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The aim of this article is to study the existence and uniqueness of solution for a quasistatic
fully coupled thermoelastic problem arising from some metallurgical processes. We consider
mixed boundary conditions for both submodels, and a Robin boundary condition for the
thermal one. Furthermore, the reference temperature, the thermal conductivity and the
Lamé’s parameters are assumed to depend on the material point.
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1 Introduction

In this paper, we carry out a mathematical analysis of a thermoelastic coupled prob-
lem for non-homogeneous materials arising from metallurgical industry where materials
are processed under strong temperature gradients. An important example is the thermo-
mechanical modelling of an aluminium electrolytic cell, where aluminium is produced by
reduction of alumina (see Bermudez er al. [5]); the electrolytic cell consists of a rectangu-
lar steel shell with an inner covering of different insulating and refractory materials, and
the study of its thermomechanical deformations is essential in order to determine the cell
life. Another important example is the thermomechanical modelling of slabs during direct
chill castings of alloys (see Barral and Quintela [4]); during this process large thermal
stresses develop inside the slab due to thermal gradients and solidification shrinkage;
these deformations can disrupt the casting process and influence the slab quality. Recently
also the thermomechanical modelling of structures exposed to fire is becoming extremely
important for security (see Flint et al. [19]). In all these processes it is very important to
take into account the mechanical heat dissipation, the non-homogeneity of the materials
and the non-linearity of the boundary conditions. The mathematical analysis of these
problems becomes very difficult due to all these aspects, the coupling between the motion
and energy conservation equations and the lack of regularity of the real data.
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As a first step, in Barral et al. [2,3] we studied the existence, uniqueness and regularity
of the mechanical problem when the behaviour law is of Maxwell-Norton type with
temperature-dependent coefficients. In the present work, we deal with the coupling with
the thermal problem, assuming, as a first approach, that the material is linear elastic and
non-homogeneous; we consider the boundary conditions found in industrial applications
like the aforementioned ones, that is, mixed boundary conditions in both submodels and
also a Robin type boundary condition for the thermal one. Specifically, we prove the
existence and uniqueness of the solution. Some regularity properties in space and time of
this solution will be given in a forthcoming paper.

In the literature, there exist several existence and uniqueness results for thermoelastic
problems. The equations of the coupled thermoelasticity were considered for the first time
by Duhamel [12] in 1837 and we refer the reader to papers [8,10,13-15,21,25-32,36] for
the existence and uniqueness results for the dynamic case. On the other hand, in 1960
Boley and Weiner [6] studied the theory for the quasistatic case for the first time, and
later several results of existence and uniqueness were published in the papers [1,9,11,34].
We highlight the work of Viafio [35], where the existence and uniqueness of solution for
a quasistatic thermoelastic problem considering a contact condition was proved; later, in
Figueiredo and Trabucho [17,18] this result was extended to three different behaviour
laws to the dynamic case. Following these works, in this paper we apply the Galerkin’s
method, in order to prove the existence of a solution for a thermoelastic problem, where
the main difficulties are:

— the problem is assumed to be quasistatic,

— a convection heat transfer boundary condition is considered in the thermal submodel,

— the reference temperature, the thermal conductivity and the Lamé’s parameters depend
on the material point, and

— the lack of regularity hypotheses on the data, in order to analyse the models arising
from the metallurgical industrial processes previously cited.

The uniqueness of solution for this problem is proved via Gronwall’s lemma, following
the works of Gawinecki [20,22-24] and Gawinecki et al. [26].

The outline of this paper is as follows. First, in Section 2 we will describe the math-
ematical model. After introducing in Section 3 the appropriate functional framework and
proposing a weak formulation, in Section 4, we will prove the existence of solution to the
problem. We will obtain the uniqueness of such solution in Section 5 and finally, some
conclusions will be given in Section 6.

2 Mathematical model
2.1 Domain and notation

Let Q = R? be an open and bounded set with smooth boundary. We refer the motion of
the body to a fixed system of rectangular Cartesian axes Op;p;p3.

Let g(p,t) be a scalar function; we represent by g(¢) the function p — g(p,t) and Vg
its gradient with respect to p.

If u, v are vector fields in IR3, their scalar product is represented by u - v. Furthermore,
Vu and Divu denote the gradient and the divergence of u, respectively.
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We denote by S3 the space of symmetric second-order tensors over R* and by: its scalar
product. Furthermore, if 7 is a tensor field, |z], tr(r) and Divt denote the norm induced
by this scalar product, its trace and its divergence, respectively.

We consider the notation 0] in order to denote the partial derivative with respect to ¢
of order r, with r € IN. As usual, for r = 1 we will omit the superscript r.

We represent by [0,¢] the time interval of interest. The thermoelastic problem consists
of determining the displacement field u(p, t) and the temperature field 6(p,t) at each (p,t)
in Q x (0,t].

2.2 Boundary conditions

Let I' = 0 be the boundary of 2 and n its outward unit normal vector. We assume that
Tup, I'un, Top, on and I'gg are open subsets of I, such that

o =Ty pUTlyw=TopUTlynUT g,
e I'vpNIun=0,TopNTon=0,TopNTor=0,TgrNTyn =0,
e meas(I'yp) > 0 and meas(I'gp U I'gr) > 0.

We consider the following boundary conditions:

e The displacement is known on the Dirichlet mechanical boundary I'yp
u=up on I'yp x (0,¢].
e On I'yy we apply surface forces of density g
a(0,u)yn =g on I'yy X (0,¢].

e The convection heat transfer boundary condition is given by the thermal conductivity of
the material k, the coefficient of convective heat transfer o, and the external convection
temperature 0¢ on I’y

kVO -n = o, (0°—0) on I'gr x (0,t/].
e The heat flux h on the Neumann thermal boundary I'g x is known
kVO -n=hon I'gn x (0,t].
e The temperature is known on the Dirichlet thermal boundary 'y p

0= BD on FQ’D X (0, tf].

2.3 Equilibrium equations and behaviour law
We consider a thermodynamic process with the following:

e small displacements and small velocities,
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e small temperature changes with respect to the reference temperature 6,,
e a constant coeflicient of thermal expansion o,

e the Lame’s parameters /A, u, the thermal conductivity of the material k, and the specific
heat at constant deformation ¢y independent of temperature.

Under these assumptions, the behaviour of the body and the evolution of its temperature
are governed by the following equilibrium equations:

—Dive(0,u) =b in Q x (0,t/],
pocp0;0 = —30,0KDiv o,u + Div(kVO) + f in Q x (0,/],

(see, for instance, Naya-Riveiro and Quintela [33]). Here
¢ 6(0,u) is the stress tensor given by the thermoelastic behaviour law
a(0,u) = A" : g(u) — 30(0 — 0,)KT in Q x (0,¢],
where A7 is the elasticity tensor defined as
A7V ir = Jtr(e)l + 2ut, V1 € S3; (2.1)

¢(u) denotes the linearized deformation tensor, I is the identity tensor and K is the bulk
modulus of the material:

1
K = 234+ 2u).

e b are the body forces per unit volume at the reference configuration.
e po is the reference density.

e f is the body heat per unit volume at the reference configuration.

2.4 Initial conditions

We consider the following set of initial conditions:
u0) =uy, 6(0)=6) in Q, (2.2)
where uy and 0y must satisfy the following compatibility conditions:

6(0p,up) = A7" : g(ug) — 30(0p — 0,)K1 in Q,
—Div 0'(0(),110) = b(O) in Q,

u =up(0) on I'yp, (2.3)
o(0p,ug)n =g(0) on I'yy,
00 = OD(O) on F(-)’D.

2.5 Problem (P)

Summing up, the problem we are going to study is the following:
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Problem (P)
Find u(p,t) and 0(p,t) in Q x (0,/], satisfying:

—Dive(0,u)=b in Q x (0,t], (2.4)
pocr0,0 = =30,0KDiv O,u+ Div(kV0) 4+ f in Q x (0,¢/], (2.5)
a(0,u) = A" : g(u) — 30(0 — 0,)KT in Q x (0,1, (2.6)

u=up on I'yp x(0,¢], 2.7)

6(0,uyn=g on I'yy x (0,t], (2.8)

kVO -n = a.(0°—0) on Iyg x (0,t], (2.9)

kVO-n=h on I'yy x (0,], (2.10)

0=0p on Iyp x(0,t7], (2.11)

u0)=up, 0(0)=0, in Q. (2.12)

3 A weak formulation

Let us assume that (u,0) is a smooth enough solution to Problem (P) and 6, is not null
in Q. Applying Green's formula to equation (2.4), using boundary condition (2.8) and
thanks to expression (2.6), we can deduce

/Q (A" :e(w)) :e(v)dp—3 /Q (0 — 0,)KI : g(v)dp = /

rn.N

g‘vdl"—i-/b‘vdp, (3.1)
Q

for all ve D(Q) = [2(RQ)]* with v=0 on I'yp and ¢ € (0,;]. Analogously, considering
energy equation (2.5), applying Green's formula and using boundary conditions (2.9) and
(2.10), we obtain the variational equality:

0 e¢dp——3/°‘KI Ao dp /We v(j’) ”
i r

+/ 20 qbdF—/ %0 g ar + ¢dr+/ Ly ap, (32)
T'or 9’ I'pr 0" 0

Ton

for all ¢ € 2(Q) with ¢ =0 on I'yp and t € (0,1/].

3.1 Functional framework

In this subsection, we introduce the spaces of admissible displacements and temperatures
that ensure that equalities (3.1) and (3.2) are well defined; we also introduce some bilinear
operators in order to simplify the notation of the variational formulation.

We consider L'(Q) = [L'(Q)]°, 1 < r < oo and H(Q) = [H(Q)]? with their usual
norms.

e The admissible displacements space is
Hy, (@) ={veH'(Q): v, =0}

which is a Hilbert space with the usual norm in H'(Q).

https://doi.org/10.1017/50956792515000169 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792515000169

502 P. Barral et al.

e The admissible temperature space is

Hr,,(2)={¢ € H'Q):  ¢lr,, =0},
which is also a Hilbert space with the usual norm of H(Q).

We denote by

o (,)u the duality between Hy . (Q) and its dual, Hy/r, (@), and
o (-,") the duality between H;, () and its dual, Hy', ().

Let us introduce

e The bilinear form a(-, ) defined on H'(Q) x H'(Q) by

a(u,v) = / (A7 g(u)) : &(v)dp. (3.3)
Q
e The bilinear form «(-,-) on H'(Q) x H'(Q) such that
)= [ kV¢-V "’)d. 34
o) = [ k909 (%) dy (34
e The bilinear form c(-,-) defined on H'(Q) x H'(Q) by
)= [ . (35)

e Finally, the bilinear form m(-,-) on L?*(Q) x H'(Q) such that

m(¢p,v) = /Q 3¢paK1 : &(v) dp. (3.6)

3.2 Assumptions
From now on we will assume the following hypotheses:

(H1) The elasticity tensor A~' € [L®(Q)]* and there exists ami, > 0 such that
(/1*1 T) it = am,-n\r|2, VT € Ss.

(H2) The reference temperature 0, € W'*(Q), and there exists 0, min > 0 such that
Hr(p) = Qr,min in Q.

(H3) The reference density py > 0, the specific heat at constant deformation ¢y > 0 and
the coefficient of thermal expansion o > 0.

(H4) The thermal conductivity coefficient k € W'*(Q), and there exists kyi, > 0 such
that k(p) = kmin in Q.
(H5) The body forces b € W2%(0,17; L*(Q)).
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(H6) The body heat f € W'(0,t7; L*(Q)).

(H7) up 1is the restriction to I'yp X (0,¢;) of a function called @p such that
ip € W22(0,1;; H2(I')).

(H8) 0p is the restriction to I'yp X (0,tr) of a function called 0p such that
0p € W22(0,¢7; H3(I')).

(H9) The surface forces g € W2%(0,t4; L*(Fyn)) and h € W20, 45 LA(FpN)).

(H10) The coefficient of convective heat transfer o, € L*(I'gr), and there exists o min > 0
satisfying o.(p) = 0 min a.e. on I'gp.

(H11) The external convection temperature 0 € W2(0,;; L*(I'yr)).

(H12) The initial conditions uy € H'(Q) and 0, € H'(Q).

(H13) The initial conditions uy and 6 satisfy the following:

a(ug,v) —m(0y — 0,,v) = g(0)-vdl' +/ b(0)-vdp, Vv e H(l),r.,D(Q)»
Tun Q ’

uy =up(0) on I'yp, 0o = 0p(0) on I'yp.

Definition 3.1 We define in L*(Q) the following scalar product

o= [ 2L gy dp

Notice that (-,-), is well defined thanks to hypotheses (H2) and (H3) and it is equivalent to
the usual one; we denote by | - |, its associated norm.

Using expressions (3.1) and (3.2), the operators defined in Subsection 3.1, and taking into
account Definition 3.1, we propose the following weak formulation of Problem (P):
Problem (VP)

Find (u(?),0(t)) € H(Q) x H'(Q) satisfying a.e. t € (0, tr):

a(u(t),v) —m(6(t) — 6,,v) =/F g(t)-vdl —I—/Qb(t) ~vdp, Vv € H(l)’rn_D(Q), (3.7a)

uN

(©:0(), #)2 + (0(2), @) + m($, Qu(®)) + (0(0), 4) = | %qﬁ dp + c(0°(1), )
hz)
+ /F 0 ¢pdl', V¢ € Hyr, (Q), (3.7b)

the boundary conditions (2.7), (2.11) and the initial conditions (2.12).
Remark 3.2 From hypothesis (H1) we can deduce that expressions (3.3) and (3.6) define a

continuous form in H(Q) x HY(Q) and in L*(Q) x HY(Q), respectively. Furthermore, the
operator a is symmetric and since meas(I'yp) > 0,

a(v, V) = aminHV”%{(lu_ D(Q)a Vv e H(l),Fu_D (Q), (38)
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i.e. the bilinear form a(-,") is H(l)’r“.D(Q)-elliptic. On the other hand, considering hypotheses
(H2) and (H10), expression (3.5) defines a symmetric continuous form in H'(Q) x H'(Q),
and furthermore,

(. d) > HQ”‘H"”” 1612, Vb € HY(Q). (3.9)

Remark 3.3 Taking into account hypotheses (H2) and (H4), equality (3.4) defines a con-
tinuous form in H'(Q) x H'(Q). For simplicity of notation, « will be considered as the sum
of two bilinear forms x; and iy, in this way

k 0,
) = salp) + 2(b) = [ V0 Vodp— [ K90 wdp 310)

Thanks to Poincaré’s inequality in H&FO_D(Q), the expression of k| defines a norm of H'(Q)
which is equivalent to the usual one (see Brezis [7]). Furthermore, it satisfies the following:

kmm
Ki1(p, P) = AT \|¢>\|H1 @ V¢ € Hyr,,(Q). (3.11)

4 Existence of a solution to Problem (VP)

Theorem 4.1 Under assumptions (H1)—(H13), there exists a solution (u, ) of Problem (VP)
such that

ue L7(0,¢;;H'(Q)), due L*(0,t;H (Q)), and (4.1)
0 € L*(0,t;; H'(Q)), 8,0 € L*(0,¢7; L*(Q)). (4.2)

The proof is divided into five steps and follows the following scheme. First, we transform
the problem into a homogeneous one and the Galerkin method is applied in order to
derive a sequence of problems approximating the Problem (VP), for which the existence
and uniqueness of solution is shown. Then, based on some a priori estimates, and using
a limit procedure, the deduced Galerkin sequence is proved to be convergent and so, the
existence of solution for the original problem is obtained.

4.1 Step I: A variable change by translation

Assumptions (H7) and (H8) imply the existence of u and 0 satisfying (see Duvaut and
Lions [16]):

uc W>(0,t,;H(Q)) and u =up on I'yp x (0,¢/], (4.3)
0 € W*(0,t;; H'(Q)) and 0 = 0p on T'yp x (0,t/]. (4.4)

Hence, we deduce that u € C'([0,¢;]; H'(Q)) and 0 € C'([0,/]; H'(Q)).
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Let us define the following translations in the unknowns and the initial conditions:
i=u—u dy=u—u0), 6=0-0, 0 =0 —00). (4.5)

Therefore, with respect to these new unknowns, Problem (VP) can be transformed into
an equivalent one:

Problem (ﬁ)

Find (ii(t), 0(r)) € H(l),r..ﬂ(Q) X H&FU.D(Q) satisfying a.e. t € (0,ty)

aii(t), v) — m(0(t),v) = (Lu(t),V)u, Vv € H(l),r.w(Q)» (4.6a)
©:0(1), $)2 + K(0(t), ) + m(¢p, d,1i(1)) + c(0(1), p)
= (Lo(1), $)o, V¢ € Hyr, ,(Q), (4.6b)

and the initial conditions
i(0) =iy, 0(0) = 0b,. (4.7

In equations (4.6a) and (4.6b), Ly(t) and Ly(t) are the linear forms defined by the following:

(Lu(t), V) = /F o(t)-vdl + /Q b(t) - vdp — a(u(),v)

+ m(0(t) — 0,,v), ¥v € Hy ., (Q), (4.8)
h
woordh = [ Fodp+ .o+ [ G0 - @ow.0
— k(0(t), ¢) — m(¢p, dpu(1) — ¢(0(1), ). ¥ € Hop, (). (4.9)

Notice that, since a, m, (-,");, k and ¢ are continuous forms and thanks to hypotheses
(H2), (H5), (H6), (H9)—(H11), Ly(t) and Ly(t) are also continuous forms for all ¢ € [0, ¢/].
Summing up, it is enough to prove the existence of a solution to Problem (V' P) satisfying

{ﬁ € L*(0.17:Hy p, (Q)). 31 € L2(0,¢;:H} ;. (@), and (4.10)

0 € L*(0.t;:H, (2)), 8,0 € L*(0,17; LA(Q)).

4.2 Step II: Existence and uniqueness of a solution for each approximated problem

First of all we remark that thanks to hypothesis (H13) and to variable change (4.5), we
deduce

i € Hy -, (Q), 0o € Hyp, (Q),

a(tip, v) — m(bo, v) = (Ly(0),¥)y, Vv € H(l))rw Q). (4.11)

Since the space H(l),r“‘D(Q) (respectively H(%,r‘,,D(Q)) is separable, there exists a numerable
base {W'}ien (respectively {wf}icn), such that for all m € N the elements of the set

{w‘; 1 (respectively {W?};’;l) are linearly independent, and the finite linear combinations
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of the wY, j € N are dense in Hy () (respectively, w? in Hgr,,(2)). In addition, we
can choose a base in H&,FU.D(Q) satisfying

(wi,w!)y =du, LkeN.

Furthermore, we can choose w{ = iy if HﬁoHHg)r L@ * 0, and
st

0 S
wl = =2 if |fo]» + O,
[00]l2

or any other function with unitary norm in other case.
We denote by Hy 7, | = [WY]7, and H{jf" = [w/]", the subspaces generated by {w}

and {w?}"_, respectively.

m
Jj=1

For each m € IN, we consider the following problem, which approximates Problem (ﬁ),
in a sense that will be specified later:
Problem (ﬁ,n)
Find (ii,,(t), 0,(1)) € HGT,, % Hg}’(m for all t € (0,ty) satisfying

a(ﬁm(t),v) - m(ém(t)z V) = <Lu(t), V>Ua Vv e H8:71n.D’ (4123,)
(@:0(0), )2 + (O (1), D) + m(, el (1)) + c(Bn(1), )
= (Lo(1). $)o. Vo € HT . (4.12b)

and the initial conditions

W,(0) = o,  0x(0) = o. (4.13)
Lemma 1 Under assumptions (H1)—(H13), for each m € IN, there exists a unique solution

(T, O ) of Problem (I//?m) such that

i, € C'([0./];Hy r,,(Q)) and 0, € C'([0.t;]: Hy r,,(2)). (4.14)

Proof The proof is based on transforming Problem (ﬁm) into an equivalent one
expressed as a differential system, whose existence and uniqueness of solution is easily
proved. For this purpose, we take into account that if there exists a solution, it will admit
the expression

i, (1) = Z Eim(t)W:-’, 9m(t) = Z ilim(t)wze,
i=1 i=1

m m

and @,,(0) = > Zm(O)W! =tio,  0,(0) =Y _ Tin(O)w! = Bo.
i=1 i=1
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Then, Problem (ﬁm) is equivalent to the following differential system:

{[Amjt{gm(t } - t{;lm t)} - {Lum(t } - (4 15)
{athm(t)} + m {h (t)} m {atgm t)} + [Hm][{hm(t)} = {Lﬁm(t)}a '

with the initial conditions

~ e if @g =+ 0,
o o _ [ 10olaer if 8y +0,

where e; is the first vector of the canonic base, and in system (4.15) we use the superscript
t to denote the transpose of a matrix.
In system (4.15), we have used the following notation:

[Am]ij = a(w;‘aw_l;)a [Mm]ij = m(w?,w;') [Km] ij = K(W w; ) and

[Hulij = c(wf,w?) with 1<i,j<m

{gm(t)} = (glm(t)’- . -agmm(t))[ and Jhm(t)} - hlm ) »l:lmm(t))t-
{Lum(t)} = (<Lu(t)a wlll>ua s (La (t »W ;>u)r and
{LGm(t)} = (<L@(t), W(1)>9, cee < > 3;)9)!

Differentiating with respect to time the first equation of system (4.15), and substituting
{0,8m(t)} in the second equation, we obtain the following equivalent problem:

Problem (f/\lgm)a

Find {g,}, {hn} € C'([0,¢;];IR™) satisfying

{ [Tl + [an] [An] ™" [M]'] {6 hn(6)} + [[Kn]" + [Hu]'] {hn(0)} = {Lu(t)}, (4.18a)
{gm(t)} - m] 1[J’Lum( m {hm t)}] (418b)

with the initial conditions (4.16) and (4.17). In equation (4.18a) L,, is given by
{Lm(t)} = {Lem(t)} - [Mm] [Am]_l{arLum(t)}- (419)

We deduce from the coercivity of operator a, given by relation (3.8), that the matrix [A4,,]
is symmetric and positive defined and so also its inverse

(An] 'R = 7pI°, VP ER", (y>0). (4.20)
Taking into account Remarks 3.2 and 3.3, we deduce that
Lun € C'([0,t/1;R™) and Ly, € C([0,¢7];R™).

Hence, Problem (f/\I;m) is equivalent to Problem (f/\}/’m)a. In order to prove the existence
and uniqueness of solution for this former problem, we notice that equation (4.18a) with
the initial condition (4.17) admits a unique solution, since L, € C([0,¢;];IR™) and the
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matrix [S,] = [In] + [Mu][An] " [M,y]! is invertible. Indeed, —1 is not a proper value
of [M,][A,] ' [M,,]" because if there existed any p € R”, p & 0, |p|| = 1 such that
[M,][A,] "' [M,,]'p = —p, replacing it into inequality (4.20), we would obtain:

—1 = (=p,p) = (IMu][An] " [M] ', p) = ([An] " [M]'p, [Min]'P) = 7]l [M]'pI =0,

which is a contradiction.

In consequence, there exists a unique {fzm} satisfying expressions (4.17) and (4.18a).
Finally, we can define {g,,} through relation (4.18b), which satisfies equality (4.16) thanks
to compatibility property (4.11). O

4.3 Step III: A priori estimates

Our aim is to obtain the limit of the sequences {i}men and {@m}meN as m — oo. For that
purpose, it is necessary to obtain some a priori estimates independent of m. From now
on, ¢;, | = 1, will denote a positive constant.

Lemma 2 (A priori estimates 1) Under assumptions (H1)-(H13), the sequences {@iy}meN
and {0,,}men given by Lemma 1, satisfy

(a) the sequence {iy}men is bounded in L*(0, tf;H(l)’F“»D(Q)),
(b) the sequence {0,}men is bounded in L*(0,t;; L*(Q)) and in L*(0, tf;H(},F(),D(Q))'

Proof Considering Problem (ﬁm) and taking as test functions v = 0,li,(t) and
¢ = 0,,(t), we obtain for any t € (0,¢/]:

@ (0,3, (1) — MO0, (1) = (a0 BT
(0:0m(1), Om ()2 + K (O (1), O (2)) + m(O (1), 0r0n(1)) 4 (O (t), Om(1))
= (LU(t): Gm(t»(%

Adding these equations, taking into account definitions (3.3) and (3.10), Remark 3.2 and
integrating over (0, ¢), we can deduce

t

1 1 ~ ros ~ ~ ~
Ea(ﬁm(t)a ﬁm(t))+ EHHm(t)H% +/() K1(9m(5), Hm(s))ds'i"/o C(Bm(s): em(s))ds
= Satinio) + 510013 — [ ka(B5.a(5) ds + (Lal0) (0}~ (LulOhily
0

- / (00 La(S), Bn($))adls — / (Lo($), Bu(s))ods. 421)
0 0

Since a, Ly, Ly, 0;L, are continuous, and taking into account hypotheses (H2), (H4),
(H10), Remark 3.2, Holder’s inequality and definition of x, from expression (3.10), we
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obtain the following:

1 . - 1 ~ ! ~ ~ O¢,min
S0 + 310013 + [ B0l5) Do + / 1Bn5) gz,
2 0 10,1 =)

1 - k VO, ||~ 5 ~
< Jamaltoliy,_ 0+ 510013+ LT [y )1 0,5

r,min

+ HLu(t)HH(',jrmD @) |\l~lm(t)|\u(g_rup(9) + HLH(O)HH(‘)_’FH_’D(Q) Hﬁ0|\ﬂ(‘]_rup(9)
+ /Ot 10 Lu(s) Iy, (@)1 8n(S) my,  (@ds
- /0 [ 1Lo(5) g, IOy, rds (422)
amax being the constant of continuity of a(-,-). Using the inequality
2 Jo/Bab < oa® + %, where o, f >0, (4.23)
with « = § and f = § for the fifth term on the right-hand side of inequality (4.22)

and taking into account properties (3.8) and (3.11), we rewrite expression (4.22) in the
following form:

_ [
fin | () iy 9)+7n9m(t>n%+

Ole,min H H
T 1o (@) M izri 4

1 ~ 02 012 2
< 5 |:(amax + I)HUOHH(I)fn,D(Q) + ”00H2 + HLU(O)HHSJ,’F..,D(Q)

lkle@ VOl " ;
+ /0 10(5)l1 g, ()1 n(5) 1 2201l

r, min

e / RGN

t
+”Lu(t)HH(l)_’r“)D(Q)Hﬁm(t)”H(l)I“»D(Q)+/0 ”atLu(S)HH(I)_’r“’D(Q)Hﬁm(s)‘|H(1)'r“_D(Q)dS
t
+ /0 Lo g, @By, s (4.24)

Now, we apply again inequality (4.23) to the following terms on the right-hand side of
inequality (4.24):

. Kni 1512 () VO 1) 10 | L2
e the second term with o = — ™% and f = — @ : L) P I
4 ” Or H L*(Q) 9, mmkmin

Qi
andﬂz mm’

e the third term with o =
Amin 4

e the fourth term with o = % and f =1, and
10/l L=0)

kmin

o the fifth term with « = _ min and B =
40| =)
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Hence, we get

Amin @ - 1.~
= Hum(t)Hf—ﬂr Q) + 7H0m(t)‘|% HQ ‘Tzn ) / H m HHOI‘

2
%e,
min / HQm(S)HU T'or)

H9 =)

1 N ~
< 5 |:(amax + I)HUOH%.F @ + HHOH% + HLu(O)H%{U (Q):|

10, HLw(Q
Kinin O(s ds + | / Lo( , ds
4H9 (173 Q)/ 9 HH] 108 Kin H HHI o)

K 90, i 6y ("
+ H@ i) / 10(5) 220y

Hfminkmin
a ~
O o+ 20y, + g [ 10Oy
d mm 9 d 425
/““’"(S T /“ Mg, @ (42

t
From equality Ly(t) = Ly(0) 4 / 0;Ly(s)ds, and applying inequality (4.23), we deduce
0

t
‘|Lu(t)|‘]2-[(1]:1_“‘D(Q) < ZHLH(O)H%-[(I)}“D (Q) + 2tf/(; Ha[LU(S)Hil(I),’ru_D(Q)dS' (4~26)

Then, thanks to the previous expression and taking into account Definition 3.1 in the
second term on the left-hand side of inequality (4.25), this can be rewritten as follows:

t t
1 <|ﬁm(t)|%—](1]’l_ RC) + Hem(t)H%;(Q) +/O Hgm(s)Hi](}“D(mdS +/0 Hgm(s)Hiz(Fo,R) ds)

<o [maﬁ&r o 18013 + L)y, D(Q)]

t t

t t
e [ | oy, s+ [ 1Ly, ‘w(mds} , (427)
with
¢; =min { Amin POCF Kmin Oe,min } ¢y = max{ Omax + 1 amin +4 }
4 7 2/0- L@ 2000 102 ) 27 2amin J’

3 = max Hk”%v(g HVH Him(Q)HQrHL%(Q) 1 and ¢4 = max { Amin + 8tf HHrHL%“(Q) }
A Gfmmkmin ’ 4amin ’ kmin .
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If we introduce the notation

t
IILIP = /0 <|azLu(S)|f-l},fr“D(9) + |L9(S)|%~101”r0~b(9)> ds,

me(t) = Hﬁm(t)H]z-[(l)r D(Q) + Hém([)uiz(g)a

expression (4.27) can be rewritten as follows:

t t
o 5 N 5
@m(t) * \/0 ” Gm(s) HHol.r(,.D (Q)ds + /0 Hem(s) HLZ(FI)\R) ds
(&) ) ~ ) e t ca ,
< o [IUOIH&“.D(Q) + 605 + ILu(O)IHéfr“‘D(Q)] + C—I/O @, (s)ds + E”‘L”‘ . (4.28)

Since HﬁOHHg,r Q) 6oll> and |||L|||* are bounded data, we deduce
L u.D

t
Cc
@m([) <o+ i/ d)m(S)dS.
¢t Jo

In consequence, thanks to Gronwall’s lemma we obtain a bound for ®,,(t) with ¢ € [0, ¢/].
Therefore, there exists M,y independent of m, such that

lwn (5 @) < Mios  10n(Olf20) < Miwo, 0<t <ty (4.29)
“uD

This concludes the proof taking into account again expression (4.28). O

Lemma 3 (A priori estimates I1) Under assumptions (H1)—(H13), the sequences {@}meN
and {(7,,1},,,611\1 given by Lemma 1, satisfy:

(a) the sequence {8, }men is bounded in L*(0, tf;H(l)’rw(Q)),
(b) the sequence {80} men is bounded in L*(0,t;; L*(Q)),

(c) the sequence {ém}meN is bounded in L*(0, tf;H(},rM (Q)).

Proof Thanks to Lemma 1 we can derive the first equation of Problem (If/\}/’m) with respect
to time, and we obtain the following:

ém([), v (0rLu(t),V)u, VvV E Hg,’lr"ln.u’
n(

0, ) =
©:0n(1), $)2 + (O (1), ) + m(h, i (1)) + c(Du(t), §) = (Lo(1), $)o, Ve € HEJ" .

U

{ a(@yii, (1), v) — m(
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Taking as test functions v = 0,i,,(t), ¢ = 0,0,,(¢), adding the previous equations, applying
definition (3.10) and integrating over (0,t), we get for any t € (0, tf]

/ (i (), Olin(s))ds + / 0B+ 1Bu0). D) + 3eBu). D)
0

5
= %M(éo, 60) + 50(905 éO) - A KZ(ém(S)a atam(s))ds + <atLu(t), ﬁm(t)>u
_<aZLu(O)s l~l0>u - ‘/O’<6?Lu(s)a ﬁnz(s)>uds + <L5(t), ém(t»(-)

{Lo(0), To}o — /0 (OcLo(5), B(s) ods.

Thanks to hypotheses (H1)-(H12), all terms on the left-hand side of the previous expres-
sion are all non-negative and a, Ly, O;Ly, 6,2Lu, Ly, 0,Ly are continuous. So, taking into
account Remarks 3.2 and 3.3, Definition 3.1, and applying Holder’s inequality, we get

/ (@i (), Orii(s))ds + —L2F / 10,00 (5) 05 + 571 (Bu). D)
0

[0:1 =)
%e,min 2 Ikl L=(2) llote | Loy |
_ femin , < lloe [ =)
+ 2”0 HL"‘ Hem( )HL'(I—(),R) 29r min H HH&IO,D(Q) + 20,"min HQOHLZ(F(;,R)

Hk\lu @VO:ll-(e)
92

t
10005, 020 s
r,min !

+ (10 Lu(t )Hl-l(gfrw (Q)Hﬁm(t)HH(l)_ru,D(Q) + HalLu(O)”H(l)y’rup(Q)HﬁOHH(l].ru’D(Q)
t
5 . <
+/0 107 Lu(s)‘|H(‘)fr“'D(Q)Hum(S)HH(‘)’r“YD(Q)dS+ |‘L0(t)|‘H(}=’I.()’D(Q)H@m(t)HH(}IO’D(Q)
t
H1LoO @ 10lny,, @ +/0 ”alLO(S)”H(}"IUYD(Q)Hem(S)HHg_I.U.D(Q)dS'

1
Using inequality (4.23), with « = 1 and f§ = T on the fourth, fifth, sixth, eighth and ninth
terms on the right-hand side of the above inequality, we arrive at

A N ¢ I 1 .
/0 @) 3o + 70— / 10,B5) s + 511 B0 Do)

Ote,min ) 2 H ”L IR NTL>(Q) HOCCHL*‘(Q)
- < % llL=(Q)
200,10 HG"’(I)”“M)\ 20, min 1901, @1+ 2Wrmn |20
HkHLxQ HV9 e -
R Hem iy, (@100 (5) |2 ds
rmm

+ 10 La(lfy, (@) F 5 Hﬁm(t)uﬁ&rw(g) + 13 LaO) iy, ()
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1 ~ 12 ' 2 2 1 ' ~ 2
gty ot [ 1Ly, wds+ 5 [ uum(s)nm oS

+ Lo gy, e 10Oy,

()l" ()1' )

t t
2 0 2
+ [ IRy, ads+ 5 [ 1000y, s (430)

Q) + HLG(O)H?'I(},’I'(,,D(Q) + - HHOHH

Next, we consider properties (3.8) and (3.11); we apply again inequality (4.23) to the
following terms on the right-hand side of expression (4.30):

Ik 1220y IV O, 120 10 | (2

. . POCF
e the third term with o = and f = ————,
207 inPoCE 4 2010, =)
) 0, || L Kmi
e the tenth term with o = 162 and f = ——%
Kkmin 40| L=(a)
we take into account the equalities
t
OLu(t) = OLu(0) + [ SLuls)ds, Lifo) / 3, Lo(s)ds
0
we introduce the notation
2 v 2 2 2
LI = (|atLu(s)|HMm + |atLo<s>|H01_rw(Q)) ds, (431)

and, finally, applying the same reasoning used in inequality (4.26), expression (4.30) can
be rewritten as follows:

t t
Ce |:/ Hatﬁm(S)H%.[(l)r D(Q)ds +/ Hatgm(s)HZLZ(Q)dS + ”Hm(t)”%-[érw(g) + |9m(t)|2L2(r0_R):|
0 -l 0 g,
, 02 A2 ~ 112 D)
< C9 |:|00|H‘;f9,n(9) + HQOHLZ([‘,,_R) + HuOHHl rap(@ + HatLu(O)HHl' (@)
FILO g o+ IRLIE| 4 s |1+ [ 1B,

t
+ /0 [T (5) Iy, D(Q)ds} : (4.32)

The constants in inequality (4.32) are such that

cs = min {amin, pocr s Kiin s %osmin } and ¢y = max {c7, 08},
2(0:IL=@) 40 lL=@) 2010, =@

with

20kl @ + Ormmin 10| 1 2010, @) + Ko
C7=max{ [kl L2@) 4+ Ormin lloellL @ 3 10,1 L) + mm} and

40r,min ’ 2Hr,min kmin
¢s = max 2“"”%%(9)Hver”iw(f)ugrHL‘”(Q) + Gf,minp()CF’ 25 + 1, 2t7 110, | L) + Kkmin ‘
40r’minp0CF kmin
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Thanks to Gronwall’s lemma and Lemma 2, we can deduce from expression (4.32) the
existence of a constant M, independent of m, such that

t t
/ 10n()|3y s < M. / 10D (3)]33(0)ds < Map,
0 Tup 0

10w (@) < Mawp,  ace. t € (0,17).
1 0.D

4.4 Step IV: Passage to the limit

Taking into account some well-known results of compactness, we deduce the following
result from Lemmas 2 and 3:

Corollary 1 Under assumptions (H1)—(H13) there exist

i€ W0t Hy r,, () NL7(0,173 Hy r, , (2)),
0 € W'2(0,17:L3(Q) N L*(0, 173 Hy r, , (Q)),

and subsequences (again indexed with m) such that, as m — oo

{U}men — U in L0, t7;Hy . (Q)) weak-star,
{01l }men — Ol in L7(0,17:Hy r, (Q)) weak,

{0} men — 0 in L(0, tf';H&FM(Q)) weak-star,
(0,00} men — 0,0 in L*(0,t;; LX()) weak.

Furthermore for each m € N, there exists a non-negative integer | > m, such that (i, 0,,)
is the unique solution to Problem (V P;).

4.5 Step V: Verifying that (i1, 0) is a solution to Problem (?15)

As consequence of Corollary 1, (i1, 0) satisfies properties (4.10). In order to complete the
proof of the existence of a solution, it is necessary to prove that (i, §) satisfies Problem
(f/\ﬁ). For this purpose we use the methodology from Viafo [35].

Let j € N be arbitrary and m > j. Then, thanks to Corollary 1, (ii,, (~9m) is a solution to
Problem (17\13,), with [ dependent on m and [ > m > j. We are going to prove that we can
pass to the limit in order to obtain that (i, §) is a solution to Problem (Ir/F).

Verifying the weak equation (4.6a) for the mechanical submodel.

Considering in equation (4.12a), the test function v;(t) € Hy7,, < Hy!.  such
that

vi(t) =<(w), C € CY(0,t7), &(ty) =0, (4.33)

and integrating over (0, ), we can pass to the limit as [ — oo, thanks to Corollary
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1, and we obtain
/Of [a(ﬁ(t), w;*) —m(0(t), w‘;) — (Ly(2), w}*)u} E(t)ydt =0, (4.34)

for all & € CY(0,¢7), &(tr) = 0 and for all j € N. Using the density of the finite
linear combinations of w4 in Hg -, (©2), we deduce

a(@(z), v) —m(0(z),v) = (Lu(t), V)u, (4.35)

for all ve H(‘)’FH.D(Q) in the space of distributions Z'(0, ty).
Verifying the weak equation (4.6b) for the thermal submodel.

Let us consider in equation (4.12b) the test function ¢;(t) € Hg}w < H{p, .
I > j, with | in the same conditions as before

¢j(t) = Ltw), e C0.1p). L(ty)=0. (4.36)
Integrating over (0, ), taking into account equality

d ~

@:0:(1), (1)) = 27010 65(0)2 — (0:(1), 0 (1))a, (4.37)

and applying the initial condition (4.13) for 0;, we can deduce

/Of [—(0:(1),8:¢0(1))2 + 1(01(1), (1)) + m( (1), (1)) + (By(t), (1))
—(Lo(1), p;(1))o] dt = (Do, $;(0))s, (4.38)

since ¢;(ts) = 0. So, thanks to Corollary 1, we can pass to the limit as | — oo, and
we get

o Iy -
| =m0z + [ @0+ mnf. 200
0 0
+e(0(1), w}) — (Lo(0), w])o] L(t)dt = (8o, w])aL(0), (4.39)
for all { € CY(0,t5), {(tf) = 0. In particular, equation (4.39) is true for all { € Z(0, ;)
and for all j € IN. Using the density of the finite linear combinations of wf in
Hgp, (Q), we deduce

d

a(a(t), $)2 + 1(0(1), §) + m($,,(1)) + ¢(0(1), §) = (Lo (1), $)o, (4.40)

for all ¢ € H(;,Fo,D(Q) in 2'(0,tr). As 8,0 € L*(0,t;;L*(Q)), equality (4.40) is
equivalent to

(@:0(1), §)2 + k(B(1), §) + m($,3,(1)) + c(6(t), §) = (Lo(2), P)o, (4.41)

for all ¢ € Hyr, (Q) in Z'(0,1y).
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In order to coml)\lfte the proof, we must prove that (ii, 6) satisfies the initial conditions
(4.7) of Problem (V P).

Verifying the initial condition for temperature.

Considering in the weak equality (4.41) the test function given in equation (4.36),
integrating over (0,¢;) and taking into account equality (4.37) it results,

/0 L =@, (w0 + (D0, L) + m(E w!,3,5(0)
(D), L)) — (Lo(0), C(owd)o] di = (D(0),LOW!)a,

for all { € C(0, tr), {(ty) = 0. Now, if we compare the previous expression with
equality (4.39), we obtain

(0(0), w))2L(0) = (Bo, 2L (0), V€ C'(0,1), Llty) =0,

for all non-negative integer j, hence, we conclude 0(0) = fy.
Verifying the initial condition for displacements.
As Ly € C'(0,t7;Hy, (Q)) it is possible to derive expression (4.35) in time;
furthermore, since 0@ € L*(0,;;Hy -, (2)) and 8,0 € L*(0,1;; L*(Q)), we have

a(d,ii(t), v) — m(d,0(t),v) = (0,Lu(t),V)u, Vv E Hé,r..,p (Q).

In particular, taking again the test function defined in equation (4.33) and integrating
in time, we deduce

/0 [ al@i(0), 0,E(00w?) + m(D(e), 0, (W) + (Lu(t), D E ()] dt

= a(@i(0), E(O)w?) — m(D(0), EOWY) — (La(0), EO)WY)a (4.42)

for all & € '(0,tf), &(t7) = 0. Taking into account expression (4.35), the term on
the left-hand side of expression (4.42) vanishes, and since 0(0) = 8, we get

a(@i(0), EO)?) = [m(Bo, W) + (La(0), w*)al(0),

for all & € €'(0,t7); &(¢/) = 0. Finally, compatibility condition (4.11) let us write
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this equation in the following equivalent form:
a(@i(0), w)(0) = a(iip, w§)E(0), V€ C'(0,17), E(ty) =0, VjeN.

Therefore, we can conclude that #(0) = @iy thanks to properties of form af(-,-).

5 Uniqueness of solution to Problem (VP)

In this section, we prove the uniqueness of solution to Problem (VP). Our proof is based on
applying Gronwall’s lemma following the papers of Gawinecki [20,22-24] and Gawinecki
et al. [26].

Theorem 5.1 Under assumptions (H1)-(H13), there exists a unique solution (u,0) to Prob-
lem (V P) satisfying properties (4.1) and (4.2).

Proof In order to establish the uniqueness of the solution to Problem (VP) and since
this problem is equivalent to Problem (If/\ﬁ), it is enough to prove the uniqueness of
the solution to this former problem. To this end, let (ﬁl,él), (ﬁg,@g) be two solutions of
Problem (?IS) and let us write

=i, — 0, € L0, t7;Hyr,,(Q)) and 0 = 0, — 0, € L*(0,7; Hy p,, (Q)).
So, they satisfy a.e. t € (0,ty)

{ a(ii(r),v) —m(0(1),v) =0, Vv € Hyp, (Q),
©:0(t), )2 + 1(0(1), ) + m(, 0,0(1)) + ¢(O(t). §) = 0, V¢ € Hyy, (Q),

and the initial conditions @(0) =0, 6(0) = 0.

Integrating these equations over (0,¢), taking as test functions v = d,ii(t), ¢ = 0(t),
adding the resulting equations and taking into account Remark 3.3, we arrive at the
following:

[ 3 e aonas+ [ 3503+ [ @,

+ /O ¢(B(s), 0(s))ds = — /0 K2(0(5),0(s))ds  ace. t € (0,t7).

Since ©(0) = 0 and 0(0) = 0, and thanks to hypotheses (H2), (H4), (H10) and Holder’s
inequality, we have the following:

1 - 1 ~ P ! ~ ~ Oe,min ~ 2
fmmmm+ZWMb+AmW@ﬁmm+uMmmwmmww

C k 0 Ver % ! It !
< Ikl L (g)zH L (Q)/O HH(S)HLZ(Q)HH(S)HH&r“D(Q)dS’ (5.2)

r,min
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with ¢ the constant of equivalent norms. Taking into account properties (3.8), (3.11), and
using inequality (4.23) with

_ CZHkHix(Q)HverH%x(g)“erHLw(Q) and f = Kmin
207 1 inKmin 2(10, 1 L)
we deduce
a c -
SOy, o+ ﬁ 10(0)120)
mln 6 dS + ac’min @ t 23
2“0 ”LL(Q / H ( )HHI () ”OHLT“ H ( )HL (r(),R)
k70 IVO: 1 H9 H
o@) I VOr L0 L~ (9)/
< 10(5) 1720 ds: (5.3)
29i‘,mmkmm L)
and we get
2 t
POCF U ¢ HkHU(g IVO, L) 10r | L= (@) —
S 10011 10(5)[172(0ds-
2010 [ =@ L) < 207 1 inkmin 0 L@

Thanks to Gronwall’s lemma, we can conclude that H@(t)Hza(Q =0 ae. t € (0,tf), hence
0, = 0,. Furthermore, using again inequality (5.3), we directly deduce that Hu(t)HHx @ =
0 a.e. t € (0,t7). In consequence, we conclude that {i; = ii,, which finishes the proof O

6 Conclusions

In this paper we have proved the existence and uniqueness of solution to a quasistatic fully
coupled thermoelastic problem associated with non-homogeneous linear elastic materials.
In the thermal equations we have included the term due to the mechanical heat dissipation
and in the mechanical behaviour law the deformations due to thermal gradients. We have
considered mixed displacement-traction boundary conditions for the mechanical submodel
and mixed Dirichlet~-Neumann—Robin for the thermal one. Moreover, we have assumed
that the reference temperature, the thermal conductivity and the Lamé’s parameters
depend on the material point.
Specifically, we have achieved a unique solution (u, 8) satisfying

we L*(0,t;:H'(Q), du e L2(0,17;H'(2)), and
0 € L*(0,t;;H'(Q)), 0,0 € L*(0,175L*(Q)).

The results obtained in this work represent an improvement on the existing literature
and it will facilitate future research in other open problems arising from mathematical
modelling in industrial processes, such as the analysis of the existence of the solution
when this coupled thermomechanical problem also incorporates a non-linear behaviour
law, when the physical parameters depend not just on the material point but also on the
temperature, or when it is necessary to incorporate a contact condition in the mechanical
submodel.
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