((1+,3;) 1),

Let
Ui (9)=€¢Vfs 2012,
and

o0 o0
Ui (Z)ZZ/O e Ui (s) dSZI/O e_(t_Kl)SfS-&-EH'Zi () ds=tMg, 7 7 (k1 —0).

Note that

M, -
Mg g4z (K1 =) =My, (k1 —1) Mz; (k1 — 1) 7CE(IE1C] ) (H My; (k1 — t)) .
j=2

If i=1 then

1 S .
Mg &z, (1 =1 ~ (‘3‘/( “3‘)) ;Eﬂ[‘q (]'[ My, (Kl)),

t}0 12%1 i
J=
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and forie{2,...,n},

1 M’
Mg 7 47 O e (M) My, () [(Kl) (1—[ My, (/q))

tvy

It follows that

A Bi/(1+ BN\ viB
Uy (9 twl &1 ( ” ) E[C] (1_[ My; (Kl))

andforie{2,...,n}

- -1 (B BDN M (1) [
Gi (o) o G1=1 (T) Mz, (k1) EC[C] (]‘[ijm)).

j=2

By Theorem 1.7.6 in Bingham et al. (1987), we have

. s B/ + B\ viBi
- ~ & K18
fS+C1+Zl () ~sle™ I{d+&) < V] ) E[C] (l_[ MX/ (1’1))

and forie{2,...,n}

1 1 g
Isiez ) ”551_16_'(”1* o (ﬁl/(‘: ﬂl)) Mz (k1) EC[(C]l) (H My; (Kl))

j=2

This ends the proof for (i).
(ii) In this case, Cy, Cy, , ..., C, are identically distributed and 81 = ... = B,. So, the result
is given by (4.10).

H. Proof of Proposition 7.1

Let b, =max{by, by, ...,b,}. We know that S obeys the compound Poisson distribution
with Poisson parameter A, and claim severities distributed as Z, where for k =1, ..., by,

P[Z:k]:Z%P[Cizk]. (H.1)
i=1 "

Panjer’s formula ensures that for s > b,, we have

by
P[S=s]=hs Z SPIZ=KP[S=s—k]. (H.2)
k=1

Note that P[S =s] > 0fors > 0since P[Z=k]> 0fork=1, ..., b,. Let us define the sequence
(Cs)szb* by

s = P[S = s]e* 0 5/bx
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Note that, fork=1, ..., by,
P [S —5— k] — Cs_ke—(s—k) In (Y—k)/b* ,
and that, for large s,
P [S —5— k] ~ Cs,ké,fSan/b* ek/b*sk/b*.
From (H.2), we have the following recurrence relation

b
co=he 3 s bifplZ = o= G-RINAkibeg
k=1

and, for large s, we see that
cs ~ eheby P[Z = by]cs_p, .
Therefore, we define
dy = ¢; (ekabs PIZ = b))

and derive the following recurrence relation:

b
dy=2y 3 shbobe (=R (1=k/s) b kPIZ=K
(eheby P[Z = by )</

k=1
We note that, for large s,
dg ~ ds_p, .
It follows that
dy ~ds_1,

otherwise there would be a contradiction with the previous asymptotic relation.
We deduce that, for large s,

P[S =53]

e ~ (eheby P[Z = b)) 50
PS=s—1] (erebs Pl x]) s
and then

lim =S _
s—oo P[S=s—1]

Foreveryi=1,...,n and s > b,, we obviously have

bi
P[S+Ci=s]=)_ P[Ci=kP[S=s—K].
k=1

The term dominating this sum corresponds to k = b; and we then deduce that

P[S+ Cj=s]~P[Ci=bj]P[S=s—bj]fori=1,...,n.
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The announced result then follows from (7.1) which gives

E[X;] P[C; =b;]P[S =5 — bj]

E[Xi|S =s]~ ~ s
Yo E[X] PIC=bj]P[S =5 — b]

and ends the proof.

I. Proof of Proposition 7.2

The probability generating functions of C; and G are, respectively, given by

) In (1 —p;z)
Ge (z) = E |G| = —— =2
¢ @) [Z ] In(1—pp)°
&1 U=piz
Gy (2) = E |25 | = ——=
6o =E[“] =G5
with z > 0. Moreover, with o; = —1;/ In (1 — p;), we have
) 2y 1—p; \%
Gy () = (6 ‘)=<7p') ,
1 —piz

showing that X; is Negative Binomially distributed.
Define, for0<z <1,

A5 (2)=Gs /pn =[] Gx, /p1) .

i=1

1-— “ 1
As (z) ~ < i P]) Gs-x, <*) .
-z D1

In the same way, we get,as z 1 1,

We have, asz 1 1,

R
n =
N——
2
t
Q
6
2
7N
Je
~

AS+EI (2) = GS+EI (Z/Pl)"<

1-— “1 1 1
Asie, () = Ggig (Z/Pl)N< 1_p1> Gs-x (T) Ge, ( >, Jel2,...,n}k

Note that

o0
Goiz, ()= PIS+Ci =k,
k=1

and

oo
ASJra (z) = Z as, g, k) & with as, g, (k)=P[S+ 61 = k]pfk.
k=1
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By Corollary 1.7.3 in Bingham et al. (1987), we have

ag g, ()~ —p0 ! Gs_y, (p%) ﬁka',
and
PIS+C1 =K =ag g, (0 pF~ (1 —p@* Gy_y, (pil) il
In the same way, we have forje {2,...,n}
@ 1 1 [T
agyg; (k) ~ (1 =p)™ Gs—x (17*1) Gz, (;) mk =
and
P[S+ Cr=k=ag g, (k) p} ~ (1= pD™ Gs—x, (i> Ge, (i) g
- P1 “A\p1/) T

The announced result then follows from identity (7.1).
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