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Abstract

In this paper, we model the surplus process as a compound Poisson process perturbed by diffusion
and allow the insurer to ask its customers for input to minimize the distance from some prescribed
target path and the total discounted cost on a fixed interval. The problem is reduced to a version of a
linear quadratic regulator under jump-diffusion processes. It is treated using three methods: dynamic
programming, completion of square and the stochastic maximum principle. The analytic solutions to
the optimal control and the corresponding optimal value function are obtained.
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1. Introduction

In recent years, stochastic control theory has gained significant interest in the insurance literature.
This is because the insurance company can control the surplus process such that a certain objective
function is minimized (maximized). In particular, there are three main criteria: maximizing the
discounted total dividend, minimizing the probability of ruin and maximizing the exponential utility.
The corresponding modern continuous-time approach was pioneered by Browne (1995) and
Asmussen & Taksar (1997), who applied classical stochastic control methods to reduce the opti-
mization problem to a matter of solving a Hamilton-Jacobi-Bellman (HJB) equation. Browne (1995)
found the optimal investment strategies to minimize the probability of ruin and to maximize the
exponential utility function under the model of Brownian motion with drift. For the same model,
Asmussen & Taksar (1997) obtained the optimal dividend strategy. Since their pioneering work,
many attempts have been made to solve the optimization problem in a framework that allows more
controls. Examples where the optimal dividend problem was treated under the model of diffusion are
Paulsen & Gijessing (1997), Paulsen (2003), Asmussen et al. (2000), Hgpjgaard & Taksar (1999,
2001, 2004) and Choulli et al. (2003). For the same model, Schmidli (2001).
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Taksar & Markussen (2003), Promislow & Young (2005) and Bai & Guo (2008) considered the
problem of minimizing the probability of ruin. All of these under the diffusion model gave the closed-
form solution. However, in the classical risk model, since the corresponding HJB equation contains
the integro term and differential term simultaneously, it is more difficult to solve. For when the
objective function is an exponential utility function, Yang & Zhang (2005) gave the closed-form
solution for the jump-diffusion model, whereas when the objective function is mean variance, Bai &
Zhang (2008) gave the optimal solution for the classical risk model. For other objective functions,
especially the ruin probability, only the existence of a solution to the HJB equation was proved, and
a verification theorem was given. Among them are Hipp & Plum (2000), Hipp & Taksar (2000),
Schmidli (2001, 2002), and Hipp & Vogt (2003).

In this paper, the surplus is modeled as a compound Poisson process perturbed by diffusion. Assume
that the insurer is allowed to ask its customers for input to minimize the distance from some
prescribed target path and the total discounted cost on a fixed interval. Then, the objective is to find
the amount of the input at every time (the optimal control) such that the distance from some
prescribed target path and the total discounted cost are minimized and to calculate the minimizing
value (the optimal value function).

For the above optimization problem, we first use a dynamic programming approach to solve it. By
changing the HJB equation to an ordinary partial differential equation, the analytic solutions to the
optimal control and the optimal value function are obtained. Then, it is treated again by the com-
pletion of square and stochastic maximum principle. This is different from the dynamic program-
ming approach in that two methods lead to a stochastic differential equation for the optimal control
process and not a nonlinear partial differential equation for the optimal value function. Solving the
stochastic differential equation yields the optimal control. Then, the optimal value function is
obtained by two different methods again.

By comparing three methods, it can be found that (1) the dynamic programming is the best method
for solving the optimal solution in this paper and that (2) the dynamic programming is limited for the
Markov process, and the two other methods, the completion of square and stochastic maximum
principle, are not. Therefore, the process given in this paper to solve for the optimal solution has
the inspiring effect of using these two methods to solve the optimal control problems in Non-Markov
risk processes (for example, the classical risk model with fractional Brownian motion
perturbation).

The paper is organized as follows. In section 2, the model assumptions are formulated. The control
and the objective function are introduced. In section 3, the control problem is solved. The problem is
divided into three parts. In subsection 3.1, the dynamic programming approach is used. The optimal
value function and the optimal control are obtained by the solution and the minimizing function of
the HJB equation. In subsection 3.2, stochastic differential equations for the optimal control process
are first obtained by the completion of square approach. Solving the equation results in the optimal
control. Then, the optimal value function is obtained by its definition. In subsection 3.4, the
same stochastic differential equations are obtained using the Hamiltonian system. Then, to obtain
the optimal value function, we give a lemma that complements the results given by Framstad
et al. (2004). Combining these results, the expression of the optimal value function is again
obtained.
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2. The Model

Consider the following classical surplus process perturbed by diffusion

N;
X,=ct= Y Yi+oB,, >0, 2.1)
=1

where c is the rate at which the premiums are received. {N,; > 0} is a Poisson process with parameter
B, denoting the total number of claims with claim times Ty(i=1, 2 ...). Yy, Y, ..., independent of
{N; t>0}, are positive i.i.d. random variables with a common distribution function (df)F(x), the
moment Ml:jgox/F(dx), forj=1, 2. {B;; t>0} is a standard Wiener process that is independent of the
aggregate claim process Zfi’l Y;, and ¢ is the dispersion parameter.

In addition to the premium income, we here assume that the company also receives interest on its
reserves with interest force ;. The interest is assumed to be a deterministic function of time. Thus, the
surplus at time #, without control, is given by the dynamics

{ dX,=(5:X,+)dt—d YN, Yi+odB,, tels, T), 22)

Xs=x,

where T is a fixed time and s and x denote the initial time and initial surplus, respectively.

For the remainder of this paper, we work on a complete probability space (@, F, P) on which the
process {X,, 0<t<T} is defined. The information at time # is given by the complete filtration {F;}
generated by {X,, s<t<T}.

A strategy a is described by a stochastic process {u‘t’, s<t< T}, where ¢ represents the input in time
interval (¢, ¢+ dt). When applying the strategy a, we let {X¢} denote the controlled risk process. The
dynamic for X¢ is then given by

dXo=(5, X0+ c+ul)dt—d SN, Yi+odB,, tels,T] 2.3
X=x, '
The strategy « is said to be admissible if #¢ is F-progressively measurable and such that stochastic

differential equation (2.3) has a unique solution. In this case, we call the process {#¢} the control
process or simply the control. We denote by II the set of all admissible strategies.

For a given admissible strategy a, we define the objective function V,, by

1 (" ~

Va(s,x)= EE U (qz (XfLAt)Z +e M (u‘t’)l) dr+qr (X‘}fAT)2 ,
N

V(s,x) € [0, T)xR. (2.4)

In (2.4), q; and A, are both continuous functions on the interval [0, T), and 1 denotes a discount rate.

A, represents the prescribed target path, and g, represents the prescribed proportion. In particular,

when ¢,=1, this choice of objective function ensures the minimization of the distance from some
prescribed target path A; and simultaneously minimized the total discounted cost over the interval

[s, T1.
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The objective is to find the optimal value function

V(s,x)zmilI% Vuls,x), V(s,x)€[0,T)xR, (2.5)
ac

and to find an optimal control a” such that

V(s,x)=Vy (s,x):rneilr% Va(s,x), V(s,x)€[0,T)xR.

Let C%? denote the space of ¢(r, x) such that ¢ and its partial derivatives ¢,, ¢x, @ are continuous
on [0, T] X R. Let Cll,;z denote the space of ¢(r, x) such that ¢ € C1* and satisfies a polynomial growth
condition, i.e., there exist constants K and # such that, for all (r, x) € R* xR, lg(r, x)| <K(1 + IxI").
Moreover, ¢(r, x) satisfies

T poo
E U J |p(r, XE)—p(r, XZ—2)| F(dz)dr | < o0 (2.6)
sJO
for any control a. As will be seen in Theorem 3.1, the polynomial growth condition mainly ensures
that the term of the stochastic integral over Brownian motion is a martingale (see Fleming & Soner
(1993), P135), while (2.6) ensures that the term of the stochastic integral over the compensated
Poisson point process is a martingale (see Brémaud (1981), P235).

Let L%(s,T;R) denotes the set of all {Ff}tZS-adapted R-valued processes Y(:) such that
E[TY(r)[*dr < .

3. Solution of the Control Problem

We now present an analytic solution of the control problem. The problem is treated in three ways.
One way is through the dynamic programming approach, which is traditionally used to solve the
optimal control problem for the case whereby the controlled process has the Markov property. The
second method is through a completion of squares method, inspired by the recent work of Frangos
et al. (2008) on the same linear quadratic problem under a fractional Brownian motion. The third
method is through the application of a stochastic maximum principle for jump diffusion. This
method was proposed for general control problems by Framstad et al. (2004).

3.1. The dynamic programming method

From standard arguments, we know that if the optimal value function V&€ C'?, then V satisfies the
following Hamilton-Jacobi-Bellman (HJB) equation

1 1 1
milgl{ Vi+ (Sx+c+u)Vi+ 502 Vix +BEV(t,x=Y)—pV (¢, x)+ 3 gi(x—A)* + Ee*’“u2 } =0,
ue

V(t,x) €1]0,T)xR, (3.1)
with the terminal value

V(T,x)= %‘JT(x*AT)Z, (3.2)

where, for notational convenience, we replace s by #in (2.5), and Y is a generic random variable that
has the same distribution as Y;(i=1, 2...).
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Note that in many cases, the optimal value function may fail to be sufficiently smooth to satisfy the
HJB equation (3.1) in the classical sense. However, it still satisfies (3.1) in the viscosity sense (see
Fleming & Soner (1993). The following verification theorem shows that the classical solution to the
HJB equation yields the solution to the optimization problem.

Theorem 3.1. Assume that W € C;,‘Cz satisfies (3.1)—(3.2). Then, the value function V given by (2.5)
and W coincide. Furthermore, let u"(t, x) be such that

*2

1 1 1
Vit (Six+c+u’(t,x))Vi+ Zszxx+ﬁEV(t,x—Y)—ﬂV(t,x)+ zqt(x—At)l-k ze”“u (t,x)=0

for all (, x) €[0, T] x R. Then, the Markov control strategy a” of the from u}=u* (z,X") is optimal.
Specifically, W (¢, x)=V (#,x)=V, (¢, x).

Proof. Let a be an arbitrary control. Then, by applying the It6 formula
T

W(T, X)=W(0,0)+ {W,(r, XE) 4 (5.7 + ) Wi (1. XE) + 202 Wi . Xf’)} dr

N

+6JTWx(r,Xf)dB,+ i (w(T.x3)-w(T.x5_))

s =N, +1

T
2W(t,x)+J {ﬂw(r,X;’)—ﬁEW(r,X;'—Y)—%q,(X;'—A,)Z—%ewug(r)} dr
T Nr
+GJ We(r, X)dB,+ > (W(Ti X7, )-W/(Ti, X5, )
s =N, +1

since W(z, x) satisfies (3.1). The terminal value (3.2) implies that W (T, X%)z%qT(X{]’-—AT)Z. Then,
rearranging yields

1 a 2 ("
E qT(XT_AT) +J

(a x50 e ) |

N

T Nt

> W(t,x)+aL W, (r, X)dB, + i=§1 (W(Ti, x‘;,) —W(Ti, X%ﬁ))
+/)’JT[W(r,Xf)—EW(r, X2-Y)|dr. (3.3)

Since the compound Poisson process jumps only finitely in any finite interval, the second integral
does not change if 7 is replaced by r-. Thus, by W € C},f, we have that

t N, t
aJ (Wi(r, X2)dB,+ Y (W(Ti X7, )~ W (T, X5, )) +ﬂJ [W (r, X*)—~ W (r, X~ Y)]dr
0 i=1 0
is a martingale. Taking expectations on both sides of inequality (3.3), it follows that V,(z, x) > W(z,
x), which implies V(t, x) > W(t, x). For the optimal control a”, the inequality becomes an equality,
that is, V- (¢,x)=W(¢,x). Thus, V(z, x) < W(¢, x), which completes the proof.

We see from Theorem 3.1 that if the classical solution W € C;,"Cz to (3.1)-(3.2) can be found, then we

have the (unique) optimal value function V(z, x) and the corresponding optimal control {a}. In other
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words, for the above optimal problem, we need to solve the nonlinear partial differential equation
(3.1) and find the value # (¢, x) that minimizes the function

Wt+(5,x+c+u)Wx+%GZWxx+ﬁEW(t,x—Y)—ﬂW(t,x) ;qt(x A+ ; Myl (3.4)

Theorem 3.2. Define

Wz, x)= %n(t)xz +(8(t)—qrAT)x+ (D), (3.5)

where z(-), g(-) satisfy
' (t

(t)—n*(t)e" +28,m(t) + q:=0,
g (t)+g(t)(8:—n(t)e") + (qrAre! + c—puy ) n(t)~8:qTAT—q: A =0,

(3.6)
(T)qu7
g(T)=0.
f(t) satisfies
1oy L 2 u 1 L oo 1
f'(t)=5 (g(t)—qrAr) e —(C—ﬂﬂl)(g(t)—fITAT)—Eﬁﬂ(t)#z—zqﬂ“z—idzﬂ(t) (3.7)
with boundary condition
1
f(T)=5arA}. (3.8)

Then W(t,x) € C;’Cz is a solution of the H|B equation (3.1). The corresponding minimizing function
is given by

u(t,x)=(—n(t)x—g(t)+qrAr)e” (3.9)
with terminal condition

u(T,x)=—qr(x—Ar)e'T.

Proof. By direct calculation, we obtain that
1 /
Wa=n(t)x+(g(t)—qrAr), Wi=5x 27 () +g (Ox+f(2), Wa=n(2). (3.10)

Differentiating with respect to # in (3.4) and setting the derivative to be zero result in
u(t, x)=—W,(t,x)e".

Thus, we have

mln{ [Wt (Grx+c+u)W,+ %62 W.x + %e’”uz} (t,x)+ %qt(x—At)2 +PEW(t,x—Y)—pW(t,x) }
= {Wt + (S +c—Wee" ) W+ %52 Wy + %e’“ Wf} (t,x)+BEW (t,x—Y)—pW (¢, x)

1
+ th(fo,)Z, (3.11)
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Plugging (3.10) into (3.11) we obtain

Teil?{ [Wﬂ— (G + c+10) W, + %GZWM . %e’“uz} (t,5) + %qt(x—At)z T+ BEW(1,x—Y)—pW(z, x)}
=3 (02 + g (0 £10) + (3 + (D) + £(0)—qrr) 3 & (D) + 8(0)-qrAr]+ 2 a(t)
BE |70 Y)P+ (g0)-grAn) (=) -5 | 0%+ (s0)-aran)a. (312)

Notice that E[Y]=p; and E[Y?]=p,. Inserting (3.6), (3.7) and (3.8) into (3.12), we obtain that

ueR

1 1 1
min{Wt+ (Gx+c+u)Wy+ ZGZWW+ﬂEW(t,x—Y)—ﬂW(t,x) + Eq,(x—Az)2+ ze’”uz}(t,x)zo.

It is obvious that W(T, x) satisfies (3.2). Thus, we deduce that W(z, x) is solution of (3.1)—(3.2) and
the optimal control is given by (3.9).

Remark 3.1. In particular, let §,=g,=0 for t<T. In this case, we can obtain the solution of
equation (3.6):

7(t)=

A it 4 T
M 3.13)
g(t)zA(C*/fﬂl)(f*T)HITAT(eA’*E’IT) (3.

it _gT __L :
ar

3.2. The completion of squares method

Now, we show that the optimal control can be given by the solution of a forward backward
stochastic differential equation. The approach is similar to that of Frangos et al. (2008).

Theorem 3.3 The optimal control a* is given by u}=—p.e*, where p, is the solution of the following
backward stochastic differential equation:

dX;=(6,X; +c—e"p,)dt—d YN, Yi+0dB,,

dptz (—51pt—CIz (X;—At))dt_rlt <d EiN=tl Yi—ﬂﬂldt) + G}Qde, te [57 T]7
Xs=x,

pr=qr(X7—Ar),

for (s, x) € [0, T x R. Here, X; denotes the resulting process controlled by {#; }, and , and y, are two
continuous processes such that

(3.14)

T
E U oty (X;‘—X;’)Zdt] < oo, (3.15)

T
EU ’ﬁ,ulnt \ X:—Xf}dt] <00, (3.16)

for any control a.
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Proof. Let a be an arbitrary control and recall the definition of V,, as given in (2.4). The objective
function V,, may not be continuously differentiable. Consider

Vi(s,%)— Vg (s, %) = %E [qT((X”T—AT)Z—(Xfr—AT)Z)

[ (a0 e (o) )7) ]

Using the equality
%2 * *\ %
Y=y ==y 205" )y
results in V,(s,x)— Vg (s,x)=I1 + I, where

1 « w2 [
Il:iE qT(XT—XT> +J

(qt(Xf—X;‘)z+e“’(u‘t’—u;‘)2)dt} >0,

S

L=E [qr (X5-X7) (X5 A1) + [ (0. (XE-X0) (X -40) -1y (u?—ui‘))dt} ,

S

in which we have used u;=—p,e”. Considering that X# and X} solve equation (2.3), we can obtain

d(X7—X;)=(8:(X¢—X}) + (uf—u))dt. (3.17)

Substituting #%—u; of (3.17) into I yields
T

T
TamE |1 (X5 -X3) (X-Ar) + [ (0 (X0-X0) (6 -A0) (X5 X0) e [ pd(x2-7)|.

N

In view of (3.14), p, satisfies

N;
dp,= (_6tpt_qt (X: —Az))dt—’?t (d Z Yi_ﬂﬂldt) +0y,dB;.

i=1

Then, I, evolves as

T T
1=k g1 (X5 X7) (X~ Ar)~ | pd(x5-7)- | (x2-X;)dp

S

T N, T
_J (Xf‘—Xz*)n, (dz Yi—ﬁﬂldt> +J G(X;’—Xf)ytdB,].

i=1 s
Since (3.15) and (3.16) implies
r N; r
’J (X=X )n, (dz Y,-ﬁ,uldt> +J o(X¢~X;)y,dB,
s i=1 s

is a martingale, I, becomes
T

T
1=k g1 (X3-X7) (X5-Ar) - | pud(X5-X)) - || (x1-X;)dp

N

Applying the Itd formula to (X¢—X;)p, results in

d(Xi =X} pi=pi-d(X;=X;) + (X{ =X )dp,+d(X“~X'p) .
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An analysis similar to that in Theorem 3.1 shows that the first term does not change if -
is replaced by #. Simultaneously, that X?—X} is a continuous finite variation process implies
that #- in the second term can also be replaced by ¢ and that the last term is equal to zero. Thus,
we have

T
1= [ar(X5-X7) (X -A1) - [ dpu(x7-7)] -0,

where the second equality follows from the boundary condition pr=gr(X;—Ar). We therefore
conclude that Vi (s,x) > V,(s,x) for a €1, which proves that " is optimal.

We now give the solution of equation (3.14), which provides the optimal control and coincides with
the result obtained in the above subsection.

Theorem 3.4. The solution of equation (3.14) has the form
{Pt=ﬂ(t)xi‘ +g(t)—qrAr,
’7;::7[(0? 7/t=”(t)7 te [&ﬂa

where the deterministic functions z(¢) and g(¢) are the solutions of the ordinary differential equation
(3.6).

(3.18)

Proof. Assume that g7, At are deterministic. Then,

dp=r' ()X} dt+n(2)dX] + ¢ (¢)dt. (3.19)
Substituting (3.18) into (3.14), we have
N;
dpe=(=6,(x(t)X; +g()~qrAT) a1 (X;—A;) )dt—n, (d 3 Y,-ﬂmdt) vordB,  (3.20)
i=1

and
N;
dX;=(8:X; +c—e" (n(t)X; +g(t)—qrAr))dt—d Y Yi+odB;.
i=1
Then, (3.19) becomes
dpe=r () X; dt +2(2) (6:X] + c)dt—n(t)e” (n(t)X] +g(t)—qrAr)dt

—ﬂ(t)di Yi+on(t)dB,+g (t)dt. (3.21)

i=1
Thus, by comparing the coefficient of X;dt in (3.20) and (3.21), we have
7 (t)—a? (t)e" + 28, (t) + q,=0.
Taking the coefficients of Zfi‘l Y; and dB, yields
n=n(t), y,=n(t).
From the terms with dt, we have

g (t)+g@)(6:—n(t)e”) + (qrAre” + c—puy ) n(t)—6:qrAr—q,A=0.
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The condition pr=gr(X;—Ar) implies that we have the following final conditions:

”(T)qu7

g(T)=0.
The proof is complete.

We now calculate the optimal value function V(s, x), that is, the corresponding objective function to
the optimal control #;. First, by definition, we have

T

2V (s,x)=E U (qt(Xj—At)z +e—“u;2)dt+ qr (Xi}—AT)Z} . (3.22)

N

Substituting pr=q7(X;—A7) into the last term and applying the Ito formula to the resulting term
yield

T T

(x;:—At)dpﬁj dip, X"~ A),,

N

T
pr(Xo—Ar)=ps(x—A,) +J ped(X:—A,) +J

N

T T

X dpi—prAT+psAs+ J (Buyn(t) +o>n(t))dt.

N

T
=ps(x—As) + J pr-dX; + J

N

Then, we denote EpT(Xi‘FfAT) =J1 + ]2, where

T
Ji=psx—prAT+ J (Buaz(t)+0>x(t))dt

S

T
~(a(s)x+8(5)-grAr)x—prar+ | (Buon(t)+ a(o))dr,

N

and

T

T
]2=E |:J pt*dX:‘ +J X:;dpt:| .

N

Plugging (3.14) into the right-hand side of the above equality and using the martingale property
result in

T
h=E U (P (6, + =™ pi—fy) =X 6,01 X (X;‘—At))dt} .

N

Note that J, does not change if - is replaced by ¢. Thus, we have

T
= U (01(6:X; + = py—Pus ) =X 6,0~ X (Xj—At))dt} 4

S

Rearranging yields

T

J,=E UT (pe(c—Pur)— A (Xf—At))dt—J <qz (X:—A,) +eﬂfp§)dt} .

N
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In addition, Theorem 3.3 shows that empzzzu;‘z. Thus, all the above reasoning yields

T
2V (s, x)=(x(s)x + g(s)—qTAT)x+J (Br(tys + (1)) dr

N

T
EU (pe(c—Pu1)—Arq: (X;—A;))dt—prAr

T
=(z(s)x+g(s)—qrAT)x+ J (Br(t)py + Gzﬂ(t))dt

N

T
+E U ((2(6)X; +g(t)—qrAT) (c—Pur)—Auqe (X, —A) )dt—prAr|.

S

In the following, we use properties of the function g(x) to cancel the stochastic term of (3.23). First,
the boundary condition g(T)=0 yields g(T)(X5+—A7)=0. On the other hand, applying the Itd for-

mula to it results in

T T

g(t—)d(X;—A) + [ (X; —A,)dg(2)

N

¢(T) (X;—AT)=g<s><x—As>+j

N

T T

g(t—)dx:+J gOX_dt.

N

=g(s)x+J

N

Replacing dX; by the first equality in (3.14) and g’(¢) by the second equality in (3.6) yields

T
Eg(T)(X7—Ar)=g(s)x+E U 8(=) (8:X;_ +c—e"pi—pu)dt

N

T
| (X g06-n(0) X (arAre + (1)

S

+ X:l(squAT + X:iqlAt)dt} .
Replacing #- by ¢ and adding (3.25) to (3.23) result in
2V (s, x)=n(s)x* +2(g(s)—qrAT)x

T
+EU (2(c—pur)(g(H)—qrAr) + Pty + qeA2 + (D)) di—prAs + grArx

N

T
+ J (fg(t)e“pl + (g(t)e’”quAT)e’”)ﬂ(t)Xf + X;‘équAT) dt} .

Replacing #(¢)X; by (3.18) to the right-hand side and rearranging yields
2V (s,x)=n(s)x* +2(g(s)—qrAr)x

N

where

T

J3=—E [qT (X}—AT)AT] +qrATXx+qTATE |:J ((C_ﬂlul )_e/“p, + X;‘5t)dt:| .

N
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In view of the first equality of (3.14), we have
T
J3=—E[qr(X;—A7)Ar]| + qrATx+ 9TATE U de] =qrA3.
N

So

2V (s, x)=n(s)x* +2(g(s)—qrAT)x

T
[ (et1-arary e —2(e-pu)e(o)-arar)-pa(thns-qiai~ca(0) de + a1,

N

which coincides with (3.5), (3.7) with the boundary condition (3.8).

3.3. The maximum principle

This subsection employs the maximum principle to solve the problem. According to Framstad ef al.
(2004), the Hamiltonian H:[0, T]x R*x R — R for the above problem becomes

H(t,x,u,p, Q,7)=—~e *u*— % W(x—A) 4 (5x+u+c)p+06Q

1
2°¢

+ J —zr(t,2)—zp +xr(t,2))PF(dz), (3.26)
R

where % is the set of functions 7:R* — R such that the integral in (3.26) converges The adjoint
equation (corresponding to the pair (X, #)) in the unknown adapted process p(¢) €R, Q(¢) €R and r
(¢, z) €R is the backward stochastic differential equation (BSDE)

oH

dp(t)=———H(t, X(2),u(t), p(t), Q(t), 7(z,-))dt + Q(¢)dB(¢) +

e r(t-,2)N(dt,dz)

r(¢,z)pF(dz)dt, (3.27)

o e— R ——

—(8:p1—qi(Xi—Ar))dt+ O(1)dB, + J r(t_,2)N(dt, dz)—
R

with terminal condition
p(T)=—qr(x—Ar), (3.28)

where N(t, z) is a Poisson random measures with Lévy measures SF(dz).

By Framstad et al. (2004, Theorem 2.1), (X', «") is an optimal pair if it satisfies
H(t, Xy, (1), Q(1), (2, ) = max H(t, X, u, p(2), Q(1), (2, ))
for all #€[s, T] and that
H(x): =max H(t,x,u,p(1), Q(1).7(t. ")) (3.29)
exists and is a concave function of x for all t€[s, T], where (p(t), O(2), r(z, z)) is a solution of

the corresponding (X', #°) to adjoint equation (3.27). We take y(¢, z) =n2 and Q(f) = - oy, then,
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(3.27)-(3.28) become

{ dpi=(~8:pr+ ar(X; —Ar))de+n, (d SN Yi—puydr) —or,dB,, 5.30)
pr=—qr(Xr—A7).
All the above statements yield that the optimal control #; is
u;=p,e”, (3.31)
in which p, is the solution of the following equation:
dX;=(8,X; +c+ep,)dt—d SN, Yi+odB,,
dpy=(=8ipr+ qi(X;—A))dt +1, (d N Yif/iyldt> —o7,dB,, 532)

X;=x,
pr=—qr(Xr—ArT).

Note that the optimal control given by (3.31)—(3.32) is equal to that given by Theorem 3.3. Thus,
Theorem 3.3 is again proven. The solution of equation (3.32) has been given by Theorem 3.4.

We now seek the expression of the optimal value function V not by definition and the HJB equation
but by the relations between the maximum principle and dynamic programming in the jump-
diffusion case. By Framstad et al. (2004, equation 24a), we know that

oV .
p(t):a(t, X;). (3.33)
In our case, this implies that
1
V(t, x)=§7r(t)x2 +(g(t)—qrAT)x+£(1), (3.34)

where f{¢) is a suitable function. To determine f(t), we give the following Lemma; it also complements
the results given by Framstad ez al. (2004).

Lemma 3.1 Let (X, u") be an optimal pair. Suppose that the optimal value function Ve C*2. Then,
Vi(t, X;)=G(t, X}, u;, — Vi (£, X;), — Vax (£, X))
= max G, X} u,—Vi(t,X]), = Vax (2, X})),
ue
aet € [s, T],P—a.s. (3.35)

where G is defined by

G(t,x,u,p,P): =(8x+c+u)p+ %#P—ﬁEV(t,x—Y) +pV(t,x)

1 1
- zqt(x—A,)z— ze*“uz. (3.36)
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Proof. The previous analysis shows that the optimal control is

u;=—(a(t)X; +g(t)~qrAr)e ™ (3.37)
It shows that the optimal control is Markovian, i.e., it depends only on the actual surplus and not on
the history of the process. Thus, the resulting surplus process X; still has the Markov property.
Therefore, we have

1 T
V(t,X;)= ZE Ut (q, (XffA,)2 + ef’”u:z) dr+qr (Xi}fAT)z | Xf}

T
= %E U (q, (X;‘—A,)2 + e”“uf) dr+qr (Xi}—AT)z | 9”;}
t

vt € [s, T], P—a.s. (3.38)

Inspired by Yong & Zhou (1999, P251), we define

T
my: =%E U (4 =A) e )dr+gr(Xi—Ar) | 9«3} (3.39)
N

Clearly, m(-) is #;-adapted square-integrable martingale. Thus, by the martingale representation
theorem (see Tang & Li (1994), Lemma 2.3), we have

1 1

H(r,2)N(drdz)— ” H(r,2)BF(dz)dr

N

T
mt=m5+J M,dB, + JJ

N

SV (s x)+ rM,dB, . J JTH(r, )N (drdz)— J JTH(r, 2)BF(dz)dr, (3.40)

where M € L% (s, T;R) and H € B# (s, T; R). Then, by (3.38) and (3.40),

t
V(t, X;)=m,— % J (q, (X; fA,)z + ef’"ujz)dr
N

13
=V(s, x)— %J (q, (X; —A,)2 e U ) dr

+ J:M,dB, + J JtH (r,2)N(drdz)— J JTH(r, 2)BE(dz)dr. (3.41)

N N

R R

On the other hand, applying the It6 formula to V (2, X;) yields

av(r, x;):{vt(; X))+ (6 + i) Va(t.X7) + 202 Via(£.X;) }dt

+oVi(t, X;‘)dBt+di V(Ti, X*Tl) fV(T,-, x*Tﬁ). (3.42)
=1
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Comparing (3.41) with (3.42) results in
Vi(£,X;) + (8, X; +c+uy) Vi (2, X})
+162 Vi (6, X5) + B [ (V(2, X;_—2)—V (£, X;_)) G(dz)dt
=—(a:(G—A) +eu) (3.43)
oVe(t,X;)=M;
H(t,2)=V(t,X,-—2)—V (¢, X}_)

This proves the first equality in (3.35). Since Ve CY?, it satisfies the HJB equation (3.1), which
implies the second equality in (3.35).

Combining (3.34) and, (3.37) with the first equality of (3.35), we obtain (3.5) with f{¢) given by (3.7)-
(3.8) again.
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