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It is shown that the set of conservation laws for the nonlinear system of equations describing
plane steady potential barotropic flow of gas is given by the set of conservation laws for the
linear Chaplygin system. All the conservation laws of zero order for the Chaplygin system are
found. These include both known and new nonlinear conservation laws. It is found that the
number of conservation laws of the first order is not more than three, assuming that the laws
do not depend on the velocity potential and are not non-obvious ones. The components of
these conservation laws are quadratic with respect to the stream function and its derivatives.
All the Chaplygin functions are found, for which the Chaplygin system has three non-obvious
conservation laws of the first order that are independent of velocity potential. All such
non-obvious first-order conservation laws are found.
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1 Introduction

This paper is devoted to the calculation of conservation laws for the system of differential
equations describing the plane steady potential barotropic (isentropic) flow of gas. The
conservation laws are powerful tools for the study of nonlinear systems of differential
equations and can be applied for the construction of weak solutions. Some additional
conservation laws for steady potential flow were found early in the work of Loewner [7],
where he identified some useful conservation laws for more general system (also see
Morawetz [9]). The importance of entropy functions (i.e. where additional conservation
laws hold) in constructing weak solutions for transonic flow problems has been recognised
in some recent papers, such as Chen et al. [1].

We use the following basic concepts of the theory of conservation laws [2,10, 14].

Let (S) be an arbitrary system of differential equations for m > 1 unknown functions u =
(ug, Uz, ..., uy) of n = 2 independent variables x = (xy, X3, ..., x,). Denote by [S] the
submanifold of the prolongation manifold [10,14], defined by the equations of system (S)
and all its differential prolongations.
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A conservation law for system (S) is a vector A = A(x, u, lll, lzl,...) = (A1, Az, ..., Ap)
such that
(D-A)g =0,

where D = (Dy,D,, ...,Dy) and D; = Dy, (j=1,2,...,n) — an operator of total differ-
entiation with respect to the variable x;. The highest order for the derivatives of the
dependent functions ujy, u, ..., u,, with respect to the independent variables xi, x, ..., X,
appearing in the expression A, is called the order of the conservation law.

Any conservation law is determined within a constant factor. Any conservation law A
is called trivial [10] if

(D A)sy =D (Algsy) = 0.

Two conservation laws are equivalent if their linear combination is a trivial conservation
law.

The set of conservation laws for system (S) is divided into non-intersecting classes of
equivalent conservation laws. The conservation law can be trivial for two reasons [10].
The triviality of the first type consists of Aljs) = 0. This triviality is easy to eliminate if
we consider only a projection of vector A on manifold [S]. The second possible type of
triviality arises when the condition on divergence

D-A=0

is valid for all functions uy, uy,..., u, of variables xi, x,..., x, irrespective of whether
or not these functions are solutions of the given system of differential equations. A
description of all conservation laws of the second type is presented, for example, in [10,
Theorem 4.24].

Generally speaking, by definition the trivial conservation law is a linear combination
of trivial conservation laws of two specified types.

The set of conservation laws for system (S) is divided into non-intersecting classes of
equivalent conservation laws.

A classification of conservation laws is of interest only within equivalence so
that the conservation law will be understood as a class of equivalent conservation
laws.

If system (S) is the linear system of differential equations, i.c. has a form

L[u] =0, (1.1)

where L is a linear operator then using the operator Green’s formula we obtain
v-Lul —u-L"[v] =D -A, (1.2)
where L* is a conjugate operator. It follows that any linear system (1.1) has the con-

servation law A = A (w,v,...), determined by the operator Green’s formula (1.2), where
v = v(x) is any solution of the conjugate system of equations

L"[v] =0.
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This functional arbitrariness of the conservation law, given by the function v, is a
consequence of the linearity of the system of equations (1.1).

A conservation law for the linear system of equations (1.1) that is a linear combination
of trivial conservation laws and conservation laws generated by the operator Green’s
formula (1.2) is called an obvious conservation law [2,3], otherwise it is non-obvious
conservation law.

2 Basic equations and relations

The plane steady potential barotropic flow of gas is described by the following equations
[8,13]:
2 2
uux—}-vuy—l—%px =0, uvx—l—vvy—i—%py =0, 1)
upx +uvp, —i—p(ux—i—vy) =0, vx—u,=0,

where x = (x,y) € R%, u = u(x) = (u,v) is the velocity, p = p(x) is the density, ¢> = Z—ﬁ,
¢ =c(p) > 0is the speed of sound, and p = p(p) is the pressure.

Introduction of a velocity potential ¢ = ¢ (x) and a stream function p = y (x) by using
formulas

(rbx = us (Iby = U’ 1Px = _pva 1Px = pu (22)
allows us to write system (2.1) in terms of new variables { and ¢

(= / qu, o= arctgg, q = lu. (2.3)
q u

This hodograph transformation recasts the initial system (2.1) into the form of the
Chaplygin system [4,12,13]

be =wi, e =—K (0w, (2.4)

with the Chaplygin function

K@) =—5— (K (0)>0),

where M = ¢g/c is Mach number.
Elimination of velocity potential from equations (2.4) leads to the Chaplygin equation
[4,11,13] for the stream function

e + K (§)woe = 0. (2.5)
We now find conservation laws for systems of differential equations (2.1), (2.4), and

(2.5).

3 Transformation of conservation laws

Let us consider a correspondence for the conservation laws of the initial system (2.1) and
the conservation laws of the Chaplygin system (2.4).
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The conservation laws for the system (2.1) are given by a relation
(D - B)a1y =0, (3.1)

here B = B(x, u, p,u, ,ll), u, ﬁzi, ) = (By,B2), D = (D, D,).
The conservation laws for the Chaplygin system (2.4) are given by

(D - Ay =0, (3.2)

here A = A(C56$w9¢’1{)5 ¢’lé)’¢"") = (AISAZ)S D = (DQ'SDO-)'
1 2

Theorem 3.1 Let the Jacobian J = géz;)) + 0. Then any conservation law for the nonlinear

system of equations (2.1) is one of the form B = (By, B,), defined by
B = —ﬁ ((uyo —uwy) Ay + p (uuy +vvy) A;),
By = % (uxv — uvy) Ay + p (uuy + voy) 42),

[u]

(3.3)

where A = (A1, Ay) is the conservation law for the linear Chaplygin system (2.4 ). Conversely,
if B = (By, By) is the conservation law for the nonlinear system (2.1), then A = (A1, Ay) is
the conservation law for the linear Chaplygin system (2.4), where

2
A= % (¢xB1 +4yB2), A= ;% (0xBi +0,B,). (34

Proof. By direct calculations it is established that for any two functions By, B, the
following identity holds:

1
DBy +DyB, = %Dl (J ((uuy +vvy) By + (uuy +wvv,) Bz)>
u
J 1
|1:17D0 (pJ (_ (uxv — qu) Bl + (qu — qu) Bz)) .

The theorem follows.

This theorem allows us to reduce the problem of finding conservation laws for the
nonlinear system of equations (2.1), describing the plane steady potential barotropic flow
of gas, to the problem of finding conservation laws for the linear Chaplygin system (2.4).
It should also be noted that the set of conservation laws for the Chaplygin system (2.4),
which do not depend on the velocity potential ¢, coincides with the set of the conservation
laws for the Chaplygin equation (2.5).

4 Conservation laws of zero order

The conservation laws of zero order for the Chaplygin system (2.4) have the form of (3.2),
in which
A=A 0,9, ¢)=(41,47). (4.1)
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4.1 Obvious conservation laws

The Chaplygin system (2.4) has the form of (1.1) with the linear operator

0r —0
L= : 7
(K (00, o >
and a dependent vector function u = (i, ¢)”.
In this case an adjoint operator is determined by the formula

L' =-L",
and the operator Green’s formula (1.2) takes the form
v-Lul —u-L"[V] = D¢ (019 + v2¢) + Do (—01¢ + K () v2y), (4.2)

where v = (v1,v2)7 is any solution of the adjoint system of equations

or, because of the similar structure of operators L and L*, the vector-function w = (v, vl)T
is a corresponding solution of the Chaplygin system

L{w] = 0. (4.3)

The Green’s formula (4.2) generates an infinite number of obvious conservation laws
of zero order for the Chaplygin system (2.4), determined by the vector A = (A4, 4,) with
components

A =vip +0md, Ay =-—-vidp+K (). (4.4)

It should be noted that by virtue of (3.3) and (3.4) the conservation laws for system
(2.1) up to a trivial conservation law, obtained in [15], are generated by the first-order
conservation laws (4.4). In fact, the conservation laws for system (2.1) of [15] are

Bl =fpu+gv, B2=fpv_gu5 (45)

where w = (g, f)T

For

is an arbitrary solution of the Chaplygin system (4.3).

vy = _f(r, U2 = —80»

the conservation laws for the Chaplygin system (2.4), generated by the conservation laws
(4.5) and with the help of (3.4), have the form

A1 = Ds (fy +29) + (t1p + 020),
Ay = —D¢ (fy + g¢) + (—v1p + K ({) vay)

and are the sum of a trivial conservation law and the conservation law (4.4).

https://doi.org/10.1017/5095679251300017X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251300017X

794 Y. A. Chirkunov and S. B. Medvedev
4.2 Non-obvious conservation laws

Finding non-obvious conservation laws of zero order for the Chaplygin system (2.4)
corresponds to solving (3.2) with (4.1).
Splitting (3.2) for parametric derivatives leads to a system of determining equations

6,1,/11 + 6¢A2 =0, awAz —K () a(/,Al =0, 65141 + 0,4, =0. (4.6)

To investigate the consistency of this over-determined system it is necessary to prolong
or differentiate it [10].
After the first prolongation, the following equations are added

ai,Al +K (C)aiAl =0, 00,41 —040:41 =0, 0,0:41 +K ({)0y0,41 =0. (4.7)
After the second prolongation, the following equations are added

092y ;A1 + K (£) 350,41 = 0, 3y (A1 + K (£)3741) =0, 48)
(3K (0)) 3341 + K (0) (830:41 — 040,,0,41) = 0. |

As a result, the system is an involution and it is possible to find its general solution.
From the last equation of system (4.8), the second equation of (4.7) and conditions
0:K ({) > 0 for the Chaplygin function, it follows that

624, =0, (49)

From this relation, the first equations of systems (4.7) and (4.8) respectively are reduced
to

0p A1 =0, 040,0:41 =0, (4.10)

and the second equation of (4.6) gives
040,0,4; = 0. (4.11)
The general solution of systems (4.6)—(4.11) is easily found and has the form
Ay =2cy¢ + (01y + 02¢) + Do f,
Ay =c(KQ)p*—¢*) + (—vip + K () vay) — Def,

where ¢ is an arbitrary constant, f = f ({,0,, ¢) is an arbitrary function and the vector
function w = (v5,01)7 is any solution of system (4.3).

Thus, the Chaplygin system (4.3) has a unique solution up to the obvious conservation
laws

A1 =2p¢, A=Ky’ -4 (4.12)

The corresponding conservation law for system (2.1) is obtained from (4.12) by (3.3)
and has the form

B, = _:'2 296 (uy0 —uvy) + p (s, +v0,) (K (O 9* — %)),
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1
B, = W [21P¢ (uxv — uvy) + p (uuy + voy) (K (C)wz - ¢’2)] .

For system (2.1) this is the non-local conservation law of the first order with two non-local
variables y and ¢.

5 Conservation laws of the first order

The conservation laws of the first order for the Chaplygin system (2.4) is given by (3.2),
in which

A=A(C,a,w,¢,tpg,wg) = (41, 4;). (5.1)
Substitution of (5.1) in (3.2) and splitting of parametric derivatives lead to a system of
determining equations

K (z)aw;Al - alpaAZ =0, alpﬁAl + al/);AZ =0,

(5.2)
0 A1 + y0pAr — K (0 we0pA1 + 0542 + 150, As + 903 As = 0.
After the first continuation, the following equations are added
Oy A1 K () oAr =0, By @y — By, @+ 0,41 +3yd> =0,
0y, @1+ K ({) 0y, P2 — K ({)0pA1 + 0,42 =0, (5.3)

& =0¢ A1 +y0,A1 — K ({)s0pA1, P2 =05A41 + 10,41 +1p0pAy.

Next, we consider two special cases: (1) the conservation laws are linear in the derivatives
Yr, Yo (2) the conservation laws do not depend on the potential ¢.

5.1 Conservation laws linear in derivatives

We consider the conservation laws for the Chaplygin system that are linear with respect
to the derivatives and have the following form:

Al =f1 (C,Uﬂpﬂﬁ)w +f2(C,U,1P>¢)1Pa +f3(C,0,lp,¢),

AZ =81 (C,O',U’Jb)WC +g2 (Lo'al/)»‘f))l% +g3 (Caaslp7¢)'

(5.4)

Substituting (5.4) in (5.2) and (5.3) and the splitting of the parametric derivative y;, p,
yield an over-determined system

g =K f, g =—f

0pf2=0pf1, Opf3+0pgs = 0sf2 — 0 f1,
K (§)0pf3 —0pg3 = 0rf2 + K (L) 0 f1,
Ocf3 + 0,23 =0.

(5.5)
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After the first prolongation, the following equations are added

0:083 +02f1 + K (0) (051 — 0:04f3)
0383 + 0:0pf1 — 050y f1 + 090 f3. (5.6)
090,83 + 00, f1 + K () (9,04f1 — 03f3) = 0.

After the second prolongation, the following equations are added

(0K () 94P =0, 08;P =0:0,P =0,0,P =0, 5
P + K (()O2P =0, P =04fs—0.f1. '

The system (5.5)—(5.7) is in involution and its general solution is easily found. Substi-
tuting this solution into (5.4) gives all the conservation laws for the Chaplygin system,
linear with respect to the derivatives

A =D, [Q + ayp? / K (Q)de — / vlda} 20 + (o1 + 026

Ay =Dy {Qﬂwz/K(c)dc —/vlda} +a(KQ)yp*—¢°) +
+ (—v1p + K (O vay).

Here Q = Q({,0,y, ¢) is an arbitrary function, a is an arbitrary constant, and w = (vp,v1)7
is any solution of the Chaplygin system (4.3).

It follows that all the conservation laws of the form (5.4) for the Chaplygin system
(2.4) are given by zero-order conservation laws, defined by (4.4) and (4.12), up to trivial
conservation laws of the first order.

5.2 Conservation laws independent on potential

We now find the conservation laws of the first order for the Chaplygin system which do
not depend on the velocity potential ¢. We consider the conservation laws of the form

A=A (C,U,%W: WJ) = (AI:AZ) . (58)

The set of conservation laws of type (5.8) for the Chaplygin system (2.4) coincides with
the set of conservation laws of the first order for the Chaplygin equation (2.5).

The obvious conservation laws for the Chaplygin equation (2.5), generated by the
operator Green’s formula are

A= Uy — oy, A=K (‘:)(WPJ - an),

where v = v ({, 0) is any solution of equation (2.5). Substitution of these conservation laws
in (3.3) gives the conservation laws for system (2.1).

Next we solve the classification problem of the Chaplygin equation (2.5) for the non-
obvious conservation laws of the first order.
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With the help of characteristic variables

i= [ VR Qe +o, u= [ VK@i o (59)

equation (2.5) is written as

1
Wi — 70 (wi+wu) =0, (5.10)

where

0=0() = (5.11)

VKO

and { is implicitly defined by the equation

Atu= 2/ V=K ().

A set of conservation laws of the first order, A = (4 ({0, v0y0),
Ay (L, 0,9,9:,1,)) for equation (2.5) such that

(DgA] + D,;Az) 0

(235 —
lies in the set of conservation laws with components
Ar=Fi(Lww,én)+ Fa(Auww,¢,n),
A2 = _K (é) (Fl (;v’#aw,é:”l)_Fz (;“’:u!lp’éan))»

where A, u are defined by (5.9),

(5.12)

5=1<wa+w> nzl(wc_w)

2\ JK© ) 2\ J-K(©O °

and the vector F = (Fy (A, 1,y v, yu), Fa (A 9, v,,,)) is the conservation law of the
first order for equation (5.10) such that

(D;VF] —f—DMFz)[ 0.

(5.10] —

The Laplace invariants for equation (5.10) are [5,6,11]

k=h= % ((0’)2 - 200”) . (5.13)
The Chaplygin equation (2.5) with the Chaplygin function K ({) # 0 is equivalent to
the Laplace equation for k = h = 0. From (5.13) this is possible only if K ({) = —m,
where a % 0, b are arbitrary constants. In this case, the Chaplygin equation has infinitely
many non-obvious conservation laws of the first order.
If K() = —m then the transformation yp = 2 reduces equation (5.10) to the

pEuT
form w;, = 0. It follows that in this case the non-obvious conservation laws of the first
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order for equation (2.5) are determined by formulas

1 1
A1 =fi <M+ s (aC‘Fb)lPC—W%-FmP)

1 1
+ 12 (aa— aCT,(aC"‘b)’PC + m#’o +C“,U) ,

1 1
A= (aCij)zfl ( g b,(aCer)wg C+bwa+aw>
1 1
_(aC—}—b)zfz( W,(aé+b)UJC+WWJ+aw>,

where f1 and f, are arbitrary analytic functions.

If h % 0, then the first Ovsyannikov invariant I{ = % =1 [2,11,14]. Using classification
of conservation laws of the first order for linear differential equations of the second order
with two independent variables [2,3], we get two partial results for equation (5.10). The
first partial result for equation (5.10) has no more than three non-obvious conservation
laws of the first order and their components are quadratic functions on stream function
yp and its derivatives vy;, y,. The second partial result for equation (5.10) has three
non-obvious conservation laws of the first order if and only if the second Ovsyannikov
invariant I, is identically constant, i.e.

1
I, = W (Inh),, =y = const. (5.14)

The classifying equation (5.14), which determines all the Chaplygin functions K ({), is
written by using (5.11), in the form

40 (0 (in((0)* - 200”))') =7 ((0) —200"). (5.15)

The general solution of the ordinary differential equation (5.15) is given in [11] and has
the form
K@) =—2 4K0(°‘3C+°‘4), (5.16)
(1L + o) ol + oo
where «; (j =0, 1, 2, 3, 4) are arbitrary complex constants satisfying o (c104 — 0203) & 0
and the generating function Ky ({) is such that
1. for y = 0 there will be two generating functions

or
Ko(0) = _?12 (5.17)

or
Ko (0) = (Jo (1), (5.18)

where t is implicitly defined by equation {Jy (1) — Y (t) = 0 and Jj () is the Bessel function
of the first kind and order zero, Y; (t) is the Bessel function of the second kind and order
zero.
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2. For 7y £ 0 it is convenient to introduce a new parameter o instead of y. We put
2
;zoc(a—l—l), o+ —1,0. (5.19)

In this case, there will be three generating functions:

Ko({)=—{ "m0 (oc +—1, —%, 0) (5.20)

or
Ko(0) = ¢, (cx = —;) (5.21)

or
Ko () = (P, (1)), (5.22)

where t is implicitly defined by equation (P, (t)—Q, () = 0, P, (¢) is the first kind Legendre
function of degree o, and Q, (¢) is the second kind Legendre function of degree o.

The results for the classification of linear differential equations of the second order
with two independent variables with respect to the conservation laws of the first order,
obtained in [2], allow us to find all non-obvious conservation laws of the first order
for equation (5.10) with canonical Chaplygin functions K ({) = Ko ({) given by formula
(5.17)—(5.22), and, consequently, by (5.12), and for Chaplygin equation (2.5).

IfK ()= —:iz then

1 2

Fl =e 2 <(C1 +czu) <l/)u — ()»,"‘ 4> l/))
) 1 ) 1 2 2
tlaitap w4+ v |vt{a{m—g)-alu)y

(5.23)
A " 1 2
F,=e¢7 <(C3 —24) (w;. — (ﬂ + 4> W)
) 1 1 2.2
tlaitan(vi—{ntg)v)vt{alin—g)—au )y ),
where ¢y, ¢; and ¢3 are arbitrary constants.
If K () = (Jo (r))* then
Fi = Jy (i1) ((clez" +¢2) (4w + (21— l)w)2

-2 ((,'16_2/1 + C3e_2ﬂ> (4% + (ZT - l)w) P

+ e (3 (1 —2) — crte ) p?)
(5.24)

F>=Jy (it) (3¢ — ¢2) (4w, + 2t — 1) )’
—2(cre™ + e ™) (4, + Qr— D)y
+4e7% (c1 (t—2)+ czrefz") 1,02) ,

2

where 1 = ¢72*+1 2 = —1, and ¢, ¢, and c; are arbitrary constants.
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IFK () =—{"%, a4 —1,—1, 0 then
1 2
Fi=(+w™ ((Cl + cap+ e3p?) <wﬂ + (r — 4> w)

—a(a+1)w<(Cz+63(u—/1))(wu+(f-i)lﬁ)
_ <}j_ ( cl—i—cz/l—cm )w>>

Fr=0+uw™> (( cl—l—czﬂu—cﬂ < +

—a(a+1)w<(cz+cz(u—ﬂ ( +( )w)
T
<X+ (C1+C2M+C3ﬂ ) >)

and ¢y, ¢; and ¢;3 are arbitrary constants.

(5.25)

ofa+1)
At

If K ({) = ¢* then the components F;, F, of the conservation law of the first order for

equation (5.10) are determined by formulas (5.25), in which one has to put o = —1

If K () = (P, (¢))* then g

2
Fi=P,(¢) ((clezw — 2+ c3) (m + (r - i) ¢)

—2(c2e™ —c3 (1 + &'*1)) (qﬁu + (r — i) ¢>> ¢

+ (2 (- c1 + e — c3ePt) e+ cyp) ¢,

where T =

) (5.26)
-2y —yA P(A4p) 1
Fy=P, (&) | (—ere™" + e —c3) [ 1+ | 1€ 3 ¢
) ) 0 1
N, Pai(Cay) (cze"‘ — (1 4 eVt )) <¢ + (re' Atu) 4) ¢) ¢
+ (‘52 (clezv" — e’ + 63) — 63))) ¢2) ,
where o and f are related by (5.19), t = W ¢ = —cthaﬁ_”l) and ¢y, ¢; and ¢; are

arbitrary constants.

6 Conclusion

Consequently, the Chaplygin equation (2.5) has at most three non-obvious conservation
laws of the first order and their components are quadratic functions of the stream
function v and its derivatives vy, y,. The Chaplygin equation (2.5) has three non-obvious
conservation laws of the first order only for the Chaplygin functions of the form (5.16)
with the function K ({) given by any of the formulas (5.17), (5.18), (5.20)—(5.22). The
substitution of (5.23)—(5.26) into (5.12) gives the non-obvious first-order conservation laws
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for the Chaplygin equation (2.5) with canonical Chaplygin functions; these are the first-
order conservation laws, independent of the velocity potential, for the Chaplygin system
(2.4).

By virtue of (3.3) these conservation laws generate nonlinear, non-local (with non-local
variable — stream function 1) conservation laws of the first order for the nonlinear system
(2.1), describing the plane steady potential barotropic gas flow.

Acknowledgements

This work was supported by the Government grant of the Russian Federation for support
of research projects implemented by leading scientists in the Federal State Budget Educa-
tional Institution of Higher Professional Education, Lomonosov Moscow State University
under the agreement No. 11.G34.31.0054, and by the grant of Russian Foundation for
Basic Research No. 11-01-12075-0fi-m-2011.

We thank an anonymous referee for helpful references.

References

[1] CHEN, G.-Q., SLEMROD, M. & WANG, D. (2008) Vanishing viscosity method for transonic flow.
Arch. Ration. Mech. Anal. 189, 159-188.

[2] CHIrRKUNOV, YU. A. (2007) Group Analysis of Linearand Quasi-Linear Differential Equations,
NGUEU, Novosibirsk, Russia (in Russian).

[3] CHIrRKUNOV, YU. A. (2010) On the symmetry classification and conservation laws for quasilinear
differential equations of second order. Math. Notes 87, 115-121.

[4] IBrRAGIMOV, N. H. (1994) CRC Handbook of Lie Group Analysis of Differential Equations,
Vol. 1: Symmetries, Exact Solutions, and Conservation Laws, CRC Press, Boca Raton, FL.

[5] IBrAaGIMOV, N. KH. (2004) Invariants of hyperbolic equations: Solution of the Laplace problem.
J. Appl. Mech. Tech. Phys. 2, 158—-166.

[6] LaprLACE, P. S. (1893) Recherches sur le calcul integral aux differences partielles. Memoires de
Sciences de Paris. 1773/77, pp. 341-402. (English translation: LAPLACE, P. S. (1966) Oeuvres
Completes, Vol. 9, Gauthier-Villars, Paris, France, pp. 5-68.

[71 LoewnNER C. (1953) Conservation laws in compressible flow and associated mappings. J. Ration.
Mech. Anal. 2, 537-561.

[8] Misgs voN, R. (1958) Mathemetical Theory of Compressible Fluid Flow, Academic Press, New
York.

[9] Morawerz, C. S. (1985) On a weak solution for a transonic flow problem. Comm. Pure Appl.
Math. 38, 797-818.

[10] OLver, P. (1986) Applications of Lie Groups to Differential Equations, Springer-Verlag, New
York.

[11] Ovsyannikov, L. V. (1960) Group properties of the Chaplygin equation. J. Appl. Mech. and
Tech. Phys. 3, 126-145 (in Russian). [English translation in: Lie Group Analysis: Classical
Heritage, ALGA, Karlskrona, Sweden (2004)].

[12] OvsyannNikov, L. V. (1962) Group Properties of Differential Equations, SB AS, Novosibirsk,
Russia (in Russian).

[13] OvsyannNikov, L. V. (1981) Lectures on the Fundamentals of Gas Dynamics, Nauka, Moscow
(in Russian).

[14] Ovsyannikov, L. V. (1982) Group Analysis of Differential Equations. New York, Academic
press.

[15] Ryrov, A. L. (2002) Equations SA Chaplygin and an infinite number of uniformly-divergent
equations of gas dynamics. Doklady RAN 383, 34-36.

https://doi.org/10.1017/5095679251300017X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251300017X

