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In this paper, we carry out stochastic comparisons of the largest order statistics arising
from multiple-outlier gamma models with different both shape and scale parameters in the
sense of various stochastic orderings including the likelihood ratio order, star order and
dispersive order. It is proved, among others, that the weak majorization order between the
scale parameter vectors along with the majorization order between the shape parameter
vectors imply the likelihood ratio order between the largest order statistics. A quite gen-
eral sufficient condition for the star order is presented. The new results established here
strengthen and generalize some of the results known in the literature. Numerical examples
and applications are also provided to explicate the theoretical results.

1. INTRODUCTION

Order statistics play a prominent role in statistical inference, reliability theory, life testing,
operations research, and many other areas. The kth order statistic X., arising from the
sample Xi,...,X,, corresponds to the lifetime of a (n — k + 1)-out-of-n system, which is
a very popular structure of redundancy in fault-tolerant systems that have been studied
extensively. In particular, X,,., and Xj., correspond the lifetimes of parallel and series
systems, respectively. A large number of papers have appeared on various aspects of order
statistics when the observations are independent and identically distributed (i.i.d.), but for
the case when observations are non-i.i.d., not too much work is available in the literature
due to the complexity of the distribution theory; see, for example, David and Nagaraja [9],
Balakrishnan and Rao [3,4] and Balakrishnan [2] for comprehensive discussions on this topic.

Pledger and Proschan [23] may be the first to stochastically compare the order statistics
arising from independent but non-identically distributed (i.ni.d.) exponential random vari-
ables. After that, many researchers have paid attentions to this topic and established colorful
results, including Proschan and Sethuraman [24], Boland, EL-Neweihi, and Proschan [6],
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Hu [11], Kochar and Rojo [15], Dykstra, Kochar, and Rojo [10], Khaledi and Kochar [13],
Bon and Paltanea [8], Kochar and Xu [16], Paltanea [22], Zhao and Balakrishnan [29], Joo
and Mi [12], Mao and Hu [18], Khaledi, Farsinezhad, and Kochar [14] and Kochar and
Xu [17]. Gamma distribution is one of the most commonly used distributions in reliabil-
ity and life testing. If X is a gamma random variable with shape parameter r and scale
parameter A, in its standard form X has the probability density function

T
flzsr ) = F)Er) e 2> 0.

It is a quite flexible family of distributions with decreasing, constant, and increasing failure
rates when 0 <r <1, r =1 and r > 1, respectively. Meanwhile, gamma distribution has
been widely used to describe the lifetime of components in shock model and minimal repairs.
In this paper, we will focus our attentions on the stochastic comparisons of the largest order
statistic arising from multiple-outlier gamma models with different both shape and scale
parameters.

Let X7 and X5 be independent gamma variables with X; having shape parameter r; and
scale parameter \;, ¢ = 1,2, and X7, X3 be another set of independent gamma variables
with X having shape parameter r; and scale parameter A}, i =1,2. Suppose 71 > ra,
ri >3 and Ay < A} < A < Ao. Zhao and Zhang [32] proved that

(r1,7m2) = (r1,72), (A1, A2) = (A1, A9) = Xag 21 Xop. (1)

The pertinent definitions and notions such as stochastic orders, majorization and related
orders may refer to Barlow and Proschan [5], Bon and Paltanea [7], Marshall and Olkin
[19], Shaked and Shanthikumar [27] and Marshall, Olkin, and Arnold [20]. Furthermore, it
was also proved that, if r1 =17 > 75 =19, A1 < Ao, and A\ < A3, then

A A3
22 > 22 = Xo.0 >, X;:Q. (2)
A TN

With the help of (2), they further proved, if 11 = 7 > r5 = ro and Ay < A7 < A5 < Ay, then,

(A1, A2) = (AT, A3) == Xa2 >aisp X3.a- (3)

These results in (1)—(3) generalize and strengthen some results established earlier in the
literature for the exponential case. It should be also mentioned that Zhao [28] and Zhao
and Balakrishnan [30] established some results similar to those in (1) and (3) for the special
case when all the shape parameters are common.

On the other hand, Zhao and Balakrishnan [31] studied the stochastic properties on
the largest order statistics arising from multiple-outlier gamma models with common shape
parameter. To be specific, let X;,..., X,, be independent random variables following the
multiple-outlier gamma model with common shape parameter > 0 and scale parameters

Ao s A Ags s Aa),
———— ————
P q

where p,g € 2, ={1,2,...} and p+ ¢ =n. For simplicity, we will use A\11, to denote

(A,..., A1), where 1, is a p-dimensional vector with all values being 1. Therefore, the
——

P
scale parameters vector can be written as (A11,, A21,). And let Y3,...,Y,, be another set
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of independent random variables following the multiple-outlier gamma model with common
shape parameter r and scale parameters (Aj1,,A\51,). They proved, under the condition
AL <A <A < X and 0 <r <1, that

()\111)7 )‘2111) t ()‘Tlpv >‘§1q) - Xn:n er Yn:n (4)

and
p
()\11177)\2]11) = ()\ik]-p; )\;]-q) — Xn:n Zhr[disp] Ynn (5)
Moreover, they further obtained that

Ao A5
)\71 Z F - Xn:n 2* }/n:n- (6)

1
However, all the results in (4)—(6) require that all the shape parameters are common
and restricted in the interval (0,1]. Motivated by this, we will pursue the ordering prop-
erties on the largest order statistics arising from multiple-outlier gamma models having
different shape parameters. Let X7, X5, ..., X,, be independent random variables following
the multiple-outlier gamma model with respective shape parameters and scale parameters
(rilp,7914), (A11,, A21y), where p,g € Z4 and p+ g =n. Let Y1,Y5,...,Y,, be another set
of independent random variables following the multiple-outlier gamma model with respec-
tive shape parameters and scale parameters (r71,,751,), (A71,, A31,). Under the conditions

that p > q, 11 > ro, 7 > 75 and A1 < A7 < A5 < Ao, it is proved that

(rlaTQ) t (rfvrg)v ()‘17/\2) t ( T7A3) - Xn:n 211" Ynn (7)

We also prove that, if r1 =77 > 15 =72, A1 < Ay and A7 < A3, then

Ao NS
2252 x> X 8

Based on (8), we establish that, if p > ¢, r1 =rf > 15 =73 and Ay < A7 < A5 < Ay, then,

(>\1,)\2) t ( T, /\;) - Xn:n Zdisp X:Ln (9)

It can be seen that the new results in (7)—(9) generalize and strengthen all the results in
(1)—(6) established earlier in the literature.

Throughout this paper, the term increasing is used for monotone non-decreasing and
decreasing is used for monotone non-increasing.

2. LIKELIHOOD RATIO ORDERING

In this section, we stochastically compare the largest order statistics arising from two
multiple-outlier gamma samples in terms of the likelihood ratio ordering. First, we present
several lemmas that will be helpful for proving the main results. The first one turns out to be
a useful tool for showing the monotonicity of a fraction whose numerator and denominator
are integrals or summations.

LEMMA 2.1 (Misra and van der Meulen [21]): Let © be a subset of a real line and U be a
nonnegative random variable having a cumulative distribution function (c.d.f) belonging
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to a stochastically ordered family P = {H(-10),0 € ©}; that is, for 61,05€0, H(-|01) <y
[>st]H(-|02) whenever 01 < 03. Suppose a real function ¥ (u,d) on R - O is measurable in u
for each 0 such that Eg[y)(U,0)] exists. Then the following hold:

(i) Eo[v(U,0)] is increasing in 0 if ¥(u,0) is increasing in 0 and increasing [decreasing]
mu;

(ii) Eg[yo(U,0)] is decreasing in 0 if ¥(u,0) is decreasing in 0 and decreasing [increasing]
m u.

The next two lemmas can be found in Zhao [28] and Zhao and Zhang [32], respectively.

LEMMA 2.2 (Zhao [28]): Forr >0 and y € R, the function

yr—le—xy

(@) =04+ 77—
f ’y( ) ny ur—le—zudy,

is increasing in x € Ry.

LEMMA 2.3 (Zhao and Zhang [32]): For A > 0 and t € R, the function

t’r‘e—kt

p(r)=r— —————
( fg ur—le=udy,

is increasing in T € Ry.

LEMMA 2.4: Suppose 0 < Ay < Xy, 0< AT <A, p>q>1 (p,g€Zy) and 0 <71y <ry. If
(A1, o) = (A5, A3), then the function

pefAl(lfy)t + qy’r’lf’l“gef)\g(lfy)t

\Ij(yvt) = pe_)\f(l—y)t + qym*Tze—)\E(l_y)t

is increasing in t € Ry, while is decreasing in y € (0,1).

Proor: For simplicity, denote A1 (1 —y) = a1, A\a(1 —y) = a2, \j(1 —y) = af,and A5(1 —y) =

m
a’, which satisfied (a1,as) > (af,a}). Taking the derivative of W (y, t) with respect to ¢ gives
rise to

Uy(y,t) E [—ape™ ™" — agqy™ 7] {pe*“’ft + qy”’”e*‘lgt}
- [pe_alt + qy”_”e‘“?t] [—a’{pe“ﬁt — a;th—rze—a;ft}
= (a} — a1)pPe~ (TN 4 (af — ap)gPyP ) (ar et
+ (a3 — ax)pgy™ e 2T 4 (0] — ap)pgy™ e (it
> q267(a3+a2)t [QT —ai + CL; — CLQ] + [a; —ay + a*{ _ GQ}pqyrlirzei(aI+a2)t

:0’

where the last inequality holds due to a; + as = aj + a3, p > gandy € (0,1). Then, U(y,t)
is increasing in t € R,
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We next prove that, for each fixed ¢t € R, the function ¥(y, t) is decreasing in y € (0,1).
Notice that
W (y.t) = [Px\lte‘*“l‘y’t gy —ra)y T e U quty“_”‘f_Ml_y)t}

A (1—y)t r1—rs 4;(173,)1

X [pe* + qy e
— [p)\*lﬂte—/\’{(l—y)t +q(ry —ro)yn 2l N0t qA;tyrl_"Qe_)‘;(l_y)t}

—A1(1-y)

t + qyrl—rge—AQ(l—y)t:I

X [pe
_ pZ()\l _ )\T)te—()\l-i-)\f)(l—y)t + qQ()\Q _ )\g)tyQ(rl—7'2)6—()\2-&-)\’2‘)(1—3/)15
+ pge O (g = X))+ (= 1)
+pge” MDD T (6 — A5) = (= 72)]
< plem IO = AD) + (o = A
+ pge” M A A=wtyri=ra =11 (N} 4 Xy — XF — A3)]
= 0,

where the last inequality holds due to p > ¢ >0, y € (0,1) and Ay + Ao = A] + A\5. So,
U(y,t) is decreasing in y € (0,1), and the proof is completed. [ |

LEMMA 2.5: Suppose 0 <ro <1, 0<r5<ri,p>q¢>1 (p,q€ Z.) andb>0. If
m * %
(T17T2) = (T17T2)7
then the function

py"? eb(1—y)t +qy™
V(y’t) = 75 ob(1—y)t ry
py2e (1-y) +qy™L

is increasing in t € Ry, while is decreasing in y € (0,1).

ProOOF: It is known from the assumption that ro <rj; <r} <r; and r4 + 72 =7} +r3.
Taking the derivative of v(y,t) with respect to t yields that

vi(y.t) & [b(l —y)py" eb“’y)t] {pyr;eb(l’y)t + qy’ﬂ

_ [b(l _ y)pyr;eb(ky)t} [pymebmy)t + qyn]

. *
sgn yrl +7ra o411

-y

sgn .

*
=Ty t+r1—1) — T2

>0,

which implies that v(y,t) is increasing in ¢t € R.
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Taking the derivative of v(y,t) with respect to y, we have

Yl t) = {p”yrrleb(ky)t — pbty"2 eV 4 quy”*l} x {Py’“ﬁeb(lfyﬁ + qy’”ﬂ
_ [p’f’;yT;—leb(l—y)t o pbtyT; eb(l—y)t + qrikyr;‘_l:| % [pyrzeb(l—y)t n qyﬁ}
= pQ('rQ — r;)yrz+r§7162b(lfy)t + pg(ry —ri — bty)yr2+rffleb(17y)t
pa(r1 — 15 + by )y LA 4 2 pt)yritri—l

<P (ri+re—rf =)y 4 pg(r 4y — v =y )y

:O7

which implies that v(y,t) is decreasing in y € (0,1). Hence, the desired result follows. MW
We are now ready to present the main results of this section.

THEOREM 2.6: Let X, Xo,..., X, be independent random variables following the multiple-
outlier gamma model with respective shape and scale parameters (r11p,,121,), (A 1p,A1y),
wherep,q € Z4 andp+q=mn. Let Y1,Yo,...,Y, be another set of independent random vari-
ables following the multiple-outlier gamma model with respective shape and scale parameters
(ri1,,m21,), (A2a1p,A1,). Suppose r1 > ro and X > Ay > A1, then

Xn:n er Ynn

PrOOF: To obtain the desired results, it is enough to show that X,,.,, >, Y,., and the ratio
of their reversed hazard rate functions (i.e., ¢(t) =rx,., /ry,. ) is increasing in t € R.
Notice that rx,, = prx, +qrx, and ry,,, = pry, + qry,. Due to the facts that rx, =y,
and rx, > ry,, it follows that rx, > ry,, . To simplify the notations, we define

nin —

t’r‘flef)\t
hh)\(t) - fot wr—le—udy
and
— At
e
kra(t) =

) t :
fO ur—le—Audy

In what follows, we need to show that the function

~ Phey () + qhey A (F)
 Phey s (8) 4 qhey A (1)
_ pt" T2k, (8) + gk, A (2)
B ptrl_r2 krl,)\z (t) + qkrz,)\(t)

(t)
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is increasing in t € R, Taking the derivative of ¢(t) with respect to ¢ gives rise to
_ 2
¢l(t> (ptrl " k'Tl,)\z (t) + qsz,/\(t))

™ —T
- [—p (Al _norg hmw) "2k n(8) — (At Brga () kw@)}

t
X (pt™ "2k, 2, (£) + gk A (2))

i (A2 ke T <t>) 2 ey (8) — @ (A4 iy a (1)) kmt)}

= p2 ()‘2 + hﬁ,)\z (t) - A - th)\l (t)) t2(r1 _7,2)k7‘1,)\1 (t)kn,)\z (t)

Ty — T2

0 (At a0+ P e, () €7 (O 0)

T —To

+pg <>\2 () - . hrz,w)) 2 s (ke (1)

= A+ B, say,
where
A=p* N2+ ey g (8) = AL — Ty 2y () 272 ke 3 () Ky 20 (2)
=17 (friOh2) = frr o)) 2Dk 3, (8K, 2 (1)
and

B = DPq (A + hTzJ\(t) =+ n ; 2 - >‘1 - th-,Al (t)) trlim kT17A1 (t)kTQJ\(t)

Ty —T2

T g ()\2 o (8) - th,A(t)) 12k s (Db a (1),

From Lemma 2.2, we have A > 0. We next show that B > 0. Since the function k&, x(¢) is
decreasing in A, it follows that

kr1,>\1(t)kr2,>\(t) > kh,)\2 (t)km,k(t)' (10)

On the other hand, upon applying Lemmas 2.2 and 2.3, we have
trl—le—kt tTl—le—)\lt

mt) = A+ 7" >N
f 1,t( ) fot i —le—Nugy, 1 fg uri—le—A1udy,

= frit(A1) (11)

and
t’l‘le—)\t t’rze—kt

- 21— ———————— = ga4(r2). (12)
f(f url—le—)\udu fOt urg—le—)\udu

9,\,15(7“1) =T

Combining the inequality (11) with (12), we have

r —T2

= s () = [ tO) = oot QO]+ [gae (1) — g (r2)]

A+ hp, A(8) + ;

> 0.
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Then, it follows from (10) and (11) that

L — T2

B > pq <)\ + h,«,‘,,)\(t) + — A\ — hr1,>\1 (t)) trlirzkrl,)\Q (t)krzv\(t)

1

. -
#00 (Da 4 a0 = P A ) 7 (O

= A2 + hT1,>\2 (t) - A= hﬁ,)q (t)
= frl,t()\Z) - f’l“l,t()\l)

> 0.

Therefore, ¢/(t) > 0, which means that ¢(t) is increasing in ¢t € ®;. Hence, the proof is
completed. ]

Remark 2.7 The result in Theorem 2.6 has been obtained in Zhao and Zhang [32] for the
special case p = ¢ = 1, and in Zhao and Balakrishnan [31] for the special case r1 = 5.

Remark 2.8: The result in Theorem 2.6 still holds when replacing the condition A > Ay > A\
with Ao > A > \1. Here we omit the proof for simplicity because it is quite similar to that
of Theorem 2.6.

The following result, however, presents a more general version.

THEOREM 2.9: Under the assumptions of Theorem 2.6, if r1 > ro and Ay < min{Ag, A},
then

Xn:n er Ynn

Remark 2.10: Suppose that the condition A > Ao > Ay in Theorem 2.6 is replaced by Ao >
A1 > A with other assumptions unchanged, the reversed hazard order still holds, that is,
Xnn > Yo.n. Here we omit the proof because it is quite similar to that of Theorem 2.6.
The likelihood ratio order, however, cannot be established. A counterexample is given to
support this assertion in the following.

Ezample 2.11: Set p=3, q=2, ry =3.5, 1o =15, Ay =2.1, A2 =3.8 and A=1.5 in
Theorem 2.6, we have Ay > A\; > A. Figure 1 plots the ratio of the density functions fx, . (t)
and fy, (). It can be observed that the ratio fx,_ (t)/fy,., (t) is neither increasing nor
decreasing in t € (0, +00).

THEOREM 2.12: Let X1, Xo, ..., X, be independent random variables following the multiple-
outlier gamma model with respective shape parameters and scale parameters (r11,,r21,) and
(M 1p,A21,), where p,q € Z4 and p+q=mn. Let Y1,Ys,...,Y, be another set of indepen-
dent random wariables following the multiple-outlier gamma model with respective shape
parameters and scale parameters (rilp,721,) and (Aj1p,A51,). Suppose p > q, ri > ra,
A1 < Ay and A7 < N5, We then have

(Alv)‘2) g ()\Tv)\;) — Xn:n er Ynn

PROOF: Denote fx, .. (¢)[fy,. (t)] the density function of X,.,[Y,.s]. It suffices to prove
that A(t) = fx,.. (t)/fy,.. (t) is increasing in ¢t € N;. Let rx,[ry,] and rx, [ry,] be the
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FIGURE 1. Plot of fx...(t)/fyvs.(t) whenp =3,q¢ =2, =3.5,r3 = 1.5, \; = 2.1, A\ = 3.8
and A = 1.5.

reversed hazard rate functions of X;[Y7] and X,[Y,,]. We first show X,,.,, >n Yo.p, that is,

rX,.. > Tv,.., where rx andry,  are the reversed hazard rate functions of X,,., and Y.,

respectively. Thus, we need to show prx, + qrx, > pry, + qry, . From Zhao and Zhang [32],

we have Xo.9 >, Ya.2, which implies Xo.0 >, Ya.0, that is, rx,, > 7y,,. Based on the

definition of reversed hazard rate function, we have rx, +rx, > ry, +7y,. Since p > q,

rx, > ry, and rx, <ry,, it follows that prx, + grx, > pry, + qry,, that is, X,,.n, >1h Yoin.
It is enough to prove that

IxXn (1)

fypn (1)

_ pFY T (O FS(4) f1(t) + aFY () F (1) f2(t)
PEYPTY ) Fs () f* 1 (t) + qFyP () F3 171 (t) f3(8)

_ FY ) FS () [pFa(t) f1(t) + qFi(t) fao(1)]
FyP=H () F3 TN () [pF3 () 7 (8) + qFy (1) f3(1)]

At) =

is increasing in ¢t € ;.. Since X;,_2.,—2 > Yn—2:n—2, it holds that

FY~ () F (1)
FyP= () F5 17 (1)

is increasing in ¢t € 3. Hence, it suffices to show that

5ty = LROAD + a0 (1)
PFz*(t)fi*(t) aFr O f5 @)

_ t )\ _
$ri— 1 Altf w2 1 Azudu_’_q

$r2— 1 —/\gtf F(rl Tl—le—Aludu

pr(n) 0 T2 r(m)
Pp(n)t” le=A fo I{\(ij;)um 1e—’\2udu+qmtrz Le=Ast (f;‘(r )um Le=Audy

-1 — t 1 — 1 t -1 —
ptrl 16 /\1th w2 16 /\gudu+qtrz 16 Agtfo u 16 /\I“du

* t * * t *
ptrlfle—klt fO urz—le=Asudy + qtrzfle—AQt fO uri—le=ATudy,
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fol pyr27167(/\1+)\2y)t _’_qyrlflef()\er)\ly)tdy
= folpy“_lef()‘ﬁ)‘;y)t+qy“_167(>‘5+)‘;y)tdy
=E¥(Y,t)

is increasing in ¢ € 3, where

py’l"zflef()\1+)\2y)t + qyrlflef()\2+)\1y)t

U(y,t) = €(0,1),

pyrz 16 (A3 y)t+qyrl 16 (A5+X5y)t?

and the distribution function of the random variable Y belongs to the family P = {H(:|t),t €
R™} with density function

h(ylt) = c(t)[py™ e~ MiTAnt | gyri—le=(A3+Aiv)
and a normalizing constant c(t) such that fo (y|t)dy = 1. Observe that

pe—)\l(l—y)t + qyrl—rge—)\g(l—y)t

\I/(y7t) == pe—/\i‘(l—y)t + qyrlf"?e_k;(l_y)t’

is increasing in t, while is decreasing in y € (0,1) due to Lemma 2.4. Denote by
a=ry—1r9>0, for to > t; > 0, we can show

pyrg 1 —(>\ +ASy)te +qyr1 1 —(>\ +ATy)t2

pyr2— le— (AT+X5y)tL _|_qyr1—1ef(/\2+)\1y)t1

peA;tZ(l_y) + qyaeATtQ(l_y)

peA;tl (17:[/) —|— qyae/\ftl(lfy)

is decreasing in y € (0, 1) by observing
W (y) B {p)\*t Aiti=n) | ()\*tl - y) JaeAti (1= y):| {pexgtz(ky) Jrqyae)\Itz(l*y)}
_ {m%exgw—y) +q <W2 _ y) it y)] [pein =0 4 gyrerin-v)]
=p°A5 (ty — t) 207V (Ft2) 4 g (A;tl — Nita + Z) yerstitAit2) =)
+pq (X{h — gtz — Z) y QTN L 22T (1) — 1) Pt (M) 17y
< PPAS (t — tg) M2 (1m0 (attz) gy (A;tl — A2 + Z) yteattAit2)(1-y)

+ g ()‘ tr = Asta — y) eIt L 2AT (1 — tp) yPreti () (m)

2A tl _ tQ) (1—y)(t1+t2) + q2)\i (tl _ tQ) yZU.e)\ (t1+tg)(1 Y)

g (A5 + AT (ty — to)yePetitAit2)(1-y)
<0.
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FIGURE 2. Plot of fx,.(t)/fys.s(t) whenp=2,¢=3,7m =2,13 =12, A\ = 0.8, A\y = 3.2,
T =15and Ay = 2.5.

We then have H (:|t;) >, H(:|t2), which implies that H(:|t1) >4 H(-|t2) whenever to > t; >
0. Upon using Lemma 2.1, we conclude that E;W(Y,?) is increasing in ¢ € (0, 00). Hence,
the proof is completed. [ ]

One may wonder whether the result in Theorem 2.12 holds when p < ¢, we will show
that the answer is negative by adopting the following example.

Example 2.13: Set p=2, ¢=3, 11 =2, 12=12 \y =0.8, A2 =3.2, \] =15 and \} =
2.5 in Theorem 2.12, we have (0.8,3.2) g (1.5,2.5). Figure 2 plots the ratio of density

functions fx, . (t) and fy,  (t). It can be observed that the function fx, (t)/fyv, . (t) is
neither increasing nor decreasing in ¢t € (0, +00).

Combining the result in Theorem 2.6 with that in Theorem 2.12, we have the following
theorem.

THEOREM 2.14: Under the assumptions of Theorem 2.12, if p > q, r1 > ro and Ay < A} <
A5 < A2, we then have

()\17/\2) =~ ( y{v)\z) - Xn:n er Ynn

PRrOOF: It is known from the assumption that A\; + A2 < A} + A3. The result follows from
Theorem 2.12 for the case when A\; + Ay = AT + A5. In what follows, we only need to consider
the case when A\; + Ao < A7 + A5, In this case, there exists some A satisfying A\; < A < A}
and A+ X2 = A} + 5. Let Z,,., denote the lifetime of the parallel system consisting of n
independent gamma variables 21, Zs, ..., Z,, where Z1, ..., Z, have common shape param-
eter r1 and common scale parameter A and Z, 1, ..., Z, have common shape parameter 7,

and common scale parameter \y. Apparently, (A, A2) g (A1, A%). Upon using Theorem 2.12,
it holds that Z,,., >1; Yy.n. On the other hand, we have X,,.,, > Zp., for A1 < X < Ay from
Theorem 2.6. Then, the desired result can be obtained immediately. |

The following corollary is a direct consequence of Theorem 2.14.
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COROLLARY 2.15: Let X1, Xs,..., X, be independent random wvariables following the
multiple-outlier gamma model with respective shape parameters and scale parameters
(ril,,m21y), and (M 1y, A21,), wherep,q € Z. andp+q =n. Let Y1,Ys,...,Y, be another
set of independent random variables following the multiple-outlier gamma model with respec-
tive shape parameters (r11,,r21,) and common scale parameter \. Suppose p > q, 11 > 1o
and A < max{Ai, A2}. Then,

> A1+ Ao

A - Xn:n er }/n:n-

We next turn to discussing the case of comparing the largest order statistics arising
from multiple-outlier gamma models in terms of the relationship between shape parameter
vectors.

THEOREM 2.16: Let X1, Xa, ..., X, be independent random variables following the multiple-
outlier gamma model with respective shape parameters and scale parameters (ri1,,71;)
and (A1, 21,), where p,q € Z4 and p+q=mn. Let Y1,Ys,...,Y, be another set of
independent random variables following the multiple-outlier gamma model with respective
shape parameters and scale parameters (rol,,71,) and (A 1,, A21,). Suppose that p > g,
r1 > 1o > 1 and Ay > A. We then have X,., >1r Yon.

PROOF: Denote by f;[g;] and F;[G;] the density and distribution functions of X;[Y;], respec-
tively, and denote by 7x, ., and 7y, the reversed hazard rate functions of X,., and Y},
respectively. To reach the desired result, we will show that X,,., >, Y,., and the ratio of
their reversed hazard rate function (i.e., ¢(t) = 7x, ., (t)/Ty, ., (t)) is increasing in t € R4
according to Theorem 1.C.4(b) of Shaked and Shanthikumar [27]. Notice that

Tx,.(t) =0rx, (t) +q7x, (t) and Ty, (t) = pry, (t) + Ty, (t).

Since 7x, (t) = 7y, (t) and r; > ro implies that X7 >, Y7 (i.e., 7x, (t) > Ty, (t)), so it holds
that 7x ., (t) > Ty, (t). We now need to show that the function

w(t) = (ptrlirkﬁ,)q (t) + qk7",>\2 (t)) (ptmirkm,)q (t) + qk"‘7>\2 (t))i

is increasing in ¢ € ;.. Taking the derivative of ¢ (t) with respect to ¢ gives rise to
W0 (P> oy (8) + @i (1)
= [—p <A1 — (t)) £ ey () = 4 Oz + By (8) Fir, (t)}
X (Pt Ry 3, (8) + gRr 5 (1))
0 (M= b 8) e, (0= 0O B, (0) a6

X (ptrl_rkﬁ,)\l (t) + qkT)\z (t))
= p? [(r1 = thy, a, (8) = (rg = thy, 3, (£)) X EF2 727 5 (8K 2, (1)]

— )\1 - hr1,)\1 (t)) X trl_rkm,)q (t)kﬂ/\? (t):|

r —r

+ pq [(/\2 + Ry, (t) +

ro —T
t

—m[Qerbw+ —AVJ%m@ﬁxfzmewmm@ﬂ

=W+V, say,
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where
W = p2 [(Tl - tth,/\1 (t) - (7“2 - th"'2,>\1 (t))) X t7‘1+7‘2_2¢_1kh,/\1 (t)sz)\l (t)]
= p2

[(g,\ht('f'l) - g>\1,t(r2)) X trl+r2_2r_lk7'17>\1 (t)kTm)\l (t)]

and

r —r

vmeh+mmw+ —M—mmﬁoxw”mmwmmw]

To —T

— pq |:<>\2 + hrx, (t) + — A\ — h?"z,)\l (t)) X tmirk‘m’)\l (t)k'h)\Q (t)] .

From Lemma 2.3, we have W > 0. We will show V' > 0 in the following. Since
tT
fot ure=Mdy
is increasing in r € (0, 400), we then have that
t’r‘lfTe*(/\1+)\2)t th*’l‘ef()\lJr)\Q)t

>
; 7 2 ; )
Jouri—temMudu [jur—teA2udu  [JurzlemMudy [ ur—tem A2t dy

that is,
" 7Tk7’1,>\1 (t)kT,A2 (t) > tmi”‘km,)\l (t)kT’J\Q (t) (13)

On the other hand, upon applying Lemmas 2.2 and 2.3, respectively, we have the
following two inequalities:

tri—le—Aszt tri—lg=Ait

fot uri—le=A2udy > M+ t = fﬁyto‘l) (14)

frii(X2) = Ao +
1 t( ) f() url—le—)\ludu

and
tTle—)\Qt tre—)\zt
g)\g,t(rl) =" -3 >r— < . . .
fO uri—le—X2ugy fO ur—le—A2udy

Using the inequalities (14) and (15), we have

= 9,1 (r)- (15)

rn —r

- >‘1 - h’"‘h)\l (t) = [fT17t()‘2) - fT’l,t(Al)] + } [g)\z,t(rl) - gA2,t(T)]

A2+ By, () + 7

> 0.
Then,

r —Tr

V> pq |:()‘2 + hr,)\z (t) + e th,)q (t)) X trz_rkrz,)\l (t)kT,)\z (t):|

Tg —T

—pq KAz + hyy, () +

sgn

=T — thﬁ,)\l (t) - (TQ - thT2,/\1 (t))

- g/\lat(rl) - g)\ht(’r?)
>0,

—M—hmkm)xHQWWMwmmaﬂ

which means that ¢/(t) > 0, that is, ¥(t) is increasing in ¢ € R®y. Hence, the theorem
follows. |
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FIGURE 3. Plot of fx..(t)/fv.s(t) whenp=3,¢=2,7r1 =19,7r2=0.8,7r=3.1, \y =0.9
and A\ = 1.4.

Remark 2.17 The result in Theorem 2.16 does not hold when replacing the condition r <
ro < 11 with 7o <71 < r. We present a counterexample to clarify this. The result, however,
holds for the reversed hazard rate order, we omit the proof details for simplicity.

Example 2.18: Set p=3, ¢q=2, r1 =19, 1o =0.8, r=3.1, Ay =09 and Ay =14 in
Theorem 2.16, we have ro < r; < r. Figure 3 plots the ratio of density functions fx, . (t)
and fy, (t). It can be observed that the function fx, . (¢)/fy,., (t) is neither increasing nor

decreasing in t € (0, +00).

THEOREM 2.19: Let X1, Xo, ..., X, be independent random variables following the multiple-
outlier gamma model with respective shape parameters and scale parameters (r11y,,121,)
and (A1 1,,A21,), where p,q € Z4 and p+q =n. Let Y1,Ys,...,Y,, be another set of inde-
pendent random variables following the multiple-outlier gamma model with respective shape
parameters and scale parameters (ri1,,751,) and (A 1,, Aa1,). Suppose thatp > q, r1 > ra,
ri >y and Ay > A\1. We then have

m
(T17T2) = (TT; T’;) = Xpmn 21 Yo

PROOF: Denote fx,  (t)[fy,. (t)] the density function of X,,.,,[V;,.]. It suffices to prove that
n(t) = fx,.. )/ fy,., (t) is increasing in ¢ € R,. Using an argument quite similar to that of
Theorem 2.12, we can show X,,.,, > Yan-

Observe that

fxom ()
Frun ()

_ P OFE T OPRO) AW + aFi (1) f(1)]
CEPTNOEST () IES (0.7 (1) + aF (8) /3 (1)]

n(t) =

and
Fr R ()
Frr (0 F; (1)
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is increasing in t € Ry due to the fact that X,.,, >1 Y., and hence we only need to show
that

sty = PO + a0 (1)
pE; (1) f7 (1) + ¢Fy (¢) f;(t)

1=t —A 1= Aot —A
prm)t“ o rm) u” 2ud“+qr<r2>t” Iy 7 rm) e du
ATyt e—Ait [T A" —1,—X —le—Aat [t A T Y

pF(1 i L F(zr;)“r2 e~ 2“du—|—qr( )trz 2t [ r(lr;)url e~ Mudy

ATtag2eritra—t

1 —1,— (A4 1 (adA
WIO pyT2 e (A+ 2y)t+qyr1 e A2+ ly)td’y

N P
% fO py"z e+l o gyri—le—(RatAuy)tdy

fOl pyz e MitAew)t 4 gri—le—(at M)t gy
fol py"s—le—(Mtrey)t 4 gyri—le— (e tXi)tdy

= EtV(Yla t)

is increasing in ¢ € $;, where

ro—1 —()\1+>\2y)t —16—(A2+A1y)t

Y +qy™

l/(y7 t) - pyr;_le*(AlJﬂ\zy) + qyrf_lef()\2+>\1?/)t7

€ (0,1).

Here, the distribution function of the random variable Y; belongs to the family P; =
{Hy(-|t),t € R} with density function

ha(ylt) = e1(t) {pyré—le—(klﬂzy)t + qyrf—le—(/\zﬁly)t}

and a normalizing constant ¢ (t) such that fol hi(ylt)dy = 1. Observe that

py"? eAz=2)(A-y)t qy™
pyT'EeOO*Al)(l*y)t + qy"i‘

v(y,t) =

is increasing in t, while is decreasing in y € (0,1) due to Lemma 2.5. For ¢t > t; > 0 and
a=ri—r; >0, we have

i)
1) = 5yl

pyT’g—le—O\1+>\2y)tz 4 qyrf—le—(k2+>\1y)t2

= pyr;—lef()\lJrAgy)tl + qyr;‘—lef()\er/\ly)tl

pe—(>\1+z\2y)t2 + qyae—()\2+/\1y)t2

- pe*(AlJr/\zy)tl + qyae*(A2+>\1y)t1

pe>\2t2(1—y) + qyaekltZ(l_y)

X pe)\2t1(17y) + qyae)\ltl(lfy)
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is decreasing in y € (0, 1) by checking that
wi(y) & {p)\ treteti (=) 4 g <>\1t1 - y> yrertii= y)} [peAQtz(lfy) + qyae/\ltz(lfy)}
- |:p>\2t2€>\2t2(1_y) +q <>\1t2 _ y) yarerta(1= y)} {pe/\gtl(l—y) i qyae)\ltl(l—y):|
=p?Ag (t — to) 20 (ttt2) 4 e </\2t1 Aty + Z) yrePetitAnt)(1-y)
+pq <>\1t1 — Aoty — Z) yrePMtitAzt)(1=y) 4 o2 (N 4 — \jty) y2tePMitithat2)(1=y)
<pPho (ty —to) 2 (=p)(titta) 4 oo (/\2t1 — Mty + Z) ylePatitAata)(1-y)

A R O
Y
2)\2 tl ) Az(lfy)(tlthg) + q2>\1 (tl o tQ) y2a6()\1t1+/\1t2)(17y)

(
+ pq (Mg + A1) (t1 — tg) ytePztitratz)(1-y)
<0.

Thus, we have Hy(-|t1) >1; H1(+|t2), which implies that Hy(+|t1) >t Hi(:|t2) whenever to >
t; > 0. Upon using Lemma 2.1, we conclude that E;v(Y7,t) is increasing in ¢ € (0, 00). Hence,
the proof is completed. |

A counterexample is presented here to illustrate that the result does not hold for the
case p < ¢ in Theorem 2.19.

Ezxample 2.20: Set p=2, ¢ =3, ry —25 ro =05, 7] =18, 75 =12, Ay =1 and Ay =2
in Theorem 2.19, we have (2.5,0. 5) (1 8,1.2). Figure 4 plots the ratio of density func-

tions fx,  (t) and fy, (¢). It can be observed that the function fx  (t)/fy,.,(t) is neither
increasing nor decreasing in ¢ € (0, 4+00).

Combining Theorem 2.14 with Theorem 2.19, we can reach the following general result.

THEOREM 2.21: Let X1, Xo, ..., X, be independent random variables following the multiple-
outlier gamma model with respective shape parameters and scale parameters (r11p,,121,)
and (A11,,M21,), where p,q € Z; and p+q =mn. Let Y1,Y5,...,Y, be another set of inde-
pendent random variables following the multiple-outlier gamma model with respective shape
parameters and scale parameters (ri1,,751,) and (A\f1,, N\51,). Suppose thatp > q, r1 > ra,
ry >ry and Ay < A] < A5 < Ay, We then have

(rlaTQ) t (Tfar;)a ()‘17/\2) t ( IvAg) - Xn:n er Ynn

PRrROOF: Let Z,., be the lifetime of a parallel system consisting of n independent gamma

components Zi, Zs, ..., Z,, where Zi, ..., Z, have common shape parameter r; and com-
mon scale parameter A} and Z,,1,...,Z, have common shape parameter 7, and common
scale parameter \5. Upon applying Theorem 2.14, we have X,,., > Zp.n. On the other

hand, we have that Z,,., >1; Y., from Theorem 2.19. Hence, the desired result follows. M
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FIGURE 4. Plot of fx...(t)/fy,s(t) when p=2, ¢=3, r1 =25, ro=05 r{ =138,
ry =1.2, A1 =1 and Ay = 2.
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FIGURE 5. Plot of fx...(t)/fv,s(t) when p=3, ¢g=2, r1 =16, ro =04, r{ =14,
5 =0.6, A\, = 1.2, Ay = 4.0, A} = 2.0 and \p = 3.8.

Remark 2.22: The result of Theorem 2.21 generalizes that of Theorem 3.11 in Zhao and
Zhang [32] from p = ¢ = 1 to the general case p > ¢ > 1.

Finally, we present an example to illustrate the validity of the result of Theorem 2.21.

Example 2.25: Set p=3, ¢ =2, r1 =1.6, o =04, ri =14, r5 =0.6, \y = 1.2, \y = 4.0,

At =2.0 and A} = 3.8 in Theorem 2.21, we have (1.6,0.4) = (1.4,0.6) and (1.2,4.0) =
(2.0, 3.8). Figure 5 plots the ratio of density functions fx,  (¢) and fy,  (t). It can be
observed that the function fx, . (t)/fy,. (t) is increasing in ¢ € R, which is in accordance
with the result of Theorem 2.21.
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3. STAR ORDERING

The following useful lemma, originally due to Saunders and Moran [25, p. 429], will be
helpful for proving the main results.

LEMMA 3.1: Let {FaA|\ € R4} be a class of distribution functions, such that F is supported

on some interval (a,b) C (0,00) and has density fx which does not vanish on any subinterval
of (a,b). Then,

Fy <, Fx, A<\

if and only if
(@)
xfa(x)

where FY is the derivative of Fx with respect to \.

18 decreasing in x,

THEOREM 3.2: Under the assumptions of Theorem 2.12, if 11 > ra, Ao > A1 and A5 > A7,
then,
Ao A5

— 2> = = Xpin 24 Yoo
DY, :

PrOOF: Here we will adopt the proof idea of Theorem 4.2 in Zhao and Zhang [32].

Case 1: X1 + g = A} + 3.
Without loss of generality, assume A\ + A2 = A} + A5 = 1. In this case, we have

(A1, A2) = (AT, A3)-

Denote A = Ay and A\* = A3, and it is known that A > A* and A € [1/2,1). It suffices to show
that

F{(t)
tfa(t)

is decreasing in ¢t € R4 for A € [1/2,1), where the distribution function of X,., can be

written as
ta—am Prt o !
EFy\(t) = [/ 7< ) u”_le_(l_’\)“du} [/ u”_le_’\“du] ,
o I(r) o I'(r2)

with its density function as

r1 p=
n0=p| [ S e

1

1

t )\7*2 q
|:/ urgle)\udu]
o ['(r2)

r t T p
X (1_7)‘)1771—16—(1—*)'5 +q [/ (1_()\)111”_16_(1_’\)“&6]
T
0

F(’I”1) Tl)
-1
X {/t A7 urz_le_)‘“dur 7)\72 2=l At
o L'(r2) I'(r2)
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Taking the derivative to F)(t) with respect to \ yields that

P A PELL ‘
Fl 1) = |:/ ( url—le—(l—)\)udu:| |:/ urz—le—kudu:|
O A e ) T(ra)

t r1—1 t r
(1—N)" =1 —(1=2) / (A=) o (- ]
X | =T 7'{1]” (& udu —+ 7UT1€ udu
{ / T(ry) o L(r)

t P t q—1
(I=N" 21 —(-y } {/ A" 1A ]
+ """ e “du w2 e M du
! U I'(m) o T(ra)

FArel 1.-A Lo A
X |7 u™ " e” “du—/ ue” “du} .
[/ T(rs) o T(r2)

Upon using integration by parts, one has

t )\rfl L \ )\rfl t "
r e Mdu = tre M Jr/ uref)‘“du,
/0 I'(r) I'(r) o I'(r)

and thus FY(t) can be reduced to

X [—wtme—(l—m} +q{/o (1— e 3 . A)"dur

t Ar2 N q—1 N
X ur e “du] [ e t}
[/0 L'(r2)

We can compute that
F//\(t) B _p)\trle—(l—)\)t fOt urz—le—/\udu_’_ q(l _ )\)trze—)\t fOt e (1=Nu gy,
tht)  pA(1 — A)trie— (1=t ft ur2~le=Mdy + gA(1 — \)tr2e— M ft uri—le=(1=MNudy

p)\e(Q)\ 1)t j‘ Y2 1 7/\ytdy+q 1—\ f Yy 1 7(1 )\)ytdy
p (2A—1)t fO yrz— le— )\ytdy+qf0 yri— le—(1— )\)ytdy

Jo ay™ ety
f01 [qyri—Le— (-t +pyr2716(2)\717)\y)t]dy.

Now, it is enough to show the function

1
/ qy7'1—1e—(1—>\)ytdy
0

A(t) = = Ek(Ya,t
() fol [qyri—le— (=Nt 4 pyra—le(2A=1-Av)i]dy th(¥2,?)
is decreasing in ¢t € R4 for A € [1/2,1), where
T — 1 —(1 )\)
k(Ya,t) = 7 € (0,1).

qyrl—le—(l—)\)yt + pyrg—le(Q/\—l—)\y)t ’
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Here, the distribution function of the random variable Ys belongs to the family Py =
{Hy(-|T),t € R} with densities

ha(ylt) = ea(t)[ay™ e~V 4 pyra—eA—1-3)

and a normalizing constant cs(t) such that fol ha(ylt)dy = 1. It is easy to see that

B q
Ky t) = g em D

is decreasing in ¢ € R while is increasing in y € (0,1). On the other hand, for t; > ¢; >0
and a = ry — r9 > 0, the function

_ ha(ylt2)
‘W= hll)

qyrl—le—(l—)\)tgy + pyrz—le(ZA—l—)\y)tQ

= qyrl—le—(l—)\)tly + pyr2—16(2/\—1—)\y)t1

qyae—(l—)\)tgy 4 pe(Z)\—l—)\y)tQ

- qyaef(lf)\)tly + pe(2/\717)\y)t1

is decreasing in y € (0, 1) by checking that
J(y) [q(a (1= \ta)ye (=Nt _ p)\t2€(2/\—1—/\y)tz]
% [qyae—(l Nty _’_pe(2)\—1—)\y)t1}
[q Z At )yaef(lf)\)tly p)\tle(Q)\l)\y)tl]

% [q —(1=Ntay | pp(22—1- Ay)t2:|
(

=2 (1 — \)(t1 — to)y*te” 1Nttty

+ g (1 SOt — Mg — a yoe— (1= Nty (2A-1-Ay)t2
L Y

+pq a (1 — Nty + My yae_(l A2y o (2A-1=Ay)ts Aty — t2)e(2>\—1—>\y)(t1+t2)
LY ]
e R O Y T

+pgq (1 _ /\)tl o )‘t2 o 9 yae—(l—)\)tzye(2)\—1—>\y)t1
L Y]

T g a (1= Nto + My | yte™ ImNEYA—I=M0 | p23 () )e(BA-1=Ay)(ta+t2)
LY

— (1= Nt — t)y?e T NOHY L paip g )yt~ (1-Niy2A-1-20)
+ p2/\(t1 _ t2)6(2)\—1—)\y)(t1+t2)
<0, (16)
where the inequality in (16) holds due to

(17/\)t17)\tgf§§(172)\)tgf§SO
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and
—(1 =Nty 42X —1 = Ay)ta > —(1 — ANtay + (2A — 1 — Ay)ty.

Hence, we have Hy(-|t1) >1 Ha(+|t2), which in turn implies that Ha(:|t2) >s Ha(-|t2) when-
ever ty > t;. Using Lemma 2.1 once again, we conclude that E;k(Y2|t) is decreasing in
t € (0,00) for A € [1/2,1).

Case 2: X1 + Xg # A\ + 3.

Assume that A1 + A2 = ¢(A\] + A\5), where ¢ is a scalar. We then have

m
(A1, A2) = (AT, eNy).
Let Y,,., be the lifetime of a parallel system with n independent gamma components having

respective shape parameters r; and ro and respective scale parameters cAj and cAj. From
the discussion of Case 1, we have

XTLZ'I’L Z* )/71,171, N

On the other hand, since the star order is scale invariant, it follows that
Xn:n Z* X:;n

Actually, the condition in Theorem 3.2 is quite general and includes many special cases
(see Kochar and Xu [17]). Furthermore, due to the fact that the star order implies the
Lorenz order, we have the following result which will be great interest in economics.

COROLLARY 3.3: Under the assumptions of Theorem 2.12, if r1 > 12, Ao > A1 and N5 > A7,
then,

A2 A3
— 2 viaad Xnin ZLorenz Ynin-
AN

Finally, we present a result for the dispersive order.

THEOREM 3.4: Under the assumptions of Theorem 2.12, if p > q, r1 > ra and Ay < A} <
A5 < A2, we then have

(A1s Aa) & (AL A5) = Xon Zdisp Yo
PrOOF: In light of Theorem 2.14, it follows that
(A1, A2) = (AL AS) = Xon > Yen = Xoim St Yo
On the other hand, we have from Theorem 3.2 that,
X 2% Yo

Also, it is known from Ahmed et al. [1] that, for two continuous random X and Y, if
X >, Y, then X >4 Y = X >qi5p Y. Hence, the theorem follows. [ |
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4. APPLICATION

Suppose that there exists two parallel systems each consisting of 10 components which
have exponential lifetimes. For the first parallel system (denoted by I), we consider the
case that these ten components have hazard rates vector (0.5 x 17,2.6 x 13). For the other
parallel system (denoted by II), the components are assumed to have hazard rates vec-
tor (1.2 x 17,2.1 x 13). In order to enhance the reliability, we are allowed to take minimal
repairs (see Shaked and Shanthikumar [26]) when the components fail. For the system I,
each of components Xi,..., X7 is allocated eight minimal repairs while each of compo-
nents Xg, Xg, X19 is allocated three minimal repairs. For the system II, each of components
Y1,...,Y7 is allocated six minimal repairs while each of components Yz, Yy, Y7¢ is allocated
five minimal repairs. Now, a factory needs such a parallel system and the reliability engi-
neer need to take into consideration which system should be chosen. At a first glance, it is
difficult to make a decision. Denote by X;(r;) the lifetime of component X; with k; minimal
repairs. It is known that, by Gamma-Poisson relationship,

Fx, k) (1) = P(X;(ki) < t)
e eiAit Azt J
S (Ait)

il
j=k+1 J:

bRt ki —X
= —_gMieT ML,
/o (ki +1)

Thus, X; with k; minimal repairs has a gamma distribution with scale parameter \; and

shape parameter k; + 1, that is, I'(k; + 1, \;). So the lifetime of system I can be expressed
as the maximum of ten gamma random variables with shape and scale parameters

(9 x 17,4 x 13), (0.5 x 17,2.6 x 13).

Similarly, the lifetime of system II can be expressed as the maximum of ten gamma random
variables with shape and scale parameters

(7 X 17,6 X 13), (12 X 17,2.1 X 13)

Observe that p =7, ¢ = 3,

(9,4) = (7,6) and (0.5,2.6) = (1.2,2.1),

which satisfy the conditions of Theorem 2.21. Hence, we can conclude that the lifetime of
system I is superior to that of system II in terms of the likelihood ratio order, which states
that the factory should choose system I in order to make the system more reliable.

5. DISCUSSION

Let X1, X5, ..., X, be independent random variables following the multiple-outlier gamma
model with respective shape parameters and scale parameters (r11,,721,), (M1p, A2ly),
where p > 1 and p+ ¢ =n. Let Y7,Y5,...,Y,, be another set of independent random vari-
ables following the multiple-outlier gamma model with respective shape parameters and
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scale parameters (rf1,,751,), (A71,, A51,). Suppose that r1 > rg, r7 > 75 and A < A} <
A5 < Ao. If p > ¢, we then have

(7’1,7‘2) = (TT7T;)v ()‘17>‘2) = ( T7)‘;) = Xnin Zir Yo (17)
Especially, if ry = 7] > ro =13, it is shown that

Py

N - — Xnn > Ynn
AN )\T '

Besides, under the condition r; =y > re =75, A1 < A] < A5 < Ay and p > ¢, we also prove
that

()\17)\2) >__ ( T; /\;) = Xn:n Zdisp }/n:n-

The results established here have generalized and extended those for the case when
p=1and g =1 and the case when the shape parameter r is common in the literature. We
partially answer the problem for the case when r > 1 posed by Zhao and Balakrishnan [31].

Note that (r1,72) = (r7,73), p > q and ro < 73 <7 < r; does not imply
m * *
(r11p,m21y) = (171,,751,).
w
However, the condition (A1, A2) >= (A}, A3) implies that

(Allp’ )‘2111) = (Ailpa Ailq%

under the assumptions that p > ¢ and Ay < A\J < A5 < Ag. Thus, it will be very interesting
to check whether the results in (17) still holds under the conditions

(r11p721,) = (11, 731,)
and
(i, Aely) = (MLp A31):
Similarly, it would be also of interest to check that if r1 > rq, 7 > 75, A1 < AT < A5 < Ag,
m
(r1p,m21g) = (rilp,131y)

and

Yo

(>‘11p7)‘21q) (Ai1p7A§1q)>

whether it holds
Xn:n Zhr Ynn?

We are currently working on these problems and hope to report these findings in a future
paper.
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