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Sufficient conditions are given for an autonomous differential system

% = f(=), z€D,
to have a single point global attractor (repeller) with f continuously differentiable
almost everywhere. These results incorporate those of Hartman and Olech as a
special case even when the condition f € C1(D,R¥) is fully met. Moreover, these
criteria are simplified for a class of region-wise linear systems in RN,

1. Introduction

Region-wise linear systems have been used to model real-world phenomena. For
example, Chua and Yang [2,3], Li and Dayan [10] and Li, Huang and Zhu [12] used
region-wise linear differential systems to model neural networks. The interest in this
type of systems is due to its applicability not only to neural networks but also to
electrical circuits (see, for example, [5,9,13]). Besides, it can also be applied to the
construction of a variety of mechanical models by connecting different masses with
springs and stops. These show the practical need to investigate such systems. It is
well known that linear autonomous systems (LASs) have the following two features:
no limit cycles exist (in any two-dimensional plane) and the global dynamics is
completely determined by local behaviour near a critical point. For region-wise
LASs, however, neither of the two features survives. This is demonstrated by the
system

' = A(x)r +b, x€R? (1.1)

where b = (1,2)T, the transpose of (1,2), and

-1 2
9 T > 07
-2 -1

A(zy) = (1.2)

8 2
( ), z1 < 0.
-8 -1

System (1.1) has a unique critical point (1,0), which is a stable focus but not
globally asymptotically stable. Indeed, there is a § € (0, 1) such that the trajectory
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of (1.1) passing through the point (0,—4) is a cycle and it is a global repeller in
R?\ {(1,0)}. This example shows that region-wise LASs are globally nonlinear.
Note that A(x1)x is continuous but not differentiable on the set S = {(z1,22) €
R?: z; = 0} and M(S), the Lebesgue measure of S, is zero. Thus, the right-hand
side of (1.1) is C! almost everywhere in R2.

Recall that most available results for a nonlinear autonomous system

2 = f(z), z€D, (1.3)
where D C R” is a simply connected open set, are based on the assumption that
f ey (D,RY). (1.4)

Since region-wise LASs do not satisfy (1.4), none of the results for (1.3) with (1.4)
can be applied to region-wise LASs directly without further clarification. Therefore,
there is also a theoretical need to investigate the global behaviour of region-wise
LASs in particular, and nonlinear systems with non-smooth vector fields in general.
In this paper, however, we restrict our interest only to systems with continuous
almost C'! vector fields although the results obtained here might further be extended
to some systems with discontinuous vector fields.
Under condition (1.4), the matrix

-3+ ()

(where Of /Ox is the Jacobian matrix of f and (9f/dz)T is the transpose of 0 f /0z)
is continuous, and so are the eigenvalues of H arranged as

AL = Ao >0 2> Ap, (1.5)

on D. Among many of the results obtained for (1.3) in terms of the \;, we highlight
the following, which are relevant to this paper.

(I) If Ay + A2 < 0 on D = RY | then each bounded semi-orbit of (1.3) converges
to a critical point [15].

(IT) If A+ Ay < Oforallz € D =RY or Ay_1+Ay > 0 for all # € RV then there
is no simple closed rectifiable curve that is invariant with respect to (1.3). In
particular, (1.3) has no non-constant periodic solution [11,14,15].

(ITI) Assume that the origin is the only critical point, it is locally asymptoti-
cally stable, A\; + Ao < 0 in RY and focp(u) du diverges, where p(u) =
min;|—, | f(z)]. Then the origin is globally asymptotically stable [6].

(IV) If f(0) = 0 and Ay < 0, then the origin is globally asymptotically stable
(see [6] and the references therein).

Now suppose the existence of a closed set Dy C D with M(Dg) = 0 such that
feC(D,RY) and feCYD\ Dy,RY) (1.6)

instead of (1.4). Our obvious questions are whether (I)—(IV) are still valid for some,
if not all, systems (1.3) with (1.6) and whether they can be extended further.
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The answers for (II) are yes. It is known that (II) is an extension of Bendixson’s
criterion [1] from systems in D = R? to systems (1.3) with (1.4) in RY. Smith [15]
first gave the extension under the condition A\; + A2 < 0 in RN, Muldowney and
Li [11,14] gave more general conditions,

() <0 o (-2 ) <0 0

where (0f/0z)P is the second additive compound (g) X (1;[) matrix of df/0x
and y is the Lozinskii norm (to be defined later). When |y| = (yTy)'/2 in RV,
(1.7) becomes A1 + Ay < 0 or Ay + Any—1 > 0, incorporating Smith’s extension as a
particular instance. Hou [7] further extended (II) to some systems (1.3) with (1.6),

including a class of region-wise LASs, under the conditions

(2] 2]
sup ,u((af) ) <0 or sup u( <5f) > <0 (1.8)
z€B\ Do Ox z€B\Dg o

for every bounded set B C D.

The answers to the two questions above for (I) given by Smith [15] will be dealt
with separately. In this paper, we are mainly concerned with the extension of (IIT)
and (IV) to (1.3) with (1.6). Sufficient conditions in terms of

(5) = ()

will be derived for (1.3) to have a single point global attractor (repeller). The main
results for (1.3) with (1.6) will be given in §2 and their proofs will be left to §3.
Finally, a class of region-wise LASs will be dealt with in § 4.

2. Global attraction for general systems

In this section, we are concerned with global attraction of a critical point z° € D
of a system
2 = f(z), z€D, (2.1)

where D C RY is a simply connected open set and f € C(D,R"). By a solution of
a differential equation, we mean an absolutely continuous function on an interval
that satisfies the equation almost everywhere in the interval.
Let I, = {1,2,...,k} for any integer k£ > 0 and let | - | be any norm in RY with
the property
gl = |9l < |yl forall y € RY, (2.2)

where 5 € RY with ¢; = y; or ¢; = 0 for each i € Iy and §j € R™ is composed of all
the non-zero components of §. For an N x N matrix A, |A] is derived from the norm
|-|in RY and u(A) (the Lozinskii logarithmic norm of A) is defined (see [4, pp. 41,
58] or [14] for this concept and lemma 2.4 given below) to be

u(A) = Do |1+ hAl—o, (2.3)

where D, denotes the right-hand derivative.
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THEOREM 2.1. Assume that the following hold.

(a) f € Lip(B,RY) (i.e. f on B is Lipschizian) for every bounded set B C D and
there is a closed set Dy C D satisfying M(Do) =0 and f € CY(D\ Do, RY).

(b) For every 2° € Dy, either 2° is an isolated critical point or there is a § > 0
such that z(t,z°) & Dq for 0 < |t| < 6.

(¢) No solution of (2.1) will approach OD (the boundary of D) in a positive (or
negative) finite time.

(d) In D (2.1) has a bounded solution x(t,z') fort >0 (ort <0).

Then (2.1) has a single point global attractor (or repeller) if (2.4) (or (2.5)) holds
for every bounded set B C D:

PB = wesggjgu(?‘;(m)) <0, (2.4)
_ _of
B = zeSgE)Do'u( o (x)) < 0. (2.5)

REMARK 2.2. Condition (a) guarantees the existence and uniqueness of a solution
and the continuity of 9f/0z almost everywhere on D. Condition (b) implies that
‘0f /O0x(x(t,2°)) for any fixed solution z(¢,2%) on an interval is continuous almost
everywhere and locally integrable’. Indeed, the part in quotation marks is what we
need in the proof, so it may replace (b) in theorem 2.1. Condition (c) is obviously
met when D = RY as 0D = (). This remark applies to all the results given in this
section. In §4 we shall see that most of these conditions will become redundant for
a class of region-wise LASs.

REMARK 2.3. The existence of a critical point is not a condition but a part of the
conclusion of theorem 2.1. However, if we know that 2% € D is a critical point, then

condition (d) is fulfilled and the conclusion says that every solution has the limit

2% ast — oo (or t — —o0).

In some cases of | - |, u(A) has explicit expressions in terms of the entries or
eigenvalues of (A4 + AT).

LEMMA 2.4. Corresponding to the three definitions of |v| given by
1/2
sup |vj, Z lv;| and (Z vf) )
(3 . .
1 1
w(A) is equal to
sup (Reaii + Z aij|>, sup (Re ai; + Z |aji|> and M\,
K3 . . K3 . .
J# J#i

respectively, where the \; are the eigenvalues of%(A—i-AT) with Ay = Ao = -+ > AN.
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According to lemma 2.4 we can replace (2.4) and (2.5) by inequalities involving
the entries or eigenvalues of H = (0f/0z + (0f/9xz)™) and obtain the following.

COROLLARY 2.5. Under conditions (a)—(d) of theorem 2.1, (2.1) has a single point
global attractor (or repeller) if any one of (2.6)—(2.8) (or (2.9)-(2.11)) holds for
every bounded set B C D,

sup {rn_ax f+z:f}<07 (2.6)
z€B\ Dy 1IN ('“)xz o a;(;J
o, {5+ 3252} <0 o
zeB\D, | 1<i<N Ox; oy Or;
sup A <0, (2.8)
x€B\ Dy
3 : 6fz 8f1
f N 2.
reg\Do{lg‘%ﬂN dx; ; Oz } >0, (2.9)
~ . Ofi of;
f N . 2.1
xelg\Do{lglénN ox; ; Oz; } >0, (2.10)
inf Ay >0, (2.11)
z€B\Do

where the \; are the eigenvalues of H satisfying Ay = Ao = -+ = An.

REMARK 2.6. When Dy = () and D = RY | condition (a) becomes f € C1(RY ,RY),
(b) and (c) vanish by remark 2.2, and sup,¢ g\ p, and inf,cp\p, in (2.6)-(2.11) are
redundant. Therefore, Olech’s result (IV) (see [6] and the references therein) given
in §1 is only a particular case of theorem 2.1.

For an N x N matrix A = (a;;), the second additive compound AP is a matrix of

(g) X (g), defined as follows. For any integer i € {1, 2,..., (g) }, let (¢) = (41,12) be

the ith member in the lexicographic ordering of the set {(i1,42) : 1 < i1 < iy < N}.
The entries of A2 = (a;;) are given by
Qiyiy + Qigi, i (1) = (4),
G — (1) a5, if i & {j1,d2}, Js & {i1, 2}
K but {i1,i2} \ {ir} = {71, 42} \ {s}:

0 otherwise.

For instance, when N = 3,

ai1 + agz a3 —ai3 air a2 ais
Al = as2 ai1 + ass ai2 if A= a2 a2 as
—as1 a1 a2z + ass aszr  az2 ass
For any v',v? € RV, their external product v* A v? is a vector in R(2) defined by
(v' Av?); = vzil i
v, U,

for each i € {1,2,..., (%)} with (i) = (i1,42).
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THEOREM 2.7. In addition to conditions (a)—(c) of theorem 2.1, we also assume
that the following hold.

(i) For any bounded half orbit I'y(xg) (or I'—(xg)), we have I'y(xg) C D (or
I'_(z9) C D), where the overbar denotes closure.

(i) 2% € D is the unique critical point and it is a local attractor (or repeller).
(iii) With p(s) = minj, s |f(z)], [~ p(s)ds diverges if D is unbounded.

Then, for any |- | equivalent to the Euclidian norm || - ||, ° is a global attractor (or
repeller) if (2.12) (or (2.18)) holds for x € D\ Dy:

u(gim (x)) <0, (2.12)

u(—gim (x)) <0. (2.13)

The corollary below is an immediate consequence of theorem 2.7, lemma 2.4 and
the definition of (9f/0z).

COROLLARY 2.8. Under the assumptions of theorem 2.7, z° is a global attractor
(or repeller) if any one of (2.14)-(2.16) (or (2.17)-(2.19)) holds for x € D\ Dy:

ofr Ofs afr Ofs
< .
I SN TR T #ZT( org| |ong|) < (2.14)
of- | Ofs O0fq Ofq
Oa|  |9a|) < .
1SN Be, T B, +q;S< o | o] ) <O (2.15)
A1+ A2 <0, (2.16)
. Ofr  Ofs fy, Ofs
_ N _
1<71’21§1<N ox, * Oxs q;s( D, + Oz, > 0, (2.17)
: afr 8fs 8fq afq
_ S '
1< SN B, Bz, q;( | T 75| ) = (2.18)
AN-1+ AN 20, (2.19)

where the \; are the eigenvalues of H satisfying Ay 2 Aa = -+ 2 AN.

REMARK 2.9. When Dy = () and D = R¥ conditions (a)-(c) in theorem 2.1
become f € C*(RY,RY) and (i) is automatically met. If (2.16) holds, corollary 2.8
coincides with Hartman and Olech’s result (III) [6] given in §1.

EXAMPLE 2.10. Viewing the system

=i + flee — x3 + 555,
wh = Loy | + 225 — Las, (2.20)
o = 1

— 1
= gIl — 11‘2 + 41‘3
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as (2.1), we have D = R3, Dy = {x € R3 : 11 = 0 or 29 = 23}, f € C*(R?\ Dy, R?)
and f € Lip(B,R3) for every bounded set B C R3. There is only one critical
point z° = (—%, —%, %) and the linearized system at x° has the characteristic
equation

3_ 9942, 287 307 _

As % X % > %, by the Routh-Hurwitz criterion, every eigenvalue has a positive
real part, so z¥ is a local repeller. Since the conditions (a)—(c) of theorem 2.1,

i)—(iii) and (2.18), which becomes 2 — 2 > 0, are satisfied, 2° is a global repeller.
8

3. The proofs of theorems 2.1 and 2.7

In the proofs of the main results, an estimate of solutions of a linear system and
the existence of 0x(t, zg)/0xo will be needed.

LEMMA 3.1 (see [4]). Every solution of x'(t) = A(t)x(t) satisfies

otilexp(~ [ n-Aw)as) < o0 < ol [ A as) @

to tO

fort > tg.

LEMMA 3.2 (see [7, lemma 2.9]). Under conditions (a) and (b) of theorem 2.1,
Ox(t,x0)/0xo is continuous in (t,z9) and is a fundamental matriz solution of the
variational equation

V(1) = 9L (alt,o))y(t) (32)

if xo is not a critical point of (2.1) in Dy.

Proof of theorem 2.1. We first assume that (2.4) holds and a solution z(t,x!) of
(2.1) is bounded for ¢ > 0.

(o) If 2(t,x') = 2!, i.e. 2! is a critical point, then we need only show that

lim z(t,2%) = o (3.3)

t—o0

for every #2 € D\ {x'}. Since D is connected, there is a one-to-one mapping

¢ € Lip([0, 1], D) such that ¥ (0) = z! and (1) = z2. By (b), there are at most
a finite number of s € [0, 1] such that 1(s) € Dy is a critical point. Then, for
any to > 0, as long as x(tg,1(s)) exists for all s € [0,1], lemma 3.2 ensures that
Ye(+) = x(t,1(-)) € Lip((0,1], D) and

d ) de(s)
g 0s) = Gl v(s) T (3.4

for each ¢ € [0, to] and almost every s € [0, 1]. Moreover, when (3.4) holds, di¢(s)/ds
in ¢ is a solution of (3.2) with xg replaced by 1 (s). It then follows from lemma 3.1

™ i,wt(s)' < ]dﬁ”] o [ tu(gﬁw,ws»)) ar) (35)
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for t € [0,t0]. Let £y be the length of the curve given by x = (s) for s € [0, 1], i.e.

b /01 du(s)

and let B={z € D: |z — 2| </l +1}. Now that |[(s) — x| <y < £y + 1 for all

d
as |
s € [0, 1], we claim that

[e(s) = 2| <lo+1, (3.6)
so that i¢(s) € B, for all s € [0,1] and ¢ € [0,%¢]. Indeed, if this is not true, by
continuous dependence upon initial values there are s; € (0,1] and ¢; € (0, to] such
that (3.6) holds for (s,t) € [0, s1] x [0,¢1] with (s,t) # (s1,¢1) but [t (s1) — 2| =
ly + 1. On the other hand, however, (2.4) and (3.5) yield

e, (51) — 2 < / 1

S1
</
0

< {y.

L, (5)] s

dy(s)

ds

efBh (g

The contradiction shows our claim. By (c), z(¢,(s)) exists and satisfies (3.6) for
all s € [0,1] and ¢t > 0. Hence,

1
ja(t,2%) — | < /

0

d
ngt(s) ds < lge?Pt = 0

as t — oo.

(3) Suppose that x! is not a critical point. By condition (d), there is a bounded set
B C D such that z(t, :vl) € B for allt > 0. Then, for t > 0 and s > 0,

0 1 1
(b (s, a)) S (o, ).

By lemma 3.2, dz(t+s, ') /ds in t is a solution of (3.2) with xq replaced by z(s, z).
Hence, by lemma 3.1 and (2.4),

d 1y d 1y _
dsx(t—I—s,x )= dsx(t,x(s,m ) =

Lot 1 s.2Y)] <! fla(s, 2]

ds

From this we obtain
< lda(t, xt) =t
—|dt =
Le =X

oo 1
< ePek [ f(x(s,21))| ds < oo,
X

ix(k,m(s,xl))‘ ds

As
dx(s,z!)

ds

for any t, > t; > 0, by the Cauchy convergence principle there is an 2° € D such
that limy o z(t, 2) = 2°. From (a) we know that 20 is a global attractor.

to
|;v(t2,ac1) — x(tl,x1)| < / dt

t1
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If (2.5) holds for every bounded set B C D and z(¢,z') is bounded for £ < 0, by
letting ¢ = —t the above reasoning shows the existence of a global repeller. O

LEMMA 3.3. For any y*,y?> € RN and A € RN*N | we have
(Ay") Ay +y' A (AY?) = ARy A y?). (3.7)

PT‘OOf. Let (Z) = (il,ig) and (j) = (jl,jz) with 1 <41 <ig < Nand 1< 71 < J2 <
N. Then, by the definitions of A and A, we have

N(N—-1)/2

AP A= D0 e

Jj=1

E , iy

1<j1 <41

2
yjl Y5,
2
yh Yja

1 2
Yi, Y,

1

jo Yo

y]l y]l
yll yll

+ Z izja

i1 <j2 <N, j2#i2

E iy gy

1< g1 <dz,j17%1

1 2
Y Ui

1
io Yiy

vl v2

1
in Yiy

+ (ailil + aiziz)

[ V)

1 2
Yie Yiy

1

jo Yo

- E iy jy

12<j2<N

N

N
= ke nyi, — aikyl) + > vk (ankyl, — aikyl,)
=1 k=1

k
= ((Ay") Ay +y' A (Ay?))i.
Thus (3.7) holds. O
LEMMA 3.4. For any u,v € RN with the Buclidean norm | - ||,
luAvl* = ful?[lo]* — (uTv)?. (3.8)
In particular, ||lu Av|| = ||ul|||v]] if v and v are perpendicular.
Proof. By the definition of A, we have

= E (uiv? + ujv? — 2uviujv;)
1<i<j<N

lu A v)? =
1<i<j<N
N

N
_ 2,2 2,2 P
= E U;v; — g u;v; — 2 E UV UV

i,7=1 i=1 1<i<j<N

(i“ﬁ (i” ) B (g“ivif = [[ulP[lo]® — (u'v)?.

= j=1

U Uy

From this it follows that [|u A v|| = |lul|||v] if uTv = 0. O
LEMMA 3.5. For any ¢ € C’l([O 1],RY) and g € O(RN ,RY), the inequality

|' min lg(z)|ds (3.9)

z|=s
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holds in any norm | - |, where

m Ogltlgl\w()\ an Orgtagllw()l

Proof. On every subinterval [s1,s2] C [m, M], there is at least one subinterval
I = [t1,t2] C [0, 1] such that

s1 = min |p(¢)] = min{le(t)], [(t2)[},

s2 = max (1) = max{lip(t) ] [p(t2)] .

Then
to d to d
P : P .
t)||—|dt > t —|dt > ta)| — t
[ ateten]| G| > minlateton] [ 7|\t min | latolleta)l = ete)

— min |g(o)](s2 — 51
z|=s0

for some sg € [s1,$2]. Since g and dp/dt are continuous, (3.9) follows from the

above inequality and the definition of a definite integral. O

In the proof of theorem 2.7, we shall use Hartman and Olech’s idea of considering
in RY a two-dimensional surface composed of trajectories of (2.1) and curves on this
surface perpendicular to those trajectories of (2.1). For a fixed solution z(¢,z¢) € D
on [0,w) and any unit vector u € RY perpendicular to the trajectory of (2.1) at
T, i.e. uT f(xg) = 0, we consider the solution z(t,z¢ + ru) for r > 0 and ¢ > 0.
By continuous dependence on initial values, the trajectories of these solutions for
r € [0,79], ro > 0 small enough, and ¢ > 0 form a two-dimensional surface S. For
each s € [0,w), we look for a curve y(s) on S given by

y(r) =a(T,zo + ru) for r € [0,79], (3.10)
y(O) = l'(S,xo), (311)
such that « is perpendicular to each trajectory in S, i.e.
d

f@(T,zo + Tu))T% =0. (3.12)

Obviously, T' must be a function of (r, s). From (3.10) we find that

dy(r dT" Oz

1(/15) = f(@(T, 0+ ru) g - + g (T + ruju (3.13)

where Zo denotes the initial value of z. From (3.12) and (3.13) we obtain

AT f(@(T, o + ru) T (9x/0%0) (T, xo + ru)u (3.14)
dr f@(T g +ru))T f(x(T, 20 +ru)) '
provided that xo + ru is not a critical point. Then T is a solution of (3.14) with
T(0,s) = s.
For any set Sy, a point py and a number € > 0, we denote the open ball with
centre py and a radius € by B(po, ), the union of balls with a radius € and centres
in Sy by B(Sp,¢), and the distance between py and Sy by dist(pg, So).
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Proof of theorem 2.7. Assume that (2.12) holds and z° is a local attractor. Since the
domain A of attraction of z¥ is open, there is a value d > 0 such that B(z°,d) C A.
Now suppose that 20 is not globally attractive. Then 0A is a closed non-empty set.
We can always take an x¢ € A satisfying |zg — 2°| = dist(z", 0A) and find a unit
vector u € RY and a small ro > 0 such that uT f(zo) = 0 and 29 + ru € A for
r € (0, ro].

(o) If x(t,xp) is bounded, by conditions (c) and (i), x(t,z¢) exists on [0,00) and
B(I'y(x0),e) C D\B(z",d/2) for some € > 0. By condition (ii), there isa § > 0 such
that |f(x)| = § for x € B(I'y(x),e). We show that z(t,xg+ru) € B(I'y(x0),¢) for
all t € [0,00) and r € [0, 9] when 79 > 0 is small enough.

By conditions (ii), (a), (b) and lemma 3.2, the right-hand side of (3.14) is contin-
uous in (r,T) and locally Lipschitzian in T. Therefore, (3.14) has a unique solution
T with T(0) = s for each s > 0. Substituting T into (3.10), we obtain a unique
curve v(s) perpendicular to the trajectories of (2.1) on S. Let

AT) = F(x(T, 0 + 1)) A dl(/ii’"). (3.15)
Note that
%(m(T, o +r1U)) = %(x(T, xo + ru)) f(x(T, xo + ru)) (3.16)

and, from (3.13) with (3.14) and lemma 3.2,

% (d?(/l(:)> _ %(m(T, To + ru))dz(/isnr) + f(2(T, 2o + ru))% ((35;) (3.17)

From the definition of A, it is obvious that f A f = 0. Then, from (3.15)—(3.17),
lemma 3.3 and the definition of A,

= ot ) A 4 el 4 ) A g ()
= (gi(z(T, xo + 1)) f(x(T, o + ru))) A d?éfgj’)
4 f(@(T, o + ) A (gi (x(T, o+ m)> dgﬁ:))

_af[Q]

= 22 (@ (T, w0 + ru))a(T).

This, together with lemma 3.1 and the assumption (2.12), gives
T af (2]
sl < @l exo( [ (5 @l t v ) ar) <ot
To

for Ty > Tp. Since the solution T of (3.14) is a function of (r, s) and s; > so implies
T(r,s1) > T(r, s2) by uniqueness, we have

[2(T(r, 5))| < [2(T(r, 0))] (3.18)
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for s > 0 and r € [0,r¢]. As | -] is equivalent to || - ||, by lemma 3.4 and (3.15) there
is a constant K > 0 such that

=0 > K+ ra)| 40 240
as long as (T, xzo + ru) € B(I'{(20),¢). Choose 79 > 0 such that
Q/OTO |2(T(r,0))|dr < edK and |z(T(r,0),z0 + ru) — x| < e
for all » € [0, 7]. We show that

z(T(r,s),z0 + ru) € B(I't(xo),e), fors>0, rel0,r], (3.19)

by contradiction. Suppose (3.19) is not true. Then there is an s; > 0 and 1 € (0, 7]
such that
|x(T(r,s), x0 + ru) — x(s,z0)| < &

for all (r,s) € [0,71] x [0, s1] with (r,s) # (1, s1) but
|2(T(r1,81), 0 + r1u) — x(s1,20)| = €. (3.20)

But, from (3.18) and the inequalities following it, and the choice of rq,

‘Z/(Tl)—y(o)|</o 5K/ T(r,0))|dr < 3¢

for s = 51, i.e.

dy(r
dr

|x(T(r1,81), 0 + ru) — x(s1, 20)| < %6.

This contradiction to (3.20) shows (3.19). It can be shown that T'(r,s) — oo as
s — oo for all r € [0, 7] (see [8, lemma 6]). Therefore, x (¢, z¢ + ru) € B(I'}(x9),¢)
for all r € [0,79] and ¢ > 0. Since B(I'y(z0),e) N B(2°,d/2) = 0, this shows that
xo +ru ¢ A for r € [0, 0], a contradiction to the choice of x¢ and w.

(6) Suppose z(t, zp) is unbounded on [0,w). We can then choose a sequence {t,,} C
[0,w) such that ¢, < t,41,

|x(tn, z0)| = [ax |x(t,x0)|, tn —w and |x(t,,zo)] = 00 asn— co.

Itxln

By (3.18) and the inequalities following it, we have

T0 dy
T — 0))|d
1 s o[ 42 ar < £ [T a6 olar
Let

M = mip (Tl ta),zo+ru)l and Ma = max |o(T(rtn), 30 + ru)l

Then, by lemma 3.5,

M, T0
/ min | ()| 00 < / |=(T(r,0))| dr.

My |z|=¢
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As M,, > |x(tn,x0)|, by the choice of t,, we must have lim,_, ., M, = oo and, by
condition (iii), lim,,— oo my, = oco. This implies the unboundedness of x(t,zg + ru)
on [0, 00) for each r € (0,70]: a contradiction to lim;_,o x(t, 7o + 1u) = 2°.

The contradictions in () and () have shown that z° is a global attractor.

If (2.13) holds and z is a local repeller, then the above reasoning with the
replacement of ¢t by t' = —t shows that 2 is a global repeller. O

4. Global attraction for region-wise linear systems

In this section, we investigate global asymptotic behaviour of solutions of the system
o =L(x)+b, xRV, (4.1)

where b € RY is a constant, L € C(RY,R") and L is linear in each of the 2V
closed cones bounded by the coordinate planes {x € RN : z; = 0}, i € Iy. In other
words, in each such cone dL(x)/0x is a constant matrix and

(see [7, §3] for a more detailed description of (4.1)). On viewing (4.1) as (2.1), we
have D = RY and Dy = {z € RY : x; = 0 for some i € Iy}, though a smaller set
might be taken as Dg for each individual system (e.g. see the example given in §1).
For any zg € RY, the solution z(t, x¢) of (4.1) with (0, x¢) = z¢ exists on R due to
the region-wise linearity of L. Moreover, by [7, lemma 3.1], for any T > 0, the zero
set of each component of z(t,zo) on [0,T] is either finite or the union of a finite
set and some interval(s). Thus, since it is possible for z(t,xg) to stay in Dy on an
interval, (4.1) satisfies conditions (a) and (c), but not (b), of theorem 2.1. Therefore,
superficially, the results given in §2 may not be applicable to every system (4.1).
In reality, however, less restrictive conditions should be expected for (4.1) due to
its region-wise linearity. We shall see that some requirements of theorems 2.1 and
2.7 will become redundant for (4.1).

x (4.2)

THEOREM 4.1. System (4.1) has a single point global attractor (or repeller) if (4.3)
(or (4.4)) holds,

_ OL(x)
p=masa( %) <o (43
B OL(x)
r=masa(-257) <o 4

where P = {z € RN : |x;| =1 for alli € Iy}.

Proof. Assume that (4.3) holds and suppose that (4.1) has a critical point 2°. Then,
for any z! € RV \ {2°}, we have

(x(t,2') — 2%)" = L(x(t,2")) — L(2?),
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so that
h
|zt + h,xt) — 2% = |z(t, 2t) — 20 + / (L(z(t + s,2%)) — L(z%)) ds
0
<ot @) — 2+ h(L(z(t,2")) = L(2?))]

h
Y — L(z(t, 2" s
+/O |L(z(t +s,27)) — L(z(t,z"))|d

for t > 0and h > 0. If 2° € Ry and z(¢,2') € R for a fixed ¢, where Ry is a closed
cone bounded by the N coordinate planes, then

L(x(t,xl)) - L(:EO) = L(a:(t,xl) — xo) = %(z(t,xl) — xo).

By (2.3) and (4.3),

Dyla(t,a') — 2°|

Suppose z(t,z') and z° are not in the same closed cone Ry. Then there are
yh 2, ...y, k € Iy, in Dg such that, with 4 = 2° and y**! = x(¢, 2'), the ¢ are
on a straight line and 3*~!, 4 for each i are in one closed cone. Hence,

k+1
|.T(t,l‘1) - xOl = Z |yl - yi_1|7
i=1
Lly) - Ly ") =Ly =y ") = %L(yi -y
T
for i € I41, and
k41 _ _ Mlor _
L(x(t,a") = L) =Y Ly =y~ =) %(yi -y ).
i=1 i=1

Again, by (2.3) and (4.3),

& (oL
Difolt,t) ~ %) < Yon( o o' = < plottat) - ).
=1

Therefore, for all ¢ > 0,
lz(t,zt) — 20| < eff|zt — 2°

so limy o (¢, 2t) = 2V.
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Next we show that (4.1) must have a critical point. Suppose that ! € RY is
not a critical point. Then, for each s > 0 and every t € [0,1], z(t + s + h,2') and
x(t + s,2!) are in one closed cone Ry for all sufficiently small h > 0. Hence, as

1

lim = (2(t + 5+ h,x') —x(t +s,2')) = L(z(t + 5,2")) + b,

h—0 h

we have

da(t + s,21)
ds

= Jim o *(\L( (t+s+h,a')) + b — [L(x(t +s,2")) +b])

Dy

< lim 1(‘<I+h?f>( (z(t+s,2")) +b) —|L(x(t+s,m1))+b|)

< “(gﬁ) |L(x(t + s,2")) + b

dz(t + s, 2!
p|dzt )|

<
ds
Thus,
da(t + s, zt) < ot dx(s,z!)
ds ds
for all t € [0, 1]. By integration,
| da(t, ! 0 da(t + ka2t
0 dt 0
k=0
0o 1
el d t
Z/ at i ’dt<oo.
0
As . .
2 1 dax(t
|x(t2,x1)—x(t1,x1)|</ Z(’I)‘dt
L | at

for any to > t; > 0, by the Cauchy convergence principle lim ., z(t,2') = 2° for
some z° € RY. Clearly, z° is a critical point.

The above reasoning shows that (4.3) implies the existence of a critical point 2°
that is globally attractive. If (4.4) holds, by putting ¢ = —t' and following the same
argument as above, we obtain a critical point that is a global repeller. O

The corollary below is an immediate consequence of theorem 4.1 and lemma 2.4.

COROLLARY 4.2. System (4.1) has a single point global attractor (or repeller) if
any one of (4.5)-(4.7) (or (4.8)-(4.10)) holds:

s {axz Z"%} (4.5)
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zEP, 1<1<N{ ox; Z ‘ or; } <0, (46)
mex A1 <0, (4.7)
mePr,rlugnigN{ ox; Z oz, } >0, (4.8)
J#i
BETSRE R | S 5)
min Ay > 0, (4.10)
z€EP

where the )\; are the eigenvalues of ((OL/0x)T + OL/0z) satisfying My > Ao >
2 Ay and P={x € RN :|z;| =1 for all i € Iy}.

Theorem 4.1 and corollary 4.2 are particularly useful when it is not obvious
whether or not (4.1) has a critical point or when there is a critical point 2% € Dy.
In the latter case, it is not a trivial matter to find out the local behaviour near 2 if
N > 2. The following example demonstrates that theorem 4.1 and corollary 4.2 are
sufficient conditions for (4.1) to have a single point global attractor (or repeller).

EXAMPLE 4.3. Consider the system
' = Ax))r, == (v1,22)" € R (4.11)

where, with a € R,

A(zy) = (4.12)

2
(a ), z < 0.
-2 -1

Clearly, the origin ‘O’ is a critical point. If @ < 0, then (4.7) is satisfied so O is a
global attractor. If @ > 0, none of the conditions (4.5)—(4.10) are met. HOWQVQL by
solving (4 11) explicitly, we know that O 1s a global attractor for a < +, a centre
for a = L, and a global repeller for a > 1

REMARK 4.4. Consider the system (4.1) with b = 0 and assume that every eigen-
value of L/0x has a negative (or positive) real part for all z € P, where P is given
in theorem 4.1. Is the origin a global attractor (or repeller)? Further investigation
is needed on this.

EXAMPLE 4.5. Consider the system
= (AD(x) — Dz + b, (4.13)

where A = (a;;) € RV*N b € RV, I is the identity matrix and D : RN — RV*N
is given by
D(z) = diag [d(a:l), d(zs),. .. ,d(a:N)]
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with d(s) = 1 for s > 0 and d(s) = 0 for s < 0. Li and Dayan [10] used (4.13)
as a neural network model and briefly discussed the relationship on local stability
between (4.13) and another region-wise linear system. Now, applying (4.5)-(4.7) to
(4.13), we find that (4.13) has a single point global attractor if

5 (S laol =) <o
J#i

max, (Z laji| — ai) <0
i

or

1
12?%(2 > (ais| + lagl) - az) <0

J#i
holds, where «; = min{1,1 — a;;}.
THEOREM 4.6. Assume that (4.1) satisfies the following:
(i) 2 € RY is the unique critical point and it is a local attractor (or repeller);
(ii) no non-trivial solution will stay in Do for t in any interval.

Then z° is a global attractor (or repeller) if (4.14) (or (4.15)) holds for x € P:

u(gim (x)) <0, (4.14)

u<—f§’;m<x>) <o, (4.15)

where P = {x € RN : |z;| =1 for alli € Iy}.

REMARK 4.7. Theorem 4.6 is a direct translation from theorem 2.7. It is tempting
to assume that the condition (ii) is not essential. However, it is difficult to clarify
this, and further investigation is needed.

The next result is an analogue of corollary 2.8.

COROLLARY 4.8. Under the assumptions of theorem 4.6, z° is a global attractor
(or repeller) if any one of (4.16)-(4.18) (or (4.19)-(4.21)) holds for x € P:

oL, OL, oL, 0L
< .
1<res<N ox, + Oxs + Z (’ Oz, + ‘ Oz, ) <0 (4.16)
q#T,s
oL, OL, 0L, 0L,
<0, 4.17
1<rrn<8;);N oz, + O, +q;s(‘ oz, + Oy ) ( )
AL+ A2 <0, (4.18)
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. 0L, 0L, OL, OLs
— >0, 4.1
L<rEasN ox, * Ox Z (‘ O0xq ‘qu > 0 (4.19)
q#T,s
0L, 0L, OL,| |0L,
— 4 —1] >0, 4.2
1<1121§1<N ox, + Oy q;s( oz, + 0z 0 (4.20)
AN_1+ Ay =0, (4.21)

where the \; are the eigenvalues of

1//oL\" oL
— - + -
2\\ Oz ox
satisfying \y = Ay = -+ = Ay and P ={x € RN : |z;| = 1 for all i € In}.
EXAMPLE 4.9. Consider the system
' = A(z)r+b, x=(v,12)T €R? (4.22)

where b = (b1,b2)T € R? and A(zy) is given by (4.12). Then, for any b satisfying
by +2by > 0 and any a < 1, (4.22) has a local stable focus 2° = %(b1—|—2b2, by —2b1)T
and, by (4.18), 2° is a global attractor.
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