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In this paper, we concern with a backward problem for a nonlinear time fractional
wave equation in a bounded domain. By applying the properties of Mittag-Leffler
functions and the method of eigenvalue expansion, we establish some results about
the existence and uniqueness of the mild solutions of the proposed problem based on
the compact technique. Due to the ill-posedness of backward problem in the sense of
Hadamard, a general filter regularization method is utilized to approximate the
solution and further we prove the convergence rate for the regularized solutions.
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1. Introduction

Let Q C RY be a bounded domain smooth boundary 9 (being of C? class for
N < 3). We shall consider the following backward problem for time fractional wave
equations

ofu — Au = f(t,z,u), x€Q, te(0,T],

u(t,xz) =0, x €dQ, te(0,T], @)
dyu(0,z) = 0, x €, '
u(T,z) = g(z), x €,

where 0y = 0/0; and 0§ is the Caputo fractional derivative of order « € (1,2)
defined by (see [15, 23])

t
ofu(t,x) = L ) /0 (t—s)'"*0%u(s,x)ds, t>0,

N2 -«
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provided that the right side is point-wise defined on [0, 00), where T'(-) stands for
Gamma function. f is a nonlinear function which will be satisfied some suitable
assumptions.

Due to the nonlocality of fractional derivative, which reveals a powerful tool
for describing anomalous diffusion process, because it is fitted into the power-law
behaviour of anomalous diffusion phenomena (including subdiffusion and superdif-
fusion, there are not applicable the Fick’s law any more). As for the fractional
wave equation while sometimes it is called the superdiffusion equation, it is also
substituted for modelling the propagation of diffusive waves in viscoelastics solids
frequently, see e.g. [11, 12]. This is one of the reasons that many researchers pay
attention to study these problems, see e.g. [1, 3, 8, 16] and the related references
therein.

If the finial value condition u(7T,z) = g(z) in problem (1.1) shall replace by an
initial value condition u(0, z) = y(x), then problem (1.1) is called the forward prob-
lem of time fractional wave equations. As we know, there are many papers coping
with forward problems of time fractional wave equations, for example, Li and Wang
[9] studied some regularity properties of time fractional stochastic wave equation
which is forced by an additive space—time white noise. The regularity of weak solu-
tions for time fractional wave equations has been studied by Otarola and Salgado
[13]. As for backward problem, which is one of the main topics of inverse problem,
we find that there are still few papers about backward problem for time fractional
wave equation, Wei and Zhang [22] studied the existence, uniqueness and condi-
tional stability for the backward problem, the Tikhonov regularization method has
been used to solve regularized solution. Following this paper, Tuan et al. [18] con-
sidered some existence and regularity results for finial value problems (also called
backward problems) with respect to linear function as well as a regularizing scheme
by using a modified regularization method in [17], compared with these methods
and conclusions, we improve the existence results on some weaker nonlinear func-
tions in this paper, additionally, we find that it is hard to check a positive constant
Lg such that an estimate of Mittag-Leffler function is valid for some observed point
t = T in view of its the approximation form (see the discussion after (2.2)). In order
to overcome this difficult, we propose a suitable concept of mild solutions. Huynh
et al. [5] studied the regularized solution for an inhomogeneous problem in a gen-
eral bounded domain by applying the fractional Landweber regularization method.
Inspired by the above research studies, we will consider several existence results
under some different conditions of nonlinear functions.

On the contrary, another issue worthy of consideration for backward problem
about time fractional wave equation is seriously ill-posed in the sense of Hadamard,
that is, even if a solution will exist and it is uniqueness, but it is not stable, in a
word, it does not depend continuously on the given data. In order to achieve it
at practical applications, many numerical methods are proposed to study the ill-
posedness behaviour, the regularization solution and error analysis are also given.
Additionally, one finds that the backward problems have emerged in optimal con-
trol, mathematical finance and so on. Some theoretical analyses are established to
study these problems contained with the properties of solution of existence, unique-
ness, regularity and convergence. In fact, our problem is seriously ill-posed, it urges
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us to prove the convergence rate for the regularized solutions. For more details
about backward problems, for example, we refer to [2, 4, 6, 14, 19, 20, 24] and
the related references therein.

The rest of this paper is as follows. In §2, we introduce some concepts, prelimi-
naries and the properties of Mittag-Leffler functions. In § 3, we derive the solution
representation of problem (1.1), some useful properties of solution operators also
will be discussed. Furthermore, several existence results are obtained in §4, which
do not necessarily satisfy Lipschitz condition or smoothness of nonlinear functions.
In §5, a regularization method is proposed to approximate the solutions.

2. Preliminaries

In this section, some preliminaries will be presented in order to derive the solution
representation as well as our main results.

2.1. Fractional power spaces

We adopt the eigenvalues of the Laplacian operator L = —A. Since the oper-
ator L is nonnegative and self-adjoint in Sobolev space H{(f2), there exists an
orthonormal basis of L?(Q) consisting of eigenfunctions ¢y, € Hg (), k=1,2,...,
that correspond to eigenvalues

0< A <A< <A <oee /o0,

which satisfy
Loy = A, in Q, ¢ =0, on ON.

We first take the domain H*(€2) = D(L®) of the fractional power operator L°, for
s = 0, the space is introduced by

HE (D) = {u € L*(Q): Zx\is|uk|2 < oo} ,
k=1

as the Hilbert space of functions

ult,z) =) = (u,dn)i(z) € L*(Q),
k=1 k=1
equipped with norm
lallFee oy = D AR el
k=1
Let X,Y be two Banach spaces, B(X,Y") stands for the space of all linear bounded
operators from X into Y. Now, we consider a Banach space X with the norm || - || x,

specially, let the norm of space L%(£2) be given by || - || and inner product is defined
as (+,-). We denote by C([0,T]; X) a Banach space of all continuous maps from
[0,T] into X with sup,¢(o 7y [u(t)l|x < oo, C"((0,T7; X) stands for a Banach space
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of all weighted continuous functions mapping (0, 7] into X with exponent n € (0, o]
as follows

(0, T]); X) = {u € C((0,T); X) : lim ¢"[u(t)|x exists and ﬁnite},
equipped with the norm

lullenomyxy = sup #u®)llx.

Itx

Let 1 < p < oo and let LP(0,T; X) denote the space of the compositions of all the
p-integrable Lebesgue measure functions equipped with the norm

T 1/p
ullzeo,rix) = (/ ||u(t)|§(dt> < o0,
0

and L>(0,T; X) stands for the space of essentially bounded functions.

2.2. Mittag-Leffler functions

Let us recall the Mittag-Leffler function E, g(-), for more details, we refer
o [7, 10].

o0 k

z
:5 _— R )
2) kzor(k 3’ a>0,0eR, ze€C

The function E, g(z) is an entire function, and so it is real analytic when restricted
to the real line. Moreover, the approximation form of Mittag-Leffler function is
given by

N
1 1
ZF fak: zk+0(zN+1>’

k=1

with |z] — oo, u < Jarg(z)| < 7 for > 0, and N € N. In particular,

Baa(z) = *r(%a)% +0 (;) : (2.1)

with |z] — oo, p < |arg(z)| < 7 for p > 0.

LEMMA 2.1 [15]. Let 0 < a < 2, and 8 € R be arbitrary. Suppose that u is such that
maf/2 < p < min{r, wa}. Then there exists a constant M = M (o, 8, 1) > 0 such
that

M

Ea z gia
|Ea.(2)] T+ 7]

i < Jarg(2)] < .

LEMMA 2.2 [15]. Let 0 < o and A, a > 0. Then
(i) £(Ba(=AtY)) = =At*"1Eq o(—At*), for t > 0;

(il) L(t* 1 Eq a(—M)) =t 2Eq q_1(—=At), fort > 0.
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LEMMA 2.3 [1]. Let 1<8<2, f/€R and XA>0. Assume that 0 < <1,
0 < v < B. Then there exists a positive constant C1 such that

|Nt” Eg g (M) < Cr =P, ¢ > 0.

LEMMA 2.4 [22; lemma 3.2]. For 1 < a <2 and any fized T > 0, there is at most
a finite index set © = {kyi,ka,...,kn} such that Eq1(—AT*) =0 for k€ © and
Eo1(—=AT*) # 0 for k € N\O.

LEMMA 2.5 [22, lemma 3.6]. Let 1 < a < 2. Then there exist positive con-
stants M_, M, depending on «, T and finite eigenvalues N, with k €
{k1,ka2, .. kntm }\©O, m € NU{0} such that

M- M

= < |Baa (T < =, keN\6.

>\k ’ )\k:

Noting that, in view of the approximation form of Mittag-Leffler function (2.1)

and lemma 2.4, there exists Ly > 0 such that

1
(1 — AT

for 1 <a <2, thus Ey1(=AT%) =0 only if A\T* < L. Since limy_oo A\, =
+00, there are only finite A\, satisfying \,T < Lo with k € ©. According to
the abovementioned discussions and related lemmas, we know that there exist
some finite Ay and T such that E,:(—A\T%) =0, for every ke ©. Thus,
throughout this paper, we shall get rid of the part of k€ © in A; and
set Eq(—AT?) := Eq1(—M\T%) #0 for ke N\O, with using these notations
Ea(=Apt®) = Eq 1 (—Ait®) and &y g(—Apt®) := Eq g(—Ait®), for k€ N\O. Con-
sequently, similarly to lemma 2.4, lemma 2.5 and (2.2), together above arguments
and lemma 2.1, one can check the following inequalities obviously, for k € N\O,

Eo1(=M\T%) < 0, M\T“> Lo, (2.2)

t >0,

Cc— o C+ o C+
7 S (NI < 70 [Cac (M) < ———» 2.3
e SEalMTOIS g acEMMIS T (2:3)

where ¢ € R,
c_:==min {(2[0(1 — o))", M_,M_T"},
and

¢t = max{M, Cy, My, M. (T* + A7 1)}

Clearly, we have c_ < c4.

Noting that from (2.1) we see that it is hard to find a suitable constant Ly such
that (2.2) is satisfied in the actual application, that is, if 7" enough large such
that Ey 1(—AT) does not identically equal to zero, we do not need to get rid of
the part of kK € © in A\, and remain all k£ € N, however, from a view point of an
actual observation, this situation may not be achieved such T' > (A\]'Ly)Y/* with
an enough large constant Ly from the approximation form (2.1). Consequently, we
don’t consider this case in the current paper and in order to overcome this difficult,
we shall establish a suitable solution representation. In the sequel, set II = N\©,
we will assume k € II all the time.
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3. Solution representation

In this section, we first give a suitable mild solution definition of problem (1.1),
and we will further study the properties of solution operators which derived from
solution representation.

3.1. Definition of mild solution

Let u be the solution of initial-boundary value problems with respect to forward
time fractional wave equations, passing the eigenvalues of the fractional Laplacian
operator, it yields

O uk (t) + Apug(t) = fr(t,u),
associated with the initial conditions uy(0) = (ug, ¢r) = wok, u},(0) = (u1, Pr) = w1k

and fi(t,u) = (f(t,u), ¢r). Then, from theorem 5.15 in [7], one obtains

ug(t) = Eo(—=Apt®)uro + /Ot(t — T)O‘_lEa)a(—)\k(t — 7)) fr(r,u)dr. (3.1)

By substituting ¢ = T into (3.1), it yields

uR(T) = Eo (=T )upo + /o (T = 7)* ' Ega(=X(T — 7)) fio(7,u) dr.

Let gr. = (g, ¢r), since Eo(—AsT*) may be equal to zero for some k € O, and then,
for k € N\O, we have

5a(—)\kt°‘)

uk(t) = Ea(*)\kTa)

(gk _ /OT(T — ) (=M (T — 7)) fr (T, w) d7>

+ /Ot(t - T)ailgoz,a(f)‘k(t - T)a)fk’(Tv ’LL) dr.

Let us simple u(¢)(-) instead of u(t, z), for any v € L?(Q), denote two operators by

A
Z 5 )\k;a))( s Ok) Py
k=1,kell

and
Pa(t)v = ta_l Z ga,a(_)‘kta)(vv ¢k)¢k
k=1,kell
From above arguments, let symbol o be a composition operator as follows
SaoPal= > M e (a0, ve @)
« 5 k sy Pk )Pk 5

k=1,kell al )"“Ta

for t,¢ € [0,T], hence, we can find a mild solution of problem (1.1) in which its
definition is given below.
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DEFINITION 3.1. For every n € (0,a], a function u is called a mild solution of
problem (1.1) if u € C"((0,T]; L?(2)) and it satisfies the integral equation

T t
u(t) = Sa(t)g—/o Su(t) 0 Pu(T — 7)f(r,u) ddr+/0 Pult — ) f(ru)dr. (3.2)

3.2. Some properties
PROPERTY 1. 8,(t) is a unbounded operator for the time ¢t = 0 in L*(Q) while it
belongs to B(H!(2), L*(Q2)).

Proof. Obviously, S, (t) is linear operator. If taking v,, = ¢, (x), n € I, in view of
(2.3) and lim;_,o £ (—Axt*) = 1, we deduce that ||v,| = 1 and

1 2
[Sa(0)vnl* = 5 [(Un, $1)|
kzlz,kr:en |Ea(=AkT*)|
) — N
> (L4 AT | (v, 6)
+ k=1kel
1 T2
= 07||”n||2 + CT)\ELH%HQ-
+ +

Therefore, it follows that || S, (0)v, || > T\, /c4. From A,, — 00 as n — 00, it shows
that S,(t) is not unbounded in L2(f2) at time ¢t = 0. On the contrary, for any
v € L2(Q), the Sobolev embedding H?(Q) — L?(f) implies

oo

I1Sa (0)o]* <

|M‘*—‘
M

(1 4+ M1 (v, o)
k=1,kell

) o 20 &
< 7”“”2 3 Z A |(v, dn)[?
- —  k=1kell
202 2T2a
7”””%1(9) +— ||”H711(Q)7

where Cy is a positive constant, in addition, we use the inequality (1 +a)? < 2(1 +
a?), a € R. Thus, we show the desired results. O

PROPERTY 2. Let v € L?(Q). Then S,(t)v is continuous on L?(Q) for all ¢ € (0,77,
that is S, (t)v € C((0,T]; L*(£2)).

Proof. In fact, we just need to show that the series

> e ea)

k=1,k en

is uniformly convergent on L?((2) for any v € L?(Q2) and any ¢t € [§,T] with & > 0.
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By virtue of (2.3), we get

ga(—)\kta)

. e 1+ AT - cy T
ga(*AkTo‘)

el T4 Mt T et

for all t € (0, 7. (3.3)

In the following, we know that &, (—Agt®) is uniform continuous since the identity

Ean(—2%) = /OOO Mg 5(0) cos(20)df, z€C, o€ (1,2). (3.4)

This above identity can be found in [11], where M, (-) is the Mainardi’s Wright-type
function defined by

S (=2)"

My(2) = nIl(1 = o(n +1))

n=0

0€ (0,1), zeC.

In fact, from the uniform continuity of cos(y/z) for z € Ry, we know that for
any € >0 and each k € N, there exists a § > 0 such that, for ¢1,t2 € Ry with
‘tg — t1| < (;,

’cos (MG) — cos (MG)‘ <e.
Therefore, by virtue of (3.4), we have
ax—xugw—ax—xu?>::Lémﬂmdmemavﬁw@v>—cmxvﬁuﬁm>do<:a
where we use the property
M,(8) > 0, /000 M,(0)do = 1.

It allows us to obtain the desired series which is uniformly convergent on [0, 7] by
using the Cauchy convergence criterion. Now, for any £ > 0, there exists M > 0
such that for all positive integers p whereas m € Il and m > M

m+p ( 1o

S o) <

2
) g, forallteldT].

k=m+1 C+TO‘
Let
m
Ea(—Ait®)
Sm(t)v = , .
n( )U — ga(_)\kTa) (U ¢k)¢k( )
Therefore, it yields that
m+p 2
Ea(=Apt™)
2 a
[Sm4p(t)v — Sm(t)v” = Z m(va o)
k=m+1
2 m+p
C+Ta 2
(%) X Imer<e
k=m+1
By the arbitrariness of €, we deduce that the conclusion holds. O
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In the sequel, for convenience, we set X := C"((0,T]; L*(Q)), n = ay for v €
(0,1], and let operator 7, be defined by

= /T So(t) o Po(T —T)u(r)dr, veEX.
0

LEMMA 3.2. Let v € (0,1) such that n € (0,1). Then operator T, is a completely
continuous operator from X into X.

Proof. For every n €1Il, let ®, =span{¢i(x),...,¢,(x)}, since {P}7o, is an
orthonormal basis in L2(f2), one finds that L?(Q)) can be expressed by
span{¢1(x), ..., pn(z), ...}. Obviously, ®,, is a finite-dimensional subspace of L?({2).
For every n € II, denote operators S, ,(t,<) : L*(Q) — @, by

n

Sa, n(t v =¢* Z ;\\:;::))g (_)\kga)(v7 ¢k)¢k(x)7
k=1, GH

for t € (0,T], ¢ :=T — 7 with 7 € [0, T]. Observe that, S, ,(t,<) are linear finite-

dimensional operators. Next, for every n € N, we define linear operators 7, ,, in the
same way by

T
(Tonv)(t) = /0 Sam(t, T —T)o(r)dr, wve X.

Obviously, 7, v are well-defined on X. Denote a bounded set on X by U, = {v €
X : |lv||x < r} for each positive constant . We shall prove that for any positive
constant r, the set {t"(7,,,v)(t), v € U,} is relatively compact in X.

For any v € X, it follows from the fact |y ¢(—Ax2®)| <cq, CE€R, 2> 0 and

(2.3) that
[Secn (t, )0l
o= EX(At?) ELTY (= Apt®) _ 2
—_ 2(a=1) o e Yoo ayel—y( o 2
s gg(_)\kTa) goléf'y(i)\kTa)ga,a( AkS )Ea,a ( kS ) |(v,¢k)|

k=1
C+ 2la=1) Z L4+ AT L+ NI\ (v, 60|
S 1+ A\pte 1+ Mg Y Pk

C
< C%TQ(xthorng(a'yfl)H,U”Q. (35)

Therefore, by the assumption of 7 € (0, 1), we have

1(Za,n0) @) </0 [San (t, T = T)o(7)]|dT

02 T
< Sy [@ oot ar (3.6)
0

Cc_

2
cam
< —F T x,
c_ sin(mn)
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where we use B(n,1 —n) = w/sin(7n), and B(,-) is the Beta function.
To begin with, we deduce that lim; o4 t7(7,,,v)(t) exists and is finite. In fact,
from (3.5), one can see that the representation

e 3 e Bl NS0, 6160 (0)

k=1 kell a(=MT)

is integrable bounded for ¢ = T — 7 with respect to a.e. 7 € [0,7] on L?(£2) which
implies that 77, ,,(t)v is uniformly bounded on L?((2). Let

Ea(—)\kta)

San t, =¢>!
, 1( g)v S 5&(*>\kTO‘)

ga,a(_)\kga)(va ¢k:)

It follows from the uniform continuity of E,(—Art®) that Sy n1(t,<)v is also uni-
formly continuous for every k = 1,2,...,n,k € Il and all t € (0, T]. On the contrary,
we know

T 02 T C2
/ (St (6T — 7)o(r)] dr < it—nTa/ (T — ) () dr < “E4T o] x.
0 0 —

C_

Therefore, t7Sqy n1(t,-)v is uniformly bounded for t € [0,T], which deduce that

t"Sq n(t, -)v is uniformly continuous for ¢ € (0, 7] and thus t"7, ,,(t)v is uniformly

continuous for ¢ € (0, T] which implies from (3.6) that lim; .oy t77,, ,(t)v exists and

is finite. Let 2(0) := limy o4+ t"(7o,»v)(t), hence we deduce z(0) is well-defined.
For any w € 4, := {y € C([0,T}; L*(Q)) : |lylle(o,r;r2)) < 7} 7> 0, set

v(t) =t "w(t), forte (0,7].
Thus, v € U,.. Define

t"(Tonv)(t), forte (0,77,
z(0), for t = 0.

(Tanw)(t) = {
Thenceforth, it remains to show that {T,,w:w € i, } is relatively compact.
Observe that, from (3.6), |Ta.nw|lc(or);02(0)) < AT /c—. Thus, we conclude
that the set L, is uniformly bounded. In order to prove that the set {%, ,w, w € 4.}
is equicontinuous, we need to proof that S, (t,-) is continuous in the uniform
operator topology on L2(2) for all ¢ > 0. For this purpose, we need to show the
compactness and strong continuity of this operator. By applying (2.3), for any
v € L?(Q2) and any § > 0 such that ¢ € [5,T], it follows that

n

2
o 1+>\kTa 2 CQ T2o¢71
[San(t, ol < THD 37 () |<v,¢k>|2<(+ R

k=1,kell — 1+ At c—o°

(3.7)
By virtue of the range R(S. (t,-)v) finite, we thus conclude that the operator
Sa.n(t,-) are compact operators on L?(2) for every n € II. In addition, in view of
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(3.4) and (3.7), for any v € L?(Q) and any & > 0, for t1,ty € [§,T] with t; < ta, we
get

||Sa,n(t2v‘)v San t1, ) ”2

n

<ciT2(o‘ 1) Z

k=1,kell

20—11 2
ciT 9
<2 (25 e
Therefore, in view of uniform continuity of £, (—A;t*), by applying the property of
series, we thus obtain

>\th) 5 (_)\kt(ll) 2‘(
)\kTO‘)

v, dr)|?

H(Sa,n(tQ, ')U — S(x,n(th )’U” — 0 as tg — tl,

which shows that S, (%, )v are strong continuous for all ¢ € [9, T]. Consequently,
we conclude the desired proof.
Now, for t;1 =0, 0 < to < T, it is easy to see that

[(Ta,nw)(t2) = (Ta,nw)(0)[| — 0, astz — 0.
For any 0 < t1 <ty < T, we have

[(Ta,nw)(t2) — (Tanw) ()|l
= [[t3(Tanv)(t2) — t{ (Za,nv)(t1) ||
< [t3 = t{|[1(Zanv) ()| + ] [[(Za,nv) (t2) — (Tamv) ()]
= Il + IQ.
By the inequality a” —b” < (a —b)? for 0 < b < a and p € [0, 1], obviously from

(3.6) and |tq — t7| < (t2 — t1)", we get I} — 0 as ty — t1. As for I3, by virtue of the
continuity in the uniform operator topology of S, ,,(t,-) for all ¢ > 0, we obtain

T
[(Fa.nw)(t2) = (Tanw) ()] < /0 [(San(te, T = 7) = San(ts, T — 7))w(r)||d7

_ T
1 sup |[[San(tz;s) — San(ti, o)llsr2(a)
— 1 <elo,1)

— 0, asty—ty.

That means Iy — 0 as to — t; which the right-hand side of the aforementioned
inequality tends to zero independently of w € il.. From above arguments, one
can easily deduce that the set {%,,w, w € U, } is equicontinuous. Thus, accord-
ing to Ascoli-Arzela theorem, we conclude that operators ¥, , are compact on
C([0,T]; L*(©2)) as well as operators 7, ,, are compact on X.

Now, we prove that 7, , converge uniformly to 7, whenever n tends to infinite.
Indeed, for any v € L%() and any v € (0,1), by applying lemma 2.3 with respect
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tou € (0,1) and ¢ =T — 7 € (0,7T], we first have
[San(t,s)v = Salt) Pals)v]|*

oo | Ea(=ARt) 2
< 2(a—1) (e £ — A\ 2
‘ 2 [Eaongmy o] w00
k=n+1
C4—2'y [e ] )
< 422 Tzat—2n§2(77—1) Z ‘)\IZMV()\nga(_)\kga))'y‘ |(U,¢k)|2
- n=N-+1
66—2’y 5
- P U [

Therefore, for any v € X, by Holder inequality, we get

T
1(Zav)(t) = (Zanv)(®)]| < /0 [(San(t; T = 7) = Sa(t) © Pa(T = 7))v(7)[|dr

03*7 T

e / (T — )10 y(r) | dr
C— 0
3=y

A
< =TI B(n(E = )1 =)o),

(3.8)
which implies that

3=y

& _ —
[70v = Tanv]x < %TQ NN B = 1), 1 —n)lv]lx

Noting that, from the asymptotic property of the eigenvalue with \,;+1 — 0o as
n — oo, we thus get 7, ,v — 7Z,v in X. It means that the operator 7, is a compact
operator from X into X.

To end this proof, we show that 7, is a continuous operator. In fact, let {v;}52, C
U, and v € U, with lim;_,, v; = v in U,.. Similarly to (3.5), it yields

2
c
I1Sa() 0 Pa()vl| < =T o] (3.9)
Hence, we get

I1Sa(t) 0 Pa(T = 7)(vi(r) = v(7))|* < %T“t’"(T = 1) (i ()2 + lo(r)]1?),

which together Lebesgue’s dominated convergence theorem and the same way as in
arguments above, we get

T

[(Tavi)(t) = (Tav) (@) < /O [8a(t) 0 Po(T = 7)(vi(7) — v(7))[|dT — 0,

Hence, 7,v; — 7,v as i — oo. Then, 7, is continuous and we conclude that 7, is
completely continuous. The proof is completed. O
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Similarly to property 2 and lemma 3.2, it is not difficult to check the following
lemma.

LEMMA 3.3. The operator Sy (t) is compact for every t € (0,T] and continuous in
the uniform operator topology on B(L*(Y)) for all t € (0,T], and P (t) is compact
for every t > 0 and continuous in the uniform operator topology on B(L?(Q)) for
all t > 0, respectively.

4. Existence and uniqueness results

In this section, the existence and uniqueness results of mild solutions for the present

problem are considered. To achieve this goal, we need the following assumption.
(Hf1) There exists a positive condition Ly such that f: (0,T] x L*(2) — L?()

is continuous with respect to u and it is measurable with respect to ¢ and satisfies

1F(t )l < Lyllull,  Vu e L*(Q).

THEOREM 4.1. Let v € (0,1) and g € H'=7(). Assume that (Hf1) holds. Then
problem (1.1) has at least one mild solution provided with

2
T

k:=cyLyT*7"B(a,1 —1) + L;T* <

M| —

c_ sin(mn)
Proof. For each r > 0, denote a set
B, ={ueX: ||ul|x <r}.

Clearly, B, is a bounded closed and convex subset of X. To achieve the aim of this
theorem, we need to show that the operator equation u = Fu has a solution in B,,
where F is defined as

(Fu)(t) = Sa(t)g — (Taf)(t) + (Qaf)(?),
and Q,, is defined by

(Quf)(t) = /0 Pult — 1) f(r,u(r)) dr.

Claim I. The operator F :C((0,T]; L*(Q)) — C((0,T]; L*(Q)) is well-defined.
Indeed, from property 2, we know that S, (t)g € C((0,T]; L*(2)) for g € L*(Q) so it
is for g € H177(Q2). In view of lemma 3.2, we see that (7, f)(t) € C((0,T]; L*(Q)).
From the assumption of f, for any t1,ts € [0,T] with t; < ta, it yields

1(Qaf)(t2) — (Laf)(t1)] < ‘ /0 1(7’a(t2 —7) = Palts = 7)) f (7 u(r))dr

/ Palty — 1) f(ru(r)) dr

t1

"

= J1 + Jo.
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For Ji, from lemma 3.3, we have

< / N(Palts — 1) — Palts — T))u(r)lldr

Lftl g
S 7 llullx sup [[Pa(te = 7) = Palts = 7)llsz2(2))-
n T€[0,t1]

which implies that J; — 0 as to — t1. As for Jy, we have

) < / (= | Y Enal—Anlts = P i u(r)Pdr

k=1,kell

to
<Lye [t =1 ur)dr

ty

Lysc
1f ;HUHX( 9 — 1) =0, asty—t.

\

Thus, Q.f € C([0,7T]; L*(R2)). Combining with above arguments, for any u €
C((0,T7; L?(2)), we obtain Fu € C((0,T]; L*(Q)).

Claim II. The operator Fu € B, for any u € B,.

From the inequality (14 a)® <1+4a® and (1 +¢)2 <1+ c? fora,c>0and b €
[0,1], it is clear from lemma 2.3 and (2.3) that

oo

A 1+ A\ T
Is. 0 < (H;ta) (9 0)F

CQ B 0 14+ )\kTa 2(1—7) o1 o(1—
éc%TQnt 21 Z (W) A ( ’Y))\k( 7)|(g,¢k)‘2
- k=1,kell k

2 2 > _
e (0 10) (g
- k=1,keIl

The embedding H'~7(2) < L?(Q) implies
[Sa®gll < Crt™" g2 (), (4.1)

where Cr = ¢4/2C5(T" +T%)/c— and Cj is a positive constant. Therefore, we
deduce that [|Sa()gllx < Crllglli- (0.
It is similar to (3.6), for any v € B,, that

2

C2 _ T _ [
(T f) @) < iT“Lft "/0 (T = 7)" Hu(r)lldr < TLyt™"[|ullx,

c_ sm(7r17)

which deduces || 7. f| x < A LyT*r/c_. Moreover, from (2.3), we have

t
(o)D) < C+Lf/0 (t =) Hulr)ldr < e Lyt "B, 1 =) 7.
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Therefore, one can selected r large enough such that

CQ

Crllgllr-~@) + LT + cy LyTBa, 1 —n)r < 7,

c_ sm(wn)

and then we get

[Fullx <[Sal)glx + [ Tafllx +[|Qafllx <
This implies that F(B,) C B;.

Claim III. Operator F is completely continuous.

Obviously, from lemmas 3.2 and 3.3, we just need to show that F is a completely
continuous operator. Indeed, by lemma 3.2, for every ¢ € [0, 7], it is sufficient to
prove that Q, is completely continuous in X. Since P,(t) is compact for every
t € [0, 7] in view of lemma 3.3, we can structure a family of finite dimension compact
operators as the same way in lemma 3.2 by

(Qun )t / Panlt = 7)f(r,u(r)) dr,

for every n € II, in which

n

Pan®v =171 D" Eqa(—Mt™)(v,dp)k, v € L*(Q).

k=1,kell

It is clear that the H"(t) = {t"(Qa.nf)(t) : u € B, } are relatively compact for every
te[0,17.
On the contrary, applying lemma 2.3 with respect to p € (0, 1), and (2.3), we get

1(Qul)(E) = (Qun )(B) = \ [ Pt =) = Pantt = o)) ar

t
<erLphty / (t = 7)* = [Ju(r) | dr
< ep LpB(a(l — p), 1 —p)reC=m=ny 2y

which implies that ||Qnf — Qa.nfllx — 0, as n — co. Consequently, we derive that
set H™(t) are arbitrarily close to the set H(t) = {t"(Qnf)(t) : u € B,.}. Thus, H(t)
is relatively compact in X for every t € [0, T]. Therefore, Q, is a compact operator.
Furthermore, by using the same ways as in claim I and lemma 3.2, one can check
that the set H(t) is equicontinuous. Next, we will show that Q, is continuous.
Let {um,}2°_, C B, be a sequence and u € B, such that lim,, . t,, = u, hence
from the continuity assumption of f, it yields

lim f(t,un(t) = f(tu(®), te(0,T],

m—0oQ0

and

£ (7 um (7)) = f (7 a(T))I| < Lpllum (7| + Lllu(r)|| < 2Lgt ™" r,
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which makes that (t — 7)*~*7=7 € L1(0,t) for a.e., 7 € (0,t). Therefore, Lebesgue’s
dominated convergence theorem implies

1(Qufu)(t) = (Quf)(B)] = H [ Palt =) m(r) = s (e b

<ey / (t = 1) | F (7 (7)) — F(r,u(r))]| dr

— 0 asm — oo.

Hence, [|Qafm — Qafllx — 0 as m — oo which shows that Q,, is continuous, and
then operator F is also continuous. By Ascoli-Arzela theorem, we know that F is
completely continuous. Consequently, Schauder’s fixed point theorem shows that F
has at least one fixed point on B,., and then problem (1.1) has a mild solution. The
proof is completed. O

REMARK 4.2. Noting that the above existence result does not need to assume the
Lipschitz type condition or smoothness of nonlinear functions, that is, the assump-
tion condition of existence result is weaker than which in paper [5]. Specially, there
is a common technique to study a PDE by transforming it into an abstract differen-
tial equation, and the concept introduced of mild solutions will be more convenient
and useful to deal with such abstract problem. From this point of view, for an exis-
tence of nonlinear problem it is not necessary to assume that the function f has a
smoother requirement likely [1] where f is continuously differentiable.

REMARK 4.3. If the following condition
IfE )l < Lyllullx, YueX, (4.2)

substitutes for f in (Hfl) for some constant L'f > 0, then the operator 7, is also
completely continuous. Obviously, the above condition is stronger than the con-
dition (Hf1). However, we can pick a different range of n by n € [1, ], that is
v E [é, 1]. By repeating the above proof process in theorem 4.1, we also establish
an existence result of mild solutions (see below). In addition, we also remark that
there exists a solution on C*((0,77]; L*(2)) for n =« (y = 1).

THEOREM 4.4. Let vy € [1,1] and g € H'™7(2). Assume that (Hf1) holds with
respect to f satisfying (4.2). Then problem (1.1) has at least one mild solution
provided with

—_

2

T +a ! o+
— LT LT < —.
c_n ! terly )

(Hf2) There exists a positive condition L} such that f : (0,T] x L*(Q) — L*(Q)
satisfies the following condition

1t u) = f(& )l < Lillu—oll,  Vu,v0 € X.

THEOREM 4.5. Assume that the hypotheses of theorem 4.1 and (Hf2) hold. Then
problem (1.1) has a unique mild solution.
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Proof. The existence can be found in theorem 4.1, in the following, we will check
the uniqueness of solution. For any u,v € X, similarly to (3.6), we have

[(Fu) (@) = (Fo)@®)ll = ‘/0 Polt = 7)(f (7, u(T)) = f(T,0(7)))dT

+

T
/0 Sa(t) o PalT — 7)(f(ryu(r)) — f(r,0(r))) dr

<erl (=1 ulr) — o(o) dr
0
Ci T 1
"y— -
+ o TOLT / (T =) Jfu(r) = v(r)|| dr,

which implies that || Fu—Fvl|x < Cr|u—v|/x, where Cp =c  LYT*B(a,1—1) +
ciwLSﬁ (c—sin(mn)). Therefore, choosing L such that C7 < & which given in
theorem 4.1, we deduce that F is a contraction operator. Thus, the uniqueness
of mild solution follows. O

(Hf3) There exist a positive constant p with p > max{1/n,1} and a positive
function J(-) € LP(0,T) such that f: (0,7] x L*(Q) — L?(Q2) is continuous with
respect to v and it is measurable with respect to ¢t and satisfies

If(t,u)| <9(t), Yue X, tec (0,T]. (4.3)

THEOREM 4.6. Let g € H1=7(Q) for~y € (0,1]. Assume that (Hf3) holds. Then prob-
lem (1.1) has at least one mild solution u € C"((0,T]; L*(2)) N L4(0,T; L2(2)) for
1<g<1/n.

Proof. Let us return the proof of the compactness of 7,. By repeating the proving
process of lemma 3.2, there is a similar method to show that 7, ,, converge uniformly
to 7, as n — oo. Indeed, for any u € L?(Q), by applying lemma 2.3 with respect
to g€ (0,1 —(1/pn)), one can use the same way as in (3.8) that

WTah)®) — (Ton )@
CZ T
< Gepapnysn / (T — )00 £, u(r))[dr
0

C_

2 T
< iT%—m;r;/ (T —7)" =19 (r) dr
0

Cc_

G pe1 N\
S| —7F— Totn(—p)=1/py=n =T 9] ; ’
c— (np(l —p) — 1) i 19 2 0,1

which implies that ||7of — 7o nfllx — 0 as n — oo.
Next, we just show that the operator F maps B, into itself, the remains of the
proof of existence result similarly follows to theorem 4.1. In fact, we have for any
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u € By, in view of (3.9) it yields

C2 T
T n) Ol < S22 [ = oytir) ar

AP (4.5)
< =* (> T“*”*l/pt’"HﬁHLp(o ).
c— \np—1 ’
Moreover, from (2.3), we get
¢
Qo)) < C+/0 (t = 1) M(r) dr < et P)0] 1o o1 (4.6)

Therefore, one can select r large enough such that

i (p-1 s +n-1/
C (-~ Tot=1/2)191,,
7197 o)t c_ (np— 1) 191 e 0,1)

e T YR ooy < 7
and then we get that F(B,) C B,.
Finally, we will check that u € L9(0,T; L?()). In fact, one see from (2.3), the
assumptions of f, and (4.1), (4.5), (4.6) that

1Sa()gllLao.1;L2)) + (Zaf)(O)lLao,r;z2(0) + (Qaf) () llLaco,r;2(2)

1 1/q B N B
<(125) (err e mglansiay + s o

2 1-1/p
-1
n Cr < p > Ta+1/q71/p||19||Lp(0 T)> < 00,
c_ \np—1 ’

which implies v € L9(0,T; L?(Q)). Hence, the proof is completed. O

(Hp) There exists a positive function p(t) € L'(0,T) such that

A, = /0 (T —7)" " p(r)dr < 0.

Noting that this function of (Hp) will exist, for example, p(t) =T —t for ¢t € (0, T).

THEOREM 4.7. Let g € HY(2). Suppose that there exists a positive function 9(-)
satisfying (Hp) such that f: (0,T] x L?(2) — L?(Q) is continuous with respect to
u and it is measurable with respect to t and satisfies (4.3). Then the mild solutions
belongs to C([0,T]; L*(Q)) for some n € (0, ).

Proof. According to the assumptions of f, it is not difficult to check that there
exists at least one mild solution u € C"((0,T]; L*(Q2)). In the sequel, we shall show

https://doi.org/10.1017/prm.2021.70 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.70

On a backward problem for nonlinear time fractional wave equations 1607

u € C([0,T); L?(Q2)). Now, for any 0 < t; < to < T, it follows that

[u(tz) — u(t)ll < [Salta)g — Sa(t)gll + [(Zaf)(t1) = (Taf)(t2)||

(4.7)
+ [(Qaf)(t2) — (Qaf)(t1)]]-

Noting that if g € H?(Q), then by property 1, S,(t)g is bounded in L?(Q) for all
t € [0, 7). Hence, we first obtain that S,(-)g € C([0,T]; L*(Q)).
On the contrary, by using (i) in lemma 2.2, we have

to
/ Pl P
t1

2
g 1

I(Tf)t) ~ (T e < | @ =or s uplar

<

tg T =177 T Ay.
c,a—n(z 1 ) Cs

Next, we shall estimate the last case in (4.7). To begin with, by using (ii) in
lemma 2.2, it follows that

1(Qa)(t2) — (Quf)(tn)] < / (2 — )2 0(r)dr

t1

11 to—T
+c+/ / 227 2dz|9(7) dr
0 t1—7
C+ & a—1
< ty—t ¥ .
otz = 1) Il

Thus, together with arguments above, let to — t1, it is clear that u(t2) — w(t1) in
L2(Q).
Moreover, setting ¢ = T' — 7, for any v € L?(Q) it yields

2 4
C
) (v, 00)* < T2 lo]2.

c2

ct > 1+ AT
S, (t a 2 < “4 2(a—-1) k
Sa(t) o Pal)v]* < =< > T

- k=1,kell

Therefore, we have

2 T 2
T < 17 [ =07 ) ar < 7oy,
0 C_

In addition, one has
t
Q) (D)) < e / (t— 7)* W9(r) dr < e, T Ay,
0

Consequently, we deduce that u € C([0,T]; L?(€2)). The proof is completed. O
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5. Regularization
Let R(e, Ag) be identity to

[Ea(=AeT)[?

R(e, \x) = ’
) = o nT o+ e

€>0, kell,

and let

Cle”/4, 0<o<4,
C. —
Cae, o> 4.
where C; = C(o,c_), Co = C(0,c_, A1) >0 for o > 0.
Since S, (t) is not bounded linear operator on L2(Q2) at time ¢ = 0, it means
that problem (1.1) is not stable on L>°(0,T; L?(Q2)), and it can lead to the general

ill-posed problem, in the sequel, we define a family of regularizing operators S¢ ()
with the main idea of a general filter regularization method by

Z R(e, Ax) (( ;\\k;a))( s Ok ) P
k=1,kell

Then we can obtain the following regularized solution by the same way as in above
theorems

u(t) = S5(t)g° — (15 1)(t, %) + (Qa f)(t, u),

where g€ is a noisy final data and ¢ > 0 is a noise level which is assumed to satisfy

lg° —gll <e (5.1)

and hence we can rewrite it as follows

> Ea(=Apt™) .
uE(t,x) = Z R(€’)\k)(€'((—>\]j'jﬂ‘3‘))gk¢k($)
k=1,kell «

Ea(=Akt?)
Z R € )\k o
k=1 kell Ea(=AeT®)

y { / = 1) (AT = 1)) () df] o1 ()

+ Z {/ )* 15a7a()\k(TT)a)fk(T’ue(T))dT}qﬁk(as).

k=1,kell
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Let us introduce the function u, by

Z R(e, )\k ( Aktu) 9k¢k Z R(e, )\k: Lalzht?)

k=1,kell k=1,keTl Ea(=MT?)

X

T
/O (T = 7)o (=Ak(T = 7)) fu(7, u(T)) dT} ¢k (2)

+ 3 [[ - ealon T - et 7] (o)

k=1,kell

THEOREM 5.1. Assume that u(0) € H(Q) for any o > 0 and there exists a positive
constant M such that

[(0) |30 () < M.

Furthermore, there exists a positive function 9(-) satisfying (Hp) such that f is
continuous with respect to u and it is measurable with respect to t, satisfies (4.3)
and the following conditions

1£(t,u) = f(t o)l S OO fw—vll,  Vu,ve L*(Q), te€(0,T].

2
If (55 + ¢y T*) Ay < 1, then

2
||ll — U”L:x:(o T LZ(Q)) |:]. - <C+ + C+Ta> Aﬁ:| |: +Cf + C+MC:|

Proof. According to the assumption of f, it is easy to check that there is a unique
solution u¢ € L>(0,T; L?(2)) and u¢ — u € L>(0,T; L?(2)) for each € > 0. In fact,
we only need to give an exact upper bound of |[u® — u/| = (0, 7;2())-

By the triangle inequality, we have

[u(#) = w@)] < [[u®(t) = ua(®)] + [[uat) —u@)]-

First, we estimate [[u®(t) — uq(t)]|-
Indeed, in view of the inequalities in lemma 2.5, we have

1 1 1
< < :
IEa(= AT ) >+ Xl = 2 /A2 +eXi ~ 2c_y/e

Thus, by virtue of inequality z/(z + a) < 1 for any z,a > 0, it yields that

Ea(—At®) < Ci

<
RleMI <L Rl&MZ R Ty | S 20 e
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which implies from the assumption of f and (5.1) that
2

Ci Ccy T -1
sl =gl + 2 [ =) (7)) = ) ar

tey / (t = 1) f(r, us (1)) — F(r,u(r)]| dr

[u(#) — ua (Bl <

2

C3 C T
el =gl + 5 @ =) o ) - u(r) dr
- JO

2c_+\/€
tep / (t — 1) 9()l|uc(r) — u(r)] dr

<

c3\/e c?
< ;T + (CJF + C+Ta) Apllu® — ul| Lo (0,7;22(02))-

Next, we estimate ||uq (t) — u(t)]].
Obviously, let us return the initial value wuy(0), it yields

o T )
[[ua(t) @l k=§en (R(e, Ak) 1)5a(*>\kTQ)

X |ka —/0 (T — 1) 00 (=N (T — 7)) f (T, u(r)) dr

2

A ((0), 61)?

Eal NI )P+ eX?

o0
<ey E
k=1,ke

II
<y sup A(K)[[u(0)[xe (0,
keNNII

where

o

& (=N T2 + e
It follows from [21, lemma 2.5] and lemma 2.5 that

A(k)

Ni—e Ci et 0<o <4,
AR) < A7 <8 7
cZ + 6)‘k CQ €, g 2 4.

Therefore, we have
c3 /e c?
[u® — ull L (0,122 (02)) < +T + (; + C+Ta) Agllu® — ullL(0,;22(02))
+ C+MCE.

Consequently, since (¢ /c— 4+ ¢ T*)Ay < 1, we deduce the desired conclusion. [
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