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Thermoacoustic instabilities are one of the most challenging problems faced by gas
turbine and rocket motor manufacturers. The key instability mechanism is described
by the Rayleigh criterion. The Rayleigh criterion does not directly show how to
alter a system to make it more stable. This is the objective of sensitivity analysis.
Because thermoacoustic systems have many design parameters, adjoint sensitivity
analysis has been proposed to obtain all the sensitivities with one extra calculation.
Although adjoint sensitivity analysis can be carried out in both the time and the
frequency domain, the frequency domain is more natural for a linear analysis.
Perhaps surprisingly, the Rayleigh criterion has not yet been rigorously derived
and comprehensively interpreted in the frequency domain. The contribution of this
theoretical paper is threefold. First, the Rayleigh criterion is interpreted in the
frequency domain with integral formulae for the complex eigenvalue. Second, the
first variation of the Rayleigh criterion is calculated both in the time and frequency
domain, both with and without Lagrange multipliers (adjoint variables). The Lagrange
multipliers are physically related to the system’s observables. Third, an adjoint
Rayleigh criterion is proposed. The paper also points out that the conclusions of
Juniper (Phys. Rev. Fluids, vol. 3, 2018, 110509) apply to the first variation of the
Rayleigh criterion, not to the Rayleigh criterion itself. The mathematical relations of
this paper can be used to compute sensitivities directly from measurable quantities to
enable optimal design.

Key words: gas dynamics

1. Introduction

The most commonly used criterion to assess the stability of a thermoacoustic
system, such as a gas turbine combustor or a rocket motor, is the Rayleigh criterion
(Lord Rayleigh 1878). This criterion states that the acoustic energy increases when
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the heat-release rate is sufficiently in phase with the acoustic pressure that the work
done by gas expansion exceeds the energy loss over a cycle. The Rayleigh criterion
has been used in experiments, numerical simulations and theory since the 1940s
(Juniper & Sujith 2018). The literature is thoroughly reviewed by Candel (2002),
Lieuwen & Yang (2005), Poinsot (2017), Juniper & Sujith (2018) and here we
describe only a few examples. In experiments (for example, Lieuwen & Yang 2005),
the Rayleigh criterion is used as a diagnostic tool. The spatial product between
the acoustic pressure and the heat-release rate, pQ, also known as the Rayleigh
index, is used to identify spatial locations where the thermoacoustic instability is
amplified or damped. In active control of thermoacoustic oscillations (for example,
Dowling & Morgans 2005), the Rayleigh index is used to measure the influence of
the heat release caused by a secondary fuel injection; if the Rayleigh index becomes
negative, the secondary fuel damps out the instability. In large eddy simulations
(for example, Poinsot 2017), the Rayleigh criterion has been used to analyse the
thermoacoustic instability of staged and annular combustors. In low-order models
of annular combustors, the Rayleigh criterion provides conditions for the stability
of spinning and standing waves (Ghirardo, Juniper & Moeck 2016). The Rayleigh
criterion is the most widely used tool in thermoacoustic stability, but it does not
take into account the effect of a mean flow. Other more general criteria have been
developed to account for a mean flow (Chu 1965; Candel 1975; Myers 1991; Nicoud
& Poinsot 2005; Karimi, Brear & Moase 2008; George & Suyjith 2011, 2012) and
multi-component gases (Brear et al. 2012). In this paper, we focus on the Rayleigh
criterion.

Although the Rayleigh index indicates the regions that contribute to the instability,
it does not directly provide sensitivity information on how to control the instability.
To address the design question ‘where and how should the thermoacoustic system
be changed in order to be optimally stabilized’, adjoint sensitivity analysis was
developed for optimal passive control. This is reviewed by Magri (2019) and tutorials
can be found in Juniper (2018). In non-reacting flows, adjoint analysis is reviewed
by Sipp et al. (2010), Luchini & Bottaro (2014) and Camarri (2015). In sensitivity
analysis in the frequency domain, Magri & Juniper (2013) compared the Rayleigh
index with eigenvalue sensitivities for passive control of the oscillations in a time-lag
model, and Magri & Juniper (2014) compared the Rayleigh index of a diffusion
flame with eigenvalue sensitivity to identify the most sensitive regions of the flame.
The Rayleigh criterion was useful to gain insight into the active physical mechanisms
leading to instability, while sensitivity analysis was useful to make optimal changes
to the system.

Chu (1965) examines the behaviour of acoustic disturbances subject to arbitrary
injections of mass, momentum and heat. He asks the question ‘what is the contribution
of an arbitrary injection of heat to the energy of an acoustic oscillation’ and shows
that the rate of change of energy is the integral of the injected heat-release rate
multiplied by the temperature (with adjustments for dissipation (Chu 1965, equation
(19a))). If the thermal conductivity is zero, the rate of change of energy becomes the
integral of the injected heat-release rate multiplied by the pressure (with adjustments
for dissipation (Chu 1965, equation (23a))). This is the Rayleigh criterion. On
the other hand, sensitivity analysis such as Magri & Juniper (2013, 2014) and
Juniper (2018) examines the behaviour of thermoacoustic disturbances subject to
infinitesimal injections of mass, momentum and heat. They ask the question ‘what
is the contribution of a small injection of heat to the energy of a thermoacoustic
oscillation’ and show that the rate of change of energy is the integral of the injected
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heat-release rate multiplied by the adjoint pressure. This is best described as the first
variation of the Rayleigh criterion. The Rayleigh criterion is formed with the physical
pressure, while the first variation of the Rayleigh criterion is formed with the adjoint
pressure. The conclusions of Juniper (2018) should have been more carefully worded
with regard to this point.

In this paper, we first derive and interpret the Rayleigh criterion. The novelty is the
analysis in the frequency domain. Second, we derive and interpret the first variation of
the Rayleigh criterion with and without Lagrange multipliers (adjoint variables). The
functional derivatives are calculated and interpreted as the sensitivities of the Rayleigh
criterion. Crucially, we physically interpret the adjoint variables in terms of observable
quantities. Third, an adjoint Rayleigh criterion is proposed to interpret the sensitivity
of thermoacoustic stability to perturbations to the heat source.

2. Time-domain analysis

2.1. The Rayleigh criterion

We consider a duct of length L with a zero-Mach-number base flow and ideal acoustic
boundary conditions — that is, the acoustics do no work on the surroundings. The
cutoff frequency is sufficiently high that the acoustics are longitudinal in the direction
x. The dimensional equations, which are derived by linearizing the Euler and energy
equations for ideal gases, are

_du ap
Par Tax
1ap Odu (y-—1.
——t—= —0, (2.2)
yp ot  0x yp

where y is the heat-capacity ratio, p is the base-flow density, which can be a function
of x, and Q is the heat- release rate from a source. To keep the theory as general
as possible, we assume that Q is a prescribed function of time and space (i.e. Q =
Q(x t)). This function can consist of both open-loop terms, which are not functions
of the acoustic variables, and closed-loop terms, which are functions of the acoustic
variables. The closed-loop forcing term can be obtained from flame transfer functions
(for example, Lieuwen & Yang 2005).

The base-flow pressure, p, is uniform and constant because of the zero-Mach-
number assumption. Equations (2.1)—(2.2) define a model of a prototypical thermo-
acoustic system with a generic heat-source term. The operation fOT fOL(u - (2.1 +
p - (2.2))dxdt, where [0, T] is an arbitrary interval of time, yields the governing
equation for the change in the acoustic energy

17 [t 2 Ty
E::{/ (ﬁuz—l-lj_) dx} :)/ —
2 1o 144 0 V4%

where we considered that up =0 at x=0 and x =L because the boundary conditions
are ideal. The symbol := defines a quantity. For brevity, we refer to E as the acoustic
energy. Equation (2.3), which has an arbitrary 7, can be interpreted as an extension
of the Rayleigh criterion: if the heat-release rate of a source, Q, is in phase with the
acoustic pressure, p, on average then the acoustic energy of the duct, E, increases
in time on average. Although strictly speaking the original Rayleigh criterion (Lord
Rayleigh 1878) takes T to be the period of an oscillation, we refer to (2.3) as the
Rayleigh criterion and to the integrand pQ as the Rayleigh index.

(2.1)

E)

L
pQOdxdr, (2.3)
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We work in Hilbert spaces with the following inner products

L T
{a, b)y :=/ a'bdx, ({a,b)vr :=/ (a, b)y dt, (2.4a,b)
0 0

where * denotes the complex conjugate, and a and b are generic functions. In this
section the variables are real, so the complex conjugate has no effect. We will,
however, use the complex conjugate in the frequency domain (§3). The acoustic
energy is defined by a functional of two functions

. -1
Elp, O]:= (V
vD

> (p, Q)v Ts (2.5

which provides a mapping from the acoustic pressure and heat-release rate function
spaces to a real number. We regard the heat-release rate as the independent parameter.
Physically, the acoustic pressure is a function of the heat-release rate through the
constraints imposed by the momentum and energy equations (2.1)—(2.2).

2.2. First variation without Lagrange multipliers

We are interested in calculating the effect that a variation to the heat-release rate
Q(x 1) — Q(x 1) + 86Q(x, t) has on the acoustic energy. In particular, we wish to
calculate the effect of an arbitrary small variation 8Q(x, 1) = €Q,(x, 1), where € is
infinitesimal and Qp is an arbitrary function, known as the test function. (For clarity,
the dependence on (x, ) will be used only in some passages.) The symbol & refers
to an infinitesimal virtual change, whereas the differentiation symbols d or o refer
to an infinitesimal actual change. The objective is to find the first variation of the
acoustic energy, E, in the vicinity of p and Q for any arbitrary perturbation, €Q,, to
the heat-release rate

_ doE 8,E dp )_////
o= 6/ / <8Q(x 7y Sp(x,t)dOx, 1) Q,(x', r)dx'dr, (2.6)

where the term within round brackets is the functional derivative, which is the kernel
of the integral (for example, Greiner & Reinhardt 1996). The functional derivative
of the acoustic energy consists of two terms. The first term is the sensitivity of the
acoustic energy to an arbitrary perturbation to the heat-release rate, SQE/SQ(x ).
The second term is the sensitivity to an arbitrary perturbation to the acoustic pressure,
8,E/8p(x', '). The acoustic pressure, however, cannot arbitrarily change because it is
a function of the heat-release rate. The term dp/dQ is the sensitivity of the acoustic
pressure to the virtual perturbation to the heat-release rate

P im P(Q+6Qp)—P(Q)
dQ €—~>0 EQP

where p(-) signifies that the pressure is the solution of (2.1)—(2.2) when the
heat-release rate is provided by the argument (-). This constrains the pressure
variation to be in the admissible function space imposed by the momentum and energy
equations. Working on the assumption that the acoustic energy is Fréchet differentiable
and taking the first variation of (2.3) yields the two functional derivatives

SpFE —1 S,E -1\ .
Q7- = ()/_) p, = = ()/_) 0, (2.8a,b)
50 Yp ép Yp

2.7)
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whence the functional derivative of the acoustic energy is

SE 5E 5,E dp (y—l) < dp >
— = 0 + 0 = — + — . 29
50 30w, n) T openaow.n \ s ) \PTag? 9

Therefore, the first variation is 8E = (y — 1)/(yp){p + (dp/dQ)Q, er)V,T. The
functional derivative of the acoustic energy (2.9) is the superposition of two physical
effects. The first is a purely acoustic effect in the absence of a main heat source (i.e.
Q0 =0), in which the derivative is the acoustic pressure (multiplied by (y — 1)/(yp)).
The maximum change in the acoustic energy is obtained when the heat-release rate
perturbation is applied in phase with the pressure and where the acoustic pressure
is maximum. The second is a purely thermal effect when a main heat source is
present (i.e. Q # 0), in which the derivative of the acoustic energy is the acoustic
pressure sensitivity weighted by the unperturbed heat-release rate Q (multiplied by
(y — 1)/(yp)). The maximum change in the acoustic energy is obtained when the
heat-release rate perturbation is such that the change in the acoustic pressure at
the main source is maximum. The thermoacoustic case is the combination of the
purely acoustic and thermal effects. To optimally perturb the acoustic energy we
should optimize both the acoustic and thermal effects: the optimal solution is not
strikingly apparent. It will become apparent in the next section, in which the Lagrange
multipliers (adjoint variables) are invoked.

2.3. First variation with Lagrange multipliers

The adjoint variables can be interpreted as the Lagrange multipliers of a constrained
optimization problem (for example, Sipp et al. 2010; Magri 2019). This is why we
interchangeably use the wording ‘adjoint variables’ and ‘Lagrange multipliers’. The
objective of this section is the same as that of §2.2, but the first variation of the
acoustic energy is expressed as a functional of the Lagrangian multiplier. The problem
is cast as a constrained optimization problem: we wish to find the functional derivative
S8E/5Q subject to (2.1), (2.2). We define a Lagrangian

Liu, p,u”, p*, QV:=E — (", Q.D)vr — (", 2D)v.r, (2.10)

and take the first variation with respect to virtual changes of its arguments. On
integration by parts, we obtain

8.E 8,E _ 1
5L = < 5u> + <p, 5P> — Lplu*sulg — L—[p*pl . ..
8[4 vV, T 8p V.,T yp

dut  ap* —1) ¢
—T[u+8p]5—T[p+8u]3+<5”+”+ 4 )Qp+,au>
v.T

at dx yp ou
1 ap*  ou* —1) 8¢ —1 :
T (A e “(V p ><p*,Qp>v,T. 2.11)
yp 9t dx yp  9p vy vp

From (2.1), (2.2) and (2.10), it becomes apparent that £ =§E. To eliminate all except
the last term in (2.11), we define the adjoint problem

_dut | opt (y—1)@p+:

e 0, 2.12
'Oat ax yp Ou ( )
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1 8p out  (y—1) 8Q =
yp 0t ax YD 8p

The adjoint initial and boundary conditions are defined such that they eliminate
the boundary terms in (2.11). The partial derivatives dQ/du and 9Q/dp are zero
if the heat-release rate has no closed-loop terms. Otherwise, these derivatives can
be obtained by differentiating the time-domain transformation of the flame transfer
functions. With the Lagrange multiplier, the first variation of the acoustic energy is
simply 8E = (y — 1)/(yp){p*, €Q,)v.r; hence the functional derivative is

ok _ V_l)+ 2.14
8Q<Vﬁ - @19

The Lagrange multiplier, p* (multiplied by (y — 1)/(yp)), is the functional derivative
of the acoustic energy. Note that the calculation of dp/dQ in (2.9) is computationally
expensive because it is the derivative of the pressure with respect to an arbitrary
perturbation to the heat-release rate. By solving for the adjoint problem (2.12)—(2.13),
we obtain directly this sensitivity information.

=0. (2.13)

2.4. Relation between first variations with and without Lagrange multipliers

The connection between (2.9) and (2.14), which is guaranteed by the Riesz
representation theorem, is

dp

pr=p+ 1 QQ (2.15)
This is a key equation in the time domain. It is the link between the adjoint pressure
and the observable quantities, which gives physical meaning to the adjoint pressure.
Relation (2.15) shows how to express the first variation of the Rayleigh criterion in the
time domain in a non-self-adjoint system (Q # 0); non-self-adjointness manifests itself
via the thermal sensitivity (dp/dQ)Q, which is a non-local effect. If the heat sources
are localized as Q(x, 1) = Qp(1)6(x —x7) and Q,(x, 1) = Q,()6(x — x,), where &(x —
Xr,) is the Dirac delta centred at x; ), the adjoint pressure is p;’ =p, +dp;0s/(€Q,).
(A short derivation can be found in §3 of the supplementary material available at
https://doi.org/10.1017/jfm.2019.860.) The subscripts f and p signify that the variable
is evaluated at x; and x,, respectively. To achieve the maximum first variation in
the acoustic energy, the phase between Q, and the unperturbed pressure p, is such
that p, shifts to be more in phase with Q. Using the Lagrange multiplier instead
of the observables offers a more compact interpretation of the first variation of the
Rayleigh criterion. To achieve the maximum first variation in the acoustic energy, the
heat source, Qy, should be perturbed at the location x, where the adjoint pressure, p*,
is maximum.

3. Frequency domain analysis

To switch to the frequency domain, we use modal decomposition u(x, ) =
i(x) exp(ot) + c.c. and p(x, f) = p(x) exp(ot) + c.c. for the acoustic velocity and
pressure, respectively. ‘c.c.” stands for complex conjugate of the preceding term and
u(x), p(x) and o are complex. The real part of o, denoted o,, is the growth rate and
the imaginary part, denoted o;, is the angular frequency. By substituting the modal
decomposition into the governing equations (2.1)—(2.2), we obtain

poil+ % _ =0, (3.1)
dx
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—op+—="—=0. (3.2)
14

To keep the theory as general as possible, we assume that 0 is a prescribed

spatial function (i.e. Q = Q(x)), which is in a linear closed loop with p and & (but
usually it is a nonlinear function of o). Typically, the heat-release rate is specified by
flame transfer functions (for example, Lieuwen & Yang 2005). Equations (3.1)—(3.2)
define an eigenvalue problem where & and p are the acoustic velocity and pressure
eigenfunctions associated with the eigenvalue o. These quantities characterize the
natural response of the thermoacoustic system.

3.1. The Rayleigh criterion

In the frequency domain, the complex instantaneous acoustic energy varies as
E, = (1/2) exp(20t) fOL(,éitz +p?/(yp)) dx. The eigenvalue o provides half the growth
rate and angular frequency of the complex acoustic energy. As a consequence,
interpreting the Rayleigh criterion in the frequency domain is equivalent to interpreting
the eigenvalue. We achieve this by deriving three integral formulae for the eigenvalue
in §3.1.1. The acoustic energy is obtained by integrating dE,/d¢t over an arbitrary
interval [0, T]. We set C := fOL(,éz}z + p*/(yp))dx as a constant normalization
factor. It is straightforward to show that C is a non-trivial complex number in
a thermoacoustic system (§1 of the supplementary material). Therefore, the first
variation of the acoustic energy with respect to a virtual change in the eigenvalue
is 8E = (C/2)6(exp(26T) — 1) = CTéo. The calculation of the first variation of the
acoustic energy is one-to-one-related to the first variation of the eigenvalue, do. In
light of this, we focus only on the calculation of do in §§3.2-3.3.

3.1.1. Eigenvalue integral formulae
Performing the operation (a*, (3.1))y + (p*, (3.2))y and dividing by C provides
an eigenvalue functional

o2 1 [y—1 L%

U[p*7 Q] == < — ) (p*’ Q)Vs (33)

C\ yp

which was used in Magri & Juniper (2013) without any derivation. This relation
is needed to define the eigenvalue functional derivative in §3.2. It is, however,
difficult to interpret (3.3) physically, owing to the complex normalization factor C,
which dephases the eigenvalue with respect to the numerator. To enable physical
interpretation of the Rayleigh criterion in the frequency domain, we derive two other
integral formulae with real denominators, which do not affect the phase. Performing
the operation Re({it, (3.1))y + (P, (3.2))y), after including the fact that the real part
of fOL(ﬁ*(afa/ dx) + p*(dit/9x)) dx is zero (but the imaginary part is not) because of
the ideal boundary conditions, offers a convenient functional for the growth rate

. 2 1 /y—1 .2
olp. Q1=+ ( h )RG(P, Qv, (3.4)

where F := fOL(/6|it|2 + |pI?/(yp)) dx. On the other hand, for the angular frequency,
performing the operation Im({x, (3.1))y — (p, (3.2))y), after including the fact that
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the imaginary part of fOL(a*(a[)/ax) — p*(0u/0x)) dx is zero (but the real part is not)
because of the ideal boundary conditions, offers a convenient functional for the
angular frequency

2 1 — 2
ailp, 1=~ <V _1> Im(p, O)v. (3.5)
G\ yp

where G := fOL(,élidz —pI2/(yp))dx # 0 (when Q # 0) following the argument of
§ 1 of the supplementary material. When the heat-release rate tends to zero, equation
(3.5) becomes indeterminate (0/0), which can be solved by Taylor expansion to
give the acoustic natural angular frequency of the duct. From a classical mechanics
standpoint, G/2 is the Lagrangian, which is the difference between the kinetic and
potential energies. We are interested in the eigenvalue with o; > 0, so the sign of the
right-hand side is positive. Hence the acoustic potential energy is smaller (larger) than
the acoustic kinetic energy when the imaginary part of the Rayleigh integral (3.5)
is negative (positive). Equations (3.4) and (3.5) represent the Rayleigh criterion in
the frequency domain, which states that if the heat-release rate is in phase with the
pressure, the growth rate is maximized. We also gain an extra piece of information
with respect to the time-domain analysis: if the heat-release rate is in quadrature with
the pressure, the frequency is maximized. The latter is the mathematical formalization
and generalization of a statement made in Lord Rayleigh (1878) regarding the pitch
of the oscillation. The integral formulae are showcased analytically in §2 of the
supplementary material.

3.2. First variation without Lagrange multipliers

We follow the same procedure as that of § 2.2 with the modifications needed to switch
from the time domain to the frequency domain. We perturb the heat-release rate by

an arbitrary function Q(x) — Q(x) + eQ,,(x), where Q,,(x) is the test function in the
frequency domain. The objective is to find the first variation of the eigenvalue, do, in

the vicinity of p and Q. The eigenvalue functional derivative we wish to calculate is
the kernel of the eigenvalue first variation

L 5¢ N Ak *,_\
S0 —e / ( 07, % L4 ) 0,(x) dx. (3.6)
0 \80) P age):

A similar physical explanation to that given in §2.2 can be given here in terms of
eigenfunctions. The two eigenvalue functional derivatives are

8,0 1 -1 8; 1 -1\ 2
Qf’.\ = <y—> ﬁ*’ pAG - <y—> Q*s (37a7b)
s ¢\ vp ép €\ yp
whence the eigenvalue functional derivative is
S0 80 S0 dpt Uy =1\ (. dp=s\
bo %7 Yo W 1 <V> <p+ ’ZQ) : (3.8)
50 80() P aguyr €\ P dQ

such that the eigenvalue first variation is provided by so = ((8¢/8Q), eQ,,)V.
882 R1-8
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3.3. First variation with Lagrange multipliers

The objective of this section is the same as that of §2.2 but in the frequency
domain. We seek the first variation of the eigenvalue expressed as a functional of the
Lagrangian multiplier. The problem is cast as a constrained optimization problem: we

wish to find the eigenvalue functional derivative 50‘/8Q subject to (3.1), (3.2). We
define a Lagrangian

L(o,u,p,u",pt, é) =0 — @, G.D)v—p", B2)y. (3.9)

After integrating by parts, the first variation of the Lagrangian reads

L 1 —109
SL = o 1—/ put* i+ — ”r*f)— QA** dx | ...
0 V4% Yp b

ot oy —1(a0\ .. ..
—[a™*8pls — [pT*8als + ( —oput + LA S g pt.éu ) ...
dx yp ou y

~

bt aat y—1 00\ . 1., s
Y P AL i Q prop) +el = P*, Ophv. (3.10)
yp  9x yp v Yp

We define the adjoint eigenvalue problem

ot v—1[{00\
Copit 4 Py Y= (09 ey G.11)
ox yp au
bt ot y—1[(30\
IS ARCUNS Gk  (A RPSY (3.12)
yp  0x yp \ op

with adjoint boundary conditions [4™*8p]; = 0 and [p™sul; = 0. Hence, the
first Variation of the eigenvalue can be calculated as o = §£ = (1/D)(y —

D/(vp)(p*, EQp)V’ where D:= [["(pir™i+ (1/yp)p™p— (v — )/ (yp)p+*(3Q/90)) dx.
Finally, the eigenvalue functional derivative is

S50 1 [y—1
o L <V - >13+, (3.13)
5Q yp

3.4. Relation between first variations with and without Lagrange multipliers
The relations (3.8) and (3.13) imply that

. D (. dp-=
prr== <p+ ’fQ). (3.14)

This is a key equation in the frequency domain. It is the link between the Lagrange
multiplier (adjoint variable) and the system’s observables. Physically, the adjoint
eigenfunction is the sum of two terms multiplied by a constant D/C. Starting from
the first term on the right-hand side they are: (i) the acoustic pressure at the location
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where the perturbation is applied (acoustic sensitivity) and (ii) the acoustic pressure
sensitivity at the main source spatial support weighted by the main heat-release
rate (thermal sensitivity). Relation (3.14) shows how to express the first variation
of the Rayleigh criterion in the frequency domain in a non-self-adjoint system

(Q # 0); as in § 2.4, non-self-adjointness manifests itself via the thermal sensitivity

(d[)/dQ)Q, which is a non-local effect. For a localized source, similarly to §2.4,
Py =(D/C)(p, +dpsQr/(€0))).

Relation (3.14) can be used in two ways. On the one hand, we can obtain an
approximation of the adjoint variable by interpolating experimental measurements of

P+ (dp/dQ)Q. On the other hand, we can cheaply estimate the sensitivity function
from a low-order model as p** — (D/C)p. This indicates which areas of the flow
should be sampled to reconstruct an accurate sensitivity function. In other words, this
relation gives a prior to guide the measurements in experiments and sampling in high-
fidelity simulations.

3.5. The adjoint Rayleigh criterion

The adjoint Rayleigh criterion answers the question: ‘under which conditions is the
first variation of the eigenvalue positive, negative, or zero, when the heat source
is perturbed?’. This was numerically investigated in Magri & Juniper (2013, 2014)
and Juniper (2018). Here, we formalize the adjoint Rayleigh criterion following the
argument of Magri (2019). The factor D can be set to a real number (for example,
equation (28), Aguilar, Magri & Juniper 2017), so we set D = (y — 1)/(yp) in
this section without loss of generality. For localized sources, the first variation of

the growth rate is 8o, = |13;+||QP|COS(A9), where A@ is the difference between
the arguments of the heat-release rate and adjoint pressure. This means that o, is
maximum when Af = +2(k — 1)m, where k is a positive integer; that is, when a
perturbation to the heat-release rate is in phase with the adjoint pressure, the system
is most destabilized. Second, the first variation of the growth rate, §o,, is minimum
when A6 = +(2k — 1)m; that is, when a perturbation to the heat-release rate is in
antiphase with the adjoint pressure, the system is most stabilized. Third, the first
variation of the growth rate §o, is zero when A6 = £(2k 4+ 1)7/2; that is, when
a perturbation to the heat-release rate is in quadrature with the adjoint pressure,
the system’s stability is unaffected. The first variation of the angular frequency is

So; = |]3;+||Qp|sin(A6). In contrast to the growth rate, §o; is maximum when the
adjoint pressure is in quadrature with the heat-release rate. Note that we could have
used the adjoint without the complex conjugation in (2.4). The results discussed
would still be valid by taking into account that, without complex conjugate, the
adjoint eigenvector rotates in time as exp(—of) — which is to say that the angular
frequency is negative.

4. Conclusions

Thermoacoustic instabilities are a major challenge for the gas turbine and rocket
motor industries. The Rayleigh criterion is widely used to establish whether or not
a thermoacoustic system is unstable. One result of this paper is to formalize and
interpret the Rayleigh criterion in the frequency domain (§3.1.1). This quantifies
a phenomenon that was qualitatively described by Lord Rayleigh (1878): if the
heat-release rate is in quadrature with the pressure, the frequency is maximized.
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Another result is to derive the first variation of the Rayleigh criterion in both the
time and the frequency domains when an extra heat source is applied. In each
domain, we perform analysis both with and without Lagrange multipliers (adjoint
variables). The change in the acoustic energy (time domain) or the change in the
growth rate/frequency (frequency domain) is given by integrals of the heat-release rate
perturbation multiplied by the adjoint pressure. Further, we derive exact relationships
(2.15), (3.14) between the adjoint pressure and the observable quantities. These
relationships show how to express the first variation of the Rayleigh criterion in
non-self-adjoint systems. We show that the adjoint pressure, which is physically
interpreted as the functional derivative of the acoustic energy (or eigenvalue) with
respect to a perturbation to the heat source, consists of two terms: (i) the pressure at
the location at which the perturbation is applied, which is the acoustic sensitivity, and
(ii) the acoustic pressure sensitivity, weighted by the main heat-release rate, at the
main source location, which is the thermal sensitivity. The superposition of these two
sensitivities gives the thermoacoustic sensitivity. Non-self-adjointness manifests itself
as a non-local effect (the thermal sensitivity). Finally, an adjoint Rayleigh criterion is
proposed. This criterion provides, in a compact form, precise conditions on the effect
that perturbations to the heat source have on the stability of a thermoacoustic system.

The mathematical relations of this paper can be used as diagnostic tools for the
interpretation of experimental results, and as methods to compute sensitivities directly
from measurable experimental quantities, which is useful for optimal design by
experimental sensitivity analysis. In future work, the approach of this paper can be
applied with virtually no modification to the three-dimensional acoustic equations
with a mean flow.

Supplementary material

Supplementary material is available at https://doi.org/10.1017/jfm.2019.860.
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