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Abstract. The effect of an external magnetic field on an ion–dust two-stream in-
stability in a collisional dusty plasma is investigated. We consider the parameter
regime in which the ions and electrons are strongly magnetized, while the charged
dust is unmagnetized. The presence of a magnetic field tends to hinder the growth
of the instability. The implications for laboratory dusty plasmas such as ‘plasma
crystals’ are discussed.

Ion–dust two-stream instabilities in collisional dusty plasmas have been investig-
ated by a number of authors [1–6], with applications to laboratory dusty plasmas.
For example, clouds of negatively charged dust can be trapped in the plasma–sheath
interface regions where ions flow toward the electrode with a speedmuch larger than
the ion thermal speed. Examples include dusty regions in processing plasmas and
dust ‘plasma crystal’ experiments, where the streaming of ions relative to the dust
may excite dust–acoustic type waves [1, 7]. Recently, it has been suggested that
a dissipative ion–dust two-stream instability may be responsible for dust heating
in dusty plasma crystallization experiments [7]. Further, it was suggested that
suppression of the instability may be the trigger for a fluid-to-solid phase transition
of the dust cloud (i.e. condensation to the ‘plasma crystal’) [7, 8].
Since future dusty plasma experiments, in particular ‘plasma crystal’ experi-

ments, may involve magnetic fields [9], it is of interest to consider the effects of
a magnetic field on this dissipative ion–dust two-stream instability. In this brief
communication, we study this issue in the parameter regime in which the ions and
electrons are strongly magnetized, while the charged dust is unmagnetized.
We consider a weakly ionized dusty plasma composed of electrons, singly charged

ions, negatively charged dust grains and neutrals. The equilibrium charge neutral-
ity condition is given by

ni0 = ne0 + Zdnd0, (1)

where nj0 is the unperturbed number density of the particle species j (here the
subscript j = e, i and d refers to electrons, ions and dust, respectively), and Zd
is the dust charge state. There is an electric field E0 = E0ẑ and a magnetic field
B0 = B0ẑ, in the ẑ direction.
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We consider electrostatic waves, with perturbed Ẽ(r, t) = −∇φ(r, t), where φ is
the wave potential. Perturbed quantities α(r, t) are assumed to vary as ∼ α(x)
exp(−iωt + ikzz + ikyy). The behavior of each of the three charged species is
described by fluid equations, including the equation of continuity

∂tnj + ∇ · (njvj) = 0, (2)

and the equation of motion

njmj(∂tvj + vj · ∇vj) = njqj

(
E+

vj

c
× B0

)
− ∇Pj − njmjνjvj . (3)

Here nj , vj , mj , qj , and νj refer to the number density, velocity, mass, charge and
neutral-charged particle collision frequency of species j. In the presence of an ex-
ternal electric field, the equilibrium flow velocity of the charged species is given by

V0j =
qjE0

mjνj
z. (4)

It is assumed that the plasma parameters are such that V0e � vte and V0d � vtd, while
V0i � vti, where vtj = (Tj/mj)1/2 is the thermal speed of species j with temperature
Tj . In the following, we consider the frame in which the dust is stationary, namely
V0d = 0.
We consider the case where the ions and electrons are strongly magnetized, while

the dust grains are unmagnetized. The ions would be magnetized when Ωi/νi � 1
and vti/Ωi � R, where Ωi = eB/mic is the ion gyrofrequency and R is the radial
extent of the dust cloud. There is a similar condition for the electrons. For example,
these conditions could be satisfied in a reasonably sized dust cloud (e.g. of the order
of R � 1 cm), composed of a weakly ionized dusty Ar plasma with Te ∼ 3 eV,
Ti ∼ 0.1 eV and neutral density nn ∼ 1015 cm−3 (pressure ∼ 0.03 torr at room
temperature), immersed in a magnetic field of strength B ∼ 2 T. On the other
hand, dust of radius a ∼ 5 µm would be unmagnetized, since νd would be much
greater than the dust gyrofrequency, using Zd ∼ 104 and md ∼ 5 × 1014 times the
proton mass.
We linearize (2) and (3), denoting the perturbed density by ñj and the perturbed

velocity by ṽj . For the ions, we have

ω̄iñi − ni0[kz ṽiz + ky ṽiy] = 0, (5)
[
(ω̄i + iνi) − Ω2

i

(ω̄i + iνi)

]
ṽiy =

kyeφ

mi
+

kyTiñi
mini0

, (6a)

and

(ω̄i + iνi)ṽiz =
kzTiñi
mini0

+
kzeφ

mi
. (6b)

Here ω̄i = ω−kzV0i. In the limit of strongly magnetized ions with |ω̄i+iνi| � Ωi and
(ωpi/Ωi)2 � 1, and in the limit of cold ions with |ω̄i(ω̄i + iνi)|�k2v2

ti (and kz � ky),
the perturbed ion number density from (5)–(6) becomes

ñi
ni0

≈ e

mi

k2
zφ

ω̄i(ω̄i + iνi)
. (7)

For the electrons, we assume |ω̄e| = |ω + kzV0e| � νe, so (2) and (3) for the electrons
become

ω̄eñe − ne0[kz ṽez + ky ṽey] = 0, (8)
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1 +

Ω2
e

ν2
e

]
ṽey ≈ ikyeφ

meνe
− ikyTe

meνe

ñe
ne0

, (9a)

and

ṽez ≈ ikzeφ

meνe
− ikzTe

meνe

ñe
ne0

, (9b)

where Ωe = eB0/mec is the electron gyrofrequency. Since νe � Ωe and in the limit of
warm electrons with k2

zv2
te � |ω̄eνe|, the perturbed electron number density from (8)–

(9) becomes
ñe
ne0

≈ eφ

Te
. (10)

The dynamics of the unmagnetized dust (also assuming cold dust with thermal
energy Td = 0) is described by

ω(ω + iνd)
ñd
nd0

− Zde

md
∇2φ ≈ 0. (11)

Inserting (7) and (10)–(11) into Poisson’s equation, we obtain the dispersion relation

1 − k2
z

k2

ω2
pi

Aeω̄i(ω̄i + iνi)
−

ω2
pd

Aeω(ω + iνd)
≈ 0, (12)

where Ae is given by

Ae = 1 +
1

k2λ2
De

. (13)

Note that (12) has the same form as the dispersion relation for an ion–dust two-
stream instability in a collisional, non-magnetized dusty plasma given in [1, 7],
apart from the factor (kz/k)2 multiplying ω2

pi. However, it is this factor arising from
strongly magnetized ions that hinders the growth of the instability. (A similar effect
occurs for the Buneman instability in an electron–ion plasma when the electrons
are strongly magnetized [10].)
In the limit ω � kzV0i, νi � kzV0i and νd � ω, the dispersion relation (12) becomes

approximately

1 −
ω2
pi

Aek2V 2
0i

[
1 +

2ω

kzV0i
+

iνi
kzV0i

]
−

ω2
pd

Aeω2

[
1 − iνd

ω

]
≈ 0. (14)

A strong hydrodynamic instability can occur roughly when ωpi/
√

Ae � kV0i, which
can be written as

v2
ti

V 2
0i

−
(

Ti
δTe

)
� k2λ2

Di, (15)

where δ = ni0/ne0. The maximum growth rate of this ion–dust dissipative instabil-
ity, in the limit νi � ω, occurs when the equality in (15) approximately holds and
the spectrum is given by

ω

ωpd
∼ (1 + i)√

2

(
kz

k

ωpi
νi

)1/2 1

A
3/4
e

− iνd
2ωpd

. (16)

Condition (15) is more restrictive than the condition for the dissipative instability
in the non-magnetized case, which is roughly [1]

v2
ti

V 2
0i

− k2
z

k2

Ti
δTe

� k2
zλ2

Di. (17)
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Figure 1. Imaginary part of ω (normalized to ωpd) obtained by solving (12). The parameters
are mi/mp = 40, md/mp = 5 × 1014, Te/Ti = Te/Td = 30, ωpi/Ωi = 0.4, Zd = 104,
nd/ni = 10−5, νi/ωpi = 0.1, νd/ωpd = 0.1 and V0i/vti = 5.5. Angle between k and V0i is
θ = 0◦ (solid line), θ = 30◦ (dash line) and θ = 45◦ (dash-dot line).

Figure 2. Imaginary part of ω (normalized to ωpd) for the non-magnetized case.
Other parameters are the same as in Fig. 1.

The range of k where the instability occurs given by (15) is narrower than the
range given by (17) for waves that propagate obliquely to the ion flow direction (see
also [10]). Consider for example a dusty ‘plasma crystal’ radiofrequency experiment
where dust is localized in the plasma–sheath boundary region and ions flow into the
sheath with speed near the ion sound speed cs ≈ (Te/mi)1/2 � vti (since typically
Te � Ti). If δ ≈ 1 in the dust cloud, it would be difficult to satisfy condition (15) and
thus the instability could be hindered if the ions were strongly magnetized. This
is in contrast to the non-magnetized case where the instability could still occur
for waves that propagate obliquely to the ion flow direction and where damping
of the instability requires high ion and dust collision frequencies and thus high
neutral density [7]. Thus we suggest that, if suppression of an ion–dust streaming
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(a)

(b)

Figure 3. Real (dash line) and imaginary (solid line) parts of ω/ωpd. (a) Solution of (12), for
the same parameters as in Fig. 1, but with νi/ωpi = 0.5, νd/ωpd = 0.5 and θ = 0◦. (b) Solution
for non-magnetized case, for the same parameters as in (a), but with θ = 45◦.

instability is the trigger for dusty plasma condensation, this could more easily be
accomplished in a plasma with strongly magnetized ions, even at lower neutral
pressures.
For example, consider a dusty plasma with the following parameters: Argon

plasma, B ∼ 2 T, nn ∼ 1015 cm−3, ni0 ∼ 108 cm−3, Te ∼ 3 eV, Ti ∼ 0.1 eV; dust with
a ∼ 5 µm, md/mp ∼ 5 × 1014, nd0 ∼ 103 cm−3 (intergrain spacing d ∼ 0.06 cm) and
Zd ∼ 104. The dust could be strongly coupled and may be crystallized, with the
dust Coulomb coupling parameter Γ = Z2

de
2/dkBTd ∼ 2400, if Td ∼ Ti. We estimate

the collision frequencies using νi ∼ σinnnvti (with σin ∼ 5 × 10−15 cm2) and νd ∼
4πa2nnvtnmn/3md. For these parameters, νi/Ωi ∼ 0.05, ωpi/Ωi ∼ 0.4, νd/Ωd ∼ 400
and ωpd/Ωd ∼ 3700, so the ions are magnetized but the dust is non-magnetized.
Figure 1 shows solutions of (12) for a set of corresponding dimensionless parameters,
with V0i ∼ (Te/Ti)1/2vti, for various values of the angle θ between k and V0i (note
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that kz = k cos θ). For comparison, in Fig. 2 we show solutions of (12) with the
factor k2

z/k2 in the second term of (12) replaced by 1, which would correspond
to the case where the ions are not magnetized (see [1]). As can be seen, strong
hydrodynamic growth can occur in the non-magnetized case over a wider range of
k for oblique propagation, whereas the growth rate and range of unstable k remain
smaller for the strongly magnetized case. For the parameters of Fig. 1, modes with
wavelengths λ < 10πλDi ∼ 0.75 cm would be stable.
Figure 3(a) shows the real and imaginary parts of ω (normalized to ωpd) obtained

from (12) for the same parameters as in Fig. 1 and for θ = 0◦, but with the collision
frequencies increased by a factor of five corresponding to increasing nn. (Note that
B would also have to increase in order that νi/Ωi < 1). As can be seen, there is
no growth in the magnetized case. On the other hand, Fig. 3(b) shows solutions of
(12) with the factor k2

z/k2 in the second term replaced by 1 (corresponding to the
non-magnetized case), for the same parameters as in Fig. 3(a) but with θ = 45◦.
Thus for these parameters, the dissipative ion–dust streaming instability can occur
in the non-magnetized case, but is suppressed in the case that the ions are strongly
magnetized.
In summary, we have presented linear dispersion relations for an ion–dust dis-

sipative instability in a collisional, magnetized dusty plasma, in the case where
the electrons and ions are strongly magnetized while the dust is unmagnetized.
The condition for growth of the instability is more restrictive than in the non-
magnetized case, which may have implications for laboratory dusty plasmas such
as ‘plasma crystals’. However, we point out that we have only considered simple
wave effects and that further work should consider the complications introduced
by a magnetic field such as ion E × B0 drifts due to the electric field of the dust
grains.
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