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A method for explicit Wiener—Hopf factorization of 2 X 2 matrix-valued functions is
presented together with an abstract definition of a class of functions, C(Q1, Q2), to
which it applies. The method involves the reduction of the original factorization
problem to certain nonlinear scalar Riemann—Hilbert problems, which are easier to
solve. The class C(Q1,Q2) contains a wide range of classes dealt with in the
literature, including the well-known Daniele-Khrapkov class. The structure of the
factors in the factorization of any element of the class C(Q1, Q2) is studied and a
relation between the two columns of the factors, which gives one of the columns in
terms of the other through a linear transformation, is established. This greatly
simplifies the complete determination of the factors and gives relevant information on
the nature of the factorization. Two examples suggested by applications are
completely worked out.

1. Introduction

The present paper deals with a general method for explicit Wiener—Hopf factor-
ization of non-rational matrix-valued functions that appear in several areas of
mathematics and its applications, such as linear operator theory, diffraction the-
ory [8,11,13] and integrable systems [17].

Before we define in a more concrete way the main objective of the paper, let
us give in very general terms what we mean by a Wiener—Hopf factorization of a
bounded measurable matrix-valued function G invertible in (Lo (R))™*™. This is a
representation of G in the form

G =G_DG,,

where D is a diagonal rational matrix function (D = diag(r*',r*2 ... rF») with
ky = ko = -+ = ky, integers, () = (£ —1)/(£ +1)) and G4 and their inverses
belong to appropriate Hardy spaces of analytic functions in the upper (G, ) and
lower (G_) half-planes of the complex plane C (if we impose the condition that
the factors be bounded, these spaces are (HZE (R))2*? (cf. §2 for a more precise
definition)).

Perhaps the best-known class of non-rational matrix functions among those that
have been studied in the specialized literature is the Daniele-Khrapkov class, here
denoted Cpxk, which is usually defined as

Cpk = {G € LZ*(R): G = al + BR, o, € Lo(R)}, (1.1)
© 2002 The Royal Society of Edinburgh
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where I is the identity in C?*2? and R is a bounded rational matrix function such
that R? = qI [4,5,8-10,16].

In this paper we start from a more abstract definition. We consider the class of
matrix functions in L2X2(R) that satisfy the relation,

GTQ1G = hQo, (1.2)

where ‘T’ denotes matrix transposition, h € Lo (R) and @1, Q2 are rational matrix
functions in L2X2(R). This class, here denoted by C(Q1, Q2), includes, besides the
Daniele-Khrapkov class, other classes that have some relevance in terms of applica-
tions and permits, in a natural way, a generalization to n X n matrix functions [6].
If Q2 = @1, the relation (1.2) defines an infinite-dimensional Lie group, a fact that
the authors believe may be of interest in the context of applications to integrable
systems.

Some of the ideas behind the method to be expounded in the following sections
have already been used by the first authors in concrete examples closely related
to the Daniele-Khrapkov class. However, the main results presented here have a
generality that goes well beyond those examples.

Next we describe briefly the main contents of the paper. In § 2 we give some pre-
liminary results that are needed in the following sections, and in § 3 it is shown that
the class C(Q1,Q2) includes several different classes that have been studied in the
specialized literature. A characterization of this class in a more concrete way is also
given in § 3, making it easier to recognize whether a given matrix function belongs
to C(Q1,Q2). In §4 our method for studying the factorization problem (existence
and calculation of the factors) is expounded. As is known [7,12,14], investigating the
existence of a factorization with D = I (canonical factorization) involves studying
the existence of non-trivial solutions of the Riemann—Hilbert homogeneous problem

Got = o (1.3)
(e.g. with ¢* € (HE(R)?)) and the calculation of the factors involves solving the
problem

Got =ro, (1.4)

for example, in (Hi (R))? (here, (&) = (& —1)/(€ + 1)). It is shown in §4 that
the solution of problems (1.3) and (1.4) can be reduced to two scalar nonlinear
Riemann—Hilbert equations, which we call the product and quotient equations.
For (1.3), the product equation is simply obtained by multiplying on the left this
equation firstly by @1 and afterwards by its transpose, leading to

(0N TGTQ1Got = (07)T Q1o
which becomes
WMo Q20" = (¢07) Qug™ (1.5)

after using definition (1.2). Equation (1.5) is relatively easy to solve because it
is a scalar Riemann—Hilbert equation. In some cases, the existence problem also
involves the quotient equation, which is derived in a less obvious manner (see
theorems 4.1 and 4.2). The calculation of the factors involves analogous equa-
tions obtained from (1.4), which tend to be computationally more complicated,
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as explained in § 4. Although the product and quotient equations have appeared in
other papers by the first two authors [1,2], they appear here, for the first time, in
full generality.

Section 5 contains, perhaps, the most important results of the paper. The method
expounded in §4 gives one column of the factors G;l and G_. The usual proce-
dure to calculate the factors would involve repeating the calculation for the second
columns and proving that the matrices formed by the columns are invertible in their
appropriate Hardy spaces; this is what was done in [1,2,5]. In §5 it is shown that
the second column is easily obtained from the first by a rational transformation,
which in some cases even belongs to C(Q1,Q2). The main result is theorem 5.2,
which we summarize as follows. If f* are the first columns of the factors G;l and
G, the second columns s* are obtained through the formulae

s = le_, S+ = M2f+

with My = 7"1_1(771[ —J@Q1), My = 7"1_1(?1[ — J@2), where J is a known constant
matrix and 71, 71 are rational functions obtained from the calculation of fi.

In §6 the paper concludes with two examples that illustrate the general results
of §§4 and 5. These examples were chosen to point out some of difficulties that
may occur in the application of those results but, at the same time, with the preoc-
cupation of reducing the computation complexity to a minimum in order to avoid
obfuscating the main ideas by mere questions of algebraic calculations. It may
be worth noting, however, that the first example corresponds to a problem from
diffraction theory not dealt with in the literature.

2. Preliminaries

Let Lo(R) denote the space of all complex-valued measurable square-integrable
functions defined on R with the norm

Il = If(t)Ith>1/2.

As is known, the Cauchy’s singular integral operator S, given by

(Sf)(t):i. Md7', t € R, (2.1)
m JpT—t
is bounded on L2(R) (in (2.1), the integral is understood in the sense of Cauchy’s
principal value). In Lo(R), we can define two complementary projections, P* =
%(I £ 5), where [ is the identity operator. These projections lead to a direct sum
decomposition of La(R),

Ly(R) = L3 (R) & Ly (R),

where the subspaces Ly (R) = PE(Ly(R)) can be identified with the corresponding
Hardy spaces, H3, of functions analytic on C* = {z € C : £Tmz > 0}.

By Lo (R), sometimes simply denoted by L., we denote the space of all essen-
tially bounded measurable functions on R. The subspaces of functions that have
bounded analytic extensions to C* will be denoted by LE (these spaces may be
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identified with the Hardy spaces H.(C¥) of bounded analytic functions in C¥).
R(IR) denotes the space of all rational functions in L (R). In what follows, we also
need the space C’#(R) of all continuous functions satisfying a Holder condition of
order p on the one-point compactification of the real line.

Let G(A) be the group of invertible elements in an algebra A and let

r(§) = -1)/(€+1), r=(§)=1/(+i), {eR

DEFINITION 2.1. By a generalized factorization of an invertible matrix-valued func-
tion G € G(L2X™(R)) (relative to Lo(R)), we mean a factorization of the form [7,
12,14]

G=G_DGy,

where D = diag(r¥ 7% ... r*n) kj € Z, k1 > ko = -+ 2 ky, and G_, G satisfy
the conditions

(i) r+ G € (L3 (R)™™
(i) r-GZ' € (Ly (R))™™;

(iii) GZ'PTGZ'I is an operator defined on a dense subset of (L(R))", e.g. the

rational functions in (L9(R))™ possessing a bounded extension to (La(R))™.

(A geometrical approach to the factorization problem can be found in [15, ch. 8].)

The generalized factorization is said to be canonical if all the partial indices k;
(j = 1,2,...,n) are equal to zero. The sum of all partial indices, k = Z?:l kj, is
the total index of G. The factorization is said to be a bounded factorization if the
factors G, G_ and their inverses are bounded in CT, C~, respectively.

G e CZ}X"(R) admits a generalized factorization in CZ}X"(R) (hence bounded) if
and only if det G(§) # 0 for all £ € R. In this case, the total index is k = ind det G,
where ind denotes the usual winding number of non-vanishing continuous functions
on R relative to the origin. If G € CZ}X"(R) has total index zero, then it possesses

a canonical factorization if and only if the homogeneous Riemann—Hilbert problem
Got =97, ¢" e (L3 R)", (2.2)

admits only the trivial solution ¢™ = ¢~ = 0.
Although we assume that the matrix functions studied in this paper belong to
CZ}X"(R), the results obtained here can easily be extended to more general settings.
In most of this paper, we shall be concerned with 2 x 2 matrix-valued functions,
and thus the results that follow refer only to this case. The following result is taken
from [5], where it is proven.

PROPOSITION 2.2. Let G possess a canonical generalized factorization. Then this
factorization can be obtained by determining two solutions, (¢, ¢~) and (Y ,~),
to the equation

Got =rg™, ¢* € (L5 (R))?, (2.3)

such that
det[pTT](€) #0 for some £ € CT. (2.4)

https://doi.org/10.1017/50308210500001529 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500001529

Wiener—Hopf factorization and Riemann—Hilbert problems 49

REMARK 2.3. It can easily be checked that in (2.4) the given condition on the
solution of the Riemann—Hilbert problem (2.3) may be a replaced by corresponding
condition for £ € C™.

3. Classes of functions

To begin with, we define a family of classes of functions that will play a central role
in all that follows. We shall see in the following sections that elements of this class
can be explicitly factorized by the method of §4.

DEFINITION 3.1. Let C(Q1,Q2) be the set of all bounded invertible measurable
n X n matrix functions G on R satisfying the relation

GTQ.G = hQ-, (3.1)

where ‘T’ denotes matrix transposition, 01, Qo are given n X n rational matrix
functions with poles off R and & is a scalar-valued function invertible in L, (R) and
depending on G.

The following remarks help to understand some of the reasons behind defini-
tion 3.1.

REMARK 3.2. The fact that matrix transposition appears in the first factor in rela-
tion (3.1) is going to be crucial in the theory of § 4. Matrix transposition is an anti-
homomorphism in the algebra of matrix functions L?*"(R)((G1G2)T = GIGT)
and this property ensures that the factors Gljf2 appear in the desired order when
one tries to split the left- and right-hand sides of (3.1) in terms of their factors in
a Wiener—Hopf factorization.

REMARK 3.3. If Q1 = Q2 = @, it is easy to see that the class given in definition 3.1
is a multiplicative group of n X n matrix functions. This fact gives the elements of
the class some interesting algebraic properties that may be useful in a more abstract

framework. If @1 = Q2 = @, we denote C(Q, Q) simply by C(Q).

REMARK 3.4. Tt should be noted that definition 3.1 makes sense for n X n matrix
functions, although in the following sections we concentrate on the factorization
of 2 x 2 matrix functions, since the factorization method developed in §4 requires
considerable modifications to be applicable to n x n matrix functions (cf. [6] for a
partial answer to this question).

Now we examine a few classes corresponding to special cases of definition 3.1.
Most of theses classes are important from the point of view of applications.

Daniele-Khrapkov class [8, 9]

Let R € L2X%(R) be a rational function with zero trace, which implies that
R? = qI for ¢ = — det R (I is the identity matrix in C2*2). Let us assume, moreover,
that ¢ # 0. Then the Daniele-Khrapkov class associated with R is defined as

Cpk = {G € LZ?R): G =al + R, a,B € Loo(R)}.
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We show that Cpx is contained in C'(Q) for a certain @ related to R. In fact, the
two classes coincide when () is invertible, as we shall see later.
Given R with trace zero, define ) to be a symmetric matrix satisfying

QR+ RTQ=0. (3.2)
It is clear that Q = RTJ satisfies this relation, for
0 1
[0 ] "

and @ is invertible (as a rational matrix function, meaning that det @ is not iden-
tically zero). Note that @ is unique up to normalization. Taking

r=[y o)
as is often chosen, we get @ = diag(—q,1).
Now calculate
GTQG = (oI + BRV)Q(al + BR)
=a’Q + aB(RTQ + QR) + f°RTQR.

The second term in the last expression vanishes by (3.2). As to RTQR, we have
R'QR = —QR* = —qQ.

Hence
GTQG = (% — ¢8°)Q,
and thus G € C(Q) with h = a? — ¢32.

Class D — N [1]

As is clear from the definition given above, the Daniele-Khrapkov class consists
of matrix functions that have two rationally independent elements. This is a conse-
quence of the defining relation G = ol + 3R, where R is fixed and «, 3 are arbitrary
L functions. It is possible to obtain from definition 3.1 a class of matrix functions
with three rationally independent elements by appropriately choosing the matrix
function @. In order to avoid getting involved in rather cumbersome calculations,
we give a direct definition of the class and show that it is included in C(Q) for an
appropriate Q. We take the set of all G € L2X?(R) such that

G =al + R+ N, (3.4)
where R? = qI (for ¢ #0), N2 =0and RN + NR = 0. If R is given by

0 1
r=]% . (35)
then, apart from a scalar multiplicative function,
|1
N = [—q_l _J . (3.6)
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We assume that R and N are given by (3.5), (3.6), since any symbol G in the class
D — N has the form G = AGA™', with G given by (3.4), (3.5), (3.6) and rational A.

Choosing @ to be the symmetric singular 2 x 2 rational matrix function given by
@ = JN, it may easily be verified that

R'Q+QR=2'Q, NTQ=0=QN, E'QR=¢2Q. (3.7
From the definition (3.4) of the class, together with (3.5) and (3.7), we obtain

GTQG = (oI + BRT + yNT)Q(al + SR + vN)
=a?l + aﬂ(RTQ + QR) + a'y(NTQ + Q@QN)
+ Bv(RTQN + NTQR) + B°RTQR + +*NTQN
= (a+B8¢71)%Q,

i.e. G € C(Q) for the singular @ given above.

Generalized Daniele—Khrapkov class

This is a subclass of C(Q1, Q2) that includes an interesting example from diffrac-
tion theory [2,11]. It consists of the set of all matrix functions of the form

G = [0‘ Ple} ,
q0 ap:
where o, € C,(R) and q¢1 = p? and ¢ are both quotients of two first-degree
polynomials with zeros off R. Such matrices satisfy (3.1) for

Ql = dlag(la _q_l)a
Q2 = diag(1, —qq™ "),
h=a? - ¢b%

Rawlins—Williams class

This class is defined as the set of all 2 x 2 bounded matrix functions of the form

1 a
b —abl’

where a,b € Lo (R) admit bounded factorizations and a = a_a_ with a? rational
or b = b_by with b3 of the same type [1]. It can also be defined by a slight
generalization of relation (3.1) as the set of all 2 x 2 bounded matrix functions
satisfying

GTQy G =hQs3,

where Q] € (R(R) + LZ(R))?*2, QF € (R(R) + LL (R))?*2. In particular, if a
is rational, we have

Qr = [? ﬂ QF = 2. [é _02]

a
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It will be clear in §4 that the method proposed in the present paper still applies
to this class.
Next we characterize C'(Q1,@2) in a more concrete way.

THEOREM 3.5. Let Q1, Q2 be invertible rational matriz functions in L2X2(R).
Assume that there exists an invertible matriz function H in C(Q1,Q2), i.e.

HYQ1H = hoQ» (3.8)

for some hg € Loo(R) and let G be a matriz function in GL2X2(R). The following
statements are equivalent.

(i) G belongs to C(Q1,Q2).
(ii) G = HG for some G € C(Q2).
(iii) G = GH for some G € C(Q1).

Proof. (i) = (ii). Assume first that G € C(Q1,Q2). Since H is invertible, we can
write

G =HG,
and substituting this relation in (3.1) we obtain
GTHTQ1HG = hQs.
But, in view of (3.8), it follows that
GTQ2G = hy'hQo,

which implies that C:J € C(Q2), with h = halh; For the converse (i.e. (ii) = (i)),
assume that G = HG, with G satisfying GTQ2G = hQ,. Then

GT(HYHYTQH'G = hQo,

which, using (3.8), leads to
GTQ1G = hohQs,

ie. G € C(Ql,QQ), with h = hoh
The proof that (i) & (iii) is entirely analogous. O

To come down to more concrete classes, consider the case where
Ql = dlag(la Q1)a QQ = dlag(la QQ)a (39)
with ¢1,¢2 € R(R), as in (iii). Then it is easy to check that
D = diag(q;'?, ¢5"") (3.10)

belongs to C(Q1,@2). On the other hand, taking Re = JQ2 for J defined by (3.3),
any matrix function G € C(Q2) can be put in the form

G = al + BRy(a, € Loo(R)),
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as we show later in §4. Hence
G=aD+ [A,

where D is the diagonal matrix (3.10) and A is an anti-diagonal matrix

ol

is the general form of any element of C'(Q1,Q2) for @1, Q2 as given above. We
also see that, defining 1, Q2 as in (3.9), the class C'(Q1, @2) is not empty and an
invertible matrix H (see theorem 3.5) can be immediately defined from @ and Q.
In fact, this is true for any @1, @2, as we will show later in the next section.

It may be worth noting that we no longer have the limitation of only two ratio-
nally independent matrix elements in G that characterize the Daniele-Khrapkov
class C(Q) for invertible Q.

4. Product and quotient equations

In this section we present our nonlinear approach for Wiener—Hopf factorization.
This will be done in connection with (3.1), which defines a family of classes of
symbols. We shall confine our treatment to the case n = 2 and @1, Q2 rational, but
with slight modifications the method applies to generalizations such as the class
defined by (3.4) (cf. [1]).

The study of the factorization problem involves two parts: (i) investigation of
the existence of canonical factorization; and (ii) calculation of the factors. Because
of its computational simplicity, in this paper we only consider the case when the
factorization is canonical.

Given a function G € G(L2X%(R)), we assume that the Toeplitz operator

T = PtGI,

is Fredholm of index zero (here, P* is the orthogonal projection P* : (Ly(R))? —
(LF(R))? defined in §2 and I is the identity on (L3 (R))?). If indT = 0, the
factorization of G is canonical if and only if the Riemann—Hilbert problem

Got =97, ¢ € (LF(R))?, (4.1)

has only the trivial solution. As is known, if G is continuous on R, ind T = ind det G,
where inddet G is the index of the function det G : R — C (the winding number
relative to the origin of the path in C defined by det G).

Let G € C(Q1,Q2). Applying matrix transposition to (4.1) and multiplying in
the appropriate order the transposed and the original equation, we obtain

(6N TGTQ1Got = (67)T Q1o
Using here the relation GTQ1G = hQ leads to
o) Q20" = (¢07)TQuo™. (4.2)

This is the first basic equation, which we call the product equation. Note that if
we ignore the poles of @1, Q2, equation (4.2) is essentially a scalar Riemann—Hilbert
problem for the unknowns (¢1)TQo¢ and (¢7)T Q1.
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In (4.2), we assume that i has a canonical bounded factorization h = h_h_ . This
is a natural assumption, since a factor of the form r* in the generalized factorization
of h can always be included in @); or Q5. Thus we obtain from (4.2)

hy () TQa0t = h= o) Q107 (4.3)

and we see that both sides of (4.3) must be equal to a scalar rational function
r1 € L1(R). In some examples, this immediately implies that 1 = 0. However, this
is generally not the case (if 71 has two or more poles, 71 € L1(R) does not imply
r1 = 0). In this case, to determine the functions ¢*, we can use another equation,
which we proceed to derive.

Let J be defined by (3.3) and consider the alternate bilinear form in C2,

xXTjy, X,y ec2
For each & € R, we have
(@~ (€)™ (&) =0,
and using this property in (4.1) leads to
(¢7)TIGeT =0, (4.4)

which we shall call the quotient equation, for reasons that will become apparent
later. We state the above results in the following theorem.

THEOREM 4.1. Let ¢= € [LE(R)]? be solutions to the Riemann—Hilbert problem
Got =97,
where G € L2X%(R) satisfies (3.1). Then ¢+ satisfy the nonlinear equations

o) Q20" = (¢07)" Q10
(¢7)"JGoT =0.

Equations (4.3) and (4.4) are nonlinear Riemann—Hilbert problems that are, in
general, difficult to solve by a direct attack. We are going to adopt, instead, an
alternative approach based on transforming them into equivalent equations easier
to solve.

Let @ be a general symmetric 2 X 2 rational matrix, which, apart from a rational
scalar multiplicative function, can be put in the form

_ |:QO q1

, =0 or =1 4.5
@ qJ do qo0 (4.5)

We then have
Q=15T7s,
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with

= o 1

i ' 0} ’ (4.6)

s= |t thp}v with p? = —detQ =¢f — g2 if go =1, (4.7)
1 g—0p
[0 1

o Fan =0 4.8
12q1 QJ @ e

In the same way, we have (with S, S3 analogous to S for @ = @1 and @ = Qa,
respectively),
Q1=3S1JS1,  Q2=3577JSs, (4.9)

and using this in (4.3) we obtain

hy (S2p™)TJ(S20%) = h=' (S107)T T (S167).

Let
+ [
S +=[ws : S —=[S_}; 4.10
then we see that the product equation (4.3) is equivalent to
hed g =h=l 9Ty . (4.11)

It should be noted here that in (4.11) we deviated from standard notation in that
wdi, ¥F are in general not analytic in C*, due to the presence of p; = (—det Q1)'/?
in S1¢6~ and py = (—det Q2)'/? in Syot.

We also remark that if Q1 is not invertible (det @1 = 0), then @ is also non-
invertible (det Q2 = 0), admitting that G € GL%? and h € GL. In this case,
E = wdi and the product equation (4.11) can be reformulated as a linear Riemann-—
Hilbert problem.

From now on we concentrate on the more interesting case where @1, Q5 are
invertible matrices whose determinants are not the square of a rational function.
In this case, it is clear that S7, S are also invertible. Let

D= 8,GS;* . (4.12)
From (3.1) and (4.9), it follows that
DYJD = hJ,

or, equivalently,
JD = h(D")71J. (4.13)

On the other hand, from
h% = det G? - det Q; - det Q' = det G? - det S - det S, 2,

we see that
h = +det $1GS;* = +det D. (4.14)
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It follows from this and from (4.13) that D is diagonal (if h = det D) or anti-
diagonal (if h = —det D).
Considering now equation (4.4), we have

(¢7)" IS DSy¢t =0, (4.15)

but, since
JS7! =det TSI,

equation (4.15) is equivalent to
(S1¢7)TID(S207) = 0. (4.16)

If, for instance, D = diag(dy,dz), using the notation defined in (4.10), we see
that (4.4) becomes

dvl _vn

2y Yy

and an analogous expression can be obtained if D is anti-diagonal. The form
of (4.17) justifies the terminology ‘quotient equation’.

For the sake of simplicity, we assume in what follows that h in (3.1) is equal to
det D (so that D is diagonal).

We can now state the result that gives us the basic tool to solve the Riemann—
Hilbert problem (4.1).

(4.17)

THEOREM 4.2. Let G € G(L2X%(R)) satisfy (3.1), where Q1, Q2 are symmetric
invertible rational matriz function. If (¢+,¢7), ¢T € (LQi(R))Q, is a solution to the
Riemann—Hilbert problem

Gt =97,
then the functions ¢F = (qblivqﬁQi) satisfy the nonlinear equations
hpfod =5y, (4.18)
dy T 5
_“/’i — wﬁ_, (4.19)
da T/)d wd

where
v = (of + G103) + p2oy . V= (7 + G1¢3) — paos,
Yy = (07 + oy ) +p1dy, Yy = (61 +q1d5) — prdy
fOT q1, 61) P1, ﬁl such that

1 1 gq
Ql = |: q1:| ) QQ = |:~ (~Iv1:| )
a1 q2 a1 q2
pl = —detQ1, p3 = —det Q2
and dy, dy are the diagonal elements in D defined by (4.12).

In the above theorem, the solution of (4.19) can be obtained by applying loga-
rithms and using the product equation (4.18), if dy/ds admits a generalized fac-
torization. Some non-trivial difficulties occur, however, if p;, p2 involve more than
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two distinct branch points (cf. [4,5]). This problem will be addressed in the second
example chosen for § 6.

For the class C(Q) (Q1 = Q2 = @), the results of the last theorem become simpler
and equations (4.18) and (4.19) can be obtained directly from a diagonalization
of G. This is related to the following proposition, which characterizes that class
completely.

COROLLARY 4.3. Let G € C(Q), where @ is an invertible symmetric rational
matriz. Then G = ol + BR, where a, f € Loo(R), I is the identity 2 X 2 matriz and
R is a rational matriz such that tr R = 0.

Proof. In this case, equation (4.12) becomes
D =SGS™!,

with D = diag(dy,ds) (we assume that h = det D in (3.1)), so that G is diagonal-

izable. Let
dl + dQ dl - dQ
o= %2 B=—"2

2 2p
for p = (det Q)'/2, Q given by (4.5). Then
G=S8"'DS=al+p3R

e (10
R=pS (0 _1>S.

Thus we see that R? = p2I and tr R = 0. It only remains to show that R is
rational.
We have

for

Q=15TJs

— 17 (é _01> JS
=35 (é _01) (ST)7H (87 S)
=1p7'RT - (detS-J)
=1p ' det S(RTJ).
Since det S = —2p, we see that
Q=-R"J,
so that R = —JQT is rational. O

The last result shows that the class C(Q), with @ invertible and taking h = det G
in (3.1), coincides with the Daniele-Khrapkov class, as was said before. If we take
a matrix function G in this class and diagonalize it, G = S~!DS, we get from
Got =9,

DS et =51,
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and calculating the product and quotient of the corresponding scalar equations we
obtain (4.18) and (4.19) directly (cf. [4,5]).

REMARK 4.4. It is worth noting also that from (4.9) we have
(S1) 7' QuST = (53) '@,

so that
(57182)TQ1(S71S2) = Qa,

which means that S; 'S, € C(Q1,Qz). This shows, in particular, that C(Q1, Q)
is not empty, for any invertible @1, @2 (as we mentioned in §4), and taking the-
orem 3.5 and corollary 4.3 into account, we see that the general form for any
G e C(Ql,QQ) is

Sflsg(al + ﬂRQ),

with Ry = —JQ>.

To end this section we note that to calculate the factors of the factorization
G = G_G4, once we know that the factorization is canonical, we have to solve the
homogeneous Riemann-Hilbert problem in [L3 (R)]? (cf. §2),

Got =ro~, ¢F € [LF(R)]? (4.20)

for r(¢) = (£ —1i)/(€ + 1), with some normalization condition, e.g. ¢+ (i) = (1,0).
Apart from additional computational difficulties, the development of the calcula-
tions follow the same lines as for the equation G¢™ = ¢~ (see §6 for examples).

Of course, solving (4.20) gives us just one column of each factor G;l, G_. At first
sight, according to proposition 2.2, we would have to solve a similar problem with
a different normalization condition in order to obtain another linearly independent
column. However, this can be avoided if we know the structure of the factors in
such a way that the second column can be obtained from the first. This is what is
studied next.

5. Structure of the factors

Here we show that for the class C'(Q1,@2) the second column in G;l and G_ can
be obtained from the first one by a rational transformation. This constitutes the
main result of this section.

Let G € C(Q1,Q2), i.e.

GTQ.G = gQ., (5.1)

where we assume that ¢ = det G (i.e. det @1 = det @2) and g admits a canoni-
cal generalized factorization g = g_g4. Moreover, let G = G_G4 be a canonical
generalized factorization for G.

REMARK 5.1. Assuming that g = det G, in (5.1), implies no loss of generality, as far
as all the essential results are concerned. In fact, if we just impose that g € G L (R),
g=9g_-g+ and det G =d = d_d, we have

GTQ.G = dQ, (5.2)
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where Q1 = d_g~'Q1, Q> = d; "¢ Q. Thus
Q1 € (R(R) + L (R)*?, Q2 € (R(R)+ LL(R))*?,

and it is easy to see that all the results stand true, except that @1 and ()2 are
replaced by 1 and @5, which are no longer rational.

Denoting by f and s, respectively, the first and second columns in G:Ll, and
by f~ and s~ the first and second columns in G_, we have

Gft=f", Gst =s". (5.3)
From the product equation (4.3), we see then that

g+ () Qaf T =g~ (f) Quf =, (5.4)
with 1 € R(R). On the other hand, applying matrix transposition to the second
equality in (5.3) and multiplying in the appropriate way by the first equality in (5.3),
we obtain

(s)T'CTQGf = (s7)"Quf ™,
which, together with (5.1), yields the following cross-product equation:
g+ (sT) T Qaf T =g (sT) QS (5.5)

Since the left-hand side is meromorphic in C* and the right-hand side is mero-
morphic in C™, and taking into account definition 2.1, we conclude that both sides
of (5.5) must represent a rational function, so that

9+ Qaft = g7 () Quf T =7, (5.6)

From (5.4) and (5.6), we now obtain the structure of the factors G, and G_, as
stated in the following theorem.

THEOREM 5.2. Let G € C(Q1,Q2) possess a canonical generalized factorization
G =G_Gy and let f+ and sT be the first and second columns in G:Ll, respectively,
and f~ and s~ be the first and second columns in G_. Then there exists 71 € R(R)
such that

s = le_, S+ = M2f+, (57)

where
My=ri (I = JQ1),  My=r{' (Pl - JQy), (5.8)

with r1 given by (5.4).
Proof. We have, from (5.4) and (5.6),

(O Qaft =g, (5.9)
(sT)'Qaf T = g1 (5.10)

Multiplying both sides of (5.10) by f, we get
FrHTQaft = g F s, (5.11)

https://doi.org/10.1017/50308210500001529 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500001529

60 M. C. Camara, A. F. dos Santos and M. P. Carpentier
and since
ROt =T + 970,
we have, from (5.11),
sTUNTQef " = g L ft = 9T TQaf T

Taking (5.9) into account, it follows that

st=r (T - JQo)f . (5.12)

Analogously, we obtain
sT=r FT—JQ)f. (5.13)
|

COROLLARY 5.3. With the same assumptions as in theorem 5.2, if Q1 = Q2 = Q
(i.e. G € C(Q)), then My = Ms € C(Q).

Proof. Tt is enough to see that M = 711 — JQ satisfies the relation
MTQM = (7 + det Q)Q.
O

REMARK 5.4. As is clear from the proof of theorem 5.2, r; is explicitly obtained
from the product equation (5.4) and depends only on the first columns f+, f~.

We deal with the determination of 71 in the results that follow.

THEOREM 5.5. Let G, f+ and f~ satisfy the assumptions of theorem 5.2 and let rq
be defined by (5.4). Then, for any 71 € R(R), the functions s, s~ defined by (5.12)
and (5.13) satisfy the Riemann—Hilbert problem Gst = s7, as well as the relations

(fOTIsT =gt (f)sT =g (5.14)
Proof. We start by showing that, for G satisfying (5.1), the following relation holds:
GJQy = J1G. (5.15)
In fact,
Q:1G = g(G"H)TQa. (5.16)
Since

GJGT = det(G)J = gJ,
we have G~ = —JGT.J/ det G and therefore, from (5.16),
JQ.1G = gJ(—g ' IGT)Qs = GIQs.
Now,
Gs* =Gt (A — JQ2)|fF
ri (ARG = GIQafT)
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but, taking the equality GfT = f~ and (5.15) into account, we see that this is
equivalent to
Gst =r Y MI—JQ)f =s.

As for the first equality in (5.14), we have
(F)T st = () e (A = Qo) [
= (O (D TQ)
-1
= g+ )

where we took into account that (f+)TJf+ = 0and (f7)TQ2f = r1g; "', according
to (5.9). The second equality in (5.14) is proved analogously. O

As an immediate consequence of the last theorem, we give in corollary 5.6 below
a criterion to determine 7 such that s*, s~, defined by the expressions (5.12)
and (5.13), respectively, can be taken as the second columns in G;l and G_. In
fact, it shows that s;, s_, defined in that way, satisfy the equality Gsy = s_
and are linearly independent from f, f_ (respectively) in the corresponding half-
planes, independently of the choice of 71. This leads to the conclusion that the only
condition to impose on 7 is that it must be such that s* are analytic in C* and
rese € (Ly (R))?.

COROLLARY 5.6. If the assumptions of theorem 5.5 are satisfied, a canonical gen-
eralized factorization for G is G = G_G4, where G_ = [f~s7], G;' = [f+st],
with s, s~ giwen by (5.12) and (5.13) for any rational function ¥ such that
rest € (L3 (R))%.

The explicit calculation of 7 is addressed in the following two theorems, con-
cerning matrix functions G € C(Q). In both cases, we assume that the assumptions
of theorem 5.5 are satisfied and 7; has the same meaning as in corollary 5.6.

THEOREM 5.7. Let G € C(Q) admit a canonical generalized factorization, with
Q = diag(1l,—q), ¢ € R(R). If ¢ = p1/p2, where p1 and py are polynomials with no
common zeros, such that deg(p1) < 1, deg(p2) = 1, we have

7'1:K1€(C\{0}, 1=Ky eC
for appropriate normalization conditions on f* = (fli, fQi)

Proof. Assume that py has a zero a— € C~ and choose for (f*, f~) the normaliza-
tion condition

fla)=0,  fi(a)=Ko#0. (5.17)
The product equation (4.3) now takes the form
g+[(f)? = a(F)*) = 9= [(F1)* = a(f3)?) (5.18)

and the normalization condition (5.17) implies that both sides of (5.18) represent
analytic functions in the corresponding half-plane. Moreover, ry f* € (LQi(R))Q,
so that the left-hand side represents a function F such that r? F is in LT (R), and
analogously for the right-hand side. Therefore, both sides are equal to a constant
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and thus r; = K; € C. It is clear, on the other hand, that K; must be different

from zero, otherwise we would have f* = f~ = 0.
As for 71, according to corollary 5.6, it must be such that
re K7 (R = JQ)fF) € (L3 (R))? (5.19)

and it is obvious, taking (5.17) into account, that (5.19) is satisfied for 7y = Ko € C.
We would proceed analogously if p; had a zero a, € CT, choosing the normal-
ization condition f;"(ay) = Ky # 0. O

COROLLARY 5.8. With the same assumptions as in theorem 5.7, the factors G_,
G+ in the canonical factorization of G belong to C(Q) for appropriate normalization
conditions on f*.

Proof. This is as immediate consequence of the previous result, since we can choose
1 =0. O

In the last two results, a particular form for ) was considered, which corresponds
to a case that has drawn considerable attention in the literature (see [4,5,8,10]).
This corresponds, apart from a scalar factor, to taking g =1, ¢t =0 in

Q= [Z‘; Zj (5.20)

(see §4). A case that corresponds to ¢ # 0 is considered in our second example
in §6.
Next we consider the case where ¢ is a quotient of two second-degree polynomials.

THEOREM 5.9. Let G satisfy the same assumptions as in theorem 5.7. If ¢ = p1/pa,
where p1 and py are polynomials without common zeros, such that deg(p1) < 2,
p2(&) = (£ —a1)(€ — agz), with a1 # as, a1, s & R, 71 takes the form

af+p

é—_a27 a?ﬂe(c7

7“1(5):

for appropriate conditions on fjE and 71 18 a constant.

Proof. Let us assume, for simplicity, that aq, a0 € C7,i.e. p2(§) = (E—a—)(§—b-),
witha_,b_ € C~ and a_ # b_. Let us choose the following normalization condition:

fla)=0,  fi(a)=Ko#0. (5.21)
The product equation (4.3) takes the form
g+ [(f)? = a(F)*] = 9= ()7 — a(f2)?), (5.22)

and the normalization condition (5.21) implies that, while the left-hand side of
this equality represents a function analytic in CT, the right-hand side may have a
pole for £ = b_. This is a situation different from the one we had in the proof of
theorem 5.7 (see (5.18)) but following the same reasoning we conclude that both
sides of (5.22) must represent a rational function r; of the form

al+ B  al+p
E—b.  £-b_

r1(&) = a,p € C. (5.23)
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Let a& + 0 = a(& — zg), with o # 0. We can assume that o = 1. We then have

T - £~ =)
o+ (1) = alf 1 == ()" = alf5 )] = (5_—b° (5.:24)
It is clear from this relation that zy = b_ if and only if f5 (b_) = 0.
Considering now 71, we have

S = ~
T S

and thus x4 is analytic in C* if 7 is such that the pole for £ = z; is compensated
and no other singularity is introduced.

If 2o = b_, in which case f; (z0) = f; (b_) = 0, it is clear that sT is analytic in
C* for any constant 7. In particular, we can choose #; = 0 and obtain

+
sy = [q;ii} , (5.26)

which means that G4 € C(Q).
If zg # b_, z9g € CT, for instance, #; must be such that

(FufF + afy ) (z0) = 0,}
5.27
i+ 780 =0 o0
We remark here that (5.24) implies that
+ +
B Bl =o (5.28)

and therefore (f;", f) = Mo(qfs", fi") for some constant Ay € C\ {0}. So (5.27) is
equivalent to

fit (z0) + 71(20) fo (20) =0

and we can take
i (20)
£3 (z0)
This is well defined, since f; (z9) # 0, as we mentioned concerning (5.24) (oth-
erwise (5.28) would imply that f;"(zo) was also equal to zero, which is impossible
since f* is the first column in G ).
We would have, analogously, 71 = — f; (20)/f5 (z0) if z0 € C™, 29 # b_.
The same reasoning applies if zg € R, and in this case we have

o fi(z0) _ fi(20)

T = = .

3 (z0) 5 (20)
As for this last equality, it is clear from (5.24) that

() = () =
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On the other hand, since GfT = f~, we have

diy (ff + pfs) = di2(f7 +pf;>,}
diy (i = pf) =d} (fy —pfy),

with p = ¢/2. If f'(20)/f5 (20) = p(20), it follows from the second equation
in (5.30) that we also have f; (20) = p(20) and, analogously, if f; (z0)/f5 (20) =
—p(z0), it follows from the first equation in (5.30) that f1(zq9)/f5 (20) = —p(20), sO
that, in fact, f;(20)/fa (20) = f (20)/ f5 (20)-
Finally, if « = 0, we have 7“1_1 = B71(¢—b_) and we see that 71 must be defined,
taking into account the behaviour of s* at co. Thus we have
__fi(e0)  fi(e0)

T = = .

f2(00)  fy(00)

(5.30)

REMARK 5.10. We see from the proof of theorem 5.9 that 71 = Ky € C, where

0 ifaf+0=a(l—ay), witha#0
(in which case we have
a factorization in C(Q)),
+
-l if o + 4 = a(€ — 20)
KO = 2+ “ with Zp € (C:t \ {a2}7 Q@ 7é 07
B i) g
- === £+ 8 =alf— 2),
13 (z0) f2 (%) with zg € R, a #0,
o) fr) oy
2 (o) 2 (00)

REMARK 5.11. Comparing the results of theorems 5.7 and 5.9, we see that in the
first case we can always obtain a canonical generalized factorization within the same
class C(Q), while this does not happen in general in the second case. However, we
can always obtain a meromorphic factorization for G (see [3]) within the same class.
In fact, [f*s%] can be written in the form

[fEst] = fif Tfl(flffﬂquf)] _ [fli qff] [1 7“1_1771]
f2:|: Tl_l(fli—kflf;t) f;: fli 0 7,1—1 )

and taking M* equal to the first factor on the right-hand side of this equality,
we see that G = M_M;1 is a meromorphic factorization with factors belonging

to C(Q).

In the case considered in corollary 5.3, the following question naturally arises:
when can we obtain a canonical factorization within the same group, i.e. G = G_G4
with GL € C(Q)?

Let G_ = [f~s7], with s~ related to f~ by

s =71 AT - JQIf. (5.31)

https://doi.org/10.1017/50308210500001529 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500001529

Wiener—Hopf factorization and Riemann—Hilbert problems 65
We have

(5.32)

G gpear [7QF (05"
- ]Q[f 5 ]‘Ls—)TQf— (7)1Qs™

GTQG_ = [

Since
(f_)TQf_ =g-T1,
(f)'Qs™ =g-71=(s)"Qf”
and, taking (5.31) into account,
(s)7Qs™ =r *[(M)*(F)TQF™ = (F)TRIQIQST)
= 7“1_2[( )91 +det Q(F7)TQf
_7‘1 g [( ) +detQ]7
we see from (5.32) that GTQG_ = vQ, with v € L (R), if and only if
1 i

_r
g-m 7“1_1771 7“1_2(77%—|—detQ)

1 q
=1Q =7
] @1 qi +det Q]
(see (4.5)). It is clear that we must have r;? = 1, which means that in the product
equation (4.3) both sides are equal to a constant. It is also easy to see that the
converse is also true. We thus have the following result.

COROLLARY 5.12. With the same assumptions as in corollary 5.3, G admits a
canonical factorization with G4 € C(Q) if and only if both sides of the product
equation (4.3) are equal to a constant.

6. Examples

In this section we consider two examples of matrix symbols of the class C(Q) defined
in § 3. These examples were chosen having in mind illustrating the main difficulties
in the application of the method presented in §4 and showing how to overcome
such difficulties, but limiting the computation complexity to a minimum. Some
motivation from applications is, however, behind our choice of examples: the first
one corresponds to a subclass of the Daniele-Khrapkov class, which, to the authors’
knowledge, is not dealt with in the literature, and the second one illustrates some of
the features of the case where the rational function ¢ in (3.2) is a quotient of second-
degree polynomials without, however, getting into the computational difficulties
that occur in the treatment of the general case [4,5].

Let us now consider our first example. This corresponds to a symbol G € C(Q)

of the form
1 g}
G = , 6.1
[qg 1 (6-1)

where g € C,(R) and ¢(¢) = 1/(£ + ). In this case, Q@ = diag(—gq,1). We wish
to determine conditions (if possible, necessary and sufficient) under which G pos-
sesses a canonical factorization. When this factorizations exists, we calculate the
corresponding factors. The main results are stated in the following theorem.
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THEOREM 6.1. Let G be given by (6.1), with g € C\,(R), det G # 0 in R, ind det G =
0 and assume that dy = 14pg, dy = 1—pg, with p(€) = (€+1)~Y2. Then G possesses
a canonical factorization with factors in the same class C(Q), G = G_G4, where
the factors are given by

G—lz[gi gﬂ G-:[gQ__ 91:} (6.2)
+ a9 92]’ a9, 971’

with "
gf =d"p T sh(zp T FT),

—1/2 —
9; :d+/ Ch(%P 1F+)a
gy =d?sh(1p ' F),
gy =d?ch(Lp 1 F),

(6.3)

where F* € C’f(R) are such that, for F = plog(dy/ds), we have F = F_ + F,.

Proof. Firstly, we prove that the factorization is canonical. Since G is continuous
on R and det G = 1 — gg? possesses a canonical factorization, the operator

PTGI, : [L(R)]? — [LF (R)]?

is Fredholm of index zero. Hence it is invertible if and only if it is injective, i.e. G
possesses a canonical factorization if and only if the Riemann—Hilbert problem in
L3 (R)]?,

Got =97, (6.4)

has only the trivial solution. To answer this question, we begin with the product
equation (4.2),

(1= ag®)[=a(¢1)? + (63)°] = —a(67)* + (¢2)%, (6.5)

where (qbli, (bQi) = ¢*. Since 1 — gg? possesses a canonical factorization, we write
1 — qg?> = d_d, . Hence, from (6.5), we get

dy[=q(¢f)? + (63)°] = d " [—q(¢1)* + (¢3)7). (6.6)

In (6.6), the left-hand side is analytic in C™ and the right-hand side is analytic
in C™, except for a pole at £ = —i. On the other hand, gzbli, ¢2i € Ly(R), which
implies that the two sides in (6.6) are equal to an L; rational function vq(y € C).
However, this does not belong to L;(R) unless v = 0. Thus

(1) + (03)° =0 = ¢; =+pg;

for p = ¢'/2, and the last equality implies ¢ = ¢, = 0. Hence the factorization is
canonical.

We now proceed to calculate the factors G:Ll, G_. As pointed out in §4 (cf.
(4.20)), the first columns f* in these factors can be determined from a solution to
the Riemann—Hilbert problem,

Gt =roé™, (6.7)
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where r(£) = (€ —1i)/(¢€ + i), with a normalization condition on ¢+ or ¢~. The
product equation corresponding to (6.7) now takes the form

di[—a(@1)* + (¢3)°] = r*d” [—q(61)* + (63)°]. (6.8)

Let us look for a solution to (6.7) satisfying the normalization condition ¢~ (—i) =
(0, Kp), Ko # 0. In this case, a similar argument to the one used above tells us that
both sides of (6.8) are equal to a rational function (say, ¢1), now with a second-order
pole at £ = —i. The L, argument gives

1 (§) = v eC.

7
(§+1)%
To determine the functions qbli, qbQi, we have to resort to the quotient equa-
tion (4.19). This leads to
di gy + 01 _ by + oy (6.9)
dy ¢y = popi ¢y — pdy
where d; = 1 — pg, d2 = 1 + pg. Note that p is a function analytic in CT, but not
in C~. To solve the scalar Riemann—Hilbert problem (6.9), we apply the logarithm
function to both sides of (6.9) and multiply by p, obtaining

dy 2 +p¢1+> <¢2 + poy >
log = + plog( 2L ) — 1 : 6.10
pogdz+p°g<¢;—p¢r POE\ oy — por (6.10)

In (6.10), we can see that the second term in the left-hand side and the right-hand
side are analytic in C* and C~, respectively.
Note that, since both sides in (6.8) equal ¢, we have

'ydll _ yd_
(€ +1)* (€ —1*
i.e. the functions in the arguments of the logarithm in (6.10) have neither zeros
nor poles in their half-planes of analyticity. On the other hand, a series expansion
argument easily shows that the function on the right-hand side of (6.9) is analytic
at & = —

Keeping this in mind, we may decompose F' = plog(di/dz) in (6.10) as F' =
F* + F~, with F* € P¥[C,, o(R)] (here, C,,o(R) denotes the subspace of C,(R)
whose elements vanish at co) and get

¢2 P¢1
b3 — poyt

(for the details, see [2]). From this result and (6.11), we obtain

—q(¢7)* + (¢3)* = —q(¢7)% + (¢3)? (6.11)

plog2———+ = FF*

f2+ _ n—rlq%r _ _71/2@1/2 Ch(%p—lF-‘r)’
ff=rilef = ’Yl/Qd_T_l/Qp_l sh(3p ' F),
fy =1ty ="2d P en(dp7F),
fro=rtey =412d2p  sh(dp F).
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These results correspond to one of the columns in G;l and G_, which we choose
to be the second one. The first column can be obtained from theorem 5.7 (using
Q = diag(—gq, 1) instead of @ = diag(1, —¢)). So we have a factorizationG = G_G,,
where G_, G, are given by (6.2), (6.3) and belong to the same class as G. O

We now consider our second example. Let G € C(Q) be given by

1 pg}
G = : 6.16
[p‘lg 1 (6:16)

where g € C,(R) and
€1
[(€ +1) (€ +20)]'/2

This is what we call a degenerate second-degree case, since ) = diag(1, —¢), where
q = p? is the quotient of second-degree polynomials, but p has only two branch
points, whereas there are four in the general case. The study of this class carries
some of the features of the second-degree case treated in [4, 5], but without many
of its computational difficulties.

Let d = 1— g and d2 = 1 + g admit canonical generalized factorizations d; =
di—dyy, do = do_doy and let d = det G = dids. The results concerning existence
of canonical factorization are stated in the next theorem.

p(§) = (6.17)

THEOREM 6.2. Let G be given by (6.16), with g € C,(R) and p given by (6.17).
Then if ind(1 — ¢g?) = 0,G possesses a canonical generalized factorization if and

only if
1 [ pi(t) 1—g(t)
E/R T lOg<_1+g(t)> dt #0,

where p (t) = [(t+1)(t + 2i)] /2.

Proof. We know that G possesses a canonical factorization if and only if the Rie-
mann-Hilbert problem in [LE (R)]?,

Got =0, (6.18)

has only the trivial solution. As in the proof of theorem 6.1, we start by writing
the product equation,

(1= g*)(&1)? = p*(¢3)°] = (é1)* — p*(62)*. (6.19)
Since ind(1— g?) = 0, we write d = 1 — g?> = d_d; and using this in (6.19), we have
di[(67)° = p*(63)") = A= (61)" = p*(62)7]: (6.20)

By the same reasoning of the previous proposition, both sides of (6.20) are equal
to a rational function, say ¢, with two poles at £ = —i and £ = —2i and, bearing
in mind that ¢; € L1(R), we have

gl

q1(§) = ()

v €C. (6.21)
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Contrary to what happened in the previous example regarding the Riemann—Hilbert
problem (6.18), we cannot conclude from (6.21) that the factorization is canonical,
since v may be different from zero. Thus we have to pass on to the quotient equation.
Let us assume that v # 0. Then we see from (6.20), (6.21) that

~vd;!
(€+1)(€ +20)°
_ o, ,_ ~yd_
(67)° = p (1) = —=. (6.23)
? ' (€ —1)?
so that the left-hand sides of (6.22) and (6.23) do not vanish in C* and C~, respec-
tively, and

(@1)* = p*(¢3)* = (6.22)

oT()#0, ¢y (=) #0, ¢y (—2i) #0.

Using again the procedure of §4, we arrive at the equation

l—g o1 —pd3 _ ¢35 —p ‘o1

- =22 L (6.24)
L+g of +p3 6y +p ey
Similarly to the example of theorem 6.1, the functions
¢ — pds - ¢y —p ‘o1
vt =pilog L2y ig P2 P A (6.25)
¢ + po3 ¢y +p7 101

with p (€) = [(£+1)(£+21)]7/2, are analytic in the half-planes of analyticity of ¢7 ,,
¢1.9, respectively. In fact, 9= € LE(R) (cf. [4]). Hence we can obtain from (6.24) a
scalar Riemann—Hilbert problem, which we proceed to solve.

We have
l-g
log| ——= ) + 9y =4, 6.26
P+ og( g g> YT =1 (6.26)
and therefore
1 —
ot =—Ft, ¢~ =F~, with F*¥ = p* <p+ log<——g>>. (6.27)
1+g
It is clear from (6.25) that ¢ (i) = 0, which implies that
F*(i)=0. (6.28)

This is therefore a necessary condition for having v # 0 in (6.21). Otherwise,
both sides of (6.20) are equal to zero and it follows that G¢™ = ¢~ admits only
the trivial solution ¢ = ¢~ = 0.

To prove that (6.28) is also a sufficient condition for existence of non-trivial
solutions to (6.18), we now calculate these solutions. From (6.25) and (6.27), we
get

o7 — pd3 . ¢y —p o1

—1 =
= = — =exp(p, F ),
&1 + pop3 ¢y +p 1oy "
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which, together with the product equation (6.20) and taking (6.21) into account,
yields, apart from a multiplicative constant,

6.29
6.30
6.31

(
(
(
(6.32

)
)
)
)
We remark that the right behaviour for ¢3 in the neighbourhood of ¢ = i is

guaranteed by (6.28). O

COROLLARY 6.3. Let G satisfy the assumptions of theorem 6.2 and, moreover, let

1 t 1—g(t
—,/‘”Q log —1=9WY 4y _ ¢, (6.33)
7 Jp t—1 1+g(t)
Then, apart from a multiplicative constant, the solutions to G¢T = ¢~ are given
by (6.29)-(6.52).

Let us assume now that the condition for existence of a canonical factorization
for G is satisfied. To complete the study of the factorization problem, it remains to
calculate the factors, which we propose to do next.

Following the technique used in the proof of theorem 6.1, we calculate a column
of the factors G;l and G_ by solving the vector Riemann—Hilbert problem (6.7).
For this problem, which can be put in the form

DSTlopT =rS7 1o, (6.34)
since G = SDS™! as in the proof of corollary 4.3, the product equation is
(1= g)(61)* = p*(6)] = r*[(¢1)° = (92 )°);
and using the factorization 1 — g2 = d_d_., we obtain
di[(6) = p*(03)") = r*d="{(61)? = p*(65)"] = a1, (6.35)

where q; is a rational function. To determine g1, we choose the normalization con-
ditions (see 5.21),
¢y (1) = K1 #0, ¢q (—1) = 0. (6.36)

It is now clear from these conditions, and the fact that both sides of (6.34) belong
to L1 (R), that g1 must have the form

af + 7
(€ +1)%(& +2i)
where «, 3 € C are constants to be determined later.
We now consider the quotient equation. This equation coincides, actually, with
(6.24), because r cancels out when we take the quotient of the two scalar equations
corresponding to (6.7). The difference to the corresponding equation encountered
in theorem 6.2 is that, because ¢; in (6.37) may have a zero at £ = —§/« (if a # 0),

q1(§) = (6.37)
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we cannot guarantee the analyticity of the functions given by expressions (6.25).
However, this difficulty can be overcome. Consider the two scalar equations corre-
sponding to the Riemann—Hilbert problem (6.7), written in the form

(1—g)(¢f — po3) = r(d7 — p¢5>,}
(14 9) (¢ +pod) =r(d7 + po3 ).

The product equation obtained from these is (6.35). Now, we can write the factor
(a€ + B)/(€ + 2i), which appears on the right-hand side of (6.37), as a product of

(6.38)

the form €1
e
=K(1 o+ )(1 — up 6.39
tra (1+ ppy ) (1 = ppy), (6.39)
where € +i
~2 1 -2 2
= = 6.40
PO = 25 = 02O (6.40)
for conveniently chosen values of K and u (u? = 1, K = —if for a = 0; p? =
(B —2ia)/(B —ia), K = a/(1 — p?) for a # 0), except in the case where 8 =
corresponding to a zero of a& 4+ § for £ = —i. However, this does not happen due

to the normalization condition (6.35).

It is easy to see that if K = 0, G¢T = r¢~ admits only the trivial solution
¢T = ¢~ =0. So we have K # 0.

Substitution of (6.34) into (6.37) leads to a new product equation

(61)2 — 2(¢2+)2 o) -per)? . K
B R N7 Ak (64
and thus
(612 —p2(63)° _ di' K (61)2—p2(03)° _ Kd (6.42)
1—p?p% (€+4)% 1— p?p% (€ —1)% '

which shows that the expressions on the left-hand side of these equalities are ana-
lytic and do not vanish in the corresponding half-planes (C* and C~, respectively).

These expressions correspond precisely to the product equation, which is obtained
from (6.38) when we divide both sides of its equations by 1+ pp.,

¢+ P¢2 d-! ¢1 PPy

d1+ =rd]_ )
1—ppy =y (6.43)
¢+ + + — — :
1+ Py — rdl ¢1 + poy
L+ pup Tl ppy

So, if al+ 8 = a(£—20), it is clear from the preceding discussion concerning (6.39)
that we can find u € C such that zg = —i((2 — ?)/(1 — u?)), and this zero is
compensated in (6.43). Now, the function represented by each of the left-hand sides
of (6.43) is bounded and does not vanish in CT (and, analogously, in C~, for the
right-hand sides of (6.43)).

The quotient equation corresponding to this modified system of equations is

dv ¢ —pbs Ltppy ¢y —pdy 1+ upy
d2 ¢f +pp L—pp+ ¢y +ppy 1—pps’

(6.44)
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which is equivalent to

Cdi —paty Y —p My

= =— - (6.45)
doypf +pis Uy + oMy
for
T =of — it o3, (6.46)
3 =13 — poy, (6.47)
Yy = rt ~_2(152 - ,UP_2¢1_a (6.48)
Yy = rt ~_2¢1 — [y - (6.49)
Equation (6.45) can be handled as (6.24), and we obtain
d U= pity v —p Yy
P+10g<__> + pylog —=——5 = pplog——7F=. (6.50)
d U+ ity vy +p M
Defining F* as in (6.27), we get
v — patg _
DL oxp(—p lFT),
(GRS o R
Y —p My 1
L2 exp(py ' F).
Yy +p My
Since we also have, from (6.42),
~ _ Kd!
(Wi = o) (1 +pyvd) = (1= 1w p3) =,

€+

(W1 —p )Wy +p "y ) = —(1— p?p%) Qp‘Q

2i \? Kd_
—i)2’

)
we obtain the expressions for 1/)1 , 1/)2 and, taking (6.46)—(6.49) into account, we
finally determine

of = K27 ?r [sh(3p3 F) + upy ch($p3' F1), (6.51)
oF = K24 r_[ush($3p7 ) + 57" eh(3p3 ' F)), (6.52)
o7 =id?Kr_[ch(3p7 F7) = ppy sh(p7 ' F7)], (6.53)
¢y = idPKY2r_[—p  sh(3p 1 FT) + prt eh($3p1 F ). (6.54)

Due to the presence of the factor r_ in the expression defining qb;, we see that
© must be such that

[ush(zpy " F) + 5yt ch(3p7 FF)]e=i = 0, (6.55)

from which it follows that

o= —\/gcoth(%\/giF’L(i)). (6.56)
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We remark that the value of p is well defined by (6.55), since we must have
[% sh(p;1F+)](i) # 0. In fact, if this does not happen, it is clear from (6.29)-(6.32)
that these expressions give a non-trivial solution to the homogeneous equation
Got = ¢~. Therefore, G does not admit a canonical factorization.

On the other hand, it can be verified directly that for u defined by (6.56), the
expressions (6.51)—(6.54) give a solution to G¢™ = r¢~ satisfying ¢5 (—i) = 0,
o1 (=) #0.

Taking r q5+ 1= o~ (¢F = (o1, ¢F)), given by (6.51)-(6.54), as one of the
columns in G 1, G_, respectively, we still have to determine the other column.
This can, of course, be done by solving the equation G¢+ =r¢~, subject to a
convenient normalization condition such as 7 (1) =0, ¢ (i) = K1 # 0. In fact, the
second column is of the form 7 Lo+, r=1o~ for G+ and G_, respectively, where
(¢T,$7) is a solution to (6.7), such that det[¢+¢+](2+) # 0 for some point 2y € CT
(or det[p~— ¢~ -y #0, 2 € C™ (see §2)). However, we can avoid this procedure
by once again using the results of § 5, namely theorem 5.9.

We state our conclusions in the following theorem.

THEOREM 6.4. Let the assumptions of theorem 6.2 be satisfied, as well as the con-
dition for existence of a canonical factorization. Then one such factorization is G =
G_G, where the first column in G_ (respectwely, i ) is [f1 f5 T (respectively,

[T £551T), where fljE = r;lqbli, f2jE =ry ¢2 , with qbl , ¢2 defined by (6.51)-(6.54)
for u given by (6.56).
In this case,

(i) for p#0,

G_lz ff— a’f1++qbf2+
f b +afs

with a and b given by

o [ff afi +abfy
R P Ty

1
- =K,
1—p2p2

where K is defined in theorem 5.9 and p* is given by (6.40);

(ii) for p = 0, G admits a canonical factorization within the same Daniele—
Khrapkov class and we have

_ fHoafs fioafy
G 1: 1 2 G_: 1 2 )
+ [f? ff]’ [f; ff]
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