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SQUARES AND NARROW SYSTEMS
CHRIS LAMBIE-HANSON

Abstract. A narrow system is a combinatorial object introduced by Magidor and Shelah in connection
with work on the tree property at successors of singular cardinals. In analogy to the tree property. a
cardinal  satisfies the narrow system property if every narrow system of height x has a cofinal branch.
In this paper, we study connections between the narrow system property, square principles, and forcing
axioms. We prove, assuming large cardinals, both that it is consistent that X, satisfies the narrow system
property and Oy, <x,, holds and that it is consistent that every regular cardinal satisfies the narrow system
property. We introduce natural strengthenings of classical square principles and show how they can be used
to produce narrow systems with no cofinal branch. Finally, we show that the Proper Forcing Axiom implies
that every narrow system of countable width has a cofinal branch but is consistent with the existence of a
narrow system of width w; with no cofinal branch.

§1. Introduction. The question as to when certain large cardinal properties can
hold at accessible cardinals has been of considerable interest in modern set theory.
Of particular interest are successors of singular cardinals (particularly X, ). at
which these properties are typically more difficult and require larger cardinals to
attain than at successors of regular cardinals. One of the large cardinal properties
that has received a great deal of attention is the tree property. In [12], Magidor
and Shelah prove that the tree property holds at the successor of a singular limit
of strongly compact cardinals and that, assuming large cardinals (roughly a huge
cardinal with w-many supercompact cardinals above it), it is consistent that the
tree property holds at W, ;. In the same paper, they introduce the notion of a
narrow system, which has proved to be a valuable tool in the analysis of the tree
property at successors of singular cardinals and is the primary subject of this paper.
In [15]. Sinapova reduces the large cardinals needed to obtain the tree property at
N, 41 by forcing it from w-many supercompact cardinals. In [13], Neeman shows
the consistency of the tree property holding simultaneously at X, and R, for all
2 < n < w and, in the process, demonstrates a different method for forcing the tree
property at ¥, | from w-many supercompact cardinals.

The forcing constructions employed by Magidor and Shelah, Sinapova, and Nee-
man are all distinct, but, in all known models in which the tree property holds at
the successor of a singular cardinal, u, the verification of the tree property follows
the same general two-step pattern. In the first step, it is argued that every u™-tree
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admits a narrow system of height 4™ (a precise definition of this will be given later).
In the second step. it is argued that every narrow system of height 4™ has a cofinal
branch. With this in mind and with an eye towards getting a better understanding
of matters surrounding the tree property, we focus our attention here on these two
steps, and in particular on the latter, taken individually.

The general structure of the paper is as follows. In Section 2. we introduce
narrow systems and prove some basic facts about them. In Section 3, we recall
some combinatorial and forcing notions that will be useful throughout the paper.
In Section 4, we present branch preservation lemmas for narrow systems. These
are slight improvements on a similar lemma of Sinapova from [15]. In Section 5,
we present some forcing constructions related to the narrow system property. In
particular, starting from large cardinals, we obtain a model in which every nar-
row system has a cofinal branch, a model in which the narrow system property
at N, and Oy, <y, both hold, and a model in which there is an inaccessible,
nonweakly compact 4 such that the narrow system property holds at A. In Sec-
tion 6, we demonstrate how branchless narrow systems can be constructed from
certain strengthenings of classical square principles. In Section 7. we demonstrate
how to force some of these square principles and, in Section 8, we demonstrate
how to separate certain of them from one another. In Section 9, we discuss derived
systems and use them to get finer control over the failure of the narrow system
property. In Section 10, we show that the Proper Forcing Axiom implies that
every narrow system with countable width has a cofinal branch but has no effect
on narrow systems with uncountable width. At the end, we present some open
questions.

Our notation is for the most part standard. The reference for all undefined notions
and notations is [7]. If A4 is a set of ordinals, then otp(4) denotes the order type of
A and A’ denotes the set of limit points of 4. i.e.. {a@ € 4 | sup(dNa) = a}. If X
is a set and « is a cardinal, then [X]* = {Y C X | |Y| = &}. If K < 4 are regular
cardinals, then S/ = {a < / | cf(a) = x}. and cof () denotes the class of ordinals
of cofinality x. On denotes the class of all ordinals. If 4 is an uncountable, regular
cardinal, 7 is a A-tree, and o < /A, then we will assume that level « of 7' is {a} X k4.
where k, < A. In particular, if 2 = u™, then, for all 0 < o < A, we will assume
that level « of T is {a} x u. The tree relation for a tree 7" will typically be denoted
by <r. If R is a binary relation, then we will typically write ¢ <g b to stand for
(a.b) € R.

82. Narrow systems.

DErINITION 2.1. Let R be a binary relation on a set X'.

e If a.b € X, then a and b are R-comparable if a = b, a <g b, or b <r a.
Otherwise, a and b are R-incomparable, which is denoted a L g b.

o R is tree-like if, for all a.b,c € X, if a <z ¢ and b <r ¢, then a and b are
R-comparable.

‘We now recall the notion of a A-system, introduced in [12].

DEFINITION 2.2. Let 4 be an infinite, regular cardinal. S = (U,;{a} X ka.R)
is a A-system if:
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1. I C A is unbounded and, for all « € I, k, 1s a cardinal such that 0 <
Ko < /4. We sometimes slightly abuse notation and write S to denote its
underlying set. i.e.. J,c;{a} X ka. For example, we will write u € S instead
of u € U,e/{a} X Kqo. For each o € I, we say that S, = {a} X k4 is
the a™ level of S. Similarly, if <1 is one of <, <.>. or > and f < 4, then
Sap =U{{a} X ko | €T and a < B}.

2. R is a set of binary, transitive, tree-like relations on S and 0 < |R| < 4:

3. foralR e R.ap. a1 € 1, ﬂo < Kqg» and ﬁ] < Kqy» if (ao,ﬁo) <R (al,ﬁl), then
o) < a;

4. for all ap < ay. both in 7, there are fly < Kq,. fiI < Kq,» and R € R such that

(a0, fo) <r (eu1. ).
If S = (Uyes{a} X Ka. R) is a A-system, then we define

width(S) = max(sup({ss | @ € I}),

RI)

and height(S) = 4. S is a narrow A-system if width(S)™ < A.
S is a strong A-system if it satisfies the following strengthening of (4):

(4') for all ap < «, both in I, and for every | < Kq,, there are fy < kg, and
R € R such that (ag. o) <r (1. f1).

If R € R, a branch of S through R is a set b C S such that for all u,v € b, u
and v are R-comparable. b is a cofinal branch if, for unboundedly many a € I,

bNS, #0.

REMARK 2.3. If 4 is a successor cardinal and S = (U, {0} X Kq.R) is a
A-system, or if k is weakly inaccessible and S is a narrow A-system, then there is an
unbounded J C I and a k < A such that, for all @« € J, K, = k. It will then be
sufficient for us to work with subsystems of the form (J x k., R). so, in the case that
Ais a successor cardinal or we are considering only narrow systems, we will assume
our systems are of this form. In addition. if S is a A-system, then we will write R(S)
to refer to the set of relations of S.

DEerFINITION 2.4. Let 4 be a regular cardinal, and let 7" be a A-tree. T admits a
narrow system if there is an unbounded I C 1 and a x with k¥ < A such that
(I x k. {<r}) is a system.

REMARK 2.5. Note that, as 7 is a tree, verifying that (I x k. {<r}) in the above
definition is a system amounts to checking condition (4) in Definition 2.2.

We will be interested in statements asserting that all narrow systems of a certain
shape have a cofinal branch. We first show that, when verifying that all narrow
systems of a given height and width have a cofinal branch, it suffices to consider
systems having a single relation.

PROPOSITION 2.6. Let A be an uncountable, regular cardinal, and suppose S =
(I x Kk, R) is a A-system with no cofinal branch. Suppose width(S) = &’. Then there
is a A-system S" = (I x k', R') with no cofinal branch such that |[R'| = 1.

Proor. Let k9 = |R|. and enumerate R as (R: | & < ko). Fix a bijection 7 : k" —

k x ko. For B < k', denote n(f) as (B°, B!). Let R’ = {R}. and define the system

S’ by letting (cv. fo) <r (a1, 1) iff f§ = Bl and.in S, (ap. BY) <wr, (a1, pY). It is
0
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easily verified that S’ is a A-system and that a cofinal branch through S’ would give
rise to a cofinal branch through S. -

DEFINITION 2.7.  Let & < Zbeinfinite cardinals. The (k. A)-narrow system property
(abbreviated NSP(k./)) holds if every narrow system of width < & and height 1
has a cofinal branch. The (k. > A)-narrow system property (NSP(x,> 1)) holds if
every narrow system of width < x and height a regular cardinal > 4 has a cofinal
branch.

If 4 is a regular, uncountable cardinal, then the narrow system property holds at 4
(abbreviated NSP(/)) if every narrow system of height / has a cofinal branch. Note
that this is the same as NSP(A. 1).

The reader may be wondering why we are focusing on narrow systems, for which
we require width(S)™ < height(S), rather than adopting the seemingly more natu-
ral requirement of width(S) < height(S). One reason for this is that the analogue
of the narrow system property for systems satisfying width(S) < height(S) is
inconsistent: as will be shown in Proposition 9.3, it is a theorem of ZFC that,
for every infinite cardinal x, there is a x"-system of width x with no cofinal
branch.

REMARK 2.8. Note that, by Proposition 2.6, if x < A are infinite cardinals and
there is a counterexample to NSP(k. /), then there is a counterexample S such that
|R(S)| = 1. Therefore, in order to verify NSP(x, 1), it suffices to verify that every
narrow A-system S such that width(S) < x and |R(S)| = 1 has a cofinal branch.

PROPOSITION 2.9. If 1 is weakly compact, then NSP(A) holds.

PRrOOF. Suppose 4 is weakly compact, k < 4, and S = (I x k, R) is a A-system.
We will show that S has a cofinal branch. By Remark 2.8, we may assume that
R = {R}. We define a function f : [I]*> — k x & as follows. For every ap < o with
ap, a1 € 1, find B,y € & such that (o, f) <r (a1.y) and let f({ap,a1}) = (B.7).
Since 4 is weakly compact, 4 — (/l)i so there are an unbounded H C I and
B*.7* < k such that, for all ap < oy with ag. 1 € H. f ({0, a1 }) = (B*,7%).

Now let ag < ] < o, with all three in H. (o, f*) <g (0n.y*) and (a1, f*) <z
(a2, %), so, since R is tree-like, (ag, f*) <r (ay. f*). Thus, {(a. f*) | € H} isa
cofinal branch through S. -

PRrOPOSITION 2.10. If Z is strongly compact, then NSP(4.> 1) holds.

PRrROOF. Suppose 4 is strongly compact, k < A, 4 > A is a regular cardinal, and
S = (I xk,R)isa u-system. We may again assume that R = { R}. Since A is strongly
compact, every A-complete filter can be extended to a A-complete ultrafilter. Thus,
let U be a A-complete ultrafilter over u containing / and all co-bounded subsets of
u. As in the proof of Proposition 2.9, define f : [I]> — & x & so that, if ay < oy
arcin 7 and f ({ag.a1}) = (6. 7). then (a0, ) <r (a1.7).

For each a € I, use the JA-completeness of U to find f,,7, < & such that
Ay = {a/ € I\ (a+1) | f{a.a'}) = (Ba.7a)} € U. Again using the A-
completeness of U, find B C I and f*,y* < sk such that B € U and, forall« € B,
(Bar7a) = (B*.7%). Let ap < ; be'in B, and let ap € Ay, N Ag,. Then (o, f*) <r
(ap.y*) and (ay, f*) <r (aa.7*). so. since R is tree-like, (ap. %) <r (a1.p*).
Thus, {(c. *) | @ € B} is a cofinal branch through S. 4
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§3. Combinatorial and forcing preliminaries. In this section, we recall some rel-
evant combinatorial and forcing notions and basic facts thereon. We start with
variations on Jensen’s square principle, which will be important throughout this

paper.
DerFINITION 3.1. Let 4 and p be cardinals, with x4 infinite and 4 > 1. A O, ;-
sequence is a sequence C = (C, | a < ™) such that:

1. For all limit o < u™. C, is a collection of club subsets of « and 1 <
2. foralllimit e < f < ut and all C € Cp.if € C’. then C Na € Cy:
3. for all limit @ < ™ and all C € C,, otp(C) < u.

0, < holds if there is a [, -;-sequence.

Col < 7

REMARK 3.2. [, .;+ is usually denoted [, ;. It is immediate that, if 19 < 4,
then [, ;, implies [J,, ;. 0,1 is Jensen’s classical principle [,. [J, , is also called
weak square and denoted ;. Jensen proved that [ is equivalent to the existence
of a special u*-Aronszajn tree (for a proof of this fact, see [2, Section 5]. OJ,, .+ is
also called silly square and holds in all models of ZFC.

DEerFINITION 3.3, Suppose 1 < 4 < k are cardinals, with « infinite and regular,
and C = (C, | @ < k) satisfies (1) and (2) of Definition 3.1 forall & < § < & (s
here is replacing the 4+ from Definition 3.1). A club D C & is said to be a thread
through Cif, foralla € D'. D Na € C,.

Clause (3) in Definition 3.1 easily implies that, if C is a [J, -;-sequence, then
there is no thread through C. If we weaken clause (3) to just require its anti-thread
consequence, then we obtain the definition of O(k. < 4).

DerFNiTION 3.4. Let 1 < A < k be cardinals, with  infinite and regular.
A O(k, < 4)-sequence is a sequence C = (C, | @ < &) such that:

1. for all limit @ < k., C, is a collection of club subsets of & and 1 < |C,| < 4;
2. foralllimit o < < kandall C € Cp.if a € C’.then C Na € Cy:
3. there is no thread through C.

O(k. < A) holds if there is a (k. < 4)-sequence. As above, we denote (I(k. < A1)
by O(k. 4) and O(k, 1) by O(k).

We will also need the notion of approachability, which plays an important role in
the study of successors of singular cardinals.

DEerINITION 3.5, Let & be a regular, uncountable cardinal, and let @ = (a, | a <
k) be a sequence of bounded subsets of . If y < «. then y is approachable with
respect to @ if there is an unbounded A C y such that otp(4) = cf(y) and. for every
B < y.thereis a < y such that A N f = a,.

DErFINITION 3.6. Let k be a regular, uncountable cardinal.

e If 4 C k, then 4 € I[x]if thereis a club C C k and a sequence @ = (a, | @ <
) of bounded subsets of x such that, foreveryy € AN C, cf(y) < y and y is
approachable with respect to &.

e If u is a singular cardinal, then AP, (the approachability property at p) is the
assertion that u* € I'lu™].
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1[k] is called the approachability ideal. A wealth of information on /[k] can be
found in [5]. We collect some of the relevant facts here.

REMARK 3.7. Let k be a regular, uncountable cardinal.

e [[r]is a normal, k-complete ideal extending the nonstationary ideal.

e Suppose k< = k and @ = (4, | @ < k) is a fixed enumeration of all bounded
subsets of k. Then 4 € I[k]iff thereisaclub C C k such that, forally € ANC,
cf(y) < y and y is approachable with respect to .

e If u is an infinite cardinal, then D; = AP,.

e If / is a supercompact cardinal and u is a singular cardinal such that cf (1) <
A < u.then -A4P,.

‘We now move to forcing. We first recall the notion of strategic closure.

DEerINITION 3.8. Let P be a partial order and let § be an ordinal.

1. The two-player game G4(PP) is defined as follows: Players I and II alternately
play entries in (p, | @ < ). a decreasing sequence of conditions in P with
po = 1p. Player I plays at odd stages, and Player II plays at even stages
(including all limit stages). If there is an even stage oo < f at which Player 11
cannot play, then Player I wins. Otherwise, Player II wins.

2. P is f-strategically closed if Player 11 has a winning strategy for the game
Gy(P). P is < p-strategically closed if it is a-strategically closed for all
a<p.

We now introduce the standard forcing poset to add a OJ, ;-sequence (cf. [3].
Definition 6.2).

DerNITION 3.9. Let A and u be cardinals, with 1 < 4 < g and g uncountable.
S(u, A) is the forcing poset consisting of all conditions p = (CJ | a < y?) such
that:

L.y? < u':

2. foralllimit o < y? and all C € C4. C isaclubin a and otp(C) < u;

3. forall limit a < y7, 1 < |CH| < A

4. forall limit o < f < y”andall C € Cl[;’ ifae C',then C'Na €Ck.

For all p.q € S(u.A). g < p iff ¢ end-extends p. i.e.. y? > y? and, for all « < y?,
cl=ct.

S(u., < 4) is defined similarly, except that, in item (3), we require 1 < |Ch| < A.
When considering S(u. < A), we will assume 1 < 2 < ut, as S(u, u) = S(u. < u™).

Proofs of the following can be found in [3].

ProPOSITION 3.10. Let 4 and u be cardinals, with 1 < /. < u and p uncountable.

1. S(u. ) (resp. S(u. < 1)) is wi-closed and (i + 1)-strategically closed. In partic-
ular, forcing with S(u. 1) (resp. S(u. < 1)) does not add any new u-sequences of
ordinals.

2. If G is S(u. A)-generic (resp. S(u. < A)-generic) over V. then |J G is a O, ;-
sequence (resp. a 0, <;-sequence).

There is also a natural forcing to add a thread through a square sequence.
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DEFINITION 3.11. Suppose 4 and u are cardinals and € = (Cy | & < ™) isa
O, <i-sequence. Let x < u be a regular, uncountable cardinal. T (C) is the forcing
poset whose conditions are all 7 such that:

1. tisa closed. bounded subset of u* and otp(¢) <

2. foralla et tNa eC,.

If 5.z € T.(C). then s < ¢ iff s end-extends ¢.

If C was added by forcing with S(u. < 2). then T, (C) is rather nicely behaved. To
be more precise, let G be the canonical S(u, < 4)-name for the generic filter, and let
C be the canonical S(u. < 4)-name for U G.Letk < 4 be a regular, uncountable
cardinal. For a poset P and a cardinal 0, let P/ denote the full-support product of
0 copies of P.

PROPOSITION 3.12. Suppose 0 < 0 < i < u™. Then S(u, < 1) C‘) has a
k-directed closed dense subset.
ProOF. Let U consist of all (p. (¢, | 7 < 0)) € S(u. < 1) @ such that:

1. thereis (z, | n < 0) € V such that p IF “(¢, | n < 0) = <l,7 |7 < 6)”
2. forally < 0. y? = max(z,).
We first show that U is dense. To this end, let (po. <i0 | 7 < 0)) € S(u. <

@ . Since S(u. < 4) is u*-distributive, we can find p < po and (1) | 7 <
9) € V such that p I- “() | n < 0) = (i) | n < 0).” By strengthening p if necessary.
we may assume that y” > max(z)) for all y < 6. For all < 0. let 1, = 19 U {y?}.
Then (p. (f, | n < 6)) < (po. (i) | n < A)) and is in U.

We next show that U is x-directed closed. First note that (U, >) (with the reverse
order) is tree-like, i.e.. for all u, v, w € U, if w < u, v. then either u < vorv < u. A
tree-like partial order is k-directed closed iff it is k-closed, so it suffices to show that
U is k-closed. To this end. let ((pe. (75 | 7 < 0)) | & < €) be a strictly decreasing
sequence from U, where ¢ < & is a limit ordinal. For each ¢ < e and < 6, let
t; be such that pe I “ic = 1:.” Let y = sup({p” | & < €}). For each 5 < 0.
let 1y = U¢<E s, and note that ty is a club in y. We define p = (C5 | a < 7) as
follows. For a < y. let C5 = Cl:, where ¢ < e is least such that o < yPe. Let
¢ = {t; | n < 0}. Finally, for all # < 0. let ¢, = ty U {y}. It is easily verified that
(p.(fy | n < 0)) is alower bound for ((pe. (75 | 7 < 0)) | & <€) inU. .

REMARK 3.13. An easy adaptation to the proof of Proposition 3.12 yields that
if, in addition to the hypotheses in Proposition 3 12 RisaS(u. < A) % T, (C)-name
for a k-closed forcing notion, then S(u, < 1) C‘) % R)? has a dense k-closed
subset, namely the set U* of all (p. ((¢,.7,) | < A}) such that (p.(ty | n<0))is
in the set U identified in the proof of Proposition 3.12. The verification that U* is
dense and k-closed is precisely as in the proof of Proposition 3.12.

COROLLARY 3.14. Let G be S(u., < 4)-generic over V., andlet C = UG.Letk < pu
be a regular, uncountable cardinal.
1. nV[G].T =T, (C) is k-distributive. Moreover, T is k-distributive for all 0 < 4
and, if R is a T-name for a k-closed forcing, then (T * R)? is x-distributive for
all 0 < J.
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2. If H is T-generic over V|G, then T = |J H is a thread through Cof order type k.
We similarly introduce a forcing poset to add a (k. 1)-sequence.

DEerINITION 3.15. Suppose 1 < 4 < k are cardinals, with x regular and uncount-
able. Q(k, < 1) is the forcing poset consisting of conditions ¢ = (C& | a < y4) such
that:

1. y9 < k;

2. foralllimit o < y?and all C € C&. Cisaclubin a;

3. foralllimita < 7, 1 <|CL| < 4

4. foralllimita < f <y?andall C € C;,ifa € C’.then C Na € CL.

Q(k, < A) is ordered by end-extension. Q(x. < A™) will be denoted by Q(k. A).

DEerFINITION 3.16. Suppose | < 4 < k are cardinals, with x regular and uncount-
able, and C = (C, | a < ) is a (k. < 4)-sequence. T(C) is the forcing poset whose
conditions are closed, bounded subsets ¢ of « such that, foralla € ¢/, tNa € C,.
T(C) is ordered by end-extension.

The following is proved similarly to the corresponding facts about forcings to
add and thread 0, < ;-sequences. A proof of item (2) for Q(k. 1) can be found in [8.
Lemma 35]. The proof for Q(x, < A) for arbitrary 4 < & is essentially the same.

ProposITION 3.17. Let 1 < A < k, with k regular and uncountable.

1. Q(k. < A) is w-closed and k-strategically closed.
2. [fG is Q(k, < A)-generic over V , then\J G is a O(k, < A)-sequence in V[G].

3. [fC_" is the canonical Q(k. < A)-name for the union of the generic filter and

0<0< A thenQ(k. < A) % ’]'I‘(C;)(’ has a dense k-directed closed subset.
We need two more general facts about forcing. The first is due to Magidor and
concerns absorbing forcing posets into Lévy collapses.

Fact 3.18 ([11], Lemma 3). Let x be a regular cardinal, and let k < i < u.
Suppose that. in V<A P is a separative. k-closed partial order and |P| < u. Let
i be the natural complete embedding of Coll(k, < 1) into Coll(k, < u) (namely, the
identity embedding). Then i can be extended to a complete embedding k of Coll(k, <
2)* P into Coll(k. < w) so that the quotient forcing Coll(k, < u)/k“(Coll(k., < 1) *I?)
is k-closed.

The second fact is due to Shelah and involves the preservation of stationary sets
by sufficiently closed forcing.

Fact 3.19 ([14]. Theorem 20). Let k < 4 be infinite, regular cardinals. Suppose
that S is a stationary subset of S%, S € I[A], and P is a k" -closed forcing poset. Then
S remains stationary in V'F.

84. Preservation lemmas. In this section, we present two preservation lemmas
for narrow systems, each a slight improvement of a similar lemma of Sinapova [15.
Theorem 14]. For convenience, we first introduce the following definition.

DEFINITION 4.1. Let 4 be an uncountable regular cardinal. let S = (I x . R) be
a narrow A-system, and let 0 = width(S). b = {b, | y < 0} is a full set of branches
through S if:
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1. forall y < 0, there is R € R such that b, is a branch of S through R:
2. forall @ € I. there is y < 6 such that b, NS, # 0.

REMARK 4.2. Note that, since A is regular and 6 < A, condition (2) in the above
definition implies that, for some y < 8, b, is a cofinal branch.

LemMA 4.3. Suppose that 1 is an uncountable cardinal, S = (I x k, R) is a narrow
J-system, width(S) = 0. P is a 07 -closed forcing poset, G is P-generic over V , and. in
VIG). there is a full set of branches through S. Then there is a cofinal branch through
SinV.

REmMARK 4.4. This lemma improves Sinapova’s lemma in that it applies to
0+ -closed forcing posets, whereas [15, Theorem 14] applies only to 8" -closed
posets.

Proor. We work in V', supposing for the sake of contradiction that there is no
cofinal branch through S. For y < 0. let b, be a P-name, and let p* € P be such
that p* I “{b, | y < 0} is a full set of branches through S.” Since P is 6*-closed, we
may assume that there are a nonempty 4 C 0, o™ < 4. and r : 4 — R such that:

e forally <0, p* I+ “by is a cofinal branch iff y € 4;”

e forally € \A4. p* I+ “b, C Sca?”

o forally € 4, p* I “by is a branch through r(y).”

Cram 4.5. Forevery p < p* andevery y € A, there are qy.q1 < p and ug,u; € S

such that:
1. fori<?2. g\ “u€by,:”
2. Uuo J_r(./) ui.

PrROOF. Suppose not, and let p and y form a counterexample. Then b = {u € § |
forsome ¢ < p. ¢ I “u € b,”} is a cofinal branch through S in V. -

CrLaM 4.6. For every po, p1 < p* and every y € A, there are qy < po, q1 < pi1.
and uy, uy € S such that:

1. fori<?2. g\ “u€by,:”

2. Uuo J.,.@,) ui.

ProOF. First, apply Claim 4.5 to obtain ¢{. ¢! < po and ul,u} € S such that
g - “ud € b,” anduf L,(,) u. Let * < i besuch thatul.u) € Scg-.Find g < p;
and u; € Ssg- such that ¢; I+ “uy € b,.” If (u), u) and (u)., u;) are both in r(y),
then, since r(y) is tree-like, u) and u) are r(y)-comparable, which is a contradiction.
Thus, there is i* < 2 such that ul. L, u;. Let g0 = ¢}. and uy = u.. Then

qo. q1. to, and u; are as desired. 4
Cram 4.7. For every p < p*, there are qo.q1 < pand{u! |y € A.i <2} C S
such that:

1. foreveryy € Aandi <2, q; \F “ul €b,;”

2. foreveryy € A uj L, uj.

PrOOF. We recursively build two decreasing sequences, (q;) | y < 8)and (qyl |y <
0) from P together with nodes from S, {u! | y € A.i < 2}, as follows.

First. let g) = ¢y = p. If y < 0 is a limit ordinal and i < 2. let ¢ be a lower
bound for (g} | & < y). If ¢°.¢q) have been defined and y ¢ A. let 4., = q; for
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i < 2. Finally. if ¢ and ¢} have been defined and y € 4. apply Claim 4.6 to ¢). ¢,
and y to obtain ¢?,; < ¢). ¢, < ¢}, and uj. u] € S such that:

o fori <2 gl IF*“ul €by”

° ug Li¢) unf.
At the end of the construction. for i < 2. let ¢; be a lower bound for (¢} | y < 0).
Then qo.¢1. and {u] | y € A.i < 2} are as desired. =

Now use Claim 4.7 and the closure of P to recursively build a tree of conditions
{ps | 0 € <P2} and nodes {u” | ¢ € <92,y € A,i <2} in S as follows.

Let pg = p*. If n < 0 is a limit ordinal, ¢ € 72, and p, s has been defined for all
& < 5. let p, bealower bound for (p, s | ¢ < 7). If ¢ € <?2and p, has been defined,
apply Claim 4.7 to p, to obtain p,~ (o). po—(1y < ps and nodes {u]” | y € A.i < 2}
in S such that:

o foreveryy € Aand i <2, p,~ IF “uj’ € 57; ”
o foreveryy € A.ug” L,y uj’.

For each f € 92, let p; be a lower bound for (ps, | n < 0). Choose B C Y2 with
|B| = 0%, and find * € (I \ &) such that u/ """ € S_;. forall f € B, 5 < 0,
y € A,andi < 2. This is possible, since §* < A by the assumption that S is a narrow
system.

Foreach f € B.findgy < py, vy € Sp-,and y, € Asuchthatqgy I “vy € l')},./.”
Since |B| = 0", we can find v € Sg-, y € 4. and f # g. both in B, such that
vy = vy = vandy, =y, = y. Let #* be the least # < 0 such that /() # g(n).
andleto = f | n* = g | n*. Assume without loss of generality that / (*) = 0 and
g(n*) =1.Then g7 IF “ug”.v € b,.” so uj” <,(,) v. Similarly. g, = “u7’.v € b,.”
so uj” <,(,) v. Thus. since r(y) is tree-like. ug” and u’ are r(y)-comparable.
contradicting ug” L, () ul”. =

The next variation on Sinapova’s theorem is due to Neeman.

LemMA 4.8 ([13]. Lemma 3.3 and Remark 3.4). Suppose that /. is a regular,
uncountable cardinal, S = (I x k,R) is a narrow A-system, and width(S) = 6.
Suppose P is a forcing poset, and let P'" denote the full-support product of 0 copies
of P. Suppose moreover that P?" is 0+ -distributive, G is P-generic over V. and. in
VIG]. there is a full set of branches through S. Then there is a cofinal branch through
SinV.

§5. Weak square and the narrow system property. In this section, we obtain
some consistency results about the narrow system property. In particular, we
show that, unlike the tree property, the narrow system property is compati-
ble with certain weak square principles. We also prove a global result about
the consistency of the statement that all narrow systems have a cofinal branch.
We first give a useful result about forcing the narrow system property at small
cardinals.

THEOREM 5.1. Let i < A be infinite cardinals, with u regular and 1 supercompact.
LetP = Coll(u. < ). Then. in V®, NSP(u.> 1) holds and moreover is indestructible
under A-directed closed set forcing.
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ProOF. Let G be P-generic over V. Since trivial forcing is A-directed closed, it
suffices to prove that if, in V[G], Q is a A-directed closed forcing poset and H is
Q-generic over V[G], then NSP(u.> 1) holdsin V[G * H].

Thus, let Q be A-directed closed in V[G]. and let H be Q-generic over V[G]. In
V|G x H]. let v > A be a regular cardinal, let K < u, and let S = (I x k,R) be a
narrow v-system. As usual, we assume that R = {R}.

In V., let Q be a P-name for Q and fix a cardinal & > v such that P« Q € V. Let
j : V — M witness that A is 5-supercompact. In particular, crit(j) = A, j(A) > 6.
and°M C M. j(P) = Coll(u. < j(A)). so. by Fact 3.18, the identity embedding
i : P — j(P) can be extended to a complete embedding k : P+ Q — j(PP) so that the
quotient forcing j (IP)/j“(P*Q) is u-closed. Therefore. letting R be a P+ Q-name for
this quotient forcing, we have j(P) = P+ Q=R and R is u-closed in V'**Q. Let K be
R-generic over V[G x H]. Since j(p) = p forall p € P, we have j“G C G+ H K,
so,in V[G x H x K], wecan extend j to j : V[G] - M[G x H x K].

If ¢ € V is a P-name for an element of Q. let r; be the interpretation of j(¢) in
VG« H «K].Let H = {r, |f0rsomep €P.(p.q) € GxH}.Since j [ PxQ € M,
H € M[G  H % K]. Moreover, H is a directed subset of j(Q ) |H| <6 < j(A),
and j(Q) is j(A)-directed closed in M[G * H * K], so there is ¢* € j(Q) such that
g <rforallr € H.Let H* be j(Q)-generic over V[G * H x K] with ¢* € H™.
By construction, we have j“H C H™', so we may, in V[G * H x K = H"], further
extend jto j: V[G+«H] — M[G«H x K « H"].

In M[G «H K xHT"], j(S) = (j(I) x k. {j(R)}) is a j(v)-system. Let n =
sup(j“v) < j(v), and let £ = min(j(/) \ #). Foreachy < k., let I, = {a € I | for
some f§ < k. (j(a).B) <;r) (£.7)}. Fixy < s and « € I,. Since j(R) is tree-like
and any two distinct elements of j(S ) j(a) are j (R)-incomparable with one another,
there is a unique f < & such that (j(« ) B) <;(r) (&.7). Denote this unique f < &
by . For y < k. let b, = {(e. ﬁ“)|ael}

b:={b, |y <k} € V[Gx*H * K+ H*], and we claim that b is a full set of
branches through S. We first verify clause (1) of Definition 4.1. To this end, fix
y<kanda.o' € I, In M[G « H x K « H*]. (j(c). BY). (j(o/),[)’;*') <(r) (€.9).
so. since j(R) is tree-like. (j(a). ) and (j(oz’),[)’;?') are j(R)-comparable. By
elementarity and the fact that j is the identity on &, it is the case that (a., [)’;1) and
(o, [)’;"/) are R-comparable. Therefore, b, is a branch of S. To verify clause (2) of
Definition 4.1, fix a € I. By the definition of system, there are 5,y <  such that
(j(@).B) <j(r)y (&.7). For these values of § and y. we then have a € I, and § = B
so (a. ) € b ﬂ Se.

Since P Q * R is u-closed in V. u < 6. and M is closed under §-sequences in
V, M|[G x H = K] is closed under < u-sequences in V[G x H * K]. Therefore, since
j(Q)is j(A)-directed closed in M[G * H * K] and j(4) > ¢. it is u-directed closed in
V[G % H % K]. Thus, R* j(Q) is u-closed in V[G % H], so. since width(S) = x < u.
Lemma 4.3 implies that S has a cofinal branch in V[G * H]. -

We can use this to get a global result.

THEOREM 5.2. Suppose there is a proper class of supercompact cardinals. Then
there is a class forcing extension in which every narrow system has a cofinal
branch.
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PRrROOF. Let (k; | i € On) be an increasing, continuous sequence of cardinals such
that:

° Ky =W;
e if i = 0 or i is a successor ordinal, then k;; is supercompact;
e if i is a limit ordinal, then x;| = &;".

We may assume that, if 7 is a limit ordinal, then &; is singular, for, if this is not the
case, then we may let i be least such that &; is regular and work in V, instead of V.

Informally. we force with a class-length iteration of Lévy collapses to turn each
k; into X;. More precisely, we recursively define posets (P; | i € On) as follows.

e Py is trivial forcing.

e Ifi = 0 or i is a successor ordinal, then P, = P; « Coll(k;. < Kji1).

e Ifiisalimit ordinal, then PP; is the inverse (i.e., full-support) limit of (P; | j < i)
and Pr; = P; « {1}, where {1} is a IP;-name for trivial forcing.

For ordinals i < k. let P;; be a P;-name such that P, 2 P; * ]I"’i_k and note that, in
VP P, is k;-directed closed. Thus, (H (k;))"" = (H(k:))"*,s0o VP = UreOn |48
is a model of ZFC. Also, standard arguments show that, in V¥, for all i € On,
k; = ;. ie., {k; | i € On} are precisely the infinite cardinals of V. Moreover, for
alli € On. «; is regular in V¥ iff i is 0 or a successor ordinal.

We now show that, in VT, every narrow system has a cofinal branch. Since the
infinite cardinals of V¥ are precisely {x; | i € On} and. for an ordinali, &; is regular
iff i = 0 or i is a successor ordinal, it suffices to show that, for all ordinals i, k with
i +1 < k and k a successor ordinal, every system with width ; and height ;. has
a cofinal branch. Since, in V¥t iy, is sy -closed for all £ > k + 1, all such
systems are in V"1, We may as usual just deal with systems with a single relation.

In VF+ g = k" and, since |Pii1| < k12, a result of Lévy and Solovay (see
[10]) yields that k; 5 is still supercompact. P;; 1,42 = Coll(k;i1,< Kiy2). SO, by
Theorem 5.1, NSP(kj11.> ki) holds in VF+ and is indestructible under &;.,-
directed closed set forcing. Since P51 1 is K, 42-directed closed, NSP(k;. 1, > Kii2)
holds in VP Since k; > kiy2. we have that, in VT, every system with width «;
and height x; has a cofinal branch. -

THEOREM 5.3. Suppose there are infinitely many supercompact cardinals. Then
there is a forcing extension in which Oy, <y, and NSP(R, 1) both hold.

PRrOOF. Let (k, | n < ®) be an increasing sequence of supercompact cardinals,
let u = sup({k, | n < w}). and let A = u*. Define an iteration (P,.Q, | n < w) by
letting Py be trivial forcing, Qy = Coll(w, < ko). and, for all n < w. letting Quy1 be
a P, -name for Coll(k,, < k,.1). Let P be the inverse limit of the iteration. Thus,
in VP, k, =R, foralln < w. u = N,. and 4 = R, . Forall n < w. let P" be a
P,-name such that P 2 P, « " and, for all m < n < w, let ,,, be a P,,-name such
that P, = P, * P,,,..

In V¥ let S = S(u. < u). the forcing introduced in Section 3 to add a Ou<um
sequence. We claim that V'7*S is the desired model. To this end. let G be P-generic
over V', and let H be S-generic over V[G]. For n < w, let G, and G" be the
generic filters induced by G on P, and P, respectively. For m < n < w, let G,
be the generic filter induced by G on P,,,. Suppose for sake of contradiction that,

https://doi.org/10.1017/js1.2017.38 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2017.38

846 CHRIS LAMBIE-HANSON

in V[G % H], there is a narrow A-system with no cofinal branch. As usual, we may
assume that there is such a system of the form S = (1 x &, {R}) for some k < u.

LetC=JH.C= (Co | @ < A)isthusaJ, <,-sequencein V[G* H]. Let n* < w
be least such that k < k-, let £* = K,+«,3. and let T = T, (C—). Since |Py- 43| < &%,
the aforementioned result of Lévy and Solovay from [10] implies that x* remains
supercompact in ¥ [G,-~3]. Fix a cardinal § such that P" H3%«S«T e (V) "1+ and
let j : V[Gp-13] — M[G,~ 3] witness that * is 6-supercompact, i.e., crit(j) = k*
j(k*) > 6, and °M[G,- 3] C M[G,-43]. Note that j(Q,-43) = j(COH(Kn o,
< k%)) = Coll(ky-12. < j(K*)). In V[G,-14]. by Proposition 3.12, P ** xS« T has
a dense x*-directed closed subset and is of size less than j(kx*), so. by Fact 3.18,
in V[Gy3]. the identity embedding from Q-3 into j(Q,+43) can be extended
to a complete embedding of P +3 « § « T into ](Qn +3) in such a way that the
quotient forcing is k,« +2-ClOSCd Let R be a P""+3 & § % T-name for this quotient
forcing. Then j(Q,-13) = P""+3 %« S« T « R. Let I be T-generic over V[G x H]
and J be R-generic over V[G = H * I]. Since j is the identity on Q,« 3, we have
FGueizpesa € G" P35 H x I % J ., sowemay extend j in V[G % H I J] toamap
J i VIGpeial > M[G x H 1 xJ].

We would like to extend j further to have domain V[G x H]. To do this, we
will construct a master condition in j(P"* ** % S). In V[G,-14]. let U be the dense
x*-directed closed subset of P ™ « S « T, and let U € V[G,-,3] be a Q,+,3-name
for U. If § € V[Gp-43]is a Q- 3-name for an element of P" 4« S« T, let r; be the
interpretation of j($)in V[G xH I +J]. Let H = {r; |forsome g € Qu-43.(q.5) €
G" 3« H«Iandq ks € U"}. Since j [ P" %S+ T € M[G,+3]. we have H €

MG x H = I + J]. Moreover, H is a directed subset of j(U). |H| <6 < j(k*). and
j(U)is j(k*)-directed closed in M [G * H I J]. Therefore, we can find r* € j (0)
such that r* < r forallr € H. Let r* = (p*, s*,t*). where (p*.5*) € j(P" T «S).
Let G*+ H* be j(P" +*%S)-generic over V[G *H*I*J] with (p S*)eEGTxHT.
By construction, j“G" **« H C Gt H*,s0,in V[G«xH I xJ « G* x HT], we
canextend jto j: V[Gx H] — M[G «H I xJxG* x H"].

In M[G « H I xJ x G* x H*]. j(S) = (j(1) x k.{j(R)}) is a j(1)-system.
Recall that 7 = sup(j“4). Foreach y < k.let b, = {u € S| j(u) <;g) (n.7)}. Itis
casily verified, exactly as was done in the proof of Theorem 5.1, that {b, | y < k} is
a full set of branches through S.

Since " M[G,+43] € M[Gpe 3] in V[Gpe i3] Kpein < 0. and P* 3 « S « T has
a dense r,+y-directed closed subset in V[G,+.3], we have <2 M[G « H = ] C
MG * H « I]in V[G % H  I]. Therefore. since R * j(P" ** % S x T) has a dense
Kn+12-closed subset in M[G x H * I], it has a dense k,+ 12-closed subset in V|G x*
H x I] as well. Combined with Clause (1) of Corollary 3.14, this implies that
(T« R % j(P" % % S % T))s*+1 is k,-.o-distributive in V[G « H]. so. a fortiori,
(T % R x j(P"" 4 % S))5n+1 is g, o-distributive in V[
y<k}€V[G*H=x*IxJ*xG"x H"]is a full set of branches through S, Lemma
4.8 implies that there is a cofinal branch through S in V[G * H]. -

REMARK 5.4. If a tree admits a narrow system that has a cofinal branch, then
the downward closure of this cofinal branch in the tree is a cofinal branch through
the tree. Since, by the results mentioned in Remark 3.2, Oy, <x, implies the exis-
tence of a special N, 1-Aronszajn tree, the model from Theorem 5.3 provides an
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example of a model in which there are R, -trees that do not admit narrow sys-
tems (in particular, any N, ;-Aronszajn tree in that model cannot admit a narrow
system).

We can use a similar argument to show that, unlike the tree property, the narrow
system property is not equivalent to weak compactness for inaccessible cardinals.

THEOREM 5.5. Suppose /. is a supercompact cardinal. There is a forcing extension
in which . remains inaccessible, NSP(A.> 1) holds, and A is not weakly compact.

ProOF. By forcing with the Laver preparation (see [9]). we may assume that
the supercompactness of 4 is indestructible under A-directed closed forcing. Let
Q = Q(4.< ), the standard forcing introduced in Section 3 to add a (4. < A)-
sequence. Let G be Q-generic over V. In V[G]. let C = UG.andlet T = T(C). In
V', by Proposition 3.17, Q=T? has a dense A-directed closed subset forall 0 < 0 < A.
Let H be T-generic over V[G].

Our desired model is V'[G]. Note that A remains inaccessible in V'[G] and, since
(4, < 4) holds, 4 is not weakly compact. Suppose for sake of contradiction that
S = (I x k.{R}) is a v-system in V'[G] such that K < 2 < v, v is regular, and S
has no cofinal branch. In V[G x H], 4 is supercompact. Fix j : V[G « H] - M
witnessing that /4 is v-supercompact. Let 7 = sup(j“v), let & = min(j (/) \ #) and,
fory < rk.leth, ={uecS|j(u)<;g (£ y)} Again.itis easily verified. exactly as
in the proof of Theorem 5.1, that b = {b, | y < x} is a full set of branches through
S.b € V[G H]and, in V[G]. T* is A-distributive, so Lemma 4.8 implies that S
has a cofinal branch in V[G]. -

§6. Counterexamples to the narrow system property. In this section, we construct
narrow A-systems with no cofinal branches from certain subadditive functions with
domain [4]>. We then show that the existence of such functions follows from modified
square principles.

PROPOSITION 6.1. Suppose k < A are cardinals, with A regular, and suppose there
isd 1 [\]> — & satisfying:

1. foralla < B <y < i d(a.y) <max(d(a.pB).d(B.y)):

2. forallao < <y < i d(a f) <max(d(a.y).d(p.y)):

3. for all unbounded I C A, d“[I)? is unbounded in k.

Then there is a A-system S = (A x k, {R}) with no cofinal branch.

ProOF. To define the A-system S = (1 x k,{R}), we only need to specify the
relation R. Given oy < ay < Zand fo. fi < k. let (a. Bo) <r (1. 1) iff o = p1 >
d({ozo, a1}). It is simple to check that S as defined is a A-system: the fact that R
is transitive follows from property (1) of d, and the fact that R is tree-like follows
from property (2) of d. The fact that S has no cofinal branch follows from property
(3) of d. —|

REMARK 6.2. We call a function d : [A]*> — & satisfying (1) and (2) from the
statement of Proposition 6.1 subadditive. We call a function satisfying (3) unbounded.

We now introduce two different modifications of [I(4) and show that each implies
the existence of such subadditive functions. The first is a variant of indexed square,
a notion studied in [4] and [3].

https://doi.org/10.1017/js1.2017.38 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2017.38

848 CHRIS LAMBIE-HANSON

DEFINITION 6.3. Let x < A be infinite regular cardinals. A ["(/. k)-sequence is
amatrix C = (Co; | @ < A.i(a) < i < k) satisfying the following conditions.

1. For all limit a < 4, i(a) < k.

2. Foralllimit o < Aand i(a) < i< k. Cy,;is aclub in a.

3. Foralllimita < Aand i(a) <i< j <k, Ca;i C Cq.

4. For all imit o < < Aandi(B) <i< k.ifa € C/g‘v then i(a) < i and
Cp,i Na = Cy,.

5. For all limit & < f§ < /. there is i < & such that a € Cp, (and hence o € Cy
foralli < j< k).

6. There is no club D C A such that, for all @« € D’, there is i < & such that
D Na = C,;. (Such a club D would be called a thread through C.)

4 (], k) is the assertion that there is a (0™ (/. k)-sequence.

PROPOSITION 6.4. Definition 6.3 is unchanged if we replace condition (6) by the
following seemingly weaker condition:

There is no club D C A and i < k such that, for alla € D', D Na = C,;.

PrOOF. Suppose C = (C,;i | @ < L.i(a) < i < k) satisfies conditions (1)—(5)
of Definition 6.3 and there is a club D C A such that, for every a € D’, there is
k < k such that D Na = C,y. For each a € D', let k(a) be such a k. Since
k < A and A is regular, there is an unbounded 4 € D’ and a k* < & such that,
forall « € A. k() = k*. We claim that, for allae € D', D Na = Cuy-. To see
this, fix @« € D', and find B € 4\ (o +1). Then DN = Cp i+ 50, since o < f
and o € D', we also have o € C[g‘k*. Thus, by condition (4) of Definition 6.3,
Dna=MDnNp)Na=Chp Na = Coje. o

We will deal with the consistency of Oind (7, %) in Section 7. We show now that it
easily gives rise to subadditive, unbounded functions.

PROPOSITION 6.5.  Suppose k < A are infinite regular cardinals and 0™ ()., k) holds.
Then there is a subadditive, unbounded function d : [A]* — k.

Proor. Let 7 be the unique order-preserving bijection from A to lim(/). For all
a < < i let d(a. B) be the least i < & such that 7(a) € C,(p.i- By condition
(5) of Definition 6.3, d is well-defined. We now verify that d satisfies conditions
(1)—(3) from the statement of Proposition 6.1. Note first that, if « < f < /4 and

d(a.B) < i < k. then n(a) € Cy(p.i- SO. by condition (4) of Definition 6.3,
C 7(B).i Na=C, 2(a).i-

To see (1), let « < B < 7y < A, and suppose i > max(d(a, B).d(p.7)). Since
i > d(a.p). nla) € Cy . and. since i > d(B.7). Copy)i N7(B) = Crpy;- Thus,
n(a) € Cr ()i SO0 = d(a 7).

To see ( ).leta < f<y< A and suppose i > max(d(a.y).d(f.y)). As above,
this implies that n(a) € Cri. and Gy Na(f) = Cypyi- s0 wla) € Crp. and
hence i > d(a. f).

To check (3), suppose for sake of contradiction that / C A is unbounded and
J < & is such that d“[[]* C j. Let D = Jye; Ca(p).;- Note that. if f < y < 4
and .y € I. we have d(f.y) < j.so Cy,),; N n(ﬁ) = Cy(p);- This implies that,
forall B € I. DN r(p) = Cr(p).j- Therefore, since I is unbounded in A and,

l’
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forall B € I, Cpp) ; is club in n(B). D is club in A. Let @ < A be such that
n(a) € D' andlet f € I\ . Then DN7(f) = Cppy ;.50 nler) € Cé(ﬂ)i and hence
D Nn(a) = Cyp; Nnla) = Cyp ;- Thus, D is a thread through C. which is a
contradiction. B

The second square variation we consider is one in which we make slight additional
demands on the order types of the clubs.

DEFINITION 6.6. Let k < /A be infinite regular cardinals. A [J%(A)-sequence is
a [(4)-sequence C = (C, | a < Z) such that, for stationarily many o € S7,
otp(Cy) < a. [O0%(4) is the assertion that there is a [J%(A)-sequence.

The proofs of Propositions 29-31 in [8] yield the following results.
PrROPOSITION 6.7. Let k < A be infinite regular cardinals. The following are
equivalent:

1. O%(A) holds:
2. there is a ((1)-sequence C = (Cy, | o < 1) and a stationary set S C S’ such
that, for all o € S:
o otp(C,) = K:
o forall B suchthata < f< . a ¢ Cj.

PROPOSITION 6.8. If0 < k < 1 are infinite regular cardinals, then (0%(2) = [%(1).

We now introduce a function, due to Todoréevi¢ (cf. [16], Section 7.2). that can
be derived from a [J(4)-sequence. In what follows, if o and 8 are ordinals, we say
that « divides  if there is an ordinal y such that § = a-y. First, define A, : [1]> — 4
by

Aila, p) =max({& € CpN(a+ 1) | & divides otp(Cp N E)}).

Next, let p, : [A]*> — & be defined recursively by

prle. ) = sup({otp(Cy N[Ax(e. p). @)). prc. min(Cp \ @)).

pe(la) [ &€ Cpn[Asla. p).a)}).
The proof of the following proposition can be found in [16].
PROPOSITION 6.9 ([16], Lemma 7.2.2 and Theorem 7.2.13). Let k < A be infinite

regular cardinals, let C be a (A)-sequence, and let p,. be derived as above from C.

I Foralla < f <y <7 pela.y) <max(ps(e. B). ps(B.7)).
2. Foralla < f <y <2 psla.p) <max(pgle.y). ps(B.7)).
3. If C is as in (2) of Proposition 6.7, then. for all unbounded I C 7. p.“[I]* is
unbounded in k.
Thus, if C is as in (2) of Proposition 6.7 and p, is derived from C, then p, is
subadditive and unbounded.

§7. Forcing indexed square. In this section, we demonstrate how to force the
existence of a (1™ ( 4, k)-sequence.

DEFINITION 7.1. Let k < A be infinite regular cardinals. P(A. k) is a forcing poset
with conditions p = (CZ, | @ < y?.i(a)? < i < k) satisfying the following
conditions.
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yP < /. is a limit ordinal and. for all limit o < 97, i(a)? < k.

For all limit & < y” and i(a)? < i< k. Cl,isaclubin c.

For all limit oo < p? and i(a)? < i< j<k.Cl, C C(f,j-

Foralllimita < f <yPandi(f)? <i<k.ifa € (lei)’, then i («)? < i and
C/gi Na=Cl,.

5. For all limit oo < < y”, thereis i <  such that o € (C/ﬁi)’.

el o e

If p.qg € P(1. k), then ¢ < p iff ¢ end-extends p, i.e.
° yq 2 yp
e For all limit o < 9?7, i(a)? = i(a)”.
e Foralllimit oo < p? and i(a)? <i<k.Cl =C/,.

PROPOSITION 7.2. P(/, k) is k-directed closed.

Proor. Let P = P(4. ). Since (P, >) is tree-like, it suffices to verify that P is
r-closed. To this end, let & < & be a limit ordinal, and let p' = (p, | 7 < &) be a
strictly decreasing sequence from P.

Let y = sup({y? | n < &}). We will define ¢, a lower bound for 7. so that
g =(C!, |a <yila)! <i< k). Forlimit & < y. let y < £ be least such that
a < P leti(a)? = i(a)? and. fori(a)? < i< k. let C!, = C. It remains to
define i(y)7 and C; for i(y)? < i < k.

For n < { < &, let i(5.{) be the least i < & such that y” € (Cyppi,_,.)’. Let
i* =sup({i(n.{) | n < { < &}). Since ¢ < k and & is regular, i* < k. Also, for all
i*<i<kandally << ¢ wehavey? € (Cy;;’iwé))’ C (Cfpi,i)’, SO qup;,iﬂyp’l =
qup,,_’,,. Thus, letting i(y)? = i* and. forall i* <i < &, Cfi = Un<é qup,,_’[, it is easily
verified that ¢ € P and is a lower bound for p. -

PROPOSITION 7.3. P(/. k) is A-strategically closed.

Proor. Let P = P(/, k). We describe a winning strategy for Il in G, (P). Suppose
0 < & < Zis aneven ordinal and (p, | # < &) is a partial play of G, (P). Assume we
have arranged inductively that, for alleven 0 < 5 < &, i(y?7)Pr = 0 and, for all even
0<no<n.noe(Cl,)

Suppose first that & = # + 2 for some even 7 < A. Let y = pP+1 + . We will
define p; < p,11 so that ps = (C/ | @ < y,i(a)? < i< k). Since ps must be an
end-extension of p, ;. we need only define i(y)? and Cff fori(y) <i< k.As
required to maintain the inductive hypothesis, we set i (7)?¢ = 0. We now define C}{’ <

for i < k. The definition of C;; will depend upon whether or not y? € (C5 ).

},le‘
Fori < x such thaty?r ¢ (Cﬂ'ﬁ;‘, ) welet Cff = Cypp'f,_ju{yf’*i}u{ypv*' +n|n<w}
For i < x such that y? € (Cﬁ””ﬂl ,,')/’ we let Cy'ff = C;,’,’Zlﬁ'l Uy tn | n <ol Itis

easily verified that p: < p,.1andi(y?:) = 0. Suppose that 5y < & is even. If 7o = 7.
then, by construction, 7y € (Cypp ‘0)’. If 7o < #n, then. by the inductive hypothesis
applied to 17, we have 9 € (C); )’ C (Cfp h
hypothesis.

Next, suppose that ¢ is a limit ordinal. Let y = sup({y?" | n < ¢}). We define p;
to be a lower bound for (p, | 7 < &) of the form (C” | a < y.i(a)? < i< k).
Again, we only have to specify i(y)? and C); for i(y)? < i < k. Leti(y)” =0

)’, so we have maintained the inductive
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and. forall i < &, let Cff = U{Cfp’i,,i | n < & neven}. Itis again easily verified that

pe is a lower bound for (p, | 7 < &) and maintains the inductive hypothesis. !

COROLLARY 7.4. Forcing with P(1, k) preserves all cardinalities and cofinalities
< 2. If. in addition, .~* = ). then [P(A, k)| = A and hence preserves all cardinalities
and cofinalities.

A variation on the proof of Proposition 7.3 yields the following.

PROPOSITION 7.5. Let a < A, and let D, = {p € P(A.K) | « < y?}. Then D, is
dense in P(A, k).

PROPOSITION 7.6. Let G be P(J. k)-generic over V. Let C = |JG = (Cyi | @ <
Ai(a) <i< k). Then Cis a ™ (), k)-sequence.

PrOOF. Let P = P(A, k). The fact that C satisfies conditions (1)—(5) in Definition
6.3 follows easily from the definition of P. Thus, we only need to verify that C
satisfies condition (6) or, alternatively, the condition identified in Proposition 6.4.
To this end, suppose for sake of contradiction that there is a club D C /1 and an
i* < ksuchthat, foralla € D', DNa = Cq;-.

For each a < 4 and i < &, let C,; be a canonical name for C,; (where, ifpelP
and p decides the value of i (). then p I “C,; = 0 foralli < i(a)). Find p € G
and a P-name D such that p I “Disclubin Aand, foralla € D’. DN = Coi+.”
Working in V', we play a run of G, (P), (p, | n < @) with II playing according to
the winning strategy described in Proposition 7.3 and I playing to ensure that the
following hold:

° p1 < p:

e there is a strictly increasing sequence of ordinals (5, | » < @) such that:

— foralln < w, yP» < B, < yP»+1 (where we assign y? = 0);
— foralln < @, pyys1 F“f, € D.”

Lety = sup({y” | n < w}) = sup({B, | n < w}). We will define ¢ € P, a lower
bound for (p, | n < w). of the form (C!, | & < y.i(a)? < i < k). As usual. we
only need to specify i(y)? and CJ; for all i(y)? < i < k. Leti(y)? = i* + 1. Note
that, as II played according to the winning strategy described in Proposition 7.3,
the following hold.

e Foralln < w, i(yP»)r» = 0.

o Forallm<n<aw, yr e (Cf ).
Therefore, if, forall i(y)? < i < k. we let C;fi = U{C% ;| n < w}. then it is easily
verified that ¢ is a lower bound for (p, | n < w). Since ¢ < p. ¢ I- “D is a club,”
so. as ¢ is a lower bound for (p, | n < w). g IF “y € D".” Thus, again because
g<p.gl-“Dny=C,;-.” However,asi(y)?! =i*+ 1.¢q I “C,;« = (.” which is
a contradiction. -

§8. Separating squares. In [8], we proved that, if 1 is the successor of a regular
cardinal and k < v < 4 are regular cardinals, it is not necessarily the case that
[0%(A) = 0O"(A). In this section, we prove an analogous result when /4 is the successor
of a singular cardinal. We consider the case 1 = Y, but the same technique will
work for other successors of singular cardinals. We will need the following, a proof
of which can be found in [8].
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PrOPOSITION 8.1. Let k < A be infinite, regular cardinals. and let Q = Q(J,1)
be the forcing to add a T(A)-sequence. If G is Q-generic over V. then |JG is a
% (A)-sequence.

THEOREM 8.2. Suppose k is a supercompact cardinal, GCH holds, and n < o.
Let . = k%! Then there is a forcing extension in which all cardinals < X,.,| are
preserved, k = N,12. A = Ry, 1. (1) holds. and O™+ (1) fails.

Proor. The proof follows that of Theorem 3.15 in [8]. We thus omit many of the
details and refer the reader to the earlier paper.

Let the initial model be called Vy. In Vy, let P = Coll(R,41.< ). Let G be
P-generic over Vy. and let V' = V,[G]. Work for now in V. Let Q = Q(/, 1), and let
C be the canonical Q-name for the 0(2)-sequence added by Q. Let T be a Q-name
for T(C).

Working in 2, we define a sequence of posets (S, | @ < A*) by induction on «.
Each S, will be A-distributive and so will preserve the cardinal structure below A.
Foreach # < A*, we will fix an Sg-name X for a subset of SQM such thatlg ¢ “Xp
is nonstationary.” If & < A*, then elements of S, are functions s such that:

1. dom(s) C o

2. |s| < kT

3. forevery f € dom(s), s(f) is a closed, bounded subset of A;
4. forevery f € dom(s). s [ B lrs, “s(B)N Xy =0.”

If 5.t € S,. then ¢ < s iff dom(s) C dom(z) and. for every f € dom(s). (B)
end-extends s(f). Let S = S,-. It is easily seen that, for every o < A%, kg “X,
is nonstationary.” Moreover, by GCH and a standard A-system argument, S has
the A*-chain condition. Therefore, every canonical S-name (resp. S * T-name) for a
subset of 1is an S, -name (resp. S, *’]T-name) forsome o < A*, s0, if X is a canonical
S-name for a subset of 4 and I-g, 4 “X is nonstationary,” then there is @ < A* such
that X is an S,-name and IFs, “X is nonstationary.” An easy counting argument
shows that there are only A* canonical S-names for subsets of A, so we can choose
the sequence (X, | @ < A*) in such a way that, if X is a canonical S-name for
a subset of SQZH and IFg, “X is nonstationary,” then there is @ < A* such that

X =X, In particular, we may arrange so that, in VQ*S, if X C S{i;] and IFp “X
is nonstationary, ” then X is already nonstationary in V@,

The following lemmas are proved as in [§].

LEMMA 8.3. Sis N, j-closed.

LEMMA 8.4. In V. Q%S x T has a dense J-directed closed subset.

V@S will be our desired model. Thus. let H be Q-generic over V. and let I
be S-generic over V[H]. It is clear that, in V[H % I]. K = N,;7 and 1 = N, .
We first argue that (0% (4) holds. Since, by Proposition 8.1, forcing with Q adds a
0% (A)-sequence. we know that (1% (A) holds in V' [H]. By Proposition 6.7. we can
fix a [)(2)-sequence C = (C, | & < A) and a stationary set S C S such that. for
every a € S, otp(Cy,) = V.

CramM8.5. In V[H]. S € I[A].
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PROOF. Let & = (a, | @ < /) be an enumeration of all bounded subsets of /.
Suppose first that n = 0, and let

E={y< /| foralla € [y]=“, thereis @ < y such thata = a,}.

E iseasily seentobeaclubin 4. If y € EN S, 4 is any w-sequence cofinal in y, and
p < y,then AN P € [y]<?, so there is o < y such that 4 N f = a,. Therefore, 4
witnesses that y is approachable with respect to 4.

Next, assume # > 0. Define a function f : [A]> — 1 by letting, for o < f < A.
/(e ) be such that CsNa = ays(q.p)- Let E be the set of closure points of f below
A. Then E is a club in 4. We claim that, if y € S N E, then y is approachable with
respect to @. To see this, fix such a y. Let & < 7, and let § = min(C] \ (a +1)). We
havea < f<yand C, Na = CsNa = as,p). Since y is a closure point of 1, we
have f(a. f) < 7. so C, witnesses that y is approachable with respect to 4. -

Since S € I[A]and Sis N,,+1-closed, Fact 3.19 implies that S remains stationary in
V[H 1. We claim that C remains a (1% (1)-sequence in V' [H «I]. The only slightly
nontrivial condition to check is the requirement that there is no thread through C.
Suppose for sake of contradiction that D is such a thread. Since S is stationary, we
can find a < f, both in D’ N S. Since D is a thread, this means that D Na = C,
and D N f = Cg. Since . f € S. we have otp(C,) = otp(Cp) = R, contradicting
the fact that otp(D N ) < otp(D N B).

We finally show that (O®++1(A) fails in V'[H * I]. Suppose on the contrary that.
in V[H «I]. D = (Do | @ < 1) is a 0(4)-sequence and T C SQM is stationary
such that, for all « € T. otp(D,) < . By our construction of S, we can let J be
T-generic over V[H * I]such that T remains stationary in V[H * I x J].

In V. let j : Vo — My witness that & is A" -supercompact. In V', Q * ST hasa
dense A-directed closed subset of size AT, so, by Fact 3.18. the identity embedding
from P into j(P) = Coll(X,41,< j(x)) can be extended to a complete embedding
from P« Q * S * T into j(P) in such a way that the quotient forcing is N, -
closed. Thus, letting R be a P+ Q % S * T-name for this quotient forcing and letting
K be R-generic over V[H x I x J]. we can, in V[H % [ xJ % K], extend j to
jiV — Mo[G«H=xIxJxK],and denote My[G * H [ «J « K] by M. Exactly as
was done in the proof of Theorem 5.3, using the fact that j | P+ QST € My and
the fact that, in 1, PxQx«S has a dense A-directed closed subset, we can find a master
condition (¢*. §*,7*) in j(Q* S T), such that, letting H* % I* be j(Q % S)-generic
over V[H I xJ + K] with (¢*,s*) € H* « I, wehave j“H xI C H" xI*. Then,
inV[Hx*IxJxKxH"xI"],wecanextend jtoj: V[H xI]— M[H" xI"].

Let 7 = sup(j“A) < j(4). Note that, in V[H xI xJ x K x HT x I*], cf(y) =
N,.1 and j“2is (< k)-club in . Let j(D) = E = (E, | @ < j(4)). Let F =
{a € SZ, | jla) € EJ}. Fis (< k)-club in 4. If o < f are both in F. then
jla),j(B) € E}. 50 j(Do) = Ej(o) = E; N j(a) and j(Dg) = E;p) = E; 0 j(B).
s0 (Do) = j(Dg) N j(a). By elementarity, D, = DN, so F* =J,cp Do is a
thread through D. F* € V[H I «J « K « H* % I*].

CLAM 8.6. There is a thread through D in V[H x I * J].

PrOOF. Suppose not. Note that, since P+ Q = S % T « R has an ;-closed dense
subset and ’“Mo C My in V), we certainly have “M C M in V[H I = J x K].

aclF
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Therefore, since j(Q = S) is w;-closed in M, it is wi-closed in V[H * I xJ x K] as
well. Therefore, in V[H + I x J]. W := R x j(Q *S) is w;-closed. '
Work in V[H * I x J]. Let F be a W-name for F*, and let v € W force that F is

a thread through D.
SuscLam 8.7. There are w w! < vanda < ) such that w° I+ “& € F” and
w! IF“q ZF.”

PRrROOF. Suppose not, and let Z = {a < 1 | for some w < v, w IF “& € F”}.
Then v |- “F = Z.” so, since v I+ “F is a thread through D.” it must be the
case that Z is a thread through D. However, Z € V[H « I * J]. contradicting our
assumptions. -

Fix w’, w' < v and a < Z as in the subclaim. Now, inductively define conditions
(wh, | i <2,m < w) and ordinals (B!, | i < 2,m < w) such that:
e foreachi <2, (w), | m < ) is a decreasing sequence of conditions from W
and w) < w';
e forallm<w.a< ) <, <po.,<hi
e foralli<2andm < w, w), IF“pi, € F.”

m

Lety = sup({BY | m < w}) = sup({B}, | m < w}) and, for i < 2, use the closure of
W to find a lower bound w’, for (w}, | m < w). Foreachi < 2, wi_ I “y € F’,” so
wi, IF“F Ny =C,” Then w) < w’implies that o € C,, while w!, < w' implies
o ¢ C,. Contradiction. 5

Let A be a thread through D in V[H «I+J]. Then A* = {a € 4 | otp(4Na) = a}
is club in 4, since it is the set of closure points of the function g : A — A defined by
letting g (o) be the unique f € A4 such thatotp(4NfB) = «. Inaddition, 4*NT = (),
contradicting the fact that 7" is stationary in V[H x I = J] and completing the
proof. -

89. Derived systems. One of the most useful properties of systems is that, when
IP is a sufficiently small forcing poset, a P-name for a system gives rise to a system
in the ground model. Let P be a forcing poset, let ¢ < 4 be cardinals, with A regular
and |P| < A, and suppose S = (Uacila} x ko {R; | i < 7}) is a P-name for a
A-system. Since every A-system (| J,c;{a} X Kq.R) is isomorphic to one in which
I = ). we may assume [ = J. Foreach a < /. find Do € P deciding the value of K.
Since |P| < 4, there is a p € P such that, for unboundedly many o < 4, p, = p.
Thus, by passing to a name for a subsystem and working below a condition in PP,
we may assume S is of the form ((J,_,{a} x ka.{R; | i < 7}). In V. we define
the derived system Dp(S) = (U,.;{a} X ka.{Ri, | i < 7.p € P}) by letting. for
every ap < o < A fo < Koo f1 < Kq,. i < 7, and p € P, (0. fo) <, (ou.p1)
iff p - “(a0. fo) <p, (e1.p1).” Tt is easily verified that Dp(S) is a A-system and
width(Dp(S)) = max({sup({ka | @ < 2}).7.|P|}).

ProPOSITION 9.1.  Suppose P is a forcing poset, t© < A are cardinals, with 1 regular,
and S = (U, {a} x ka.{R; | i < t}) is a P-name for a i-system. If I-p S has no
cofinal branch.,” then Dy(S) has no cofinal branch in V.

PRrROOF. Suppose i < 7. p € P, and b is a cofinal branch through R;, in Dp(S).
Then p IF “b is a cofinal branch through R; in S.” -
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PROPOSITION 9.2. If u < A, with A regular, then NSP(u, 1) is indestructible under
Sforcing with posets P such that |P| < u and |P|T < /.

PrOOF. Suppose that 4 < A, NSP(u. A) holds in V', P is a forcing poset, |P| < u.
and |P|* < A. Suppose for sake of contradiction that there is p € P and a P-name
S = (Axk{R; | i<t} suchthat k.7 < uand p IFp “S is a narrow A-system
with no cofinal branch.” Let Q = {qg € P | ¢ < p}. Re-interpreting S as a Q-name,
we obtain kg “S is a narrow A-system with no cofinal branch.” Then, in V', DQ(S )
is a A-system with no cofinal branch, width(Dg(S)) = max({s. . |P|}) < u, and
width(Dg(S))* < 4. contradicting NSP(u, 1). 4

PROPOSITION 9.3. Let & be an infinite cardinal. There is a k™ -system of width k
with no cofinal branch.

PrOOF. Let P = Coll(w. ). Then |P| = k and, in V¥, k™ = ;. Thus, in V'F,
there is a k" -Aronszajn tree, T. We may assume that, for all @ < ™, level « of T
is the set {a} x w. T can thus be thought of as a k™ -system of width @ with one
relation (the tree relation). Letting 7' be a P-name for 7', we may form the derived
system Dp(T) in V. Dp(T') is a x*-system of width |P| = x. Since IFp “7 has no
cofinal branch.” Dp(T) has no cofinal branch in V. .

We now introduce another variation on Jensen’s square principle.

DEFINITION 9.4. Suppose & < u are infinite cardinals, with & regular. (C, | o €
A) is a (07 "-sequence if:

1. Sg; C AClim(u™);

2. foralla € 4. C, is club in o and otp(C,) < u:

3. forallfe Aanda< f.ifa € Cé,thena €Aand CgNa = C,.

DE” is the assertion that a DE“-sequence exists.

Square principles of this sort were first studied by Baumgartner, in unpublished
work. Let B(u, ) be the forcing poset whose conditions are of the form p = (CJ |
a € s7) such that:

e s”is a bounded subset of 4+ with a maximal element. y?.

e y? Ncof(> k) C sP.

e Foralla € s7, Cf isaclubin a and otp(C,) < u.

e Forallpes?Panda< fB.ifa € (C/f)’, then o € s? and C[fﬁoz = /.

If p.q € B(u. k). then ¢ < p if 59 end-extends s? and. for all o € 57, Cd = CJ.
The following is easily proven in the usual manner (see [1, Section 2.2] for details).

PROPOSITION 9.5.  Let k < u be infinite cardinals, with « regular.

1. B(u. k) is k-directed closed.
2. B(u. k) is u + l-strategically closed.
3. g (ur) “DE” holds.”

PROPOSITION 9.6. Let k < u be infinite cardinals, and suppose DE"# holds. Then
there is a ut-system of width k with no cofinal branch.
PrOOF. Let P = Coll(w, ).

Cram 9.7. In VF, 0O, holds.
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ProOF. In V. let C = (C, | @ € A) bea D§”+-sequence. Si; C A4.so,in VF,
if @ € lim(u") \ A4, then cf(a) = w. Thus, in V¥, we can define a [J,-sequence
D = (D, | a < u*) by letting D, = C, forall & € 4 and. for all & € lim(u") \ 4.
letting D, be an arbitrary w-sequence cofinal in . -

A O,-sequence is easily seen to be a [0 (1™ )-sequence. Therefore, by Propositions
6.7 and 6.9, there is a subadditive, unbounded function d : [u*]*> — w in V'F. Thus,
by Proposition 6.1, thereis. in ¥'F, a u*-system S of width » with no cofinal branch.
Let S be a name for such an S. Then the derived system Dp(S) is, in V', a u*-system
of width x with no cofinal branch. -

We can use this to show that, for example, the narrow system property at X,
can hold for narrow systems of arbitrarily high width below X, while failing in
general.

COROLLARY 9.8. Suppose 1 is a supercompact cardinal and n < w. Then there is a
forcing extension in which every W, 1-system of width < XN, has a cofinal branch but
there is an N, 1-system of width X, with no cofinal branch.

Proor. Let P = Coll(N,;1.< 4). and let G be P-generic over V. In V[G]. let
Q =B(4"™, 1), and let H be Q-generic over V' [G]. Note that.in V[G* H]. . = N, >
and At =R, . Since. in V'[G]. Qs A-directed closed, Theorem 5.1 implies that,
in V[G x H], NSP(R, 1. > N,) holds. In particular, every R, -system of width
< W, has a cofinal branch. On the other hand, D>§Q”*’ holds in V[G * H], so, by
Proposition 9.6. there is an X, -system of width N, ; with no cofinal branch. -

§10. The Proper Forcing Axiom and narrow systems. In this section, we investi-
gate the extent to which the Proper Forcing Axiom (PFA) influences narrow systems.
We first recall the notion of a guessing model, introduced by Viale and Weiss in [17].

DerINITION 10.1. Let 0 be a regular cardinal, and let M < H ().

1. Suppose X € M andd C X.
(a) d is M-approximated if, for every countable z € M,z Nd € M.
(b) d is M-guessed if thereis e € M such thate "M =d N M.

2. M is a guessing model if every M -approximated d is M -guessed.

3. If K < 0, then G,(H(0)) = {M < H(0) | [M| < k and M is a guessing
model}.

The following is proven in [17].

THEOREM 10.2. Suppose PFA holds. Then G,,,(H (0)) is stationary in P,,,(H (0))
for every regular 0 > ws.

We use this to prove the following result.

TueoREM 10.3. Suppose PFA holds. Then NSP(wi, > w,) holds.

PROOF. Suppose 1 > @ is a regular cardinal and S = (I x @, R) is a A-system,
with |R| < w. As before, we may assume / = 42 and R = {R}. We must produce a
cofinal branch through S.

Let 6 be a sufficiently large regular cardinal. By Theorem 10.2, G, (H (0)) is
stationary in P, (H (6)). so we may find M € G,,(H (0)) such that 1,S € M. Let
6 =sup(M N A).
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Cram 10.4. cf(5) > w.

PrOOF. Suppose for sake of contradiction that cf(5) = w. Let 4 = {a, | n < w}
be such that A C M, A4 is cofinal in J. and, for all n < w, a0, < e, 11. In particular,
A C J € M. so we are in the scope of item (1) of Definition 10.1. Let z € M
be a countable set. Then M = “z N 1 is bounded below 1,” so z N J is bounded
below ¢. This implies that z N A4 is a finite set and hence a member of M. Thus,
A is M -approximated, so, since M is a guessing model, there is B € M such that
BNM =ANM = A. Fix, in M, a bijection f : |B| — B. Since M < H(0).
we must have @ + 1 C M. Therefore, f“w € M. In particular, sup(f“w) € M.
However. as f “w is an infinite subset of A. we have sup(f “w) = J. contradicting
the fact thato ¢ M. -

Foreachn < w,letd, = {u € SN M | u <g (6.n)}. d, is then a branch of S
through R. For every a € M NJ, by clause (4) of Definition 2.2, there is n < w such
that d, NS, # (). Thus, since cf(6) > w. thereis n* < w such that d,- N S, # 0 for
cofinally many & € M NJ. Fix such an n*, and let d = d,;».

Cram 10.5. d is M-approximated.

Proor. Note first thatd C 4 x w € M, so we are indeed in the scope of item (1)
of Definition 10.1. Suppose z € M is countable. Then a. := {a | d Nz N S, # 0}
is bounded below J. Let f € M N be such that a. C f and d NSy # 0. Let
d N Sp = {v}. Note that, since f € M and v is of the form (B.n) for some n < w.
wehavev € M. ThenzNd = {u € SNz |u <g v}. Everything used to define this
setisin M,sozNd € M. —

Since M is a guessing model and d is M -approximated, there is b € M such
that b N M = d N M. But then M = “b is a cofinal branch through S,” so, by
elementarity, b is in fact a cofinal branch through S. -

The following result shows that Theorem 10.3 is sharp.

THEOREM 10.6. PFA does not imply NSP(w,. ut) for any u > w,.

ProOF. Suppose « is supercompact, and let © > k. Assume that the supercom-
pactness of « is indestructible under x-directed closed forcing. Let B = B(u. ) be
the k-directed closed forcing to add a DE"—sequence. By examining the definition
of DE”, it is easily seen that a DE”-sequence remains a DE”-sequence in any further
extension which preserves cofinalities and cardinalities > «. In VB k remains super-
compact, so there is a poset P such that IP preserves all cofinalities and cardinalities
> and IFp “PFA and k = R,.” Then. in V#*, PFA holds. but also 02" (= 0JZ™)
holds, which, by Proposition 9.6, implies the existence of a u™-system of width N,
with no cofinal branch and hence the failure of NSP(w,, u™). -

§11. Open questions. In the final section we collect a few as-yet-unanswered
questions.

QUESTION 11.1. Is it consistent that there is a singular cardinal p such that the tree
property holds at u* but NSP(u™) fails?

In all known models for the tree property at the successor of a singular cardinal,
the narrow system property holds and is in fact a key component in the verification
of the tree property, so a positive answer to Question 11.1 would seem to require
some new ideas.
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QuEsTION 11.2. Suppose p is a singular cardinal and U3}, holds. Must there be a
wt-tree that does not admit a narrow system?

First note that a cofinal branch through a u™-tree is itself a narrow system (of
width 1), so a u™-tree that does not admit a narrow system must be a u™-Aronszajn
tree. Also, as mentioned before, in models in which [J; and NSP(u") both hold,
there are u"-Aronszajn trees and all such trees do not admit narrow systems. Finally,
by a result of Magidor and Shelah, if ¢f(u) < k < u and & is strongly compact,
then every u*-tree admits a narrow system (this is essentially the content of “Step
one” of the proof of Theorem 3.1 of [12]).

Consideration of the following questions about the tree property led to the results
in this paper. They remain unanswered.

QUESTION 11.3. Is it consistent that the tree property holds at N, .| and every
stationary subset of R, reflects?

Fontanella and Magidor prove in [6] that it is consistent that the tree property
holds at ®,> | and every stationary subset of R>,; reflects. In their model. APy ,
fails. If R, is strong limit and every stationary subset of X, reflects, then 4Py,
holds (this is due to Shelah; for a proof, see Corollary 3.41 of [5]). Thus, the following
may be relevant in answering Question 11.3.

QUESTION 11.4. Is it consistent that there is a singular cardinal p such that AP,
and the tree property at u™ hold simultaneously?

We do not even know the situation in the following seemingly simple model.

QUESTION 11.5. Suppose (k, | n < w) is an increasing sequence of supercompact
cardinals and . = sup({k, | n < w}). Let P be the forcing poset to shoot a club in
u™ through the set of approachable points. In V', does the tree property hold at u*?
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