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Abstract  Suppose that a finite group G admits an automorphism ¢ of order 2™ such that the fixed-point
subgroup Cg(tpznil) of the involution 4,027%1 is nilpotent of class ¢. Let m = |Cg(¢)| be the number of
fixed points of ¢. It is proved that G has a characteristic soluble subgroup of derived length bounded in
terms of n, ¢ whose index is bounded in terms of m, n, c. A similar result is also proved for Lie rings.
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1. Introduction

Suppose that a finite group G admits an automorphism . It follows from the classification
of finite simple groups that if ¢ is fixed-point-free, that is, Cg () = 1, then G is soluble
[26], and when in addition |p| is a prime, G is nilpotent by Thompson’s theorem [30]
(which does not use the classification but rather lies in its foundation). Extending the
Brauer-Fowler theorem, using the classification Hartley [5] proved that if |Ca(¢)| = m,
then G has a soluble subgroup of (J¢|, m)-bounded index. (Henceforth we write, say,
‘(a,b,...)-bounded’ to abbreviate ‘bounded above in terms of a,b, ... only’.)

Now let G be soluble from the outset; further results were obtained about the Fitting
height (the length of a shortest normal series with nilpotent factors). When Cg () = 1, by
a special case of Dade’s theorem [3] the Fitting height of G is bounded in terms of o(]p|)—
the number of prime factors of |¢| counting multiplicities; the coprime case (|G|, |¢]) =1
of this result was proved earlier as a special case of Thompson’s theorem [31]. In the
general situation, when |Cg(¢)| = m, it is conjectured that G has a subgroup of (||, m)-
bounded index with Fitting height bounded in terms of «(|p|). This conjecture was
proved in the coprime case by Hartley and Isaacs [7] using Turull’s results [32], and in
the case in which |¢| is a prime-power by Hartley and Turau [8]. A weaker bound for
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the Fitting height, in terms of || and m, was also obtained in the case in which |¢]| is a
product of two prime-powers in an unpublished note by Hartley [6]. (The aforementioned
results of Thompson [31], Hartley and Issacs [7], and Turull [32] are actually about any,
not necessarily cyclic, soluble groups of automorphisms, and Dade’s theorem [3] is about
any Carter subgroup.)

When there is a bound for the Fitting height, further studies are naturally reduced
to nilpotent groups. It is conjectured that if Cg(p) = 1, then the derived length of G
is bounded in terms of |¢|. So far this has only been proved when |y| is a prime (due
to Higman [9], and Kreknin—Kostrikin [21,22] with an explicit bound) or when |p| = 4
(due to Kovécs [20]). In these two cases even the ‘almost fixed-point-free’ theorems
were proved by Khukhro [13], and Khukhro and Makarenko [24], which give a subgroup
of |p|-bounded nilpotency class or derived length with (|¢l,|Ca(¢)])-bounded index.
Another area where definitive results of this kind were proved is the case in which G is
a finite p-group and |p| is a power of p [1,11,12,14,25,27].

All these results on nilpotent groups are based on the corresponding theorems on
automorphisms of Lie rings. In particular, by Kreknin’s theorem [21] a Lie ring L with
a fixed-point-free automorphism of finite order n is soluble of n-bounded derived length.
Khukhro and Makarenko [23] also proved almost solubility of a Lie algebra (or a Lie ring,
under some additional conditions, which hold, for example, for finite Lie rings) with an
almost fixed-point-free automorphism ¢ of finite order, with a ‘strong’ bound, in terms
of || only, for the derived length of a subalgebra (or a subring) of bounded codimension
(or index in the additive group). But group-theoretic analogues of these results remain
open conjectures, except for the cases in which |¢| is a prime or 4, as described above.

Therefore, it makes sense to obtain results in this direction under additional conditions.
One such result was obtained by Shumyatsky [28]: if a finite group G admits a fixed-
point-free automorphism ¢ of order 2™ such that the fixed-point subgroup Cg(chnfl) of
the involution @2"71 is nilpotent of class ¢, then G is soluble of (n, ¢)-bounded derived
length. The purpose of this paper is an ‘almost fixed-point-free’ generalization of this
result.

Theorem 1.1. Suppose that a finite group G admits an automorphism ¢ of order
2™ such that the fixed-point subgroup Cg(gﬁn_l) of the involution cpzn_l is nilpotent of
class c. Let m = |Cq(¢)| be the number of fixed points of . Then G has a characteristic
soluble subgroup of (m,n, ¢)-bounded index that has (n, c)-bounded derived length.

In fact, the condition in the theorem that Cg(gogn_l) is nilpotent of class ¢ can be
weakened to requiring all Sylow subgroups of Cg (%" ) to be nilpotent of class at
most ¢ (see Remark 4.4). The standard inverse limit argument yields a consequence for
locally finite groups.

Corollary 1.2. Suppose that a locally finite group G contains an element g of order
2" with finite centralizer of order m = |Cg(g)| such that the centralizer Cg (¢*" ") of the
involution g2n_1 is nilpotent of class c¢. Then G has a characteristic soluble subgroup of
finite (m, n, ¢)-bounded index that has (n, c)-bounded derived length.
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Here, too, the condition that Cc;(gykl) is nilpotent of class ¢ can be weakened to
requiring all nilpotent subgroups of C(g%" ) to be nilpotent of class at most c.

In our recent paper [17] we also used Theorem 1.1 to prove that if a locally finite
group G has a 2-element g with Chernikov centralizer such that the involution in (g) has
nilpotent centralizer, then G has a soluble subgroup of finite index.

By the aforementioned results, the proof of Theorem 1.1 reduces to the case of nilpotent
groups, where a Lie ring method of ‘graded centralizes’ developed in [13,23] is used in
conjunction with ideas of the proof in [28]. We state separately the corresponding Lie
ring result, which is used in the proof of Theorem 1.1.

Theorem 1.3. Suppose that a finite Lie ring L admits an automorphism ¢ of order
2" such that the fixed-point subring Cp(¢?" ') of the involution ©®"  is nilpotent of
class c. Let m = |Cr(¢)| be the number of fixed points of ¢. Then L has ideals My > Mo
such that My has (m,n)-bounded index in the additive group L, the quotient M7 /My is
nilpotent of class at most ¢+ 1, and My is nilpotent of (n, ¢)-bounded class.

Theorem 1.3 can be extended to Lie algebras over a field and to other classes of Lie
rings admitting such an automorphism of order 2". Here we confine ourselves to the case
of finite Lie rings, since this is sufficient for the purpose of proving Theorem 1.1. Even
in view of the aforementioned general Khukhro-Makarenko theorem [23], Theorem 1.3
still makes sense, since it gives a stronger ‘metanilpotent’ conclusion (of course, under
stronger assumptions).

In §2 we give definitions, introduce notation, and list several results that are used
in what follows. In §3 we prove Theorem 1.3 on Lie rings using a modification of the
method of graded centralizers developed in [13,23] for studying almost fixed-point-free
automorphisms. Theorem 1.1 is proved in §4. Known results reduce the proof to the
case of a nilpotent group. Then we firstly apply the Lie ring method similarly to [28]
to obtain a ‘weak’ bound, depending on m, n, ¢, for the nilpotency class of [G, <p2"_1].
Finally, Theorem 1.3, or rather one of the propositions in its proof, is used to obtain the
required ‘strong’ bound, in terms of n, ¢ only, for the nilpotency class of [H, cp2"71] for a
certain subgroup H of (m,n,¢)-bounded index. When a subgroup of (m,n, ¢)-bounded
index and of (n,c)-bounded derived length is constructed, we obtain a characteristic
subgroup of (m,n, c)-bounded index and of the same derived length due to the general
result [15] on subgroups of finite index satisfying a multilinear commutator law (see
Theorem 2.7).

2. Preliminaries

First we recall some definitions and notation. Products in a Lie ring are called com-
mutators. A simple commutator [a1,as,...,as] of weight (length) s is the commuta-
tor [--[[a1,az],a3],...,as]. The Lie subring and the ideal generated by a subset S are
denoted by (S) and iq(S), respectively. For additive subgroups U, V of a Lie ring, [U, V]
denotes the additive subgroup generated by all commutators [u,v], uw € U, v € V. Terms
of the lower central series of a Lie ring L start from ~;(L) = L, and by induction,
vi+1(L) = [v(L), L]. A Lie ring L is nilpotent of class at most h if y,41(L) = 0. Terms
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of the derived series start from L = L(®), and by induction, L0+Y = [LO) LO] A Lie
ring L is soluble of derived length at most d if L(®) = 0.
Let A be an additively written abelian group. A Lie ring L is A-graded if

L=@PL. and [La,Ly) C Lass, a,b€ A,
acA

where the grading components L, are subgroups of the additive group of L. Elements of
the L, are called homogeneous (with respect to this grading), and commutators in homo-
geneous elements are called homogeneous commutators. A subgroup H of the additive
group of L is said to be homogeneous if H = @, ,(H N L,); then we set H, = HN Lg.
Obviously, any subring or ideal generated by homogeneous additive subgroups is homo-
geneous. A homogeneous subring and the quotient ring by a homogeneous ideal can be
regarded as A-graded rings with the induced gradings.

Index convention. For a homogeneous element of a (Z/nZ)-graded Lie ring L we
use a small letter with an index that only indicates the grading component to which this
element belongs: x; € L;. Thus, different elements can be denoted by the same symbol,
since it will only matter to which component these elements belong. For example, xq
and z; can be different elements of L1, so that [z1, 1] can be a non-zero element of Ls.
These indices are considered modulo n; for example, a_; € L_; = L,,_;.

Note that under the index convention a homogeneous commutator belongs to the
component Ly, where s is the sum modulo n of the indices of all the elements occurring
in this commutator.

Suppose that a Lie ring L admits an automorphism ¢ of order n. Let w be a primitive
nth root of unity. We extend the ground ring by w and denote by L the ring L Qg Z[w].
Then ¢ naturally acts on L and, in particular, C; (¢) = C1(¢) @z Z[w].

We define the analogues of eigenspaces Ly for k =0,1,...,n—1 as

Ly ={a€L|a?=wra}.

If n is invertible in the ground ring of L (for example, when L is finite of order coprime
to n), then
L=Lo®L1® & Ln

(see, for example, [10, Chapter 10]). This is a (Z/nZ)-grading because
[Ls,Lt] € Lstt (moan) for all s,t.
Notation. Whenever we say that Lo @® L1 @ -+ ® L,,—1 is a (Z/nZ)-graded Lie ring,
we mean that the L; are the grading components, so that [Ls, Li] € Lyt (modn)-

We now state the ‘graded’ version of the Khukhro-Makarenko theorem [23] on Lie
rings with an almost fixed-point-free automorphism of finite order.

Theorem 2.1 (Makarenko and Khukhro [23, Corollary 2]). Suppose that L =
Lo®Li @ ® Ly is a (Z/nZ)-graded Lie ring. If the component Ly is finite of order
m, then L has a soluble homogenous ideal M of n-bounded derived length and of finite
(m,n)-bounded index in the additive group of L.
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We now introduce specialized notation for our case of an automorphism of order 2".
Let L=Lo® L1 ®---® Lon_1 be a (Z/2"Z)-graded Lie ring.

Notation. Let Loqq denote the set of all ‘odd’ grading components L; with odd j
and let L™ be their sum. Similarly, let Leyen denote the set of all ‘even’ components L;
with even i and let LT be their sum. We also abuse this notation by letting Loqq and
Leven denote the unions of the corresponding components. We use similar notation for
any homogeneous additive subgroup X and its components.

For L;,Lj € Loqq and Ly, L; € Leyen we clearly have [L;, L;] € Leven, [Li, Li] € Lodd,
and [Ly, L;] € Leyen- Therefore, L™ is a subring of L, while L™ is not. Note also that the
subring generated by Loqq is an ideal of L.

The next theorem is essentially a reformulation of Shumyatsky’s theorem for Lie
rings [28].

Theorem 2.2 (Shumyatsky [28, Proposition 2.6]). Suppose that L = Lo $® L1 &
@ Lan_1 is a (Z/2"Z)-graded Lie ring such that the subring L™ is nilpotent of class ¢
and Ly = 0. Then the subring generated by L~ is nilpotent of (n, ¢)-bounded nilpotency
class f(n,c).

Since (L~) = jq(L ™), under the hypotheses of Theorem 2.2 the Lie ring L satisfies

Y (m,e)+1(Ver1(L)) = 0.

For dealing with a Lie ring whose additive group is a finite 2-group we need the
following ‘combinatorial’ corollary of Theorem 2.2. Slightly abusing notation, we use
the same symbols 7; (as those denoting terms of the lower central series) to denote Lie
polynomials that are simple multilinear commutators and write

(vioyi) (@1, 2,y @ig) = Yi(vi (@1, @5), o Y (T—1)j s - - -5 Tig))

= [[1'1,1'27 PN ,.’L‘j]7 [‘errl, N ,ng}, ey [x(i—l)j—i-h PN ,{L‘ij]].

Corollary 2.3. Let n, ¢ be positive integers and let f = f(n,c) be the value of the
function given by Theorem 2.2. Forr = (c+1)(f+1), the following holds. If we arbitrarily
and formally assign lower indices i1, 42, . ..,%, to elements y;,,Vi,,--.,Y:, of an arbitrary
Lie ring, then the commutator (Y41 © Yet1)(YirsYias---»¥i,.) can be represented as a
linear combination of commutators in the same elements y;,, Yi,, - - ., Vi, each of which
contains either a subcommutator with zero modulo 2" sum of indices or a subcommutator
of weight ¢+ 1 of the form [gay, , g2us» - - - » 2u..,] With even indices, where every element
g2; Is a commutator in Yy, , Yi,, - .., Y, such that the sum of indices of all the elements
involved in go; is congruent to 2j modulo 2.

Proof. Let M be a free Lie ring freely generated by x;,,x;,,..., ;.. For each i =

0,1,...,2" — 1, let M; be the additive subgroup of M generated by all commutators in
the generators x;; with the sum of indices congruent to i modulo 2". Then, obviously,
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M = My®My®---®Mon_y and [M;, M;] € M;y; (mod2n), so this is a (Z/2"7Z)-grading.
By Theorem 2.2 we obtain

(V41 0 Vet 1) (Tiys Tigy - -+, @0,) € ia{Mo) + Yer1 (Mo + My + -+ + Man_3).

By the definition of the M; this inclusion is equivalent to the required equality for y;, =
x;,. Since the elements x;,, z;,, ... x;, freely generate the Lie ring M, the same equality
holds for any elements y;; in any Lie ring. (I

The following theorem was proved by Hall [4] for groups; the assertion for Lie rings is
proved by essentially the same (even simpler) arguments. The bound for the nilpotency
class was later improved by other authors, up to the best possible bound in [29].

Theorem 2.4 (Hall [4]). If a Lie ring L has a nilpotent ideal K of nilpotency class
k such that the quotient L/[K, K] is nilpotent of class I, then L is nilpotent of (k,1)-
bounded class.

The following lemmas are well-known properties of fixed-point subgroups. As a rule, the
induced automorphism of a quotient group by an invariant normal subgroup is denoted
by the same letter.

Lemma 2.5. Let o be an automorphism of a finite group G, and let N be a normal
a-invariant subgroup of G.

() Then |Cayn(0)] < [Ca(a)].
(b) If in addition (|N|,|a|) = 1, then Cg/y(a) = Cg(a)N/N.

The following lemma follows from the consideration of the Jordan normal form of
the automorphism regarded as a linear transformation of invariant elementary abelian
sections.

Lemma 2.6. Let p be a prime number and suppose that a finite abelian group A
of exponent p® admits an automorphism of order p¥ with exactly p® fixed points. Then
k
Al < p*7".

Recall that a multilinear (or outer) commutator is any commutator s of weight w
in w distinct group variables; in other words, s¢ is obtained by nesting commutators,
but using always different variables. Many popular soluble group varieties are defined
by laws of the form > = 1 for multilinear commutators s¢; examples include varieties
of nilpotent groups of given class, and of soluble groups of given derived length. The
following Khukhro-Makarenko theorem [15] greatly facilitates working with subgroups
of finite index satisfying a multilinear commutator law. In the special case of nilpotency
laws this result was obtained by Bruno and Napolitani [2]. (Further generalizations and
improvements of this theorem were obtained in [16,18,19].)

Theorem 2.7 (Khukhro and Makarenko [15, Theorem 1]). If a group G has
a subgroup H of finite index k satisfying the law »(H) = 1, where s is a multilinear
commutator of weight w, then G also has a characteristic subgroup C of finite (k,w)-
bounded index satisfying the same law »(C) = 1.
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3. Lie rings

The bulk of the proof of Theorem 1.3 is about the (Z/2"Z)-graded Lie rings considered
in the following proposition.

Proposition 3.1. Suppose that L = Lo ® L1 @ --- @ Lan_1 is a (Z/2"7Z)-graded Lie
ring. Suppose that the subring LT is nilpotent of class ¢, while the component L is
finite of order m. Then L contains a homogeneous nilpotent ideal M of (n, ¢)-bounded
nilpotency class such that M N L~ has (m,n)-bounded index in the additive group L.

By Theorem 2.1 the Lie ring L contains a soluble homogeneous ideal of n-bounded
derived length and of (m,n)-bounded index in L. Therefore, Proposition 3.1 will be
proved if we prove the following proposition, taking advantage of induction on the derived
length.

Proposition 3.2. Suppose that under the hypotheses of Proposition 3.1 the Lie ring L
has a soluble homogeneous ideal A of derived length d such that ANL~ has index [ in the
additive group L~ . Then L contains a homogeneous nilpotent ideal B of (d,n, ¢)-bounded
nilpotency class such that BN L~ has (d,l,m,n)-bounded index in L.

Proof. The sought-for ideal B is constructed by using certain additive subgroups
L;(t) < L; of the components L;, so-called graded centralizers of levels t = 1,2,3. We
also use induction on d. Clearly, if d = 1, then A is abelian and we can put B = A. So
we assume that A is not abelian.

Let R = A2 be the penultimate (metabelian) term of the derived series of A.
First we construct graded centralizers R;(1) < R; in R, which are additive subgroups of
(m,n)-bounded index in the grading components R; = RN L;, and fix certain elements
called r-representatives, whose total number is (m, n)-bounded.

Definition. The pattern of a homogeneous commutator is its bracket structure
together with the arrangement of the indices under the index convention. The weight
of a pattern is the weight of the commutator. The commutator is then called the value
of its pattern on the given elements. For example, [az, [b1,b1]] and [x2, [21, y1]] are values
of the same pattern of weight 3.

Definition of representatives in R. For every ¢ # 0 and for every pair (P, ag)
consisting of the pattern P of a simple commutator of weight 2" with one and the
same index ¢ # 0 (repeated 2™ times) and a commutator ag € Ry that is the value of
this pattern on homogeneous elements of R; we fix one such representation. (The same
element ag € Ry may appear in different pairs if it is equal to values of different patterns;
the same pattern may appear in different pairs if different commutators are the values
of this pattern.) The elements of R;, j # 0, involved in these fixed representations are
called r-representatives and are denoted by r;(0) € R; under the index convention: recall
that the same symbol can denote different elements. Thus, the commutator ag mentioned
above is equal to

[73(0), ..., (0)].
T
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Since the total number of patterns P under consideration is equal to 2" — 1 and the
number of elements in Ry is at most m, the number of r-representatives is (m, n)-bounded.

The definition of r-representatives implies the following.

Lemma 3.3. Every simple homogeneous commutator in elements of R of length 2"
with one and the same index i # 0 repeated 2™ times can be represented as a commutator
of the same pattern in r-representatives.

Before defining graded centralizers, we introduce the following homomorphisms.

Definition 3.4. Let Z = (z;,,...,%;,) be an ordered tuple of elements z;, € L;_,
is # 0, such that 43 + -+ + i, #Z 0 (mod2™). We put j = —i; — -+ — i} (mod2™) and
define the mapping

1952 Y — [ij Zigseens Zik]~

By linearity this is a homomorphism of the additive group L; into Ly by the choice of j.
Since |Lg| < m, we have |L; : Kerdz| < m. Clearly, we also have |R; : Kernz| < m for
the restriction 7z of ¥ to R;.

Definition of graded centralizers in R. We define the graded centralizers in R by
setting for each i # 0,

R;i(1) = m Ker 0z,

where 77 is defined in Definition 3.4 with ¥ = (r;(0),...,r;(0)) running over all possible
ordered tuples of length 2™ — 1 consisting of (possibly different) r-representatives with
the same index i. Elements of R;(1) for ¢ = 1,...,2" — 1 are also called centralizers
in R for short and are denoted by r;(1) (under the index convention). The number
of r-representatives is (m,n)-bounded and |R; : Kernz| < m for all . Hence, this is
an intersection of (m,n)-boundedly many subgroups of m-bounded index in R;, and
therefore R;(1) also has (m,n)-bounded index in the additive group R;.

By construction, we have the following centralizer property:

[ri(l),ri(O),...,ri(O)] =0 (31)
—_———
2n—1
for any centralizer r;(1) € R;(1) in R and any r-representatives r;(0) with the same index
i # 0. (Here, as always under the index convention, the elements r;(0) can be different.)
We also need to introduce another set of representatives in R.

Coset representatives in R. For each j # 0 we fix an arbitrary system of coset
representatives of the subgroup R;(1) in the additive group R,;. These elements are
denoted by ¢; € R; (under the index convention) and are called coset representatives
in R. The total number of coset representatives is (m,n)-bounded, since the indices
|R; : R;(1)] are (m,n)-bounded for all j # 0 by construction.

Our next construction is of representatives and graded centralizers in the whole ring L.
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Definition of level 1 for L. We define the graded centralizers of level 1 in L by setting
for each i #£ 0,

Li(1) = (| Ker vz,

where the 9z are defined in Definition 3.4 and Z = (g;,...,¢q;) runs over all possible
ordered tuples of length k£ < 2™ — 1 consisting of coset representatives in R with the same
index j # 0 such that

i+kj=0 (mod2").

(Under the index convention the tuple Z = (g;,...,¢;) may consist of different coset
representatives ¢;.) Elements of the L;(1) are also-called centralizers of level 1 in L and
are denoted by y;(1) (under the index convention). The number of coset representatives
in R is (m,n)-bounded and |L; : Kervz| < m for all Z. Hence, this is an intersection of
(m, n)-boundedly many subgroups of m-bounded index in L;, and therefore L;(1) also
has (m,n)-bounded index in the additive group L;.

For each j # 0 we also fix an arbitrary system of coset representatives of the subgroup
L;(1) in the additive group L;. These elements are denoted by b;(1) (under the index
convention) and are called coset representatives of level 1 in L. The total number of coset
representatives is (m,n)-bounded, since the indices |L; : L;(1)| are (m,n)-bounded for
allj=1,2,...,2" — 1.

Definition of level 2 in L. We define the graded centralizers of level 2 in L by setting
for each j # 0,
Lj(2) = L;(1) N[ Ker vz,
where the ¥z are defined in Definition 3.4 and 2’ = (b;, (1), .. ., b;, (1)) runs over all possible
ordered tuples of all lengths k& < 23" *! consisting of coset representatives of level 1 in L
such that
j+ir+--+i=0 (mod 2").

Elements of the L,;(2) are called centralizers of level 2 and are denoted by y;(2) (under the
index convention). The number of coset representatives of level 1 in L is (m, n)-bounded
and |L; : Ker9z| < m for all 2. Hence, this is an intersection of (m,n)-boundedly many
subgroups of m-bounded index in L;, and therefore L,;(2) also has (m,n)-bounded index
in the additive group Lj;.

For each j # 0, we now fix an arbitrary system of coset representatives of the subgroup
L;(2) in the additive group L;. These elements are denoted by b;(2) (under the index
convention) and are called coset representatives of level 2 in L. The total number of coset
representatives of level 2 is (m,n)-bounded, since the indices |L; : L;(2)| are (m,n)-
bounded for all j =1,2,...,2" — 1.

Definition of level 3 in L. We define the graded centralizers of level 3 in L by setting
for each j # 0,
L;j(3) = L;(2) N[ | Ker vz,
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where the 9z are defined in Definition 3.4 and 2’ = (b;, (2), ..., b;, (2)) runs over all possible
ordered tuples of all lengths k < 23" *! consisting of coset representatives of level 2 in L
such that

j+i1+"‘+ik =0 (HlOd 2“)

Elements of the L;(3) are called centralizers of level 3 and are denoted by y;(3) (under the
index convention). The number of coset representatives of level 2 in L is (m, n)-bounded
and |L; : Kerdz| < m for all Z. Hence, this is an intersection of (m,n)-boundedly many
subgroups of m-bounded index in L;, and therefore L;(3) also has (m,n)-bounded index
in the additive group L;.

The construction of centralizers and coset representatives of levels less than or equal
to 3 in L is complete.

Note that by construction we have
Li(k+1) < Lj;(k) (3.2)

for all j and k.
The definition of centralizers y, (1) of level 1 implies the following centralizer property
with respect to coset representatives in R:

[yi(1),q5,---,q;] =0 (3.3)
k

for any k < 2" —1 for any (possibly different) coset representatives ¢; in R with the same
index j such that i + kj = 0 (mod 2™).

The definitions of centralizers y,(t) of levels ¢ = 2,3 imply the following centralizer
property with respect to coset representatives in L of the preceding level:

[yj(t)abil(tf 1)3"'7bik(t7 1)] =0 (34)

for any k < 237*! for any coset representatives in L of level t—1 such that j4i;4---+i; =
0 (mod 2™).

The following two lemmas are similar to [23, Lemma 3] and a special case of [23,
Lemma 9], but we reproduce the proofs since the definitions of representatives and graded
centralizers here are somewhat different.

Lemma 3.5. Any commutator of the form [a_;,y;(k)], where y;(k) is a centralizer of
level k = 2,3, is equal to a commutator of the form [y_;(k — 1),y;(k)], where y_;(k — 1)
is a centralizer of level k — 1.

Proof. We have a_; =b_;(k—1)+y_;(k—1) for some coset representative b_;(k—1)
and a centralizer y_;(k — 1) of level kK — 1. Then

la—i,yi(k)] = [b—i(k — 1),y (k)] + [y—i(k — 1), y:(k)] = [y—i(k — 1), 5:(k)],

since [b—;(k — 1), y:(k)] = 0 by (3.4). O
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Lemma 3.6. For any j # 0, any commutator

[yj(3)7ak1’a/k27"'7aks} S LO (35)

(under the index convention) of any length, for any indices k; € {0,1,...,2""1 —1} such
that j + ki1 + -+ ks = 0 (mod 2™), is equal to a linear combination of elements of the
form [y_j(1),yr(1)] for various k # 0.

Proof. We use induction on s. If s = 0 there is nothing to prove, since j # 0. If
s = 1, this follows from Lemma 3.5, by which [y;(3),a—;] = [y;(3),y—;(2)], and from the
inclusions (3.2).

For s > 1, by the Jacobi identity we can permute the elements ay, in the commutator

(3.5) modulo

s—1

> [L;(3), Li,, -, Li,].

t=1 j+i14---+i:=0 (mod 2")

By the induction hypothesis all elements in this sum can be expressed in the required
form. Therefore, we may freely permute the ay, in (3.5) in order to express our commu-
tator in the required form.

We express every element ay, in (3.5) with non-zero index k,, # 0 in the form by, (2) +
Yk, (2) and substitute all these expressions into the commutator (3.5). We obtain a linear
combination of commutators

[yj(3)7zk1ﬂzk27'~7zks}7

where the zg, are either by, (2) or yg,(2) or ap, and j + k1 + -+ + ks = 0 (mod 27).

If among the z;, there is at least one y, (2), then we transfer it to the right end of

the commutator, denote by a_, the preceding initial segment, and apply Lemma 3.5:

[a—k,, Yk, (2)] = Y=k, (1), Yk, (2)], which is of required form by the inclusions (3.2).
Hence, it remains to consider the case of a commutator

[yj(?))vzklazk‘zwnvzks]v (36)

where all the zj, are either by, (2) with k,, # 0 or ag, and j+ k1 +---+ks =0 (mod 2™).
(Note that the z; cannot all be ag, since j # 0.) We now prove that such a commutator is
actually equal to 0. We do this by showing that some of the entries by, (2) can be placed
at the beginning after y;(3) producing an initial segment of bounded weight with zero
sum of indices modulo 2", which is equal to 0 by (3.4).

For each index u # 0 that occurs less than 22" times we transfer all the b,(2) (if any)
to the left to place them right after y;(3) (in any order). Let ¢, € L; denote the initial
segment of length less than 23" formed in this way. If there are no other indices, that is,
indices k # 0 for which there are at least 22 elements b (2) in the commutator, then the
only elements outside g; are ¢y and we must have ¢ = 0, since the original sum of indices
was 0 modulo 2. Then §; = 0 by (3.4) and the proof is complete.

Thus, we can assume that there are non-zero indices vy, ..., v,, where 1 <r < 2" —1,
such that for each v; there are at least 22" elements b, (2) in the commutator (3.6). Let
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v = ged(vy, ..., v,) be the greatest common divisor of vy,...,v,. Since the sum of all
indices is 0 modulo 2", the number ged(v,2™) must divide ¢. By the Chinese remainder
theorem there exist integers u; such that v = uyvy + - - - + u,v,.. Replacing the u; by their
residues modulo 2™ and changing notation we have v = ujvy + - - - + u,v, + u2"™, where
u; € {0,1,...,2" — 1} for all 4 and w is an integer. Since ged(v,2™) divides ¢, there is
w € {0,1,...,2™ — 1} such that t + wv = 0 (mod 2™). Substituting the expression for v
we obtain
0=t+wv=t+wuvy + - +wuv, (mod 2"). (3.7)
We now arrange an initial segment of the commutator by placing after g, exactly wu;
elements b, (2), then exactly wus elements b,,(2), and so on, up to exactly wu, elements
b, (2). This is possible because wu; < 22" for each i, and there are at least 22" elements
by, (2) outside ;. The resulting initial segment has zero sum of indices modulo 2™ by
(3.7) and has length less than or equal to 23" + 23", Hence, it is equal to 0 by (3.4). O

We now proceed with the proof of Proposition 3.2. Consider the ideal I = iq(Loda(3))N
A. Clearly, IN L~ has (I,n, m)-bounded index in L~ since ANL~ has index [ in L, and
each component in Loyqq(3) has (n, m)-bounded index in the corresponding component in
Lodd- Let S = I(9=2) be the (d — 2)th term of the derived series of I. Note that, clearly,
S<R= AU,

Lemma 3.7. The ideal S is nilpotent of (n, c)-bounded class.

Proof. Recall that we write S™ = Y Soqqa and ST = > Seyen, and similarly for
[S, S]. We represent S as the sum of two ideals S = J; + Ja, where J; = [S,5] + S~
and Jy = [S,S] + ST. Since S is metabelian, [S,S]™ is an ideal of J;. By hypothesis,
Yer1(J2) <[5, 8]

We claim that J; is nilpotent of n-bounded class. For that we need to show that any
simple commutator

(@i, Qiy, Qigs - - -]
of large enough n-bounded length in homogeneous elements of J; is equal to 0. Since S
is metabelian, we can assume that all the entries starting from the third one are from
S, so the commutator is a linear combination of commutators of the form

[[ai,; @iy]; Godds Godds - - -], @i; € Sijs Godd € Sodd, (3.8)

and all the entries aoqq can be freely permuted without changing the commutator. When
the length is large enough, we can rearrange these entries in such a way that there will
be an initial segment in [S, S|y of n-bounded length, which we denote by wo. With large
enough length of (3.8) there will remain at least 2" ~1(2"T1 + 2" — 4) + 1 elements aoqq
outside the initial segment wg, and therefore at least 27*! 4 2" — 3 of them with the
same (odd) index, say, j. These entries a; can be moved to be placed at the beginning
after wg. Therefore, it suffices to prove that the commutator

[wo,aj,aj,...,a;], where 217, (3.9
—_———
ontlipon_3

is equal to zero.
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Since S < R, we can represent all the entries a; in (3.9) in the form a; = r;(1) + ¢;,
where the r;(1) are centralizers in R, and the g; are coset representatives in R. (Note
that these elements may no longer be in I). After expanding all brackets, we obtain a
linear combination of commutators

[wo, 25, 25, .. .,%j], where 2147, (3.10)
S
2w,+1+2n73

and each z; is either r;(1) or ¢;. In each of such commutators there are either at least
2" + 1 entries 7;(1) or at least 2" ™! — 3 entries g;.

By permuting the entries r;(1) and ¢; (we can freely permute these elements, since R
is metabelian and wg € [R, R], rj(1),¢; € R) we obtain from (3.10) either a commutator
with an initial segment

[wo,rj(1),75(1),...,7;(1)], where 21 j, (3.11)

2n+1

or a commutator with an initial segment

[wo, 5,45, --,q;], where 24 j. (3.12)
~——
ont1_3
Thus, it suffices to show that both commutators (3.11) and (3.12) are equal to 0.
In the commutator (3.11) we regard the initial segment of the first two entries a; =

[wg,r;(1)] simply as an element of the ideal R that belongs to R;. By Lemma 3.3 we can
represent the initial segment

[aj, r;(1),75(1), ..., (1)] € Lo

2n—1

in terms of r-representatives of level 0, so that the commutator (3.11) becomes equal to
[[r;(0), ..., r;(0)],75(1)].
——
2n
This commutator is in turn equal to a linear combination of commutators of the form
[Tj(l)v Ty (O)a < Ty (O)]a
—_———
271.

in each of which the initial segment of length 2™ is equal to 0 by (3.1).
We now consider the commutator (3.12). Its initial segment wy, being in I, also belongs
t0 id{Load(3)), and therefore is a linear combination of elements of the form

[yodd(3)7 Ugyy Wiy e o ey u’is} (313)

with zero sum of indices modulo 2", where w;, € L;, are arbitrarily homogeneous ele-
ments, in any number. By Lemma 3.6, an element of the form (3.13) can be represented
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as a linear combination of elements of the form [y_j(1), yx(1)] for various, not necessarily
odd, k (and these elements are not necessarily contained in I). Therefore, the commutator
(3.12) is a linear combination of commutators of the form

[[yfk(l)ayk(l)Lquw7QJ] (314)
—_——
2n+1_3

By the Jacobi identity, the commutator (3.14) is equal to a linear combination of com-
mutators of the form

[[y—k(1)7Qja qjy--- 7qj]7 [yk(l)a qj,q55 -+ QJH
S |
k 2n+1_3 k

In such a commutator, one of the two subcommutators contains a subcommutator of the
form

[yzl:k(l)v qj,49;55 - - - 7QJ}
————
2n—1

Since j is odd, there is an initial segment in Ly, which is equal to 0 by (3.3).
Thus, we have proved that the ideal J; of S is nilpotent of n-bounded class c¢;.
As a result,

Yet1ter+1(5) = Yes14ei+1(J1 + J2)
<Ver1(J1) +7e41(J2)
<[S, 8]
But S is an ideal of L, and hence Yey14¢,+1(5) is also an ideal of L. Since [[S, S|, Loaa] <
L*, the inclusion Yeii4e,+1(S) < [S,S]” implies that [Yete,4+2(S),L7] = 0. This
means that L~ is contained in the centralizer of the ideal 7eyc,+2(S5), and then
[Yeter+2(9),:a{L7)] = 0. In particular, [Yete, +2(S), I] = 0, and therefore Yei¢, +3(S) = 0.
The lemma is proved. (]

We now complete the proof of Proposition 3.2. The quotient L/[S,S] contains the
homogeneous ideal I/[S,S] of derived length at most d — 1 and its intersection with
the image of L~ has (I,n,m)-bounded index ¢ in the image of L. By the induction
hypothesis, there is a homogeneous nilpotent ideal J/[S, S] of (d — 1, n, ¢)-bounded class
whose intersection with the image of L™ has (d—1,¢,m, n)-bounded index in the image of
L~ . Then the quotient (S+.J)/[S, S] is also nilpotent of (d — 1, n, ¢)-bounded class. Since
S is nilpotent of (n, ¢)-bounded class by Lemma 3.7, we obtain that the full inverse image
B =J+S5 of (J+5)/[S, 5] is nilpotent of (d,n, ¢)-bounded class by Hall’s Theorem 2.4.
This is a required ideal, since its intersection with L~ has (d, [, n,m)-bounded index in
L~ (recall that ¢ is an (I, n, m)-bounded number). O

Proof of Proposition 3.1. Proposition 3.1 follows from Proposition 3.2 and Theo-
rem 2.1. (I
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Proof of Theorem 1.3. Recall that L is a finite Lie ring admitting an automorphism
¢ of order 2" such that the fixed-point subring C (2" ') of the involution @2 ' is
nilpotent of class ¢, and m = |C(p)| is the number of fixed points of ¢. We wish to
prove that L has homogeneous ideals M; > My such that M; has (m,n)-bounded index
in the additive group L, the quotient M; /My is nilpotent of class at most ¢+ 1, and M,
is nilpotent of (n, ¢)-bounded class.

First we extend the ground ring by a 2"th root of unity w forming L = L ®z Z[w].
Then |C; ()] < m2" and C; (92" ) = CL(p?" ) ®z Z[w] is also nilpotent of class c.
Therefore, it is clearly sufficient to prove the theorem for L, so we assume that L = L in
what follows.

We begin with the case in which L has odd order. Then

2" —1

L= @ L; and [Li,Lj] < Li+j (mod 2m)
=0

for the analogues of eigenspaces of ¢
Li={zecL|z¥=uw'z}, i=0,1,...,2" — 1.

Thus, this is a (Z/2"Z)-grading of L and L satisfies the hypotheses of Proposition 3.1.
By that proposition, L contains a homogeneous nilpotent ideal My of (n,c¢)-bounded
nilpotency class such that Ms N L™ has (m, n)-bounded index in the additive group L.
The latter means that in the inherited grading of the quotient L = L/Mj, the order of
L~ is (m, n)-bounded.

For any fixed homogeneous element a; € L~ (so that j is odd) and for any even k
the map by — [a;,bx] from Ly to Ljir € Loaa is linear with (m,n)-bounded image.
Therefore, its kernel has (m,n)-bounded index in Ly € Leyen. As a result, C 4 (a;) has
(m, n)-bounded index in L*. Taking the intersection over an (m,n)-bounded number of
homogeneous elements generating L~ we obtain that |L* : Cp+(L7)]| is (m,n)-bounded,
and therefore |L : Cy (L7)| is also (m,n)-bounded, since |L~| is (m,n)-bounded.

Let K = (L™) be the subring of L generated by L~. Recall that K is an ideal of L,
and therefore Cf (K) is also an ideal of L. The index |L : Cf(K)| is also (m, n)-bounded
since Cp(K) = Cp(L™). We prove that the ideal Cf(K) is nilpotent of class at most
c+ 1. Indeed, L/K = (L* + K)/K is nilpotent of class at most ¢ by hypothesis, and
C;(K)NK is central in K. Hence,

c+1

and therefore My = C(K) is a nilpotent ideal of class at most ¢+ 1. Then its full inverse
image M; and the aforementioned ideal My satisfy the conclusion of Theorem 1.3.

We now consider the case in which the additive group of L is a finite 2-group. Although
we 1o longer have a direct sum, it is well known (see, for example, [10, Chapter 10]) that

2" L g L() + L1 4+ -4 L2n_1 and [Lz, LJ] < Li+j (mod 2m)-
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By Corollary 2.3 applied to the subring M = Ly + L1 4+ -+ 4+ Lan_1, we have

Yf(n,e)+1(Yer1(M)) < ia(Lo).

It follows that
MY f(ne)+1(Yer1(M)) < mia(Lo) =0,

since mLy = 0 by Lagrange’s theorem. Hence,

V(o)1 (Ver1(mM)) = 0.

By Lemmas 2.5 (a) and 2.6, the index of the additive subgroup 2"mL < mM in L is
(n,m)-bounded, and hence M7 = 2"mL and My = ~y.41(M;7) are the required ideals.

In the case of an arbitrary finite Lie ring, L is a direct sum of two ideals L = T5 @ Ty,
where the additive group T5 is the Sylow 2-subgroup of L, and Ty is the Hall 2’-subgroup
of L. As shown above, T» and T» contain ideals I; and I, respectively, of (m,n)-bounded
indices such that

Yo(nie) Yer2(Ik)) =0, k=1,2,

for some (n, ¢)-bounded number g(n,c). Since [Tz, To/] = 0, it follows that I; and Iy are
commuting ideals of L. The sum M; = I} + Iy and My = 7.42(M;) are the sought-for
ideals of L. O
4. Groups

Here we prove the main group-theoretic result. Known results reduce the proof to the case
in which G is a nilpotent group of odd order. Then we firstly apply the Lie ring method
similarly to [28] to obtain a ‘weak’ bound, depending on m, n, ¢, for the nilpotency
n—1
class of [G,¢*" ]. Then Theorem 1.3 is used to obtain the required ‘strong’ bound, in
. on—1 .

terms of n, ¢ only, for the nilpotency class of [H, ¢ | for a certain subgroup H of
(m, n, ¢)-bounded index.

Proof of Theorem 1.1. Recall that we have a finite group G admitting an auto-
morphism ¢ of order 2" such that Cg (@2%1) is nilpotent of class ¢, and m = |Cg(p)|
is the number of fixed points of ¢. We need to prove that G has a soluble subgroup of
(m,n, c)-bounded index that has (n, ¢)-bounded derived length.

We begin with reduction to the case in which G is a nilpotent group of odd order.
The group G has a soluble subgroup of (m,n)-bounded index by Hartley’s theorem [5].
Therefore, we can assume from the outset that G is soluble. The quotient G/Oqy 2(G)
acts faithfully by conjugation on the Frattini quotient V' = T/®(T) of the 2-group T =
Oz 2(G)/02/(G). By Lemma 2.5 (a) we have |Cy(¢)| < m. Therefore, the order of V'
is (m, n)-bounded by Lemma 2.6. As a result, the order of G/O 2(G) is also (m,n)-
bounded.

By Lemma 2.5 (a) we have |C7(¢)| < m. By Khukhro’s theorem [14] on p-automorph-
isms of finite p-groups, the group T contains a subgroup U of (m, n)-bounded index that
has n-bounded derived length. By Theorem 2.7 this subgroup U can be assumed to be
characteristic in G/Oz (G), and therefore normal and ¢-invariant.
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By the Hartley—Turau theorem [8], the index of the nth Fitting subgroup F,(G) in
G is (m,n)-bounded. By Lemma 2.5 (b) every factor Q; = F;(O2(G))/Fi—1(02(G))
of the Fitting series of F,, (O (G)) admits the action (not necessarily faithful) of the
automorphism ¢ such that |Cg, ()| < m and Cog, (") is nilpotent of class at most c.

Suppose that Theorem 1.1 is already proved for the case in which G is a nilpotent
group of odd order. Then every @Q; has a subgroup R; of (m,n, c¢)-bounded index that is
soluble of (n, c)-bounded derived length; by Theorem 2.7 this subgroup can be assumed
to be characteristic. Let T = Oy 5(G), U, Q; = F;(O2(G)) and R; denote the inverse
images in G of the sections T, U, Q); and R;, respectively. We can set

H = 0y 5(G) N Ce(T/U) N Cer(02(G)/Qn) N ﬂ Ca(Qi/R:).
i=1
(Here the centralizer of a section A/B is defined naturally as Cg(A/B) = {z € G |
[A,z] < B}.) Then H is a subgroup of (m,n, c)-bounded index, since all the quotients
G/Ca(T/U), G/Cq(0x(G)/Qn), G/Ca(Qi/R;) embed into the automorphism groups
of sections of (m,n,c)-bounded order. The intersections of the images of H with the
sections T/U, O (G)/R,, and Q;/R; are central in H by construction. Let g be the
derived length of U and let f; be the derived length of R;. Then

[H, H' < [0y 5(G),Ca(T/U)]|W N H
<UYWNH
<0z (G)NH,
[02(G) N H,02(G) N H| < [02(G),Ca(02(G)/Qn)) N H
<@nNH,

and

Qi N H,Q; N HY) < [Q;,C (Q /R)Y) N H

(f) A

INCINN

R
Qi1 NH,

where i = 1,2,...,n and Qo = 1. It follows that H is soluble of derived length at most

n
L+g+1+> (1+f),
i=1
which is an (n,c)-bounded number. Thus, H satisfies the conclusion of Theorem 1.1,
which completes our reduction.

Therefore, in what follows we can assume from the outset that G is a nilpotent group
of odd order. We now obtain a ‘weak’ bound, in terms of m, n, ¢, for the nilpotency class
of the subgroup [G, 2" ']. For that we consider the associated Lie ring of [, 2" ],
but preliminary lemmas are stated in terms of abstract Lie rings. To lighten the nota-
tion we write ¥ = 902”_1. We denote by [L,1] the additive subgroup generated by
{-1+1¥]|leL}.
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Lemma 4.1. If L is a finite metabelian and nilpotent Lie ring of odd order admitting
an automorphism ¢ of order 2" such that |CL(p)| = m, then the ideal [L,v] + [L, L] is
nilpotent of (m,n)-bounded class.

Proof. We actually show that the ideal [L,%] 4+ [L, L] is nilpotent of class at most
1+ (m+1)2™. We can assume from the outset that the ground ring contains a primitive
2"th root of 1, since the extension of the ground ring by this root may only increase the
size of the fixed-point subring in terms of n. As in §2, we decompose L into the direct
sum of analogues of eigenspaces L;, which serve as components of a (Z/2"Z)-grading.
Then [L, 4] = L~. Therefore, we need to show that any simple homogeneous commutator
of length 2 + (m + 1)2” in elements of Loqq and [L, L] is trivial. Since [L, L] is abelian,
we can assume that starting from the third place all entries are in Loqq, and all these
entries can be freely permuted without changing the commutator. By [28, Lemma 2.2]
any sequence of 2" — 1 odd numbers can be rearranged to produce an initial segment
with any pre-assigned sum modulo 2. Therefore, we can rearrange the (m -+ 1)2™ entries
of our commutator, starting from the third one, so as to produce m + 1 different initial
segments in Lg. As a result, since |Lg| = m, there will be two different initial segments
equal to the same element in Lg. The longer of these two segments can be substituted
instead of the shorter one, then again in the resulting longer commutator, and so on.
Thus, the commutator becomes equal to an ever longer commutator. Since L is nilpotent
by hypothesis, the commutator is equal to 0. O

Lemma 4.2. Suppose that a finite metabelian and nilpotent Lie ring L of odd order
admits an automorphism ¢ of order 2" such that |Cr(v)| = m and Cr(¢) is nilpotent of
class c. Then v4(L) < [[L, L], 9] for some (m,n,c)-bounded number g.

Proof. AsisLemma 4.1, we can assume that the ground ring contains a primitive 2"th
root of 1 and L is graded by analogues of eigenspaces of ¢, so that [[L, L],%] = [L, L]~.
Consider the ideals J; = [L,L] + L™ and Jo = [L,L] + L™; then L = J; + Jo. By
Lemma 4.1 we have v¢(J;) = 0 for some (m,n)-bounded number f. Since [L,L]™ is an
ideal of Ja, we have 7.41(J2) < [L, L]~ by hypothesis. We now obtain

Viter1(J1+ o) < vp(J1) + Yer1(J2)
<O0+[L, L],

as required. O

Proposition 4.3. Suppose that a finite Lie ring L of odd order admits an automor-
phism ¢ of order 2™ such that |CL(p)| = m and Cr(v) is nilpotent of class c. Then the
Lie ring generated by [L, ] is nilpotent of (m,n, c)-bounded class.

Proof. As before we can assume that the ground ring contains a primitive 2"th root
of 1 and that L is graded by analogues of eigenspaces L; of ¢. We can obviously assume
that L = (L~) = ([L,9]). Consider the lower central series of L. The fixed points of
© in its factors are images of the fixed points in L by Lemma 2.5 (b). Therefore, there
are at most m factors where ¢ is not fixed-point-free. We obtain a series of ¢-invariant
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ideals of length at most 2m + 1, each factor of which is either central or admits ¢ as a
fixed-point-free automorphism. The fixed-point subrings of ¢ in these factors are images
of subrings of Cr(¢) by Lemma 2.5 (b), and therefore are nilpotent of class at most
c. By Theorem 2.2 the factors with fixed-point-free action of ¢ are soluble of (n,c)-
bounded derived length. As a result, L is soluble of (m,n,c)-bounded derived length.
Therefore, it is sufficient to prove by induction on the derived length d of L = (L~) that
L is nilpotent of (d,m,n,c)-bounded class. If d = 1, there is nothing to prove, so let
d > 2. Let R = L(?=2) be the penultimate (metabelian) term of the derived series of L.
By the induction hypothesis, L/[R, R] is nilpotent of (d — 1,m,n, c¢)-bounded class. By
Lemma 4.2, v4(R) < [R, R]™ for an (m,n, ¢)-bounded number g. But v,(R) is an ideal of
L, and therefore [y4(R), L] = 0, since [[R, R]™, Loaa] < Lt and L = (L™). Therefore, in
particular, vg41(R) = 0. It remains to apply Hall’s Theorem 2.4, by which L is nilpotent
of (d, m,n, c)-bounded class, as required. O

We now complete the proof of Theorem 1.1. Recall that we already have a reduction
to the case of a finite nilpotent group G of odd order admitting an automorphism ¢
of order 2™ such that the fixed-point subgroup Cg(v) of the involution ¢ = 302"71 is
nilpotent of class c. For m = |Cg(¢)| being the number of fixed points of ¢, we need to
prove that G has a soluble subgroup of (m,n, c)-bounded index that has (n, ¢)-bounded
derived length.

Recall that the associated Lie ring L(D) of a group D is defined on the direct sum
of lower central factors L(D) = @,7:(D)/vi+1(D). For a € v;(D), b € ~;(D) the Lie
products are defined by [a + vi11(D),b + vj+1(D)] = [a,b] + Vit j+1(D) via the group
commutator [a, b] on the right and extended to L(D) by linearity. This definition is correct
because of the inclusions [v;(D),7;(D)] < vi4+;(D). These inclusions also imply that for
any k and any a; € D,

[a17...7ak]'yk+1(D) = [@1,...ak]7 (4].)

where the left-hand side is the image of the group commutator in v (D) /vk+1(D) and the
right-hand side is the commutator in L(D) of the images of a; in D/y2(D). In particular,
if D is a nilpotent group, then L(D) is a nilpotent Lie ring and its nilpotency class is
exactly the same as that of D.

Counsider the associated Lie ring L([G,%]) of [G,]. By Lemma 2.5 (b) the induced
automorphism ¢ denoted by the same letter has the same number |[Crq ) (@) =
|Ca,p)(¢)| < m of fixed points. Since Cf((a,y))(¢) is the sum of the images of subgroups
of Cig,y¢)(1) by Lemma 2.5 (b), it is easy to see that Cpr(ay))(¢) is also nilpotent of
class at most c¢. By Proposition 4.3 we obtain that L([G,]), and therefore also [G, ],
is nilpotent of (m,n,c)-bounded class k. However, our aim is a subgroup of bounded
index with derived length ‘strongly’ bounded, in terms of n and ¢ only, independently of
m = |Cq(p)|. We will achieve this goal by applying Theorem 1.3 to find a subgroup H
of (m,n, c)-bounded index such that [H,p>" '] is nilpotent of (n,c)-bounded class.

We extend the ground ring by a primitive 2"th root of unity w forming L =
L([G,9¥])®zZ|w]. Then L = Lo@® L1 ®---@® Lon_1 is a (Z/2"7Z)-graded Lie ring with grad-
ing components L;—analogues of eigenspaces of p—satisfying [Ls, L] € Lsit (mod 27)-
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As usual, the Lie ring L([G, 1]) is considered to be embedded in L as L([G,]) ® 1. The
Lie ring L is nilpotent of the same nilpotency class k. We also have |C7 ()| < m?" and
Cr(v) is nilpotent of class at most c.

By Proposition 3.1, the Lie ring L has a nilpotent ideal B of (n,c)-bounded class h
such that BN L~ has (m,n)-bounded index in L. Since [G, )] is generated by elements
x such that ¥ = 2=, it follows that L is generated by elements [ such that {¥ = —I,
that is, L = (L7) = L™ + [L,L]. Then M = B+ [L, L] is an ideal of (m,n)-bounded
index in L. The nilpotency class of M = B+[L, L] is strictly smaller than the nilpotency
class k of L, as long as k was higher than h. Indeed, consider any commutator of weight
k in elements of B U [L, L]. If it involves at least one element of [L, L], then it clearly
belongs to yr+1(L) = 0; otherwise it belongs to 7 (B), which is trivial when k > h.

Consider T' = M N L([G,+]), which is an ideal of the Lie ring L([G,1]) containing
~v2(L([G,])). Taking the ‘full inverse image’ of T modulo v2([G,%]), we obtain a sub-
group G of (m, n)-bounded index in [G,v]. As long as h < k, the nilpotency class of Gy
is strictly smaller than the nilpotency class k of [G,%]. Indeed, consider any commutator
[a1,...,ax] of weight k in elements a; € G1. Since v,11([G, ¥]) =1, by (4.1) we have

[al,...7ak] = [dl,...,ak},

where @; is the image of a; in [G,¥]/72([G,v]). By construction, a; € T, and therefore
the Lie ring commutator on the right is equal to 0 if k& > h, which also means that
[al,...,ak} =1.

By the Bruno—Napolitani theorem [2, Lemma 3] (see also Theorem 2.7), there is
also a characteristic subgroup of [G,1] that has (m,n)-bounded index in [G, %] and
is nilpotent of class at most & — 1. Changing notation we denote this subgroup again by
G1, which is now normal in G and p-invariant. Then the product Gy = G1Cq(v) is a
p-invariant subgroup of G of (m, n)-bounded index (the latter because G = [G, ¥]Cq(v)
by Lemma 2.5 (b)), and the nilpotency class of [G2,9] < G is strictly smaller than
k. We can now apply the same arguments to Ga, and so on, at each step obtaining a
p-invariant subgroup Ga; containing C () and having (m, n)-bounded index in Ga;—o
such that [Ga;,¥] has nilpotency class strictly smaller than that of Go;_o—as long as
the latter remains greater than the (n,c)-bounded number h given by Propositon 3.1.
The number of these steps is (m,n,c)-bounded, since the nilpotency class of [G, ] is
(m,n, c)-bounded. As a result, we arrive at a subgroup H of (m,n, ¢)-bounded index in
G such that [H, 1] is nilpotent of (n, ¢)-bounded class at most h. Since Cp(¢) is nilpotent
of class at most ¢ by hypothesis, this subgroup H is soluble of (n,c¢)-bounded derived
length. By Theorem 2.7, there is also a characteristic subgroup of (m, n, ¢)-bounded index
in G that has the same derived length as H. (]

Remark 4.4. The condition in the theorem that C(¢2?" ) is nilpotent of class ¢ can
be weakened to requiring all Sylow subgroups of Cg(<p2"71) to be nilpotent of class at
most c. Indeed, that condition is not used in the reduction at the beginning of the section
to the case G = Oy (G). After that, as we saw, it is sufficient to consider the factors Q; of
the Fitting series of Oy (G). If all Sylow subgroups of Ca(9?" ") are nilpotent of class at
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most ¢, then Cg, (<p2”71) is nilpotent of class at most ¢ for every 7 and we find ourselves
under the hypotheses of Theorem 1.1.

Similarly, in Corollary 1.2 the condition that Cg(g2n_1) is nilpotent of class ¢ can be
weakened to requiring all nilpotent subgroups of 00(92”71) to be nilpotent of class at
most ¢, because when applying the inverse limit argument to a system of finite subgroups
containing g, we would be able to use the aforementioned stronger version of Theorem 1.1.
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