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This paper is concerned with some non-linear propagation phenomena for reaction—
advection—diffusion equations with Kolmogrov—Petrovsky—Piskunov (KPP)-type non-
linearities in general periodic domains or in infinite cylinders with oscillating boundaries.
Having a variational formula for the minimal speed of propagation involving eigenvalue
problems (proved in Berestycki, H.,, Hamel, F. & Nadirashvili, N. (2005) The speed of
propagation for KPP type problems (periodic framework). J. Eur. Math. Soc. 7, 173-213), we
consider the minimal speed of propagation as a function of diffusion factors, reaction factors
and periodicity parameters. There we study the limits, the asymptotic behaviours and the
variations of the considered functions with respect to these parameters. One of the sections
deals with homogenization problem as an application of the results in the previous sections
in order to find the limit of the minimal speed when the periodicity cell is very small.

1 Introduction

This paper is a continuation in the study of the propagation phenomena of pulsating
travelling fronts in a periodic framework corresponding to reaction—advection—diffusion
equations with heterogenous KPP (Kolmogrov—Petrovsky—Piskunov) non-linearities. We
will precisely describe the heterogeneous-periodic setting, recall the extended notion of
pulsating travelling fronts and then we move to announce the main results. Let us first
recall some of the basic features of the homogeneous KPP equations.

Consider the Fisher—KPP equation:

u, —Au = f(u) inRN. (1.1)

It was introduced in the celebrated papers of Fisher (1937) and in [19] originally motivated
by models in biology. Here, the main assumption is that f is, say, a C! function satisfying

f0) = f(1)=0, f'(1) <0, f(0) >0, 12)
£>0in(0,1), f <0in(1,+o0), '
£(s) < £'(0)s,¥s € [0,1]. (1.3)

As examples of such non-linearities, we have f(s) = s(1 —s) and f(s) = s(1 — s).
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The important feature in (1.1) is that this equation has a family of planar travelling
fronts. These are solutions of the form

N — .
{V(t,x) eR xRN, u(t,x) = ¢(x-e+ct), (14)

¢p(=0) =0 and P(+00) =1,

where e € RY is a fixed vector of unit norm which is the direction of propagation, and
¢ > 0 is the speed of the front. The function ¢ : R — IR satisfies

{—¢” +c¢ =1(9),

(1.5)
¢(—0) =0 and ¢(+0)=1.

In the original paper of Kolmogorov, Petrovsky and Piskunov, it was proved that, under
the above assumptions, there is a threshold value ¢* = 24/f'(0) > 0 for the speed c.
Namely, no fronts exist for ¢ < ¢*, and, for each ¢ > ¢*, there is a unique front of the
type (1.4 and 1.5). Uniqueness is up to shift in space or time variables.

Later, the homogeneous setting was extended to a general heterogeneous periodic one.
The heterogeneous character appeared both in the reaction—advection—diffusion equation
and in the underlying domain. The general form of these equations is

{uz =V -(A(z)Vu) +q(z) - Vu+ f(z,u), t € R, z € Q, (16)

v-AVu(t,z)=0,t € R, z € 0Q,

where v(z) is the unit outward normal on 0Q at the point z.

The propagation phenomena attached with equation (1.6) has been widely studied in
many papers. Several properties of pulsating fronts in periodic media and their speed of
propagation were given in several papers [2, 3, 5, 6, 36]. In Section 2, we will recall the
periodic framework and some known results which motivate our study. The main results
of this paper are presented in Sections 3-6.

2 The periodic framework
2.1 Pulsating travelling fronts in periodic domains

In this section, we introduce the general setting with the precise assumptions. Concerning
the domain, let N > 1 be the space dimension, and let d be an integer so that 1 < d < N.
For an element z = (X1,X2,..., X4, Xd+1,...,Xy) € RN, we call x = (x1,x2,...,%4) and
¥ = (X4+1,---,XN), sO that z = (x,y). Let Ly,..., L; be d positive real numbers, and let
be a C3 non-empty connected open subset of RV satisfying

AR>0:V(x,y) € Q, ]y <R,

d
Vikiyoooky) € LZx - xLiZ Q@ = @+ ke, 2D
k=1

where (e;)i<i<y is the canonical basis of RYN. In particular, since d > 1, the set Q is
unbounded.
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In this periodic situation, we give the following definitions:

Definition 2.1 (Periodicity cell) The set C = {(x,y) € Q; x; € (0,L1),...,xq € (0,Ly)} is
called the periodicity cell of Q.

Definition 2.2 (L-periodic flows) A field w : @ —RY is said to be L-periodic with respect
to x if w(xy + ky,...,xq + kg, y) = w(xy,...,x4,y) almost everywhere in Q, and for all
k= (ki,... . kq) € [TL, LiZ.

Before going further, we point out that this framework includes several types of simpler
geometrical configurations. The case of the whole space IRYN corresponds to d = N, where
Li,...,Ly are any positive numbers. The case of the whole space RN with a periodic
array of holes can also be considered. The case d = 1 corresponds to domains which have
only one unbounded dimension, namely infinite cylinders which may be straight or have
oscillating periodic boundaries, and which may or may not have periodic holes. The case
2<d< N — 1 corresponds to infinite slabs.

We are concerned with propagation phenomena for the reaction—advection—diffusion
equation (1.6) set in the periodic domain Q. Such equations arise in combustion models
for flame propagation (see [27], [31] and [37]), as well as in models in biology and for
population dynamics of a species (see [14], [18], [20] and [28]). These equations are used
in modelling the propagation of a flame or of an epidemics in a periodic heterogeneous
medium. The passive quantity u typically stands for the temperature or a concentration
which diffuses in a periodic excitable medium. However, in some sections we will ignore
the advection and deal only with reaction—diffusion equations.

Let us now detail the assumptions concerning the coefficients in (1.6). First, the diffusion
matrix A(x,y) = (A4ij(x,y))i<ij<n 1S a symmetric C>(Q) (with 6 > 0) matrix field
satisfying

A is L-periodic with respect to x,
10 < oy < OCQ,V(X,y) e QVE e ]RN,
P < D Aylxy)Ed; < mlél.

1<i,j<N

(2.2)

The boundary condition v - AVu(x, y) =0 stands for Zlgi’j@, vi(x, y)Aij(x, y)Oy,ult, X, y),
and v stands for the unit outward normal on 0Q. We note that when A is the identity
matrix, then this boundary condition reduces to the usual Neumann condition 0,u=0.

The underlying advection q(x, y) = (q1(x, y), ..., qn(x,y)) is a C°(Q) (with § > 0) vector
field satisfying

q is L-periodic with respect to Xx,
V-gq=0 in Q,

qg-v=0 ondQ, (2.3)

Vi<i<d, /qidxdyzo.
c
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Concerning the non-linearity, let f = f(x,y,u) be a non-negative function defined in
Q x [0,1], such that

f >0, f is L-periodic with respect to x, and of class C%(Q x [0,1]),

V(x,y) € Q  f(x,,0)= f(x,y,1) =0,

Ipe (0,1), Vix,y) €Q, V1—p< s <5 <1, f(x,y,5) = f(x,,5), (2.4)
Vs € (0,1), 3(x,y) € Q such that f(x,y,s) > 0,

V(ey) € Q. fi(xy.0) = lim W >0

with the additional assumption
V(xp,s) €2 x(0,1), 0 < f(x,5,8) < fi(x,0,0) x s. (2:5)

We denote by {(x,y) := fl(x,y,0), for each (x,y) € Q.
The set of such non-linearities contains two particular types of functions:

e The homogeneous (KPP) type: f(x,y,u) = g(u), where g is a C° function that satisfies
2(0)=g(1)= 0, g>00n(0,1), g'(0)>0, g'(1) <0 and 0 < g(s) < g'(0)s in (0, 1).

e Another type of such non-linearities consists of functions f(x, y,u) = h(x, y).f(u), such
that f is of the previous type, while h lies in C*(Q), L-periodic with respect to x, and
positive in Q.

Having this periodic framework, the notions of travelling fronts and propagation were
extended in [2, 3, 18, 26, 28, 29] and [34] as follows:

Definition 2.3 Let e = (e,...,e?) be an arbitrarily given vector in IR%. A function u =
u(t,x,y) is called a pulsating travelling front propagating in the direction of e with an
effective speed ¢ % 0, if u is a classical solution of

ug =V (Ax,y)Vu) + q(x,y) - Vu + f(x,y,u), t € R, (x,y) € Q,
v-AVu(t,x,y)=0,t € R, (x,y) € 0Q,

d
Vk e HLiZ, V(t,x,y) € R x Q, u (t—kce,x,y) = u(t,x +k,y), (2.6)
i=1
Iim wu(t,x,y) =0, and lim u(t,x,y) = 1,

Xe— —0 Xe— 400

0<u<l,

where the above limits hold locally in t and uniformly in y and in the directions of R?
which are orthogonal to e.

2.2 Some important known results concerning the propagation phenomena
in a periodic framework

Under the assumptions (2.1), (2.2), (2.3), (2.4) and (2.5) set in the previous subsection,
Berestycki and Hamel [2] proved that having a pre-fixed unit vector e € IR%, there exists
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¢*(e) > 0 such that pulsating travelling fronts propagating in the direction e (i.c satisfying
(2.6)) with a speed of propagation c exist if and only if ¢ = ¢*(e); moreover, the pulsating
fronts (within a speed ¢ > ¢"(e)) are increasing in the time t. The value ¢*(e) = cj, aq5(€)
is called the minimal speed of propagation in the direction of e. Other non-linearities have
been considered in the cases of the whole space RY or in the general periodic framework
(see [2, 28, 29, 32, 33, 34] and [35]).

Having the threshold value cj, 4,4(€), our paper aims to study the limits, the asymptotic
behaviours and the variations of some parametric quantities. These parametric quantities
involve the parametric speeds of propagation of different reaction—advection—diffusion
problems within a diffusion factor ¢ > 0, a reaction factor B >0 or a periodicity parameter
L. Thus, it is important to have a variational characterization which shows the dependance
of the minimal speed of propagation on the coefficients 4, ¢ and f and on the geometry
of the domain Q. In this context, Berestycki, Hamel and Nadirashvili [3] gave such a
formulation for ¢, , , ((e) involving elliptic eigenvalue problems. We recall this variational
characterization in the following theorem:

Theorem 2.4 (Berestycki, Hamel and Nadirashvili [3]) Let e be a fixed unit vector in RY.
Let 2 = (e,0,...,0) € RN. Assume that Q, A and f satisfy (2.1), (2.2), (2.4) and (2.5). The
minimal speed ¢*(e) = cg,A’q,f(e) of pulsating fronts solving (2.6) and propagating in the
direction of e is given by

. . . k(4)

c’(e) = Couqfle) = 1}1;61 — (2.7)
where k(A) = ko ea4(2) is the principal eigenvalue of the operator Lq . 441, which is defined
by

Loeageiw = V- (AVy) —248-AVy +q-Vy 28)
4 2048 — AV - (A8)— iq e+ (T '

acting on the set
E = {y € CX(Q),y is L-periodic with respect to x and v - AVyp = J(vAeyp) on 0Q}.

The proof of formula (2.7) is based on methods developed in [2, 7, 9]. These are
techniques of sub- and super-solutions, regularizing and approximations in bounded
domains.

We note that in formula (2.7), the value of the minimal speed c*(e) is given in terms
of the direction e, the domain Q and the coefficients A4,q and fb:(., .,0). Moreover, it is
important to notice that the dependence of ¢*(e) on the non-linearity f is only through
the derivative of f with respect to u at u = 0.

Before going further, let us mention that formula (2.7) extends some earlier results
about front propagation. When Q@ = RN, 4 = Id and f = f(u) (with f(u) < f (O)u in
[0,1]), formula (2.7) then reduces to the well-known KPP formula ¢*(e) = 2+/f'(0). That
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is the value of the minimal speed of propagation of planar fronts for the homogeneous
reaction—diffusion equation: u, — Au = f(u) in RN.!

The above variational characterization of the minimal speed of propagation of pulsat-
ing fronts in general periodic excitable media will play the main role in studying the
dependence of the minimal speed ¢*(e) = ¢p 44(€) on the coefficients of reaction, diffu-
sion, advection and on the geometry of the domain. In this context, we have the following
theorem.

Theorem 2.5 (Berestycki, Hamel, Nadirashvili [3]) Under the assumptions (2.1), (2.2) and
(2.3) on Q, A and q, let f =f(x,y,u) [respectively g = g(x,y,u)] be a non-negative non-
linearity satisfying (2.4) and (2.5). Let e be a fixed unit vector in RY, where 1 < d < N,

(a) Iffl;(x, y,0) < g‘;(x, y,0) for all (x,y) € Q, then
CEQ,A,q,f(e) < C;,A,q,g(e)'

Moreover, if  fi(x,y,0) <, % g,(x,y,0) in Q, then Congr(€) < Cougqgle)

(b) The map B cp 4, pg(e) is increasing in B > 0 and

cy e
lim sup —2A4-B7"2 ©)

B — 4w \/E

Furthermore, if @ = RN or if vAZ = 0 on 3Q, then liminfgz_, awn® o g

B
(c)

< +o0.

Coagr(€) < |(g2) 7 |lw+2, [ max {(x,y) | max_2A(x,y)e, (29)
(x,y)eQ (x,y)€Q
where [[(q.2)"||c = max, ,cq(q(x,y).e” and s~ = max (—s,0) for each s € R. Further-
more, the equality holds in (2.9) if and only if €¢A¢ and { are constant, q.2 =V .(A¢) = 0
in Q and v.A¢ = 0 on 0Q (in the case when 0Q + 0).

(d) Assume furthermore that f = f(u) and q = 0 in Q, then the map f > sz,/}A,O,f(e) is
increasing in 5 > 0.

Conmag(e)
M
constant. Furthermore, part (d) implies that a larger diffusion speeds up the propagation

in the absence of the advection field.

We mention that the existence of pulsating travelling fronts in space-time periodic
media was proved in [23-25] and recently in [21, 22]. In [22], Nadin characterized the
minimal speed of propagation and he studied the influence of the diffusion, the amplitude
of the reaction term and the drift on the characterized speed.

As a corollary of (2.9), we see that limsup,,_,, < C where C is a positive

! In fact, the uniqueness, up to multiplication by a non-zero real number, of the first eigenvalue
function of Lyn,; af 0¥ = k(A)p together with this particular situation, yield that the principal
eigenfunction  is constant and k(4) = 22+ f(0) for all A > 0. Therefore by (2.7), we have

¢"(e) = minsso (A + L2) = 2,/f7(0).
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After reviewing some results in the study of the KPP propagation phenomena in
a periodic framework, we pass now to announce new results concerning the limiting
behaviour of the minimal speed of propagation within a small (resp. large) diffusion and
reaction coefficients (in some particular situations of the general periodic framework) and
we will study the minimal speed as a function of the period of the coefficients in the KPP
reaction—diffusion-advection (or reaction-diffusion) equation in the case where Q =IRY.
The proofs will be shown in details in Section 7. The announced results will be applied
to find the homogenization limit of the minimal speeds of propagation. We believe that
this limit might help to find the homogenized equation in the “KPP” periodic framework
(see Section 8 for more details).

3 The minimal speed within small diffusion factors or within large
period coefficients

In this section, our problem is a reaction—diffusion equation with absence of advection
terms

{ut = BV - (A(x,y)Vu) + f(x,y,u), t € R, (x,y) € Q, 1)

v-AVu(t,x,y)=0,t € R, (x,y) € 0Q,

where f > 0.

We mention that (3.1) is a reaction—diffusion problem within a diffusion matrix fA. Let
e be a unit direction in IRY. Under the assumptions (2.1), (2.2), (2.4) and (2.5), for each
B > 0, there corresponds a minimal speed of propagation C;Z,lf A’O’f(e) so that a pulsating
front with a speed ¢ and satisfying (3.1) exists if and only if ¢ > sz,/m,o,f(e)-

Referring to part (c) of Theorem 2.5, one gets 0 < c}m A’O’f(e) < 2\/ﬁ \/W , for any
B >0, where My = max ,cp ((x,y) and M = max, g 2A(x,y)2.

Consequently, there exists C > 0 and independent of § such that

C;z,/fA,O,f(e)

JB

VB>0,0< < C. (3.2)

The inequality (3.2) leads us to investigate the limits of aps0rd f — 0 and as

f — +o0. The following theorem gives the precise limit when the diffusion factor tends
to zero. However, it will not be announced in the most general periodic setting. We will
describe the situation before the statement of the theorem.

The domain will be in the form Q = R x v = RY, where w < R? x R¥N=4"1 (d > 0).
If d =0, then @ is a C* connected, open bounded subset of RN~!. While, in the case
where 1 <d< N —1, wisa (Ly,...,Ly)-periodic open domain of R¥~! which satisfies
(2.1); and hence, Q is a (I, Li,..., Ly)-periodic subset of IRV that satisfies (2.1) with [ > 0
and arbitrary. An element of 2 = R X o will be represented as z = (x,y) where x € R
and y € o < R? x RN~-1—4,
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The non-linearity f = f(x,y,u), in this section, is a KPP non-linearity defined on
Q x [0,1] that satisfies

f >0, and of class C'(R x @ x [0,1]),

fis (I, Ly,...,Ly)-periodic with respect to (x, yi,...,vq), when d > 1,

f is I-periodic in x, when d = 0,

Vix,y) € Q=R x @, f(x,y,0) = f(x,y,1) = 0, (33)
Ipe (0,1), Vix,y) €Q, V1—p<s<s <1, f(x,p,5 = f(x,0,5),
Vse (0,1), 3I(x,y) € Q such that f(x,y,s) > 0,

together with the assumptions
fu(x,y,0) depends only on y; we denote by {(y) = f,(x,,0), V(x,y) € Q.
V(x,y) € Q=R x®, f,(xy0 ={(y) >0, (34)

Y(x, 7,5 € Q x (0,1), 0< f(x,y,5) < {(y)s.

Notice that f](x, y,u) is assumed to depend only on y, but f(x,y,u) may depend on x.
Lastly, concerning the diffusion matrix, A(x,y) = A(y) = (4j(y))i<ij<n 15 @ C>(Q)
(with 6 > 0) symmetric matrix field whose entries are depending only on y, and satisfying

Ais (Ly,...,Lg)-periodic with respect to (yi,..., V4),
I0<o; <o, Vy€ew,VE € RY, (3.5)
wlEF < Y A& < mlél*

Theorem 3.1 Let ¢ = (1,0,...,0) € RN and ¢ > 0. Let Q = R x v = RN satisfy the
form described in the previous page. Under the assumptions (3.3), (3.4), and (3.5), consider
the reaction—diffusion equation

u(t,x,y) = eV (A(y)Vu)(t, x, y) + f(x,y,u), for (t,x,y) € RxQ, (3.6)
v:AVu=0 on R xR xdw. .
Assume, furthermore, that A and f satisfy one of the following two alternatives:
da>0, Vy € w, A(y)e = we,
/ y (») B (37)
fulx,y,0) = L(y), for all (x,y) € £,
or
f;(x,y,O) = ( is constant,
Vy € w, A(y)e = a(y)e, where (3.8)

y+— o(y) is a positive, (L1, ..., Lg)-periodic function over ~@.
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Then,

= 2, /max C\/mgx eAe. (3.9)

Before going further, we mention that the family of domains for which Theorem 3.1
holds is wide. An infinite cylinder IR X Bgn-1(y9, R) (where R > 0, and Bgrx~-1(yo, R) is
the Euclidian ball of center yy and radius R) is an archetype of such domains. In these
cylinders, @ = Brn-1(yo, R), | is any positive real number, and d = 0. The whole space
RY is another archetype of the domain Q where d = N—1, o = R¥"!and {I, Ly,..., Ly}
is any family of positive real numbers.

Remark 3.2 In Theorem 3.1, the domain 2 = IR X w is invariant in the direction of
e =(1,0,...,0) which is parallel to Ae ( in both cases (3.7) and (3.8)). Also, the assumption
that the entries of A do not depend on Xx, yields that V.(Ae) = 0 over Q. On the other
hand, it is easy to find a diffusion matrix 4 and a non-linearity f which satisfy, together,
the assumptions of Theorem 3.1 while one of eAde(y) and {(y) is not constant. Referring
to part (c) of Theorem 2.5, one obtains

cy e
Ve>0, 0< Cas10s¢) < 2. /max {(y)\/mal( ede(y).
YE®

\ﬁ yE®

However, Theorem 3.1 implies that

*
CQ,sA,O,f(e

) _ 2\/§n€a%< C(y)\/ryneag ede(y).

b
On the other hand, if @ =R x w as in Theorem 3.1, 4 = Id and f = f(u), Theorem 2.5
yields that ¢ (e) = 2,/e/f'(0), for all & > 0. d

In the same context, one can also find the limit when the diffusion factor goes to zero,
but in the presence of an advection field in the form of shear flows.

Theorem 3.3 Assume that e = (1,0,...,0) € RY, the domain Q = R X w has the same form
as in Theorem 3.1, and the coefficients f and A satisfy (3.3 and 3.4) and (3.5), respectively.
Assume, furthermore, that for all y € @, there exists a(y) positive so that A(y)e = a(y)e
in @. Consider, in addition, an advective shear flow q = (q,(»),0,...,0) (y € @) which is
(L1,..., Lq)-periodic with respect to y. Assume that ¢ is a positive parameter and consider
the parametric reaction—advection—diffusion problem

up =&V (A(y)Vu) + ¢,(y) Oxult,x,y) + flx,y,u), t € R, (x,y) € Q, (3.10)
V-AVu(t,x,y) =0, t € R, (x,y) € 0Q, '
where q £ 0 over R X @ and q has a zero average. Then,
lim cg (€)= max (—q,(y)) = max(—q.e). (3.11)
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The situation in this result is more general than that considered in part (b) of Corol-
lary 4.5 in [4]. In details, the coefficients 4 and f can be both non-constant. Meanwhile,
in the result of [4], the coefficients considered were assumed to satisfy the alternative (3.7).

After having the exact value of lim, o+ ¢g, 40 (€)/(/e; We move now to investigate the
limit of the minimal speed of propagation, considered as a function of the period of
the coefficients of the reaction—diffusion equation set in the whole space RN, when the
periodicity parameter tends to +oo. By making some change in variables, we will find a
link between this problem and Theorem 3.1.

Theorem 3.4 Let e = (1,0,...,0) € RN. An element z € RYN is represented as z = (x,y) €
R x RN~ Assume that f = f(x,y,u) and A = A(y) satisfy (3.3), (3.4) and (3.5) with
o =RV d=N—-1land | =1, = = Ly_1 = 1. (That is, the domain and the
coefficients of the equation are (1,1,...,1) pertodzc with respect to y.) Assume furthermore,
that A and f satisfy either (3.7) or (3.8). For each L > 0, and (x,y) € RN, let A,(y) = A(%)
and f,(x,y,u) = f(L, ToU ) Consider the reaction—diffusion problem

u(t,x,y) = V- (A, Vu)(t,x,y) + f.(xp,u), (6,x,y) € R x RY

(3.12)
—v- (A(i)Vu)(t x,y) + f(L i > (t,x,yx) € R x RY,
whose coefficients are (L, ..., L)-periodic with respect to (x,y) € RN. Then,
Jim cp g o5 (@= 2\/J max (), | max ede(y) (3.13)

The above theorem gives the limit of the minimal speed of propagation in the direction
of e = (1,0,...,0) as the periodicity parameter L. — +oc0. The domain is the whole space
RY which is (L,..., L)-periodic whatever the positive number L be. However, one can
find

LLHEOC C]R’\ AL’LqL’fL (6)
whenever g is a shear flow advection. Namely, in the same manner that Theorem 3.1
implies Theorem 3.4, one can prove that Theorem 3.3 implies Theorem 3.5.

Theorem 3.5 Let e = (1,0,...,0) € RY. Assume that f = f(x,y,u) and A = A(y) satisfy
(3.3), (3.4) and (3.5) with o =R\ d=N—1and | =Ly == Ly_; = 1. (That
is, the domain and the coefficients of the equation are (1,1,...,1)-periodic with respect to
y in RN71.) Assume, furthermore, that for all y € RN7L there exists a(y) positive so that
A(y)e = a(y)e in RN=1. Let g = (q,(»),0,...,0) for all y € RN=! such that q; % 0 over

RN=1 g is (1,...,1)-periodic with respect to y and q; has a zero average. Then,
Jm Cry, A, Lqg, f,©= yg]llgvxl( ¢,(y)) = max(—q.e). (3.14)

In the proof of Theorem 3.3 (which implies Theorem 3.5), the assumption that
the advection ¢ is in the form of shear flows plays an important role in reducing
the elliptic equation involved by the variational formula (7.13) below. Namely, since
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q = (q1(»),0,...,0) and since e = (1,0,...,0), then the terms g(x, y)- V., and q(x,y)-e (in
the general elliptic equation) become equal to q;(y)0.yp and ¢q;(y), respectively. As a con-
sequence, and due to the uniqueness of the principal eigenfunction y up to multiplication
by a constant, we are able to choose y independent of x, and hence, obtain a symmetric
elliptic operator (without drift) whose principal eigenvalue was given by the variational
formula (7.15) below (see Section 7 for more details).

Remark 3.6 After the above explanations, we find that the techniques used to prove
Theorem 3.3 which implies 3.5, will no longer work in the presence of a general periodic
advection field satisfying (2.3).

Concerning the influence of advection, we mention that the limit of ¢, , Bq’f(e)/B as
B — 4o (in the general periodic setting) is not yet given explicitly as a function of the
direction e and the coefficients A, g and f. For more details one can see Theorem 4.1 in
[4]. However, the problem of front propagation in an infinite cylinder with an underlying
shear flow was widely studied in [1, 8]. In the case of strong advection, assume that
Q =R x w, where o is a bounded smooth subset of R¥"!, ¢ = (¢,(»),0,...,0), y € o,
and f = f(u) is a (KPP) non-linearity. It was proved, in [16], that

C (e)
lim —2A4Bes/ ]

Bt B (3.15)

where

y= Sup/ a,(y) p*dy,

weD

D:{weHl(w), /|V1,u|2dy < f(0) and / wzdyzl}.

4 Minimal speed within large diffusion factors or within small period coefficients

After having the limit of ¢j, , 4 o ((€)/ /¢ as ¢ — 07, and after knowing that this limit depends
on max,ew {(y) and max,cw ede(y), we investigate now the limit of c;’MA’q,f(e)/\/]T/I
as the diffusion factor M tends to +o0, and we try to answer this question in a situation
which is more general than that we considered in the previous section (in the case where
the diffusion factor was going to 0%). That is in the presence of an advection field and
in a domain Q which satisfies (2.1) and which may take more forms other than those
of Section 3. We will find that in the case of large diffusion, the limit will depend
on

1 1
][C(x,y)dxdy =— / {(x,y)dxdy and ][éAé(x,y)dxdy = —/ eAe(x,y)dxdy,
j Cl Je j €l Je
where C denotes the periodicity cell of the domain Q.

Theorem 4.1 Under the assumptions (2.1) for Q, (2.3) for the advection q, (2.4) and (2.5) for
the non-linearity f = f(x,y,u), let e be any unit direction of IR?. Assume that the diffusion
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matrix A = A(x,y) satisfies (2.2) together with V- A2 = 0 over Q, and v - A2 = 0 over
0Q. For each M > 0 and 0 <y < 1/2, consider the following reaction—advection—diffusion
equation

up =MV (Ax,y)Vu) + M7 q(x,y) Vu + f(x,y,u), t € R, (x,y) € Q,
v-AVu(t,x,y) =0,t € R, (x,y) € 0Q2.

Then

o)
Jim ‘““yﬁqf - 2¢ ]féAa(x,wdx dy \/ ]{c(x,w dxdy,

where C is the periodicity cell of Q.
Remark 4.2

e The setting in Theorem 4.1 is more general than that in Theorem 3.1, where Q =
R x w, e = (1,0,...,0) and 4 = a(y)e. Under the assumptions of Theorem 3.1, the
domain € is invariant in the direction of A&, which is that of . Consequently, if v
denotes the outward normal on 02 = R x 0w, one gets v - 42 = a(y) v - & = 0 over 0L,
while V - (42) = 0/0xa(y) = 0 over Q. Moreover, in Theorem 3.1, we have only reaction
and diffusion terms. That is ¢ = 0. Therefore, considering the setting of Theorem 3.1,
and taking A as a parametric diffusion matrix, one consequently knows the limits of
Cppnos @)/ /B as B — 0F (Theorem 3.1) and as f — +oo (Theorem 4.1).

e The other observation in Theorem 4.1 is that the limit does not depend on the advection
field ¢q. This may play an important role in drawing counter examples to answer many
different questions. For example, the variation of the minimal speed of propagation
with respect to the diffusion factor and with respect to diffusion matrices which are
symmetric positive definite.

e Another important feature, in Theorem 4.1, is that the order of M in the denominator
of the ratio ¢ yr4 ppv g r(€)/ \/JT/I is equal to 1/2. It is independent of y. Consequently, the
case where the advection is null and there is only a reaction—diffusion equation follows,
in particular, from the previous theorem. That is

c (e)
lim —2maes ™ _ ][~A~, dxd 7[ ;y)dxdy.
M-+ \/M \/ce oy y\/CC(xy) -

e The previous point leads us to conclude that the presence of an advection with a factor
M7, where 0 < y < 1/2, will have no more effect on the ratio cg 4\ q’f(e)/a/M as soon
as the diffusion factor M gets very large.

As far as the limit of the minimal speed of propagation within small periodic coefficients
in the reaction—diffusion equation is concerned, the following theorem, which mainly
depends on Theorem 4.1, treats this problem:

Theorem 4.3 Let Q = RN. Assume that A = A(x,y), q = q(x,y) and f = f(x,y,u)
are (1,...,1)-periodic with respect to (x,y) € RY, and that they satisfy (2.2), (2.3), (2.4)
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and (2.5) with L; = -+ = Ly = 1. Let e be any unit direction of RN, such that V -
A2 =0 over RN. For each L > 0, let A,(x,y) = A(x/L,y/L), q,(x,y) = q(x/L,y/L) and
f.(x,y,u) = f(x/L,y/L,u), where (x,y) € RN. Consider the problem

ultox,y) =V (4,Vu)(t%y) + g, Vult,x, y) + £, (5, .0, (6x,y) € R x RY,
(4.1)
Xy Xy Xy
=VvV-(4(2. L A I = 2

whose coefficients are (L, ..., L)-periodic with respect to (x,y) € RN. Then,

Jim G g g p (©= 2\/ ]{eAeoc, y)dxdy \/ ]{C(x,wdx dy,

where, in this setting, C = [0,1] x --- x [0,1] = RN,

The above result gives the limit in any space dimension. It depends on the assumption
V- (42) = 0 in RY. However, if one takes N = 1, and denotes the diffusion coefficient
by a = a(x), x € R, then the previous result holds under the assumptions that a satisfies
(2.2) and da/dx =0 in R. In other words, it holds when a is a positive constant. Thus,
it is interesting to mention that, in the one-dimensional case, the above limit was given
in [13] and [17] within a general diffusion coefficient (which may not be constant over
R). In details, assume that f = f(x,u) = ({(x) — u)u is a 1-periodic (KPP) non-linearity
satisfying (2.4) with (2.5), and R > x +— a(x) is a 1-periodic function which satisfies
0 <o <a(x) <oy, for all x € R, where o; and o, are two positive constants. For each
L > 0, consider the reaction—diffusion equation

0 ult, x) = % <a (%) 2;‘) (t,x) + [g (%) —u(z,x)] u(t,x) for (t,x) € R xR. (4.2)

It was derived in [13] and, formally, in [17] that

1
Ll—irrlg)l+ C;{, a, 0, fL (e) =2 =4 >H A g(X)’ (43)

where < a >, denotes the harmonic mean of the map x — a(x) over [0, 1].

5 Minimal speed within small or large reaction coefficients

In this section, the parameter of the reaction—advection—diffusion problem is the coefficient
B multiplied by the non-linearity f. In fact, it follows from Theorem 2.6 in [3] (recalled
via Theorem 2.5 in the present paper) that the map B cg 4, 5/(€)/ /B remains, with
the assumption v.A2 = 0 on 0L, bounded by two positive constants as B gets very
large. Therefore, it is interesting to find the limit of ¢, 4, 5¢(e)/ VB as B — +o0 even
in some particular situations. Moreover, it is important to find the limit of the same
quantity as B — 0. We start with the case where B — 400 and then we move to that
where B — 0.
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Theorem 5.1 Let e = (1,0,...,0) € RN and B > 0. Assume that Q = R xw < RN, 4 and
f satisfy the same assumptions of Theorem 3.1. That is, f and A satisfy (3.3), (3.4) and (3.5),
and one of the two alternatives (3.7) and (3.8). Consider the reaction—diffusion equation

u(t,x,y) = V- (A(y)Vu)(t,x,y) + B f(x,y,u), for (t,x,y) € R x Q, 5.1)
v-AVu=0 on R xR x 0w. .
Then,
lim Coa08/(¢) _ 2 [max {(y). /max ede(y) (5.2)
B—+w0 \/E yE® yEW ) )

We mention that one can find the coefficients 4 and f, and the domain Q of the problem
(5.1) satisfying all the assumptions of Theorem 5.1, which are the same of Theorem 3.1,
including one of the alternatives (3.7) and (3.8) while one of { and eAe is not constant.
Owing to Theorem 1.10 in [3], it follows that

VB >0, coaops(e) = 2\/5\/1){15% () \/ryeag eAe(y),

which is equivalent to saying that

1 (e
C0.408/() < 2, /max {(y), /max ede(y).

/B yE® yE®

Therefore, there are heterogeneous settings in which the result found in Theorem 5.1
does not follow trivially.

We move now to study the limit when the reaction factor B tends to 0*. However, the
situation will be more general than that in Theorem 5.1 because it will consider reaction—
advection—diffusion equations rather than considering reaction—diffusion equations
only.

Theorem 5.2 Under the assumptions (2.1) for Q, (2.3) for the advection q, (2.4) and (2.5)
for the non-linearity f = f(x,y,u), let e be any unit direction of RY. Assume that the
diffusion matrix A = A(x,y) satisfies (2.2) together with V- Ae¢ =0 over Q, and v - A2 =0
over 0Q. For each B > 0 and y = 1/2, consider the following reaction—advection—diffusion
equation

uy = V- (A(x,y)Vu) + B q(x,y) - Vu + Bf(x,y,u), t € R, (x,y) € Q,

v-AVu(t,x,y)=0, te R, (x,y)€ 0Q.

Then

< R (e)
. e4,B"q,Bf*7 .
Jim, N 2\/ ]{ eAe(x,y)dx dy \/ ]{ {(x,y)dxdy,

where C is the periodicity cell of Q.
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Having the above result one can mark a sample of notes:
The order of B in the denominator of the ratio ¢q 45 ,5s(€)/ B is independent of y
(it is equal to 1/2). Thus, whenever the advection is null, one gets

cr e
Jim QA\OF?() = 2\/ ][EAE(x, y)dx dy\/ ¢(x,y)dx dy.

Therefore, one concludes that the presence of an advection with a factor B”, where
7 = 1/2, will have no more effect on the limit of the ratio ¢, 4 5, q’Bf(e) / \/E as the reaction
factor B gets very small.

On the other hand, it is easy to check that the assumptions in Theorem 5.2 are more
general than those in Theorem 5.1. Consequently, once we are in the more strict setting,
which is that of Theorem 5.1, we are able to know both limits of C;z,A,o,Bf(e)/\/E as
B — +o0 and as B — 0.

6 Variations of the minimal speed with respect to diffusion and reaction factors and with
respect to periodicity parameters

After having studied the limits and the asymptotic behaviours of the functions
g CQSAOf )/ J&r M ¢ ppan g 1(€)//M (for very large M and for 0 < y < 1/2),
B cop .5r(€ /f (y=>1/2) and L +— C]R'VA a, fL( e), where L is a periodicity para-
meter, we move now to investigate the variations of these functions with respect to the
diffusion and reaction factors and with respect the periodicity parameter L. The present
section will be devoted to discuss and answer these questions.

We sketch first the form of the domain. 2 = R" is assumed to be in the form R x o
which was taken in Section 3. As a review, @ =R x w < RY, where @ < R?Y x RN—4-1
(d > 0). If d = 0, the subset w is a bounded open subset of IRN~!. While, in the case
where 1 <d< N—1, wisa (Ly,...,Ly)-periodic open domain of R¥~! which satisfies
(2.1); and hence, Q is a (I, Ly,..., Ly)-periodic subset of R that satisfies (2.1) with [ > 0.
An element of @ = R x o will be represented as z = (x, y) where y € < RY x RN~
With a domain of such form, we have:

Theorem 6.1 Let e = (1,0,...,0) € RN. Assume that Q has the form R x o which is
described above, and that the diffusion matrix A = A(y) satisfies (3.5) together with the
assumption

A(x,y)e = A(y)e = a(y)e, for all (x,y) € R X @, (6.1)

where y +— a(y) is a positive (L1,..., Ly)-periodic function defined over @. The non-linearity
f is assumed to satisfy (3.3) and (3.4). Moreover, one assumes that, at least, one of - Aé
and { is not constant. Besides, the advection field q (when it exists) is in the form q(x,y) =
(q,(»),0,...,0) where q, has a zero average over C, the periodicity cell of w. For each f > 0
consider the reaction—advection—diffusion problem

=pV-(AQy Vu)—l—fq )oxu+ f(x,y,u), t € R, (x,y) € Rxw,
v-AVu(t,x,y)=O, t € R, (x,y) € 0Q.
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Then the map B+ c, s \/ﬁqf(e)/\/ﬁ is decreasing in § > 0, and by Theorem 4.1, one

has
Jim %J%%(e) — 2¢ ][éAé(y)dy \/ ][/:(y) dy,

where C is the periodicity cell of w.

Remark 6.2 In the same setting of Theorem 6.1 but with no advection, that is ¢, = 0,
we still have f+— C:z,/f A,o,f(e)/ \/[7 as a decreasing map in f§ > 0. Moreover, if one of the
alternatives (3.7) and (3.8) holds and there is no advection, Theorem 3.1 yields that

¢ e
p—0* gﬁj}gf() =2 I%lefg( éAé(y) I?E%%(C(y)

The preceding result yields another one concerned in the variation of the minimal speeds
with respect to the periodicity parameter L. In the following, the domain will be the whole
space RN, We choose the diffusion matrix A(x,y) = A(y), the shear flow g and reaction
term f to be (1,..., 1)-periodic and to satisfy some restrictions. For each L > 0, we assign
the diffusion matrix A, (x,y) = A(x/L,y/L), the advection field ¢, (x,y) = q(x/L,y/L) and
the non-linearity f; = f(x/L,y/L,u) and we are going to study the variation, with respect
to the periodicity parameter L, of the minimal speed cgy 4 ,  (€), which corresponds to
the reaction—advection—diffusion equation within the (L, ..., LL)-periodic coefficients 4,, q,
and f,:

Theorem 6.3 Let e = (1,0,...,0) € RN. An element z € RY is represented as z =
(x,y) € R x RN~ Assume that A(x,y) = A(y) (for all (x,y) € RN ) and f(x,y,u) satisfy

(3.3), (3.4) and (3.5) with o = RN, d = N—1land | = Ly = -+ = Ly_; = 1.
Assume furthermore, that for all y € RN~ A(x,y)e = A(y)e = a(y)e, where y > a(y)
is a positive (1,...,1)-periodic function defined over RN~ and that, at least, one of - Ae

and { is not constant. Let q be an advection field satisfying (2.3) and having the form
q(x,y) = (q,(),0,...,0) for each (x,y) € RN. Consider the reaction-advection—diffusion
problem,

V(tx,y) e R x RN,

6.2
u(t,x,y) =V - (A, (y)Vu)(t,x,y) + (q,),(»)0xu(t, x,y) + f,(x, y,u), (62)

whose coefficients are (L, ..., L)-periodic with respect to (x,y) € RN,
Then, the map L cgpy , (e) is increasing in L > 0.
Apapf;

Remark 6.4 The assumptions of Theorem 6.3 cannot be fulfilled whenever N = 1. How-
ever, assuming that N = 1 and that the function

4 <a>py
<{>4 a

is not identically equal to 2 (where a(x) is the diffusion factor, < a >y and < { >4 are,
respectively, the harmonic mean of x — a(x) and arithmetic mean of x — {(x) over [0, 1]),
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it was proved, in [13], that L+ cpy i f (e) is increasing in L when L is close to 0. In
. . . . L2 ALY L . . .
particular, if a is constant and { is not constant, or if u is constant and a is not constant,

then L — CRN.a,.q, f, (e) is increasing when L is close to 0.

Concerning now the variation with respect to the reaction factor B, we have the
following:

Theorem 6.5 Assume that Q@ = R x w and the coefficients A, q and f satisfy the same
assumptions of Theorem 6.1. Let e = (1,0,...,0) and for each B > 0, consider the reaction—
advection—diffusion problem

u =V (A(y)Vu) + /Bq,(y)0u + Bf(x,y,u), t€ R, (x,y) € Rxow,
v-AVu(t,x,y) =0, teR, (x,y) € 0Q.

Then, the map B +—

CoasBanr@ . . Lo
2. B;‘Bf is increasing in B > 0.

As a first note, we mention that Theorem 6.5 holds also in the case where there is no
advection. On the other hand, Berestycki, Hamel and Nadirashvili [3] proved that the map
B— czqu’quf(e) is increasing in B > 0 under the assumptions (2.1), (2.2), (2.3), (2.4) and
(2.5) which are less strict than the assumptions considered in our present theorem. How-
ever, the present theorem is concerned in the variation of the map B +— c;’ 4. JBaB f(e) / \/E
rather than that of B cp 4 , 5¢(e).

Remark 6.6 Owing to the same justifications given after Theorem 3.5, one concludes the
importance of taking, in Section 6, an advection in the form of shear flows. To study the
variations of the minimal speeds as in Theorems 6.1, 6.3 and 6.5, but in a more general
framework (general advection fields, general diffusion, etc..... ), formula 2.7 remains an
important tool. However, we will no longer have variational formulations as (7.62) below.
These problems remain open in the general periodic framework.

7 Proofs of the announced results

In this section, we are going to demonstrate the theorems announced in Sections 3, 4, 5
and 6. We will proceed in four subsections, each devoted to proving the results announced
in a corresponding section.

7.1 Proofs of Theorems 3.1, 3.3 and 3.4

Proof of Theorem 3.1. Under the assumptions of Theorem 3.1, we can apply the varia-
tional formula (2.7) of the minimal speed. Consequently,

ke cA, 0,¢(4)

Casapsle) = min —==——==—, (7.1)

where kg, .40:(4) 18 the first eigenvalue (for each 4, ¢ > 0) of the eigenvalue problem

LQ’e, A, 0,0, %= kQ,e, ¢A, O’C(i) p(x,y) over R x w; 72
v-AVyp =0 onR X Ow,
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and

Lo, ¢a,0,¢,.0(:y) = eV (AQ)Vp(x,y)) —2&ide - Vip(x,y)

+[e2%eA(y)e — 7.6V - (A(p)e) + L(0)p(x, y),

for all (x,y) € R x w.

Initially, the boundary condition in (7.2) is v- AVyp = Av-Ae on 02 = R x 0w; where
v(x,y) is the unit outward normal at (x,y) € 0Q2. However, 2 = IR X w is invariant in
the direction of e which is that of Ae in both alternatives (3.7) and (3.8). Consequently,
v-Ae =0 on 0Q.

We recall that for all 4 > 0, and for all ¢ > 0, we have kg, :4,0,(4) > 0. Also, the first
eigenfunction of (7.2) is positive over @ = R x @, and it is unique up to multiplication
by a non-zero constant.

In our present setting, whether in (3.7) or (3.8) and due to the assumption (3.4), one
concludes that the coeflicients in Lo, 4,07, are independent of x. Moreover, in both
alternatives (3.7) and (3.8), the direction of Ae is the same of e = (1,0,...,0). On the other
hand, since 2 = R X w, then for each (x,y) € 02, we have v(x,y) = (0;v4,(y)), where
ve(y) is the outward unit normal on dw at y. Consequently, the first eigenfunction of (7.2)
is independent of x and the eigenvalue problem (7.2) is reduced to

Lo, ¢4,0,0,20 1 =&V (AW)Vo(y)) + [¢ 2eA(y)e + L(»)](y)
= kQ,e, ¢A, 0, C(/l) ¢ over w; (7.3)
v(x,y) - AY)Ve(y) = (0;vu(y)) - A(»)Ve(y) =0 on R x dw,

where ¢ = ¢(y) is positive over @, L-periodic (since the domain w and the coefficients
of Lo, :40¢, are L-periodic), unique up to multiplication by a constant, and belongs to
C3(@).

In the case where d > 1, let C < IRVN~! denote the periodicity cell of w. Otherwise,
d = 0 and one takes C = w. In both cases, C is bounded. Multiplying the first line of
(7.3) by ¢, and integrating by parts over C, one gets

¢ / V- A(y)Vebdy — / [72eA()e + L] $0)
_ C
—ko, ea,0,0(4) = y
/C #2() dy

One also notes that, in this present setting, the operator Lo, 40, is self-adjoint and its
coefficients are (Ly,..., Lqy)-periodic with respect (y1,...,yq). Consequently, —kg. c4.0:(2)
has the following variational characterisation:

(7.4)

: / Vo A()WVody — / [s72eA()e + ()] 92() dy
C

e eA, 0,04 peH!(C)\{0} /(pz(y)dy "
c
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In what follows, we will assume that (3.7) is the alternative that holds. That is, ede = «
is constant. The proof can be imitated easily whenever we assume that (3.8) holds.

The function y — {(y) is continuous and (Li, ..., Ly)-periodic over @, whose periodicity
cell C is a bounded subset of R¥~! (whether d =0 or d > 1). Let yo € C < @ such that
maxyew ((y) = {(yo) (trivially, this also holds when ( is constant). Consequently, we have

. _ 2 2
e /C Vo AVop /C (exd” + L(¥)e

Ve H\(C)\ {0}, > —[ead? + L))

[ o0
C
This yields that
Ve>0.¥1>0,—kgy, o4 0.0(2) = —[e22 + (o). (7.6)
Consequently,
kg, (4)
v3>o,vx>o,% < /loca—l—af{()). (1.7)

However, the function 4 — Aae + {(y9)// attains its minimum, over R™, at A(e) =

v/{(y0)/ae. This minimum is equal to 2,/{(yo) x \/oe. From (7.7), we conclude that

ke ((2))
% < 22/ ().

Finally, (2.7) implies that cg, caof(€) = mingsokoe e, oc(A)/A < 2 JueJL(yo), or equi-
valently

Ve >0, ‘“fi}f < 22/ () (7.8)

We pass now to prove the other sense of the inequality for liminf,_o+ ¢, 40 (€)/ (/2
We will consider formula (7.5), and then organize a suitable function p which leads us to
a lower bound of liminf, o+ c5 40 s(€)/ /-

We have {(yg) > 0. Let 6 be such that 0 < ¢ < {(yp). Thus 0 < {(y9) — 0 < maxg {(y).
The continuity of {, over C < @, yields that there exists an open and bounded set U = C
such that

Vye U, {(y)—0 <L) (7.9)

Designate by y, a function in Z(C) (a C*(C) function whose support is compact), with
suppy < U, and [, y? = 1. One will have,

Vi>0,Ve >0,
Ky o, 0,00 / Vip - A(y)Vip dy — / [s72eA(y)e + L) () dy

<e /U Vi AWV dy — [e7% + {(vo) — 5] /U P20 dy

<e / wlVpl2 — [2% + L(v0) — 8], by (3.5),
U
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or equivalently

ko, (4)
% > Jae + %ﬁ(s), (7.10)

where f(e) = {(yo) — & — & [, 2| Vip[%. Choosing 0 < & < {(yo) — &/oz [, [Vy|* (this is
possible), we get f(g) > 0.

The map A+ Adae + 1/4 B(e) attains its minimum, over R™, at A(e) = +/fB(¢)/ex. This
minimum is equal to 2, /ea,/B(e).

Now, referring to formula (7.10), one gets

k., )
For ¢ small enough, % > 2 e /Ble) for all 1> 0.

Together with (2.7), we conclude that

cy e
for ¢ small enough, “0s104(¢) > 2./ P(e)/o (7.11)

NG

Consequently,

cy e
lim(i)nfg’”:’o[f() > 1im(i)nf2\/[3(s)\/&
e—0F & g0t

=2/{(yo) —d./x (since y is independent of &),

and this holds for all 0 < ¢ < {(yg). Therefore, one can conclude that

lim(i)nfcg’”A’\O[’fM SENCNAT) (7.12)
e—0t &

Finally, the inequalities (7.8) and (7.12) imply that lim,_,o+ % exists, and it is equal
to

22/ =2, [maxed(y)e, fmax{(y).

We note that the same ideas of this proof can be easily applied in the case where the
assumption (3.8) holds. In (3.8), we have { is constant; however, ede is not in general.
Meanwhile the converse is true in the case (3.7). The little difference is that, in the case of
(3.8), we choose the subset U (of the proof done above) around the point yy where ede
attains its maximum and then we continue by the same way used above. |

Proof of Theorem 3.3 We have

Kk )
Chanog(€) = min %

min 7 , (7.13)

where (due to the facts that g is a shear flow, e = (1,0,...,0) and e is an eigenvector of
the matrix A(y) for all y € @) kg, ¢4, 4,(4) is the principal eigenvalue of the problem

LQ,e, EA,q,{,ﬂp(xa y) = kQ,e, eA, q,( ()“) U’(X, y) over R x ;]
v - AVy =0 onR x dw,
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with
Loeeaqeny =&V - (A()Vy) — 2eda(y) 0y + q,(y)0xp

(7.14)
+ [e22eA(y)e — 2q,(y) + L{(»)]y over R x o.

The uniqueness of the principal eigenfunction iy up to multiplication by a constant,
yields that one can choose 1 independent of x. Hence, the elliptic operator Lg .4, 4, can
be reduced to the symmetric operator

Loesaqrs ¥ =V (A(p)Vy) + [e 22eA(y)e — 2q,(y) + ().
Consequently,
Vi > O, Ve > O, _kQ,e,gA’q’:(;L)

slﬁw%@Ww@+g£%m¢—ﬂy%mww+cwnﬂww

= rpicn\(01 (7.15)
H
peH(C)\{0] /g02(y)dy
c
Formula (7.15) yields that
V4>0,e>0, —koeea,q:(4) = —2max(—qi(y)) — 2 max eA(y)e — max {(y),
yE®D yE®D YE®D
or equivalently
Kaeonac () Taxc)
V>0, Ve >0, —=200 < max (—qi(y)) + e max eA(y)e + ————
2 yED yED A
Putting 1 = A(e) = % > 0 into the last inequality yields that
k (4)
. Mae €A, q,C
e 6% Y557 T~ _ .
min > < max( ql(y))+2\/5\/r;1€awxe A(y)e\/r;lea}}gé(y),
and hence,
lim sup Copagr(e) < max (—qu(y). (7.16)

Now, we take yo € C (C is the periodicity cell of w) such that max,es (—q1(y)) =
—q1(yo) > 0 (since ¢ is periodic with respect to y, q; £ 0 and ¢q; has a zero average) and
we take 0 > 0 such —qi(y9) — d > 0. It follows, from the continuity of ¢, that there exists
an open subset U < C such that yy € U and

VyeU, —qi(y) = max (—q1(y)) — 0.

Let 1 be a function in 2(C) with suppy < U, and fU p? = 1. Referring to (7.15), it
follows that

kQ,e, eA, q, C(;“)

Vi >0,Ve >0, g

1
> —qi(y0) =6+ Zemine - Ae + = fle).  (7.17)
ye® 3
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where f(¢) = min,ez {(y) — er o2|Vip|> > 0 for a small enough ¢ > 0 (2 > 0 is the
constant appearing in (3.9)).
It follows from (7.17) that

ko, A, U)
2 q,C _
Vi >0,Ve >0, qi1(yo) — 0 +2./e /Ignne Aer/p

Together with (7.13), and since 6 > 0 is arbitrary, one gets

liminf ¢ iq(e) > —g1(0) = max(—q: (7)) (7.18)
Finally, (7.16) and (7.18) complete the proof of Theorem 3.3. ]

Proof of Theorem 3.4 Consider the change of variables
o(t,x,y) = u(t,Lx,Ly), (t,x,y) € R xR x RN,

The function u satisfies (3.12) if and only if v satisfies
1
vi(t, X, y) = = V- (A(y)Vo)(t,x, ) + f(x, y,0) over R x R x RN~ (7.19)

Consequently,
VL>0, C;(N,AL,O, 1, (e) = Lc]’;N’L%A,O’f(e) (7.20)

Taking ¢ = 1/L2, and applying Theorem 3.1 to problem (7.19), one then has

.
Ry L 40,1(¢)

. C
lim — 2" — lim M =2 [ max {(y). | max eA(y)e.  (7.21)
L—+o0 1 e—0t yeRN-1 y € RN-1
Vi
Finally, (7.20) together with (7.21) complete the proof of Theorem 3.4. O

7.2 Proofs of Theorems 4.1 and 4.3

Proof of Theorem 4.1 The proof will be divided into three steps:
Step 1. According to Theorem 2.4, and since v - 42 = 0 on 0L, the minimal speeds

Comamrgs(€) are given by:

koo MA, M7 g, c(P)
i M7 g (@) = min 2L
MA, q.f />0 A

VM >0, ¢

where ko e pma, M7 q0(4) and y»M denote the unique eigenvalue and the positive L-periodic
eigenfunction of the problem

MYV - (AVyp M)y —2M 2z - AVp*M + M7 q - V™M + [22M ede — M7 q - & + {Jp™M
= kQ,e, MA, M'y q, C(/l)w}’M in Q,

with v - AVyp»M = 0 on 0Q.
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For each 2 > 0 and M > 0, let ' = }u\/]T/I, and let koe ma mrgr(A) = w2, M).
Consequently,

C 2
VM >0, 2MAV 4] Ty, B (7.22)

where u(4', M) and w)"/’M are the first eigenvalue and the unique, positive L-periodic (with
respect to x) eigenfunction of

MV - (AVy* My = 2)/ JMe - AVp* M + M7q - Vip? M

/ o i (7.23)
w4, Myyp*-* in €,

M

with v - AVyp? M =0 on 0Q.
Owing to the uniqueness, up to multiplication by positive constants, of the first eigen-
function of (7.23), one may assume that

VA >0, ¥ M >0, [[p" M| = 1. (7.24)
Moreover, for each M > 0, min,'_ “MA M) is attained at > 0. Thus,
"* v q. 1 2 M 2 M
M >0, 2MAM g [T M), M) (7.25)

"G
JM V>0 A Ay

The above characterization of ¢g y14 v, r(€)/+/M will be used in the next steps in order
to prove that iminfuy— o o praam g p(€)//M (resp. imsupy_, o Coaram 4 p(€)/ /M) is
greater than (resp. less than) 2\/3‘% eAe(x,y)dxdy \/fc {(x,y)dxdy; and hence, complete

the proof.

Step 2. Fix A" >0 and M > 0. We divide (7.23) by wi,M then, using the facts V.42 =0
in Q and v - 42 = 0 on 0L, we integrate by parts over the periodicity cell C. It follows
from (2.3) and the L-periodicity of 4, { and y*°M that

V AM AV )M ,
/ v w —l—"z/eAe—l—/C—HU M)[C], (7.26)

where |C| denotes the Lebesgue measure of C. Let

my =][éAE = 1 / 2A(x,y)edxdy and m =][C(x,y)dx dy.
c ICl Je c
One concludes that

V2 >0,¥YM >0, u(,M) > z’zféAH][c:z’zmoer,
C C
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whence

, 2 M ,
v >0, vM >0, M > VS me + iﬂ (7.27)

The right side of (7.27) attains its minimum over R* at i(; =/ This minimum is

equal to 2_/mom.

Consequently, for any M > 0, %M“(e) =min, M > 2 /mom. This yields that

C; M4, M’ g f(e)
ll{dnllfg T’ > 2 ]géAé(x,y)dxdy ]{C(x,y)dxdy. (7.28)

Step 3. Fix /' > 0 and M > 0. Multiply (7.23) by/ w)',’M and integrate by parts
over C. Owing to the L-periodicity of Q, A, { and -, and due to the facts that

N 2
fc (M) =1,V-42=01n Q, and that v - 42 = 0 on 3Q, together with (2.3), one gets

y / , ;o2 )
—M/le'wM-AwLMH 2/%Aé(w;"M) +/C(w“”)
C C C

A N YR '
— e [ = (729)

whence

’

A

1,
37

Vi >0,YM>0,0< (i ,M)< 2 0+ f+

(g @) [oes

where o = max, g €48(x,y) and f = max, g ((x,y). Together with (7.27), one gets

A

V2 >0, YM>0,0< 2 mg+m<pu(h,M)<2 ot p+

—11(g &) [le.  (7.30)

1
2

Ify= %, then — 11(q-8) |lo=21(q2) ||o. On the other hand, if 0 <y < 1, then

M2

(!

[[(g-2) [lo— 0 as M — +oo.

1,
37

Consequently, the right side of (7.30) is bounded above by a positive constant B which
does not depend on M and 7. This yields that

V2 >0, 0<limsupu(t,M) < +o.
M—+c0

On the other hand, it follows from (2.2) and (7.29) that VA" > 0,YM > 0,

0<oc1/ |Vw*"M|2</le*"M-Av1p”~M
C C

. D[ a2 ;2 J) 2
{—W,M)H /eAe(w’~M> +/cw“4) . /q-e(w ’Mﬁ
fo c M2 Jc

<

w2/ -
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Meanwhile, limp;_, 1o % = 0, one then gets

V2 >0, lim /|V1p'”~”M\2:0,
M—+w0 C

Vi >0, YM > 0, /(qﬂ"Mf =1
C

(7.31)

Fix 2" > 0, and let (M,), be a sequence converging to +c0 as n — 4o and such
that u(Z, My) — 1*M) as n — +oo. It follows, from (7.31), that Hlpi/’M"HH](C) — 1 as
n — —+oo. Thus, the sequence (1;))',*“”),1 is bounded in H!(C). Therefore, there exists a
funption yp** € HY(C) such that, up to extraction of some subsequence, the functions
(7 Mny, converge in L*(C) strong, H'(C) weak aqd almost everywhere in C, to the
function 1p” . Consequently, and owing to (7.31), p*  satisfies

! 2
/ (p**) =1, and (7.32)
C

1

< / th"“‘lz) < liminf ( / |V1p}"’M"|2) =0. (7.33)
c M,—+0 \ Jc

From (7.33), it follows that for all i° > 0, the function 1p’1/’°° is almost everywhere
constant over C. On the other hand, the elliptic regularity applied on equation (7.23) for
M = M,, implies that V. > 0, the function w)'/*oc is continuous over C. Consequently,
referring to (7.32), one gets

/ N 1 _
VA >0, yp~*= over C. (7.34)

VICI

Consider now equation (7.23). Fix 2, take M = M,, and integrate by parts over C. It
follows, from (2.,2), (2.3) and the assumptions Y.Aé =0 over Q with v.A2 =0 on 0Q, that
Joe My V- (AVy* My = 0, [ =22/ /M2 - AVyp* M =0, and [, q - Vyp* M = 0. Hence,

’

A ' ) y y , y
_ — / q- éw) M, + y) 2 / e Aélp/b M, + / C lp/t My ,U()\. , Mn) / lplu ,M,,. (735)
Mnj tJc C C C

Meanwhile, the functions y” M converge to the constant function y** in L?*(C) strong;

and hence, in L'(C) strong (C is bounded, so L*(C) is embedded in L!(C)). Let M,, — +c0
in (7.35):
In case y = 1/2, one has

i / , , L
17.,/q'EwA;Mn:v/q-élp/h,Mn_)/Lw;v,%/q.é:O’
M Jc c .

as n — +oo (from (2.3)). Also, in the case 0 <y < 1/2, one trivially has

ln/q'étp“M”—>0 as n — +oo.
c
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Moreover, ¢4¢ and { are in L*(C). Thus, as M,, — +o0 in (7.35), we get
l/zwl’m/ eAe —{—w}',m/g — l)./,(Mn) w).',oo|c"
¢ c

One concludes that

’ lil’(M ) C ’ m
. >0 = —. 7.36
>0 = ]{ 7 = Amot (7.36)
Whence for /' =/, = -, one gets L W") =2 _fmgm.

0

On the other hand, for all M,,

c ) e , )
omaMyg £ G M) _ U M)

JM, s A TN

(7.37)

’

. . Contant o (@ i (M) .
Passing M, — +o0, one gets limsupy, ., Q’M”\%%”’ <! U), = 2_/mom, and this holds
n vo

for all sequences {M,}, converging to +oo. Thus,

lim sup foma M’ q f \/][eAe X,y dxdy\/ {(x,y)dxdy. (7.38)

M—+w0

Having (7.28) together with (7.38), the proof of Theorem 4.1 is complete. O

Proof of Theorem 4.3 We will consider the change of variables similar to that made in
the proof of Theorem 3.4:

v(t,x,y) =u(t,Lx,Ly), (t,x,y) € R xRM.

After the same calculations done there, one gets that u satisfies (4.1) if and only if v
satisfies

1 1
v(t, x,y) = FV “(A(x, y)Vo)(t, x, y) + 79 Vo(t,x,y) + f(x,p,v) over R x RN, (7.39)

Consequently,
VL >0, cpy AL,quL(e) = Lc]RN Lad qf( e). (7.40)

On the other hand, the coefficients and the domain of problem (7.39) satisfy all the
assumptions of Theorem 4.1. Taking M = 1/L2 and y = 1/2, then (7.39) can be rewritten
as

vi(t, %, ) = MV - (A(x, y)Vo)(t, x,y) + M? q - Vo(t,x, y) + f(x, y,0) over R x RV,

In this situation, the periodicity cell of the whole space RY is C = [0,1] x --- x [0, 1].
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It follows, from Theorem 4.1, that

oy e *

A TR Y

L0+ 1 M—+oo \/M
el
L (7.41)

=2 \/][éAé(x, y)dxdy \/][C(x,y) dxdy.
C C
Having (7.40) together with (7.41), the proof of Theorem 4.3 is complete. O

7.3 Proofs of Theorems 5.1 and 5.2

Proof of Theorem 5.1 The main ideas of this proof are similar to those in the demon-
stration of Theorem 3.1. Applying the variational formula (2.7) of the minimal speed, one
gets

Coa0,(€) = Enin —_— ’)’ ) (7.42)

where kg, 408:(4) is the first eigenvalue (for each 4, B >0) of the eigenvalue problem:

{Lsz,e,A,o,B:.z W%, ¥) = ko, 4 0n (2) W(x, ) over R x w; (743

v-AVy =0 onR x dw,

and

Loe a080w(x,y) = V- (A(y)Vy(x,y)) —244e - Vy(x,y)
+[2eA(y)e — AV - (A(y)e) + BL(y)w(x,y),

for each (x,y) € R x w.

We recall that for all 2 > 0, and for all B > 0, we have kg, 4,08:(4) > 0. Also, the first
eigenfunction of (7.43) is positive over Q = R x @, and it is unique up to multiplication
by a non-zero constant.

Moreover, whether in (3.7) or (3.8) and due to (3.4), one concludes that the coefficients
in Lo, 4,0,8¢,; are independent of x. Hence, the first eigenfunction of (7.43) is independent
of x and the eigenvalue problem (7.43) is reduced to

Ly, 40Bt. 20 = V- (A0)VW)) + [2eA(y)e + BL(1)p(y)
= koe a,08:(4) ¢ over w; (7.44)

v(x,y) - A(Y)VP(y) = (0;vu(y)) - A(y)Ve(y) =0 on R x 0w,

where ¢ = ¢(y) is positive over @, L-periodic (since the domain w and the coefficients
of Lo e a0, B¢, ) are L-periodic), unique up to multiplication by a constant, and belongs
to C?(@).

In the case where d > 1, let C = RN~! denote the periodicity cell of w. Otherwise,
d = 0 and one takes C = w. In both cases, C is bounded. Multiplying the first line of
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(7.44) by ¢, and integrating by parts over C, one gets

/C V- AW dy — /C [eA(v)e + BL()] ¢2()dy
) —
/C ¢*(y) dy

One also notes that, in this present setting, the operator Lq . 40,5, is self-adjoint and its
coefficients are (Ly, ..., Lqg)-periodic with respect (yi,...,yq). Consequently, —kq . 4,0.8:(4)
has the following variational characterisation:

—kg, 4.0 BC (4 (7.45)

/ Vo AyVedy - / [i2eA(y)e + BL(y)] ¢*(y)dy
—kg, 40 Br(A) = _min c c ‘

peH(C)\{0} / qoz(y) dy
C

(7.46)

In what follows, we will assume that (3.7) is the alternative that holds. That is,

eAe = o is constant. The proof can be imitated easily whenever we assume that (3.8)
holds.

The function y +— {(y) is continuous and (Ly,..., Ly)-periodic over @, whose periodicity

cell C is a bounded subset of RN~! (whether d = 0 or d > 1). Let yo € C = @ such

that max {(y) = {(yo) (trivially, this also holds when { is constant). Consequently, we

VEW
have

/ Vo Ao — / (@2 + BL(Y)g?
C C

Vo € H(C)\{0}, > —[a2” + B{(n)]-

/ @*(y)dy
C
This yields that
VB>0,Vi>0—kg, 0pr(4)= —[oi? + B{(yo)]. (7.47)
Consequently,
kg (4) B
v3>0,v1>0,% <za+@. (7.48)

However, the function 2 — A« + (B {(yy)/4) attains its minimum, over R™, at A(B) =

w/w. This minimum is equal to 2,/B{(y0) X /2.

From (7.48), we conclude that W < 24/Ba /(o).
Finally, (2.7) implies that

X ko, a0.BrA)
Goro g (@) = min —2=20BT B0 /),

or equivalently

VB >0, C‘“‘\Or;f(e) < 242v/Z00). (7.49)
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We pass now to prove the other sense of the inequality for liminfp_, 1., “a08/()

will consider formula (7.5), and then organize a suitable function y which leac]r sustoa

[ (e)
lower bound of liminfg_, ., ~24%8—,

We have {(yo) > 0. Let 6 be such that 0 < ¢ < {(y9). Thus 0 < {(y9) — 0 < maxg {(y).
The continuity of {, over C < @, yields that there exists an open and bounded set U = C
such that

{(yo) =0 <l(y) Vye U (7.50)

Designate by y, a function in Z(C) (a C*(C) function whose support is compact), with
suppyp < U, and [, p? = 1. One will have,

VA>0,VB >0,
kg 0B < /U Vip - A(y)Vip dy — /U [eA(y)e + BL3)]w(y)dy

< /U Vi - AV dy — [ + B(L(y0) — )] (by (7.50))
< / IVl — 22 + B({(yo) — 8)] by (3.5),
U

or equivalently
kQ,e,Az OaB C()“)

B
- > Jo + — p(B), (7.51)
A A

where p(B) = {(yo) — — % fU a2|Vip|?. Choosing B large enough, we get p(B) > 0 (this is
possible since {(yo) —d >0 and also [, o |Vip)? > 0). The map A+ Ao + % p(B) attains

its minimum, over R*, at A(¢) = \/B"T(m. This minimum is equal to 2./B a /p(B).
Now, referring to formula (7.51), one gets,

k
for B large enough, % > 2/Bo+/p(B) forall 1>0.

Together with (2.7), we conclude that

for B large enough, M = 2+/p(B) f (7.52)

JB

Consequently,

c, (e)
o A0, Bf .
liminf 22221 > liminf 2,/p(B
s T B iminf 2./p(B)
=2/{(yo) —d/x (since y is independent of B),

and this holds for all 0 < ¢ < {(y¢). Therefore, one can conclude that

1}313%“% > 2. /() (7.53)
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¢ ;Z.A,O,B f(e )

Finally, the inequalities (7.49) and (7.53) imply that limp_, exists, and it is

equal to 2, /a,/l(yo) = 2,/maxg eA(y)e,/maxg {(y).

The above proof was done while assuming that the alternative (3.7) holds. The same
ideas of this proof can be easily applied in the case where alternative (3.8) holds. In (3.8),
we have { as constant; however, ede is not in general. Meanwhile the converse is true in
the case (3.7). The little difference is that, in the case of (3.8), we choose the subset U (of
the proof done above) around the point yo where ede attains its maximum and then we
continue by the same way used above. O

Proof of Theorem 5.2 According to Theorem 2.4, and since v - A2 = 0 on 0L, the minimal
speeds ¢ 4 pr q.5f(€) are given by

k ¥ (4)
. . "0ea B"q, B{
VB >0 co, 1 g, B =R 7 ’

where ko, 4 pr 4 5:(4) and p*B denote the unique eigenvalue and the positive L-periodic
eigenfunction of the problem

V- (AVp*B) — 228 - AVyp*E + B'q - VB + [J2e4e — AB'q - &+ B{] p*P

=ko, 4 B g, B¢ W in @ withv-AVy =v - AVp*P =0 on 3Q.

For each 4 > 0 and B > 0, let ' = 1//B, and let ko, ap 45:(2) = w,B).
Consequently,

’

T (e) )
oAB g Bf = min Lﬁ ,B)’
VB V>0 A
where u(2', B) and w)',’B are the first eigenvalue and the unique, positive L-periodic (with

respect to x) eigenfunction of

VB >0, (7.54)

V- (AVy"B) —27//Be - AVy’ ® + Big - Viph B

’

,B)yp**8 in Q, (7.55)

’

! [ } !
+ 2 Bede— B g2+ By P = u(i
with v - AVyp? B = 0 on Q.

Owing to the uniqueness, up to multiplication by positive constants, of the first eigen-
function of (7.55), one may assume that

Vi >0, ¥B >0, [p" Bz =1 (7.56)

Moreover, for each B > 0, min; _, ”()A/ ;;3 ) is attained at Az > 0. Thus,

‘a8 q Bf' _ . p0.B) _ pipB) (7.57)

\/E i'so A'B Big

!

VB >0,
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Having the above characterisation, one can now imitate the steps 2 and 3 in the proof
of Theorem 4.1 to prove that

liBHl%)r}f ‘o4 B’ q, Bf(e)/\/E

(resp. limsupg_,o+ ¢ 4 7 Bf(e)/\/E ) is greater than (resp. less than)

2\/][EAé(x,y) dxdy \/][C(x,y) dxdy;

and hence, complete the proof of Theorem 5.2. O

7.4 Proofs of Theorems 6.1, 6.3 and 6.5

Proof of Theorem 6.1 Referring to Theorem 2.4, it follows that for each f > 0, we have

cQ,/fA,\/[?q,f(e) — min koe pa. (%)

JB >0 B ’

where kg, g4, N q.c(2) is the first eigenvalue of the problem

Loepa paciP(X0) = koo pa jpqc(A)w(x,y) over R X o} 7.58)
7.5
v.AVyp =0 on R X 0w,

where
Lo epa, paci = BY - (Ay)Vyp) —2BAo(y) 0 + /B 4, ()0

+[B22eA(y)e — 23/ a,(y) + L(»)]p over R x w.

The boundary condition follows so from the facts that @ = R x w, e = (1,0,...,0) and
that A(y)e = a(y)e over w. These yield that v - 4e = 0 over 0Q and V - Ae = 0. Moreover,
for each (x,y) € 0Q2, we have v(x, y) = (0;v,(y)), where v, (y) is the outward unit normal
on Jw at y.

On the other hand, the function y is positive, (Li,..., Ly)-periodic with respect to y,
and unique up to multiplication by non-zero constants. Meanwhile, the coefficients 4, ¢
and { are independent of x. Thus the eigenfunction y will be independent of x and our
eigenvalue problem is reduced to

BV - (A)Vy(»)) + [B 22eA(y)e — iBa,(y) + ()] w(»)
= kQ,e,ﬁA,ﬂq,g(;L)IP(y) for all y € o, (7.59)
v(x,y) - AY)Ve(y) = (0;5v,(y)) - A(y)Vy(y) = 0 on R x dw.
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For each 4 > 0 and f > 0, let ' = )u\/[?, and let ko, g4 \/Fq,é()“) = u(/, p). Since for
@) is attained at A(p), it follows that

. k P
each f > 0, min;~g ”’“‘f“*i""*

C, (e) )
Vg0, —esaes ) g KAL) (7.60)

N/ is0 A

where u(2, B) is the first eigenvalue of the problem

Lbp = BV - (A()V) + [ eA(y)e — 2 ¢, () + LONw = w2, By in o,
v-AVy =0 on dw.

(7.61)

The elliptic operator Lf, in (7.61) is self-adjoint. Consequently, the first eigenvalue
w(2, B) has the following characterisation?:

Vi >0, VB >0, —H(il,ﬁ)
A d 5/ 2 2 5 d
- ﬁ/Cqu (y)Vody + 4 /qu(y)co /C[A eA(y)e + (0] (y) dy

peH!(C)\{0} /C o) dy

= i R, B, ). 7.62
weHrglcr)l\{o} (4,8, 9) (7.62)

For each Z and § > 0, ¢ — R(/, B, ) attains its minimum over H'(C)\ {0} at p*#,
the eigenfunction of the problem (7.61). On the other hand, § — R(X,,¢) is increasing
as an affine function in . Consequently, fixing A > 0 and taking f > ' > 0 we get

_:u(;“/s ﬁ) = R(/ll’ ﬁ’ U’i ’ﬁ) > R()",’ ﬂ/s lPA ’ﬁ)
> min  R(Z,B,0)=—uZ,p). (7.63)
peH ! (C)\{0}

In other words, for all 2" > 0, the function § +— w(1, f) is decreasing. Concerning now
the function f§ — c;’I;A’ﬂq’f(e)/\/B, one takes randomly > i > 0, hence

YN AT AN A WA AY))
i Z(B) Z(B)
> min “05B) _ Copapas®)

is0 A N/ ’

which means that the function § — ¢, g g f(e) / \/B is decreasing.

2 To have an idea, multiply (7.61) by the positive, (L, ..., Ly)-periodic function y and integrate
by parts over the periodicity cell C of the the domain w.
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Finally, when f — 400, one can easily check that the hypothesis of Theorem 4.1
are satisfied; hence, one has the limit at +oo, and that completes the proof of
Theorem 6.1. O

Proof of Theorem 6.3 Consider the change of variables v(t,x,y) = u(t, Lx, Ly), for any
(t,x,y) € R x RN, One consequently has,

VL > 0, CE{N,AL;qL,fL (e) = LCI*RN,L%A,%q,f(e)' (764)

Taking f = 1/L2, then
vi(t,x,y) = BV - (A(y)Vo)(t,x,¥) + /B q,(y) 0 v(t, X, ») + f(x,y,v) over R x RN,

Owing to Theorem 6.1, the function f — cpy 44 \mqf(e)/\//? is decreasing in > 0.

Besides, L — 1/L? is decreasing in L > 0. Together with (7.64), one obtains that the

function L+ cpy , 0 f (e) is increasing in L > 0 which completes the proof of Theo-
[ Ry R )

rem 6.3. 0

Proof of Theorem 6.5 Referring to Theorem 2.4, it follows that for each B > 0, we have:

CQ,A,\/E q,Bf(e) in kQ,e, A, ﬁq,BC (/1)

in —=oNoe o
JB N
Owing to the same justifications explained in the proof of Theorem 6.1, kg , \/Eq,Bg(/l)
is the first eigenvalue of the problem

{V (AW)Vp(y) + [P - Ae — i/Ba,(y) + BLWIW(Y) = kg4 5,5 (DY in o, (7.65)

v(x,y) - AWV (y) = (05, () - A(y)Vy(y) =0 on R x dw.

For each 2 > 0 and B > 0, let 2 = )v/\/E and kQ,e,A,\/Eq,BC()“) = u(2,B). The first
eigenvalue u(2, B) has the following characterisation:

! M(IaB)
) B —
Y. >0,VB >0, 7B
/ Vo - A(y)Ve dy / / L)@*(v) dy
= min & . + / q,0> — 2 / edep? —2C — —  (7.66)
l6ll,2,0, =1 /B c c Z
peH'(C)\{0};
= min R(,B,9).
16ll,2,¢, =1

@eH!(C)\{0}

On the other hand, B — R(X, B, ¢) is decreasing in B > 0. Consequently, fixing /" > 0
and taking 0 < B < B/,

)\./,B ’ 4 ’ ’ Y . ’ ’ )\./,Bl
MeB) R B Py > RGLB. P> min R(GLBL.g)=—PEB)
4B loll, 2,0, =L /B

eeH! (C)\{0};
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In other words, for all ' > 0, the function B — u(/A,B)// B is increasing in B > 0.
Now, we take randomly 0 < B < B'. Thus,
u(2,B) _ pliy,B)

.
C 7 e
Q.4,VB"¢,B'f ) — min

JB' 7>0 4B X, xB
M(;L‘B’aB) > min ,U(}u,,B) _ cgl)’A,\/Eq’Bf(e)
Ay xB ~ s ZB VB
which means that B — C;,A,ﬁq,Bf(e)/\/E is increasing in B > 0. O

8 Applications to homogenisation problems

The reaction—advection—diffusion problem set in a heterogeneous periodic domain Q
satisfying (2.1) generates a homogenization problem:

Let e € RY be a vector of unit norm. Assume that Q, 4, q and f are (L4, ..., Ly)-periodic
and that they satisfy (2.1), (2.2), (2.3), (2.4) and (2.5).

For each ¢ > 0, let Q° = ¢Q and consider the following re-scales:

Viny) €@ Aoy =4(22) g,000) =

X
- = - =

2) and =1 (22).

5
& &

The coeflicients A,, g, and f, together with the domain Q¢ are (¢ L4,...,¢ Ly)-periodic,
and they satisfy properties similar to those of 4, ¢, f and Q.
Consider the parametric reaction—advection—diffusion problem

(P) ui(t’ X, y) = V ’ (ASVMS)(I, X,y) + qS ’ Vus + fﬁ(xs ya uS)’ te ]Rv (Xa)’) € Qsa
e <A, Vul(t,x,y) =0, t € R, (x,y) € 0Q°,

where vé(x, y) denotes the outward unit normal on 0Q°¢ at the point (x, y).

Owing to the results found by Berestycki and Hamel in Section 6 of [2], and since
the coefficients 4., f, and ¢, together with the domain Q° satisfy all the necessary
assumptions, it follows that the problem (P;) admits a minimal speed of propagation
Cora,, 4.7,(€) >0 such that (P,) has a solution u° in the form of a pulsating front within
a speed c if and only if ¢ > cag,Ae,qe,f}:(e) > 0.

In this section, we investigate the limit of the parametric minimal speeds ¢, 4 ot (€)
(whose parameter is &) of the problems (P,).~o as ¢ — 0". In other words, we search the
limit of these minimal speeds as the periodicity cell C? =¢C becomes a very small size.
On the other hand, we study although not the most general setting, the variation of the
map &> Cg. 4, ¢ (€) ine>0.

Theorem 8.1 Let e € RY be a unit vector, and let Q = RN be a domain which is L-
periodic and satisfying (2.1). Assume that A = A(x,y), q = q(x,y) and f = f(x,y,u) are
L-periodic and that they satisfy (2.2), (2.3), (2.4) and (2.5) together with the assumptions
V.A2=00nQ and v.A2 =0 on 3Q. For each ¢ > 0, consider the problem

{u?([,x,y) = V : (Aﬁvug)(t’xay) + CIs : VuS + fs(x»%ug)a [BS ]Ra (xay) € QH) (8 1)

e VU'(t,x,y) =0, t € R, (x,y) € 0Q°,
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where A, f. and q. are the coefficients defined in the beginning of this section. Then, the
minimal speed c;zs’Amqs’fs(e) of pulsating travelling fronts propagating in the direction of e
and solving (8.1) satisfies

Slirgl+ €Ot A, qg,fg(e) = 2\/]€eAe(x,y) dx dy \/]éé(x,y) dxdy, (8.2)
where C is the periodicity cell of Q and & = (e,0,...,0) € RV,

Proof As a first notice, we mention that the domain Q¢ is the image of Q by a dilation
whose center is the origin O(0,...,0) and whose scale factor is equal to ¢. Consequently,

for each ¢ > 0, (ex, ey) € Q° if and only if (x,y) € Q, and

(ex, ey) € 0Q° if and only if (x,y) € 0Q.
Moreover,
Ve >0, V(x,y) € 0Q, vi(ex, ey) = v(x, y).

Consider now, for each ¢ > 0, the following change of variables:
vt x,y) = u'(tex,ey) s (Lx,y) E R x Q.
One gets

Y(t,x,y) € R x Q, vi(t,x,y) = ui(t,ex, ey),
Vx,y “(Alx, y)VUg)(t, X,y) = Vx,y : (Aevug)([a £X,8y) = & v (ASVMH)(I, X, £)),

and
vl ey) - AV (e 69) = v(x9) 4 (5,2 ) V(e e, )
| & ¢ (8.3)
= v(x,y) - A(x, y)Voi(t, x,y) on R x 0Q.

The boundary condition in (8.1) yields that v.(ex,ey) - [4.Vu®] (t,ex,ey) = 0, for all
(t,x,y) € R x 0Q (which is equivalent to say, for all (¢,ex,ey) € R x 0Q°). It follows from
(8.3) that

Y(t,x,y) € R x 0Q, v AVt x,y)=0.

One can now conclude that for each ¢ > 0, u® satisfies (8.1) if and only if v® satisfies

1 1
G6xY) = SV (AVE)ExY) + —q Vo + f(xp0) tER, (xy) € 2,
v-AVi(t,x,y)=0,t € R, (x,y) € 0Q.

(8.4)

Having the assumptions (2.1), (2.2), (2.3), (2.4) and (2.5) on @, A, q and f, one gets
that problem (8.4) admits, for each ¢ > 0, a minimal speed of propagation denoted by

(e).

.
C
o) alers
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Moreover, due to the change of variables between u® and v, it follows that for each
e > 0, u® is a pulsating travelling front propagating in the direction of e within a speed
¢ and solving (8.1) if and only if v* is a pulsating travelling front propagating in the

¢

direction of e within a speed ¢ and solving (8.4). This yields that
Ve > Oa Cbs’ Am qug(e) = SC;’(%)ZA’%q’f(e) = C;’ MA,Wq,f(e)/\/M’ (85)

where M = (1/¢)>.
As ¢ — 0T, the variable M — +o00. Applying Theorem 4.1, with y = %, one gets that

lim QMA ‘qu \/][eAex y dxdy\/ {(x,y)dxdy.

M-+

Therefore, lim,_,o+ ¢ ;ZE’AquJVE(e) = 2\/3% eAe(x,y)dxdy \/Jr'c {(x,y)dxdy, and the proof
of Theorem 8.1 is complete. O

Remark 8.2 1t is worth noticing that, in formula 8.2, the homogenized speed depends on
the averages of the diffusion and reaction coefficients, but it does not depend on the
advection.

We move now to study the variation of the map ¢+— czza,Auq&fg(e) with respect to ¢ > 0.
In other words, we want to check the monotonicity behaviour of the parametric minimal
speed of propagation, whose parameter ¢ > 0, as the periodicity cell of the domain of
propagation shrinks or enlarges within a ratio ¢. In this study, we will consider the same
situation of Theorem 6.1 and also the same notations introduced in the beginning of
Section 8.

Theorem 8.3 Let e = (1,0,...,0). Assume that Q has the form R x w where o may or may
not be bounded (precisely described in Section 3) and that the diffusion matrix A = A(y)
satisfies (3.5) together with the assumption that e is an eigenvector of A(y) for all y € @,
that is

A(x,y)e = A(y)e = a(y)e, for all (x,y) € R X @; (8.6)

where y — a(y) is a positive (Ly, ..., Lg)-periodic function defined over @. The non-linearity
f is assumed to satisfy (3.3) and (3.4). Assume further more that the advection field q (when
it exists) is in the form q(x,y) = (¢,(¥),0,...,0) where q, has a zero average over C, the
periodicity cell of w. For ¢ > 0 consider the reaction—advection—diffusion problem

VieR, V(x,y) e Q=R xco,
ui(t,x,y) = V- (AVO)t,x,p) + o - Vu' + fox, p,u%); (8.7)
vi- A, Vib(t,x,y) =0, t e R, (x,y) € 0Q°.

. - L
Then, the map &+ C i 4, q.7,(€) is increasing in & > 0.
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Proof of Theorem 8.3 For each ¢ > 0, we consider the change of variables
vt x,y) = u'(tex,ey) s (Lx,y) E R x Q.
Owing to the justifications shown in the proof of Theorem 8.1, one consequently obtains

1O = Far@/VB. (8.8)

’e

Vo> 0. cor g g,1.00) =y

where f(e) = (1/¢)>.

Applying Theorem 6.1, it follows that the map #, : f+— c;’ﬁA’\/ﬁq’f(e)/\/ﬁ is decreasing
in f > 0. On the other hand, the map n, : ¢— f(e) is also decreasing in ¢ > 0. Therefore,
e Cou g 4., (€), which is the composition 7, o 1,, is increasing in ¢ > 0 and this completes
our proof. O

Other homogenization results, concerning reaction—advection—diffusion problems, were
given in the case of a combustion-type non-linearity f = f(u) satisfying

30 € (0,1), f(s)=0for all s € [0,0], f(s) >0 for alls € (6,1), f(1)=0, (89)
Jdp € (0,1 —0), fis non-increasing on [1 — p,1]. ’
Consider the equation
w(t,x) = V- (A(e ' x)Vu’) + e'g(e7 x)- Vit + f(uf) inRY, (8.10)

where the non-linearity f satisfies (8.9), and the drift and diffusion coefficients ¢ and A4
satisfy the general assumptions (2.2) and (2.3), with periodicity 1 in all variables xi,..., xy.
Fix a unit vector e of RN. From Berestycki and Hamel [2], it follows that for each ¢ > 0,
problem (8.10) admits a unique pulsating front (c,,u°) such that

ut(t,x) = ¢*(x - e + c;t, X)

where ¢(s,x) is (e,...,¢)-periodic in x that satisfies ¢?(—o0,.) = 0 and ¢*(+c0,.) = 1.
The functions u® are actually unique up to shifts in time, and one can assume that
maxg~y ¢°(0,.) = 6.

Concerning problem (8.10), Heinze [15] proved that

as ¢ — 07, ¢, = co > 0 and u’(t, x) — up(x - e + cot) weakly in H],
where (cg, ug) is the unique solution of the one-dimensional homogenised equation

{a uy — cotly + f(up) =0in R, 8.11)

up(—o0) =0 < up < up(+o0) = 1in R, up(0) =0

and a* is a positive constant determined in [15].

In Theorem 1 of [10], the homogenization limit was combined with the singular high
activation limit for the reaction (one can also see [11] in this context) while the diffusion
matrix was taken 4 = Idg~. More precisely, the non-linearity had the form f,(u) = % B(%)
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with f(s) a Lipschitz function satisfying
B(s) > 0in(0,1) and fS(s) =0 otherwise.

These non-linearities approach a Dirac mass at u = 1.

9 Open problems

In all the results of this paper, we deal with non-linearities of the “KPP” type. In the
periodic framework of this paper, pulsating travelling fronts exist also with other types of
non-linearities (see Theorems 2.13 and 2.14 in [2]). Namely, they exist when f = f(x, y, u)
is of the “combustion”-type satisfying

f is globally Lipschitz-continuous in Q x IR,
V(x,y) € @, Vs € (—o0,0] U [l,+0), f(s,x,y) =0, O.1)
3pe (0,1),Y(x,y) €, V1—p<s <5 < 1f(xys) = f(x5),

and

f is L-periodic with respect to x,
30 € (0,1), Y(x,y) € Q, Vs € [0,0], f(x,y,s) =0, 92)
Vse (0,1), I(x,y) € Q such that f(x,y,s) > 0,

or when f = f(x, y,u) is of the “ZFK” (for Zeldovich—Frank—Kamenetskii)-type satisfying
(9.1) and

f is L-periodic with respect to x,
36 > 0, the restriction of f to Q x [0,1] is of class C!-?, (9.3)
Vse (0,1), 3(x,y) € Q such that f(x,y,s) > 0.

In particular, the “KPP” non-linearities are of the “ZFK” type.

Recently, El Smaily [12] gave min—-max and max-min formulae for the speeds of
propagation of problem (2.6) taken with a “ZFK” or a “combustion” non-linearity. These
formulae, together with the results of this paper, can give important estimates for the
parametric minimal speeds of the problem (2.6) when f is a “ZFK” non-linearity which
is not of the “KPP” type. Indeed, if f is a “ZFK” non-linearity, one can find a “KPP”
function h = h(x, y,u) such that

Vi, y,u) € 2 x R, f(x,y,u) < h(x,y,u).
Referring to formula (1.17) in El Smaily [12], one can conclude that

VM >0,YB >0, Vy €R, ¢\ v Br@ <o Mg B
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Moreover, if f is a “ZFK” non-linearity satisfying the additional assumption
V(x,y) € Q, fi(x,y,0) >0, (9.4)
then one can find a “KPP” function g = g(x, y,u) such that g < f in Q x IR, and thus
YM > 0,YB >0, Vy € R,
el < * < * (95)
“oma, M q,Bg(e) S Coma MY q,Bf(e) S Coma M? q,Bh(e)'

As a consequence, under the assumptions that 0 <y < 1/2, v- 42 = 0 on 0Q, and
V-4 =0 in Q, Theorem 4.1 implies that

c
lim sup —2MA Mg/ 777 qf \/][eAe(x y)dx dy \/][gu x,y,0)dx dy, (9.6)
M-+

limin f%‘”() = 2\/][eAe(x y)dx dy \/][h (x,9,0)dxdy > 0. (9.7)

and

M-+

If fisa combustlon non-linearity, then problem (2.6) admits a solution (c,u) where
¢ = ¢,,,,(€) >0 is unique and u = u(t,x,y) is increasing in ¢ and it is unique up to a
translation in t. Taking g as a “KPP” non-linearity such that g > f in @ x R and using
Theorem 4.1, it follows that

c
lim sup 22400l 7 “ \/][eAe x, y)dx dy \/][gu(x y,0)dx dy
M—+w0

. (e)
f 52 MA,M? q,f >

(9.8)
together with 1}412 }&-I}x: \/M

Similarly, one can get several estimates concerning the case of a small diffusion factors,
small (resp. large) reaction factors, or small (resp. large) periodicity parameters.

The above motivation gives several upper and lower estimates for the parametric speeds
of propagation. However, the exact limits are not known. This leads us to ask about the
asymptotics of the minimal speeds of propagation with respect to diffusion, reaction and
periodicity factors in the “ZFK” case and about the asymptotics of the unique parametric
speed of propagation in the “combustion” case. These studies should help, as it was done
in Section 8§, in solving some homogenisation problems in the “ZFK” case.

Besides, Theorem 8.1 gives the limit of cg. 4 , (e) as &¢ — 0. However, finding the
homogenised equation of (8.1) in the “KPP” remains an open problem.

10 Conclusions

As we mentioned in the beginning of this paper, our first aim was to give a complete and
rigorous analysis of the minimal speed of propagation of pulsating travelling fronts solving
parametric heterogeneous reaction—advection—diffusion equations in a periodic framework.
In the paper of Berestycki, Hamel and Nadirashvili [3], several upper and lower estimates
for the parametric minimal speed of propagation were given (see Theorems 2.6 and 2.10
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in [3]). However, the exact asymptotic behaviours of the minimal speed with respect to
diffusion and reaction factors and with respect to the periodicity parameter L were not
given there. In this paper, we determined the exact asymptotes of the minimal speed
in the “KPP” periodic framework. In Sections 3, 4 and 5, we proved that (under some
assumptions on A4, ¢, f and Q) the asymptotes of the parametric minimal speed are either

2\/mng maxede or 2\/][2Aé(x,y)dxdy \/][C(x,y)dxdy.
@) [@) c c

(see Theorems 3.1, 3.4, 4.1, 4.3, 5.1 and 5.2 above). Moreover, we found in Section 3 that
the presence of an advection field, in the general form or in the form of shear flows,
changes the asymptotic behaviour of the minimal speed within a small diffusion (see
Theorem 3.3 and Remark 3.6). Conversely, we proved in Section 4 that the presence
of a general advection field M7q (where ¢ satisfies (2.3)) has no effect on

Limps oo C“L\/’M‘”(e) whenever 0 < 7y < 1/2 (see Theorem 4.1). Furthermore, we stud-

and

ied, in a particular periodic framework, the variations of the maps f+ CQ"“'\/%"'/ ©

-
LQ,A. B q,Bf (o)

L gy, ALaqufL(e) and B+ with respect to the positive variables f§, L and B,
respectively. Roughly speaking, we found that the first and the third maps have opposite
senses of variations (see Theorems 6.1 and 6.5). On the other hand, Theorems 6.3 and
8.3 yield that the minimal speed increases when the medium undergoes a dilation whose
scale factor is greater than 1.

The second aim was to find the homogenized “KPP” minimal speed. We achieved this
goal in Section 8 (Theorem 8.1) under the assumptions of free divergence on A(x, y)é and
invariance of the domain in the direction A(x,y)é. This was an application to the results
obtained in Section 4. The found homogenized speed should play an important role in
finding the homogenized reaction—advection—diffusion equation in the “KPP” case. In a
forthcoming paper [13], we find also the homogenised speed in the one-dimensional case
but in a more general setting (in fact, the assumption of divergence free is equivalent
to the assumption that the diffusion term x — a(x) is constant over IR in the case
N =1).

All the mathematical results obtained in this paper can be applied to study some
spreading phenomena. Referring to the results of Weinberger [30], one can conclude that
the spreading speed is equal to the “KPP” minimal speed of propagation in the periodic
framework under some assumptions on the initial data uy := ug(x,y) = u(0, x, y) which
is defined on a periodic domain Q of RYN. In such a setting, all our results can be
applied to give rigorous answers on the asymptotic behaviour of the parametric spreading
speed with respect to diffusion and reaction factors and with respect to the periodicity
parameter.
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