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Finite descent obstruction for Hilbert
modular varieties

Gregorio Baldi and Giada Grossi

Abstract. Let S be a finite set of primes. We prove that a form of finite Galois descent obstruction
is the only obstruction to the existence of Zg-points on integral models of Hilbert modular varieties,
extending a result of D. Helm and E Voloch about modular curves. Let L be a totally real field. Under (a
special case of ) the absolute Hodge conjecture and a weak Serre’s conjecture for mod £ representations
of the absolute Galois group of L, we prove that the same holds also for the Oy, s-points.

1 Introduction

A leading problem in arithmetic geometry is to determine whether an equation with
coefficients in a number field F has any solutions. Since there can be no algorithm
determining whether a given Diophantine equation is soluble in the integers Z, one
usually tries to understand the problem under strong constraints of the geometry
of the variety defined by such equation or by assuming the existence of many local
solutions. In the case of curves, for example, Skorobogatov [38] asked whether the
Brauer-Manin obstruction is the only obstruction to the existence of rational points.
The question, or variations thereof, attracted the attention of Bruin, Harari, Helm,
Poonen, Stoll, and Voloch among others. In particular, Helm and Voloch [26] studied
a form of the finite Galois descent obstruction for the integral points of modular
curves. The goal of our paper is to present a class of arbitrarily large dimensional
varieties that can be treated similarly to curves. More precisely, we give sufficient
conditions for the existence of Of s-integral points on (twists of) Hilbert modular
varieties associated with K, where both L and K are totally real fields.

1.1 What is a Point of a Shimura Variety?

A point of a Shimura variety attached to a Shimura datum (G, X) corresponds to a
Hodge structure (once a faithful linear representation of the group G is fixed). Of
course, not every Hodge structure can arise in this way. Even when the Shimura
variety parametrises motives, there is no description of the Hodge structures coming
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from geometry, nor a conjecture predicting this. However, Shimura varieties have
canonical models over number fields. Hence, we can associate with an algebraic point
a Galois representation, and, conjecturally at least, we can predict which ¢-adic Galois
representations come from geometry. This is the content of the Fontaine-Mazur
conjecture [19]. Our study of rational and integral points of Hilbert modular varieties
begins with an attempt to understand when a suitable system of Galois representations
comes from an abelian variety with Og-multiplication; see Section 2.1 for a more
precise formulation of the question.

Our strategy arises from predictions of the Langlands’ programme, which link the
worlds of

Automorphic forms «— Motives <— Galois representations.

We refer the reader to [12] for an introduction to this circle of ideas. More pre-
cisely, from a system of Galois representations that “looks like” the one coming
from an abelian variety with Og-multiplication, we want to produce, via Serres
modularity conjecture, a Hilbert modular form over L with Fourier coeflicients in K.
Eichler-Shimura theory attaches to this modular form an abelian variety over L with
Ok -multiplication, which will correspond to an L-point on the Hilbert modular
variety for K. If L = Q, Serre’s conjecture is known to hold true by the work of Khare
and Wintenberger [27], and the Eichler-Shimura theory has been worked out by
Shimura [37]. If L # Q, to make such a strategy work, we need to assume Serre’s
conjecture for the totally real field L and also (a special case of) the absolute Hodge
conjecture, where the latter is required by Blasius in [6] in order to attach abelian
varieties to Hilbert modular forms. In the next section, we present in more detail the
main results of the paper.

1.2 Main Results

Let L, K be totally real extensions of Q and set
np:=[L:Q] and ng:=[K:Q].

We denote by w a place of L and by v a place of K. In what follows, one should think
of L as the field of definition and of K as the Hecke field. We denote by Oy, and Ok the
rings of integers of L and K, by L,, (resp. K,) the completion of L at w (resp. of K at v)
and by Oy, (resp. Ok, ) the ring of integers of L,, (resp. K,). Finally, G; denotes the
absolute Galois group of L.

Let S be a finite set of places of L (including all archimedean places), and consider
a system of Galois representations

S pv 1 GL — GLy(K,)

for every finite place v of K, such that:

S.1 {p,}, is a weakly compatible system of Galois representations (see Definition
3.1);

8.2 det(p,) = xo, where yy is the £-adic cyclotomic character and v | 4;

8.3 the residual representation p, is finite flat at w | £, for all v | £ such that p,, is
irreducible and ¢ is not divisible by any prime in S;
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8.4 p, is absolutely irreducible for all but finitely many v;
8.5 the field generated by the trace of p, (Frob,, ) for every w is K.

To make it clear which case is conjectural and which is not, we separate the
statement of our first theorem into two cases depending on whether n; =1or ny > 1.

Theorem 1.A  If L = Q, there exists an nk-dimensional abelian variety A]Q with Ok-
multiplication, such that, for every v, the v-adic Tate module of A, denoted by T, A, is
isomorphic to p,, as representation of Gg.

Theorem 1.B Assume ny > 1. Under the validity of the absolute Hodge-conjecture
(more precisely Conjecture 1.1) and a suitable generalisation of Serre’s conjecture (Con-
jecture 1.2), there exists an ng-dimensional abelian variety A|L with Ox-multiplication,
such that, for every v, T, A is isomorphic to p, as representation of Gr.

We apply the above to study the finite descent obstruction, as explored in [38, 39,
25], of Hilbert modular varieties. A recap is given in Section 4.1. More precisely, denote
by Yk the Hilbert modular variety associated with K. Let 91 be an ideal in Ok and
denote by Yx(91) the moduli space of nk-dimensional abelian varieties, principally
Ok -polarized and with 91-level structure (see Section 2.2.1 for a precise definition). As
a corollary of the above theorems, we prove that the finite Galois descent obstruction
(as defined in Section 4) is the only obstruction to the existence of S-integral points
on integral models of twists of Hilbert modular varieties, denoted by Y (), over
the ring of S-integers of a totally real field L, generalising [26, Theorem 3]. Assume
that S contains the places of bad reduction of Y (91). The set yi_mv (OL.s) is defined
in Section 4.1. We prove the following theorem.

Theorem 2 If ny > 1, assume that the conjectures of Theorem 1.B hold. Let Y, be
the S-integral model of a twist of Yx (), corresponding to a representation p : G, —

GL,(Og/NM). Ifyf,(_wv (Ov,s) is non-empty, then Y ,(OL,s) is non-empty.

In the work of Helm-Voloch, Y is the integral model of an affine curve. In the
case of curves, there are also other tools to establish (variants of) such results, without
invoking Serre’s conjecture. Indeed, as noticed after the proof of [26, Theorem 3], Stoll
[39, Corollary 8.8] proved a similar result, under some extra assumptions, knowing
that a factor of the Jacobian of such modular curves has finite Mordell-Weil and
Tate—Shafarevich groups. The goal of this paper is to push Helm-Voloch’s strategy
to a particular class of varieties of arbitrarily large dimension and whose associated
Albanese variety is trivial (see Theorem 2.2), thereby showing that the method could
also be applied to study L-points.

Another reason for studying rational points of Hilbert modular varieties is the
following. By [13, Theorem 1], every smooth projective geometrically connected curve
C/Q of genus at least two admits a non-constant Q-morphism to either a Hilbert or a
Quaternionic modular variety for K, where K is a totally real number field depending
on C and the choice of a Belyi function 8 : C — P'. See [13, Remark 2] for a detailed
description of the ambiguities of such a construction. Inspired by [32, Theorem 5.2],
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where the role of the Belyi embedding is played by the Kodaira-Parshin construction
[30], we have the following corollary of Theorem 2. For simplicity, we consider rational
points of projective curves, even if our main theorems are about integral points.

Corollary  Let C/Q be a smooth projective curve of genus g > 2. Assume the following:

(i) C(AgY ™ =0;
(ii)  there exist two totally real number fields L, K and a non-constant L-morphism

f:Cpi=CxgL— Yg(M),

where Y () denotes, as above, the Hilbert modular variety for K of some level

N;
(iii) if L # Q, the conjectures of Theorem 1.B hold true.
Then C(Q) = 0.

Stoll [39, Conjecture 9.1] conjectured that every smooth projective curve is very
good. That is, the closure of C(Q) in the adelic points of C is equal to C(Ag)®.
For the definition of C(Ag)™®", we refer the reader to [39, Definition 6.1]. For the
moment, we just need to know that

C(Q) c C(AQ)f_COV c C(AQ)f-ab c C(AQ)
Hence, Stoll’s conjecture predicts the following implication:
C(Ag) ™ 0 = C(Q) #0,

which we are able to prove, as a consequence of Theorem 2, for curves satisfying (i),
(ii), and (iii) from the above corollary.

Proof  Fix a point (P,) € C(Ag)™", which is not empty by (i). Let X/L be the
image of C in Y := Yx(M) under the map f of assumption (ii). Notice that, since
C(Ag)Fe" £ 0, C(AL)F® £ 0, and therefore, by [39, Proposition 5.9.], X (A )<Y
and Y(AL)f" are not empty. The untwisted version of Theorem 2, for a suitable
choice of a finite set S of places of L, implies that Y(L) # 0 (this is the only step
where (iii) is needed). The proof of Theorem 2 (cf. Section 4.3) actually guarantees
the existence of a point in Y (L) inducing the fixed f(P,) € Y(Ar ) . Since
Y(L) injects into Y (A )T, there exists a unique Q € Y(L) inducing f(P,) €
Y (Ar)FV. Moreover, by construction, (P, ) liesin X (A7), and X(L) = Y(L) n
X (Ap)fe". Eventually, we conclude that Q lies in X(L).

Let Z be the finite Q-subscheme of C given by the Gg-orbit of the pull-back of Q
along the surjective map

CL—>X.

By construction, (P,) € C(Ag)F®" c C(Ag)F® lies in Z(Ag). In particular, [39,
Theorem 8.2] implies that Z(Q) # 0. That is, C has at least one Q-rational point,
concluding the proof of the corollary. [ ]
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1.3 Conjectures

We briefly state the conjectures appearing in Theorem 1.B.

1.3.1 Absolute Hodge Conjecture

We only give a brief overview for the purpose of understanding the conjecture. For
more details, we refer the reader to Deligne-Milne’s paper [16, Section 6], where
Deligne’s category of absolute motives is described. Let X, Y/C be smooth projective
varieties. A morphism of Hodge structures between their Betti cohomology groups
corresponds to a Hodge class in the cohomology of X x Y:

Hom(ngtti(X’ Q)’ngtti(y’ Q)) = Hé:tti(X xY,Q).

We say that a Hodge class « € H3.,;(X x Y, Q), or a morphism of Hodge struc-
tures between their H'’, is absolute Hodge if, for every automorphism o of C, the
class «” € H* (X x Y, C) is again a Hodge class. With this definition, we can split
the classical Hodge conjecture into two parts:

Hodge classes = Absolute Hodge classes = Algebraic cycles.

For the purpose of this paper, the following conjecture is enough.

Conjecture 1.1 If X, Y /C are smooth projective complex varieties such that, for some
i, we have an isomorphism of Hodge structures

H]iBetti(X’ Q) = Héetti(Y> Q)’

then there exists an absolute Hodge class inducing this isomorphism.

More precisely, Conjecture 1.1 will be applied when X is a Picard modular variety
and Y is an abelian variety.

1.3.2 Serre’s Weak Conjecture Over Totally Real Fields

We now explain the version of Serre’s conjecture we need to assume to obtain the main
theorems when L # Q (see, for example, [10, Conjecture 1.1], where it is referred to as
a folklore generalisation of Serre’s conjecture). For more details, we refer the reader
to the introduction of [10] and references therein. Given a prime ¢, we denote by Fy a
finite field with £ elements and by F, a fixed algebraic closure of F,.

Conjecture 1.2 Let { be any odd prime and p : Gy — GL,(Fy) be an irreducible and
totally odd" Galois representation. Then there exists some Hilbert modular eigenform f
for L such that p is isomorphic to the reduction mod A of py,, where py ) is the A-adic
Galois representation attached to fand A is a prime of the Hecke field of f dividing {.

Remark1.1 'Thisis usually referred to as weak Serre’s conjecture, because there is no
explicit recipe to compute the weight k(p) and the level N(p). It has been proven [23,

"Here, totally odd means that det(p(c)) = —1 for all n; complex conjugations c.
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22] that the refined version follows from the weak version under some assumptions.
We state the results we need in Theorem 3.4.

When L = Q, this was proved by Khare and Wintenberger [27]. When L # Q,
Conjecture 1.2 is known when the coeficient field is F5 (Langlands-Tunnell [29, 42]),
but we really need to assume that the conjecture holds for all (but finitely many) .
Indeed, our strategy follows the lines of the proof of modularity theorems assuming
Serre’s conjecture: starting from a system of Galois representations, we produce a
Hilbert modular form whose Fourier coeflicients are equal to the traces of Frobenii
modulo infinitely many primes, and hence are equal as elements of Ok.

Finally, a potential version of the above conjecture was proved in [41, Theorem 1.6].
There, Taylor proves a potential modularity result: if 5 : G, — GL,(F,) is a totally odd
irreducible representation with determinant equal to the cyclotomic character, then
there exists L’/L a finite totally real Galois extension such that all the primes of L
above £ split in L', and there exists f a Hilbert modular form for L’ such that p¢,)- is
isomorphic to p restricted to G-.

1.4 Related Work

We compare our results with [32, Theorems 3.1 and 3.7] (later also extended to the
moduli space of K3 surfaces by the first author [3, Theorem 1.3] and Klevdal [28,
Theorem 1.1], where a finite extension of the base field is, however, required). In the
approach of Patrikis, Voloch, and Zarhin, there are no restrictions on the base field,
whereas here it is crucial for L to be a totally real field. We believe that it is easier to
make the results of this paper unconditional. We notice here that the absolute Hodge
conjecture is not enough for such papers. In [32, 3, 28], the Hodge conjecture is not
only needed to descend complex abelian varieties over number fields. Finally, the
version of Serre’s conjecture we are assuming here is always about GL,-coefficients,
and so is certainly easier than the full Fontaine-Mazur conjecture [19].

Thanks to the recent breakthroughs on potential modularity over CM fields [1], it
should be possible to extract from the main result of [1, Section 71] the following. Let
{pv}v be a compatible system as in Section 1.2, and let n; > 1. Under the validity of
Conjecture 11, there exist a totally real extension L'/L and nk-dimensional abelian
variety A/L’" with Og-multiplication, such that, for every v, T, A is isomorphic to p,
as representations of Gp.

Since Conjecture 1.1 can be avoided in many interesting cases, as recalled in Remark
2.7, a potential but unconditional version of Theorem 2 can therefore be obtained.
Unfortunately, the extension L’/L depends on the system of Galois representations
{pv}v, and it is not easy to control a priori its degree over L.

1.5 Outline of the Paper

In Section 2, we collect all the results we need about Hilbert modular forms (especially
how Eichler-Shimura works in this setting). In Section 3, which is the heart of the
paper, we prove Theorems 1.A and 1.B. We then explain how these results are related
to the finite descent obstruction for Hilbert modular varieties in Section 4, eventually
proving Theorem 2.
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2 Recap on Hilbert Modular Varieties and Modular Forms

We recall some general facts about Shimura varieties. The reader interested only
in Hilbert modular varieties can skip Section 2.1, which is not fundamental for the
main results. We then focus on Hilbert modular varieties and Hilbert modular forms,
explaining how they give rise to certain principally polarised abelian varieties.

2.1 A Question on Rational Points on Shimura Varieties

Let S denote the real torus Resc/r (G, ), and let Aé be the finite adeles of Q. A Shimura
datum is a pair (G, X) where G is a reductive Q-algebraic group and X a G(R)-orbit
in the set of morphisms of R-algebraic groups Hom(S, Gr), satisfying the Shimura-
Deligne axioms ([15, Conditions 2.1.1(1-3)]); furthermore, in what follows, we also
assume that G is the generic Mumford-Tate group on X. The Shimura-Deligne axioms
imply that the connected components of X are hermitian symmetric domains and that
faithful representations of G induce variations of polarisable Q-Hodge structures on

X. Let K be a compact open subgroup of G(Aé) and set

Shz(G, X) = G(Q)\(X x G(aL)/K).

Let X* be a connected component of X and let G(Q)™* be the stabiliser of X* in G(Q).
The above double coset set is a disjoint union of quotients of X* by the arithmetic
groups I'y := G(Q)" n gKg™', where g runs through a set of representatives for the

finite double coset set G(Q)ﬂG(Aé)/K. Baily and Borel [2] proved that Shz(G, X)
has a unique structure of a quasi-projective complex algebraic variety. Thanks to the
work of Borovoi, Deligne, Milne, and Milne-Shih, among others, the C-scheme

Sh(G, X) = G(Q)\(X x G(4L)),

together with its G(Aé)—action, can be naturally defined over a number field E :=
E(G,X) c C called the reflex field of (G, X). That is, there exists an E-scheme

Sh(G, X)g with an action of G(Aé) whose base change to C gives Sh(G, X) with
its G (Aé )-action.

Let F be a finite extension of E such that there exists a point x € Sh(G, X)g(F).
With such a point, we can naturally associate a continuous group homomorphism

px : Gp = Gal(F/F) — K c G(A)).
This paper is motivated by the following question.
Question 2.1 Let F be a field as above and let p: Gp - K c G(Aé) be a Galois

representation. What are necessary and sufficient conditions such that there exists x €
Sh(G, X)e(F) and p = p?

When the Shimura variety has a natural interpretation as a moduli space of

motives, the above question is naturally related to the Fontaine-Mazur conjecture
[19]. Indeed, both aim to predict when a Galois representation comes from the
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£-adic (or adelic in our case) realisation of a motive. Even when they are not motivical
(see [4, Remark 1.6] for a discussion about this), representations arising in this way
enjoy nice properties. For an example of geometric flavour, we refer the reader to
[4, Theorem 1.3].

2.2 Hilbert Modular Varieties

ng

Let F/Q be a totally real extension of degree np and fix {o;}" the set of real
embeddings of F into C. We let G be the Q-algebraic group obtained as the Weil
restriction of GL, from F to Q and let X be ny copies of H* = {r € C: Im(z) # 0}, on

which G(Q) = GL,(F) acts on the i-th component via g;. That is,

o _ ai(@)i +0i(b)
((C d).(-[l,...;‘[np))i_ai(c)Ti+0_i(d).

In this case, the reflex field of (G, X) is Q, and the set of geometrically connected
components of the Shimura variety S := Shgz) (G, X) is Pic(Or) ", where Z denotes
the profinite completion of Z (different choices of level structure will appear later).

Remark 2.1 To obtain a Shimura variety from the above construction, it is fun-
damental that F is totally real. Indeed, if F is a number field, and G is an algebraic
F-group, then the real points of Resp/oG have a structure of Hermitian symmetric
space if and only if F is a totally real field and the symmetric space associated with
each real embedding of F is Hermitian.

It is interesting to notice here a first difference between modular curves (i.e., when
F = Q) and higher dimensional Hilbert modular varieties. We recall the following
folklore result (see [6, Section 2.3.2.]) to see how it follows from Matsushima’s formula
[8, Theorem VIIL.5.2].

Theorem 2.2 Let (G, X) be a Shimura datum as above and let K be a neat® subgroup
of G(Aé). Consider Sz, the Shimura variety associated with (G, X) and K. Unless
nrg =1, the first group of Betti cohomology of Sg with rational coefficients is trivial. In
particular, there are no non-constant maps from Sg to an abelian variety.

To have a better interpretation as moduli space, we actually consider the subgroup
G” of G given by its elements whose determinant is in Q. More precisely, we let G* be
the pull-back of

det: G — Resg,zGm

2 A neat subgroup of G(Aé) is an open compact subgroup such that every element of K n G(Q) is
neat. Recall that an element g of G(Q) is called neat if the subgroup of Q” generated by the eigenvalues
of g in some faithful representation V of G is free (that is, there are no nontrivial elements of finite order).
This is independent of V, as all faithful representations W are obtained from V via sums, tensor products,
duals, and subquotients; hence, the group in question is the set of eigenvalues that occur in W.
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to G,,/Q. The Shimura variety Yr := Shg.(z) (G, X*)(C) is connected and comes
with a finite map to §/C. It is a quasi projective ng-dimensional Q-scheme.

In the next section, we present the moduli problem solved by Yr. It will be also
clear from such moduli interpretation that the reflex field of Y is the field of rational
numbers.

2.2.1 Hilbert Modular Varieties as Moduli Spaces

As explained, for example, in [17, Section 3], the Shimura variety Yy represents the
(coarse) moduli space for triplets (A, a, 1) where:

o A isa complex abelian variety of dimension rn;
o a:Of = End(A) is a morphism of rings;
o A:A— A”isa principal Op-polarisation.
By A, we denoted the Op-dual abelian variety of A, i.e,. it is defined as Ext' (A,Or®
G ). Otherwise, one can obtain such abelian variety considering A (the dual of A, in
the standard sense) and tensoring it over O with the different ideal of the extension
F/Q. By principal Op-polarisation we mean an isomorphism A : A - A*, such that
the induced map A — A" is a polarisation.

Furthermore, the Shimura variety of level

Up(M) :={y e G(Z) :y=(; ;) mod N},
where 91 is an integral ideal of O, parametrises triplets as above, equipped with a
-level structure as follows. We fix an isomorphism of Op-modules

(0r/90r)" — A[N]

making the following diagram commutative:

((05/MO0F)?) —— A[MP?

b e

Or®Z/NZ —— OF ® pn;,

where (N)=ZnM, ym is the pairing given by (%), exm is the perfect Weil
pairing on A[91] induced by the Op-polarisation A, and O ® Z/NZ — Op ® uy is
an arbitrarily chosen isomorphism. When a level structure is needed, we always
assume that N > 3 in order to have a fine moduli space. A rational point of Yz() :=
Shy,(m)ng* (G*, X) then represents a triple, as above, together with such level struc-
ture. In Section 4.2, we will see a similar description for Oy s-points of an integral
model of Yr(N).

2.3 Eichler-Shimura Theory

We discuss Eichler-Shimura theory for classical and Hilbert modular forms, review-
ing results that attach opportune abelian varieties to modular forms.
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2.3.1 Classical Modular Eigenform

The following is [37, Theorem 7.14, p. 183 and Theorem 7.24, p. 194].

Theorem 2.3 (Shimura) Let f be a holomorphic newform of weight 2 with rational
Fourier coefficients (a, (f))n. There exists an elliptic curve E[Q such that, for all primes
p at which E has good reduction, one has

ap(f) =1-Ny(E) +p,

where N, (E) denotes the number of points of the reduction mod p of E, over the field
with p-elements. In other words, up to a finite number of Euler factors, L(s, E/Q) and
L(s, f) coincide.

More generally, let K(f) be the subfield of C generated over Q by (a,(f)) for all n.
Then there exists an abelian variety A|Q and an isomorphism K(f) = End’(A) with
the following properties:

« dim(4) = [K(f) : QJ;

o up to a finite number of Euler factors at primes at which A has good reduction,
L(s,A/Q,K(f)) coincides with L(s, f);

where the L-function L(s, A/Q, K(f)) is defined by the product of the following local

factors where v is a prime of K(f) not dividing ¢

det (1- £ Froby |T, (A))

Shimura considers the Jacobian of the modular curve of level N and takes the
quotient by the kernel of the homomorphism giving the Hecke action on f. What
happens if we want to produce an abelian variety with such properties, defined over
our totally real field F, when Q ¢ F? Here is where Hilbert modular forms come into
play. In the next section, we recall what we need from such theory, and explain Blasius’
generalisation of Theorem 2.3 and why the absolute Hodge conjecture is needed.

2.3.2 Hilbert Modular Forms for F

Let Hr denote ng copies of the upper half plane . We consider subgroups I'
GL,(OF) of the form Up(91) n G(Q)*. Moreover, for A€ Fand r = (r,...,7y,) €
Z"'F, we write AL = AI“---A:,"FF, where A; = g;(A). Similarly, if 7= (71,...,74;) € HE,
we write 78 = 7]--7,"F |

Definition 2.1 A Hilbert modular form of level 9t and weight (r, w) € Z"F x Z, with

r; =w mod 2 (and trivial nebentype character) is a holomorphic function f : Hp —
C such that

f(y-1) = (dety) ™ (cz + ) f (1),

forevery y = (4 }) € Up(M) N G(Q)* and for every 7 = (11,..., Ty, ) € Hp.
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Since Hilbert modular forms are holomorphic functions on H invariant under
the lattice Of, they admit a g-expansion over Oy, = 07}, where g = e*™' 2 7; see [24,
Definition 3.1] for more details.

2.3.3 Hecke Operators and Hilbert Eigenforms
On the space of Hilbert modular forms of level
Uo(M) nG(Q)",

one has Hecke operators T(n) for every integral ideal of O coprime with 91. The
definition is analogous to the one for classical modular forms. For example, if p does
not divide 91 and x is a totally positive generator of p, one defines

1
Nm(p) aegp:/pf()’a ‘1),

(T(p)f)(2) = Nm(p)f(x-z) +

where y, = ((‘, ‘;). We recall the following definition.

Definition 2.2 A cuspidal Hilbert modular form (i.e., such that the 0-th Fourier
coefficient ao(f) vanishes) is an eigenform if it is an eigenvector for every Hecke
operator T(n).

As in the case of classical modular forms, if f is an eigenform, normalised so that
a1(f) =1, then the eigenvalues of the Hecke operators are the Fourier coefficients,
ie, T(n)f = an(f) - f; moreover, they are algebraic integers lying in the number field
K(f) :=Q((an(f))n), as shown in [36, §2].

2.3.4 Eichler-Shimura for Hilbert Modular Forms

Blasius and Rogawski [7], Carayol [11], and Taylor [40] proved that to any Hilbert
eigenform, one can attach representations of G, similarly to the classical case. More
precisely, one has the following result.

Theorem 2.4  If f is a Hilbert eigenform for F of weight (r,t), level M, and trivial
nebentype character and K (f) is the number field generated by its eigenvalues, then for
every finite place A of K(f), there is an irreducible 2-dimensional Galois representation

pra i Gp — GLy(K(f)r)
such that for every prime w + M Nms)/o(A) in F, py,y is unramified at w and

det(1- Xpy,(Frob,)) = X* = a, (f)X + Nmj 5 (w).

Assume that f is of weight (2,...,2). As in the classical case, we would like to
have such Galois representations to be attached to opportune abelian varieties. The
existence of abelian varieties associated with f was first considered by Oda in [31],
and Blasius gave a conjectural solution to such a problem.
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Theorem 2.5 (Blasius)  Let f be a Hilbert eigenform for F of parallel weight 2. Denote
by K(f) the number field generated by the a,, (f) for all w. Assume Conjecture 1.1. There
exists a [K(f) : Q]-dimensional abelian variety Ay [F with Ok s)-multiplication such
that for all but finitely many of the finite places w of F at which A s has good reduction,
we have

L(s,Ap.K(f) = L(f5),
where the L-function L(s, Ay, K(f)) is defined by the product of local factors

det (1- Nm(w)~* Frob,, |T,(A)"),
where v is a prime of K, w is a prime of F, and w and v lay above distinct rational primes.

Proof If K(f) = Q, this is precisely [6, Theorem 1, p. 3]. As noticed by Blasius [6,
1.10], the proof easily adapts to the general case (where the necessary changes are
hinted at in the remarks in [6, Sections 5.4., 5.7, and 7.6.]). [ ]

Remark 2.6  'The proof is completely different from the one of Shimura, since, as
noticed in Theorem 2.2, we cannot obtain a non-trivial abelian variety as quotient
of the Albanese variety of a Hilbert modular variety. Blasius instead considers the
symmetric square of the automorphic representation of GL, r associated with the
Hilbert eigenform; it is an automorphic representation of GL3 ¢, and its base change
to a quadratic imaginary field appears in the middle degree cohomology of a Picard
modular variety. He then considers the associated motive and shows that its Betti
realisation is the symmetric square of a polarised Hodge structure of type (1,0), (0,1).
This gives a complex abelian variety A and Conjecture 1.1 (applied to the product of the
Picard modular variety and A) allows us to conclude that A is defined over a number
field containing F. He then finds the desired abelian variety inside the restriction of
scalars of A over F.

Remark 2.7 Theorem 2.5 is known to hold unconditionally in many interesting
cases (for example, when np is odd, by the work of Hida). For more details, we refer the
reader to [6, Theorem 3] and references therein. The proof of such unconditional cases
actually follows Shimura’s proof of Theorem 2.3, rather than the strategy described in
the previous remark.

2.4 A Remark on Polarisations

To use Theorems 2.3 and 2.5 to produce F-points of a Hilbert modular variety, we
need, of course, the abelian varieties produced to be principally polarised (up to
isogeny would actually be enough for our applications, if the isogeny is defined over
the base field F). An abelian variety over an algebraically closed base field always
admits an isogeny to a principally polarised abelian variety. But since the same does
not hold over number fields, some considerations are needed. The first observation
is that every weight one Hodge structure of dimension 2 with an action by O is
automatically Ok r)-polarised, as explained for example in [17, Appendix B].
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As noticed in [6, Remark 5.7.], Blasius first finds a principally polarised abelian
variety A over a finite extension L'/F. Actually, we can assume that A has a prin-
cipal Ok(y)-polarisation A. As explained above, the proof then considers the Weil
restriction of A to F, which is again principally Ok y)-polarised. It is not hard to
see that the construction of [6, section 7] behaves well with respect to the Ok y)-
polarisation, and, therefore, the proof actually produces an O r)-polarised abelian
variety over F.

3 Producing Abelian Varieties via Serre’s Conjecture

In this section, we prove Theorems 1.A and 1.B. As in Section 1.2, consider two totally
real fields L and K. We work with a compatible system of Galois representations of G,

with values in Resg /Q(GLZ)(Aé) =GL, (Aé), where Aﬁ denotes the finite adeles of
K that “looks like” an algebraic point of the Hilbert modular variety for K. We then
produce a Hilbert modular form for L of weight (2,...,2), and of opportune explicit
conductor. Eventually, we obtain an abelian variety over L that allows us to produce
an L-rational point on the Hilbert modular variety for K.

3.1 Weakly Compatible Systems

The definition of weakly compatible families presented is due to Serre, who called
them strictly compatible in [35, p. I-11]. It follows from the Weil conjectures that the
¢-adic Tate modules of abelian varieties form a weakly compatible system of Galois
representations.

Definition 3.1 (Weakly compatible system) A system {p,: G - GL(K,)}, is
weakly compatible if there exists a finite set of places S of L such that the following
hold.

(i) For all places w of L, p, is unramified outside the set S,. Here, we denote by
Sy the union of S and all the primes of L dividing ¢ where / is the residue
characteristic of K, .

(if) For all w ¢ S,, denoting by Frob,, a Frobenius element at w, the characteristic
polynomial of p, (Frob,, ) has K-rational coefficients, and it is independent of v.

Recall that p, is said to be unramified at a place w of L if the image of the inertia
at w is trivial. If p, is attached to the v-adic cohomology of a smooth proper variety
defined over a number field, the smooth and proper base change theorems (see, for
example, [14, I, Theorems 5.3.2 and 4.1.1]) imply that p, is unramified at every place
w ¢ S, such that X has good reduction at w.

3.2 Key Proposition

Fix a finite set of places S of L, containing all the archimedean places. To prove
Theorem 1.A and Theorem 1.B, we need the following proposition.
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Proposition 3.1 Assume Conjecture 1.2 and let {p,}, be a system of representa-
tions satisfying conditions (S.1)- (S.4). For every w ¢ S, let a,, € O be the trace
of p,(Frob,,). Then there exists f a normalised Hilbert eigenform for L with Fourier
coefficients in Ok, such that for every w ¢S, a,,(f) = a,. Moreover, f is of weight
(2,...,2) and conductor divisible only by primes in S.

Remark 3.2 If we start with an abelian variety A/L with Ox-multiplication, we can
produce a system

pv : GL — GL(T,(A)),

which satisfies the four conditions of (S) for S the union of infinite places and the
set of places of bad reduction; see [33, §3]. Proposition 3.1 hence implies that A is
modular; i.e., there exists a Hilbert modular form for the totally real field L such that

L(A/L,s) = L(f,s)

up to a finite number of Euler factors. Unconditionally, it has been proven that elliptic
curves over real quadratic fields are modular (see [21]), and, more generally, the work
of Taylor and Kisin implies that elliptic curves over L become modular (in this sense)
after a totally real extension L’/L. See [9, Theorem 1.16] and reference therein.

In the proof of Proposition 3.1, we use Conjecture 1.2 and the following result due
to Serre (for the proof, see [34, 4.9.4]).

Proposition 3.3 (Serre)  Let q be a power of (. Let r : Gg — GL,(F,) be a continuous
homomorphism, where q = (' and E is a local field of residue characteristic p # £ and
discrete valuation vg. Let e := vg(p) and ¢ > 0 be an integer such that the image via
r of the wild inertia of E has cardinality p°. We denote by n(r, E) the exponent of the
conductor of r. We have

n(r,E) §2(1+eE-c+ ﬁ)

We also need to compute the weight and the conductor of the modular forms
produced by Conjecture 1.2. As anticipated in Remark 1.1, this is a known result under
some assumptions. The weight part stated in the following theorem is a special case
of the work [23]; the conductor part follows from automorphy lifting methods or can
be seen as a consequence of the main theorem of [22].

Theorem 3.4 (23,22] Let {>5 and jp : Gy — GL,(Fy) be an irreducible totally odd
representation such that its determinant is the cyclotomic character and it is finite flat
at all places w | {. Assume, furthermore, that p satisfies the Taylor- Wiles assumption;
namely,

(TW) ﬁ|GL(Q) is irreducible,

where (g is a primitive (-th root of unity. Then if p is modular, there exists a Hilbert
modular form of parallel weight 2 and conductor equal to the Artin conductor of p giving
rise to p.

We are now ready to prove Proposition 3.1.

https://doi.org/10.4153/50008439520000569 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439520000569

466 G. Baldi and G. Grossi

Proof  Our goal is to apply Serre’s conjecture to p,, the reduction modulo v of the
representation p,, for infinitely many v ¢ Sk, where Sk is the following finite set of
primes of K :

Sk ={v:v|Landw|{for somew € S or {is ramified in L}.

Let v be such a prime, and let ¢ be its residue characteristic.

We first compute the conductor N(p,). Since p, is unramified outside S,, the
conductor is divisible only by primes in S. We then apply Proposition 3.3 to E = L,,
and r = p,. The image of p, s contained in GL,(F,:), where ¢ < [K : Q] = nk. The
cardinality of this group is £/ (/** — 1) (¢ — 1). Let W,, denote the wild inertia subgroup
of Gp, . If ¢ satisfies the following congruences:

£l mod p ifp+2,3
(*) 0" £341 mod 8 ifp=2,
+1,4,7 mod9 ifp=3,

then the same congruences hold for ¢/, and hence p,(W,,) is trivial if p # 2,3 and is
at most p° if p = 2 and at most p if p = 3. Hence for v ¢ S laying above / satisfying
the above conditions, using that eg < [L : Q] = ny, the inequality of Proposition 3.3
implies that

20+ ny)  ifp+2,3,
nk(py,Lw) <121+ 6ny) ifp=2,
2(1+2n;) ifp=3.

Writing p,, for the prime ideal of L corresponding to w, we hence find that the
conductor of p, divides

¢ = H pfv+2nL . H pfvﬂzm . H PEVHM-

wesS, weS, weS,

w42,3 w2 w3
Finally, notice that p, is odd thanks to the condition on the determinant, and,
moreover, [5, Proposition 5.3.2] implies that there exists a density one set of primes
such that ( f-"')\Gz . is irreducible, i.e., (TW) is satisfied.

We can apply Conjecture 1.2 to p, for v € X, where X is the infinite set of primes

v | £such thatv ¢ Sk, ¢ satisfies (); p, is absolutely irreducible and satisfies (TW). We
have produced infinitely many f, Hilbert modular eigenform, which by Theorem 3.4
are of parallel weight 2 and level dividing €. Their Fourier coefficients are defined over
aring O(v) c O, and at a prime A | v, the associated Galois representation py,  is
isomorphic to p, modulo A. Since the space of Hilbert modular form of fixed weight
and with conductor dividing € is finite dimensional (see [20, Theorem 6.1]), we can
find at least one Hilbert modular eigenform f of parallel weight 2 and level dividing
¢ defined over some O c Ok such that for infinitely many of the v above, the same
property holds for ps ) for A | v. This implies that for all w ¢ S, the congruence

aw(f)=a, modA|v

holds for infinitely many primes A, and hence, a,,(f) = a,,, as required. ]
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3.3 Proof of Theorem 1

Recall that, as in Section 1.2, the system (p, ), is required to satisfy the following
additional property:

(8.5) the field generated by a,, for every w is exactly K.

In other words, we have K(f) = K, where f is the Hilbert modular form for L
produced in Proposition 3.1.

Proof  Starting with our initial datum of Galois representations, we have produced
a Hilbert modular form f for L. We can then apply Theorem 2.5, which gives an abelian
variety A over L of dimension [K : Q] and an embedding of Ok into End(A). For all
but finitely many w | p at which A ; has good reduction

det(1- Xpa,,v(Froby)) =1-a,(f)X + N, X2,

where v is a finite prime of K not dividing p and p4,, is the Gy -representation on
T,(Ay), the v-adic Tate module of A ;. We have therefore produced an abelian variety
Aj as stated in Theorems 1.A and 1.B.

We just need to stress that we do not require any conjectural statement in the
case np, = 1. Indeed, we can use Theorem 2.3 in place of Blasius’ conjectural version,
and Serre’s conjecture is fully known thanks to the work of Khare-Wintenberger [27,
Theorem 1.2]. [

3.4 A Corollary

We rephrase the main results of the section as needed to prove Theorem 2.

Corollary 3.5 Assume that, in the setting of Theorems 1.A and 1.B, we also have a
representation

p: GL i GLz(OK/m),

for some integral ideal M c Ok, such that for all pairs (v, a), where v is a place of K and
a € N — {0}, such that v* divides N, the reductions of p and p, modulo v* agree. Then
there exists an ni-dimensional abelian variety AL with good reduction at all w outside
S, and the action of G on A[N] is given by p.

Proof Theoremsl.A and 1.B give an ng-dimensional abelian variety A/L and, using
the Néron-Ogg-Shafarevich criterion, we can see that it has good reduction at all w
outside S. Finally, G, acts on A[0] via p, since the reduction modulo v* of p and p,
agree. |

4 Finite Descent Obstruction and Proof of Theorem 2

In this final section, we recall the finite descent obstruction for integral points,
explaining how it relates to the system of Galois representations considered in the
previous section. Using Theorem 1, we indeed produce an Op s-point of integral
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models of twists of Hilbert modular varieties, which is what we require to prove
Theorem 2.

4.1 Recap on the Integral Finite Descent Obstruction

Let Y/F be a smooth, geometrically connected variety (not necessarily proper) over a
number field F. Let Sbe a finite set of places of F, and, as before, assume that S contains
the archimedean places and all places of bad reduction of Y. Choose and fix a smooth
model Y of Y over Ops. In this section, we recall the definition of the set ¥/ ~**",
which will correspond to the adelic points of Y that are unobstructed by all Galois
covers. To make the paper self contained, we recall the discussion from [26, Section 2]
(where the authors work with affine curves). We then recall that, for Hilbert modular
varieties, a point unobstructed by finite covers admits an infinite tower of twists of
covers with a compatible system of lifts of adelic points along the tower (following
[26, Proposition 1]).

Let 7: X = Y be a map of O s-schemes, such that it becomes a Galois covering
over F. Such a map is called a geometrical Galois cover of . Denote by Tw(r)
the set of isomorphism classes of twists of 7, i.e., of maps 7’ : X — Y that become
isomorphic to 7 over F. We have

y(()p)s) = U ﬂ,(X/(OF,s)),
n’'€Two ()
where Tw () is a suitable finite subset of Tw(7) (for a more detailed discussion, we
refer the reader to [38, pp. 105,106]), and 7’ : X’ — Y is a twist of 7. In what follows,
w denotes a place of F.

Definition4.1 We define ¥/ ™" (Op.s) = Y/ " astheset of (P,,),, € [Tyes Y(Or,)
such that, for each geometrical Galois cover 7, we can write

P,=7'(Qy), Yw¢S
for some 7" € Two () and (Qy)w € [Tyyes X (O, ).

Proposition4.1 A point (P,,),, liesin yler ifand only if, for each geometrical Galois
cover : X - Y, wecan chooseatwist i’ : X' — Y and a point (Py) € [1,,¢5 X'(OF, )
lifting (P, )w in a compatible way (i.e., if m, m, are Galois covers and m, dominates m,
then r, dominates 1 and (P,,); maps to (Py) ).

A few words to justify the equivalence between the two definitions are needed. This
is explained in [26, Proposition 1] for curves, and it relies on results from [39] (notably
[39, Lemma 5.7 ). In [39], Stoll works with projective varieties and their rational
points, but what he says still holds true for the integral points of non-projective
varieties. Once such differences are taken into account, the proof works in the same
way in our setting.

3t is actually better to refer to the corrected version of [39] available on the author’s website
( www.mathe2.uni-bayreuth.de/stoll/papers/Errata-FiniteDescent-ANT.pdf ).
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Clearly, we have ¥(Or,s) ¢ ¥/ ", and so if ¥/ 7" is empty, then Y(Op.s) has
to be empty as well. What can be said when Y/ ~°" contains a point?

Definition 4.2 1f Y/ ™" (Of.s) + 0 implies that ¥ (Of, s ) is non-empty, we say that
the S-integral finite descent obstruction is the only obstruction for the existence of
S-integral points.

From now on, we specialise to the case of Hilbert modular varieties (and their
twists).

4.2 Integral Points on Hilbert Modular Varieties

Recall the notation from Section 2.2.1. Let Yx () be the nx-dimensional Q-scheme
described in Section 2.2.1 and let N be the integer such that ¥ N Z = (N). The set of
twists of 71 : Yg (1) — Yi (1) over a number field F corresponds to the set of Galois
representations p : Gg > GL,(Og /) whose determinant is the cyclotomic character
x: Gr — (Z/NZ)*. Moreover, a point x € Yx(1)(F) lifts to a F-rational point of the
twist of Yx(91) corresponding to a representation p, if and only if p describes the
action of Gy on the 91-torsion of the underlying abelian variety A (as an Og-module).

Using the moduli interpretation of Section 2.2.1, we can construct a model of
Yk (91) over Z, which is smooth over Z[1/b], for some natural number b, divisible
by N. To be more precise,b depends on the level structure and the discriminant of K.
Fixing such a model, which we denote by Yk (91), we can talk about O s-points of
Yk (M), for any number field F and set of places S containing the archimedean places
and the ones dividing b. Such O s-points then correspond to abelian varieties (with
some extra structure), having good reduction outside S. Recall that N is assumed to be
bigger than 3, since it is important to have a fine moduli space. For example, the affine
line is the moduli space of elliptic curves and has plenty of Z-points, even though
there are no elliptic curves defined over Z.

We are ready to study the finite descent obstruction for the Oy s-points of Y (D)
and its twists, where L is a totally real field (the fact that L is totally real will be used
only in the next section). Let

p: GL —> GLz(OK/m)

be a representation whose determinant is the cyclotomic character. Assume that S
contains the places w of ramification of p. Under this assumption, arguing as above,
we can consider Y, to be the S-integral model of the twist of Yx (1) corresponding
to p. From now on, we assume that Y/, (Oys) is non-empty. The next lemma relates
a point (P,), € yﬁ_cov to a system of Galois representations as considered in the
previous section.

Lemma 4.2 A point (P,),, € yi,(_wv (OL,s) corresponds to the following data:

o for each finite place v of K a representation p, : G - GL,(K,);
o for each finite place w of L such that w ¢ S an abelian variety A,,[L,, of dimension
nx, with good reduction and Ox-multiplication;
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satisfying:

o for every place v in K the action of Gy, on T, (A,,) is given by the restriction of p, to
the decomposition group at w;

o for all pairs (v, a) such that v* divides N, the reductions of p and p, modulo v* agree.

Moreover, every such system satisfies the first four conditions of (S).

Proof = We first check, using Lemma 4.1, that an unobstructed point corresponds to
a system of Galois representations as described above, and then we show that every
such system enjoys the desired properties.

Thanks to Proposition 4.1, we can fix a compatible system of lifts of (P, ),, on
J/fj_wv (OL,s). In particular, for each 9 divisible by 91, we obtain a twist Yk (91)’
of Y (M) and a compatible family of points (P, )on of Y (9M)' lifting (P, ),. We
remark here that the latter compatible family of points depends on (P, ),,. Indeed, a
priori, we cannot simply lift p to mod 90t coefficients.

By the interpretation of Yk (91)’ as moduli space of abelian varieties discussed
above, the point (P, )an corresponds to an abelian variety A,,/L,, of dimension n,
with good reduction and Ok-multiplication and prescribed 9i-torsion. The other
conditions are easily checked as at the end of proof of [26, Theorem 2].

The fact that the action of G, on T, (A, ) is given by the restriction of p, to the
decomposition group at w ensures that (S.1) and (S.2) are satisfied. Moreover, since
A, has good reduction, A,,[v] ~ p, is a finite flat group scheme over Ok, forall w | £
if v | 4; this implies that (S.3) also holds.

Finally, we need to show that (S.4) is satisfied. With the three conditions above,
one can show, as in the proof of Proposition 3.1, that the conductor of p,, divides a fixed
ideal € of L. If wis such that A,, /L,, is supersingular at v, then A,,[v] ~ p, is absolutely
irreducible. If there existed infinitely many v such that p, is absolutely reducible, we
could then write the semisemplification of p, as direct sum of ¢ and y,¢ ", for some
character ¢. Since p, ~ A, [v] for w | p, we then have that A,, is ordinary, and hence
¢ is unramified at w. We also know that the conductor of ¢ divides €; hence, if w = 1
mod €&, we have

a,(Ay) = Tr( Frob,,, TV(AW)) = ye(Frob,) +1 mod v.

Since y¢(Frob,,) = plr*%], we showed that if we had infinitely many v such that p, is
absolutely reducible, we would find a,,(A,,) = pl"**%] + 1. Since the Weil bound says

that |a,,| < 21/ plt** %], we reached a contradiction. [ ]

Remark 4.3  Asdiscussed above, for any number field F, we have a map from Y (F)
to systems of Galois representations satisfying (S.1)-(S.4). Thanks to Faltings [18,
Satz 6], this map has finite fibres. Indeed, if two points give rise to the same system,
the two corresponding abelian varieties have the same locus of bad reduction, which
we denote by S. It follows from the Shafarevich conjecture that Shimura varieties of
abelian type have only finitely many OF s-points. For more details, we refer the reader
to [43, Theorem 3.2(A)].
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We are now ready to prove the main theorem about descent obstruction for Hilbert
modular varieties

4.3 Proof of Theorem 2

We do not treat the cases n; = land 5y > 1 separately, but, as in the proof of Theorem
1, we emphasize that we do not need any conjectural statement in the case ny, =1, since
we have Shimura’s unconditional result, Theorem 2.3.

Proof Thanksto Lemma 4.2, a point in yf{‘”" (OL.s), which is assumed to be non-
empty, gives rise to a compatible system of representations of G, denoted by {p, },.
Let E be the the subfield of K generated by tr(p, (Frob,,)) forallw. If E = K, Corollary
3.5 produces an Oy, s-abelian variety A with Og-multiplication, such that G, acts on
A[] via p. To conclude the proof, we just need to see how A corresponds to a point
P € Y,(O.,s). The only issue that is not clear from the quoted corollary is whether A
is principally Ok-polarised, but this follows from the discussion in Section 2.4.

If E is strictly contained in K, i.e., condition (S.5) is not satisfied, we consider
Sk, the Hilbert modular variety associated with E and of level 91 n Og. For the same
reason as above, the system {p, } corresponds to a Oy s-point P of the twist by p of
Sg. The embedding Resg /o GL, < Resg/qGL, induces a map of Shimura varieties

r:Sg — Yr(MN),

and therefore on their twists by p. Via r, we can regard P as an Oy s-point of Y/ ,, which
completes the proof of the theorem. The only difference is that the abelian variety
constructed in this case is not primitive. This concludes the proof of Theorem 2. m

Acknowledgement It is a pleasure to thank Toby Gee for helpful discussions about
the weight part of Serre’s conjecture and the Taylor-Wiles assumption. We thank
Matteo Tamiozzo for his comments on an earlier draft of this paper. We would also
like to express our gratitude to the anonymous referees whose comments improved
the paper.

References

[1] P.B. Allen, E Calegari, A. Caraiani, T. Gee, D. Helm, B. V. Le Hung, J. Newton, P. Scholze, R.
Taylor, and J. A. Thorne, Potential automorphy over CM fields. Preprint, 2018.  arXiv:1812.09999.

[2] W. L. Baily, Jr and A. Borel, Compactification of arithmetic quotients of bounded symmetric
domains. Ann. Math 84(1966), 442-528.  http:/dx.doi.org/10.2307/1970457

[3] G.Baldi, Local to global principle for the moduli space of K3 surfaces. Arch. Math. 112(2019),
599-613.  http://dx.doi.org/10.1007/s00013-018-01295-1

[4] G. Baldi, On the geometric Mumford-Tate conjecture for subvarieties of Shimura varieties. Proc.
Amer. Math. Soc. 148(2020), 95-102.  http://dx.doi.org/10.1090/proc/14717

[5] T.Barnet-Lamb, T. Gee, D. Geraghty, and R. Taylor, Potential automorphy and change of weight.
Ann. Math. 179(2014), no. 2, 501-609.  http://dx.doi.org/10.4007/annals.2014.179.2.3

[6] D. Blasius, Elliptic curves, Hilbert modular forms, and the Hodge conjecture. In: Contributions to
automorphic forms, geometry, and number theory, Johns Hopkins University Press, Baltimore,
MD, 2004, pp. 83-103.

[7] D. Blasius and J. Rogawski, Galois representations for Hilbert modular forms. Bull. Amer. Math. Soc.
21(1989), 65-69. http://dx.doi.org/10.1090/50273-0979-1989-15763-7

https://doi.org/10.4153/50008439520000569 Published online by Cambridge University Press


http://abc/arXiv:1812.09999
http://dx.doi.org/10.2307/1970457
http://dx.doi.org/10.1007/s00013-018-01295-1
http://dx.doi.org/10.1090/proc/14717
http://dx.doi.org/10.4007/annals.2014.179.2.3
http://dx.doi.org/10.1090/S0273-0979-1989-15763-7
https://doi.org/10.4153/S0008439520000569

472

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]
(17]
(18]

(19]

(20]
(21]

(22]
(23]

(24]
(25]
(26]

(27]

(28]
(29]
(30]
(31]

(32]

G. Baldi and G. Grossi

A. Borel and N. Wallach, Continuous cohomology, discrete subgroups, and representations of
reductive groups. 2nd ed., Mathematical Surveys and Monographs, 67, American Mathematical
Society, Providence, RI, 2000. http://dx.doi.org/10.1090/surv/067

K. Buzzard, Potential modularity—a survey. In: Non-abelian fundamental groups and Iwasawa
theory, London Math. Soc. Lecture Note Ser., 393, Cambridge University Press, Cambridge, UK,
2012, pp. 188-211.

K. Buzzard, F. Diamond, and F Jarvis, On Serre’s conjecture for mod £ Galois representations over
totally real fields. Duke Math. J. 155(2010), 105-161.

http://dx.doi.org/10.1215/00127094-2010-052

H. Carayol, Sur les représentations I-adiques associées aux formes modulaires de Hilbert. Ann. Sci.
Ecole Norm. Sup. 19(1986), no. 4, 409-468.

L. Clozel, Motives and automorphic representations. In: Autour des motifs—Ecole dété
Franco-Asiatique de Géométrie Algébrique et de Théorie des Nombres/Asian-French Summer
School on Algebraic Geometry and Number Theory. Vol. III, Panor. Syntheses, 49, Société
Mathématique de France, Paris, 2016, pp. 29-60.

P. B. Cohen, C. Itzykson, and J. Wolfart, Fuchsian triangle groups and Grothendieck dessins.
Variations on a theme of Belyi. Comm. Math. Phys. 163(1994), 605-627.

P. Deligne, Cohomologie étale. Séminaire de géométrie algébrique du Bois-Marie SGA 4 1/2. Lecture
Notes in Mathematics, 569, Springer-Verlag, Berlin, Germany, 1977.
http://dx.doi.org/10.1007/BFb0091526

P. Deligne, Variétés de Shimura: interprétation modulaire, et techniques de construction de modéles
canoniques. In: Automorphic forms, representations and L-functions (Proc. Sympos. Pure Math.,
Oregon State Univ., Corvallis, Or., 1977), Part 2, Proc. Sympos. Pure Math., XXXIII, American
Mathematical Society, Providence, RI, 1979, pp. 247-289.

P. Deligne, J. S. Milne, A. Ogus, and K.-Y. Shih, Hodge cycles, motives, and Shimura varieties.
Lecture Notes in Mathematics, 900, Springer-Verlag, Berlin, Germany-New York, NY, 1982.

B. Edixhoven, On the André-Oort conjecture for Hilbert modular surfaces. In: Moduli of abelian
varieties (Texel Island, 1999). Progr. Math., 195, Birkhéuser, Basel, 2001, pp. 133-155.

G. Faltings, Endlichkeitssdtze fiir abelsche Varietiten iiber Zahlkorpern. Invent. Math. 73(1983),
349-366.  http:/dx.doi.org/10.1007/BF01388432

J.-M. Fontaine and B. Mazur, Geometric Galois representations. In: Elliptic curves, modular forms,
& Fermat's last theorem (Hong Kong, 1993), Ser. Number Theory, I, International Press,
Cambridge, MA, 1995, pp. 41-78.

E. Freitag, Hilbert modular forms. Springer-Verlag, Berlin, Germany, 1990.
http://dx.doi.org/10.1007/987-3-662-02638-0

N. Freitas, B. V. Le Hung, and S. Siksek, Elliptic curves over real quadratic fields are modular.
Invent. Math. 201(2015), 159-206. http://dx.doi.org/10.1007/s00222-014-0550-z

K. Fujiwara, Level optimization in the totally real case. Preprint, 2006.  arXiv:math/0602586

T. Gee, T. Liu, and D. Savitt, The weight part of Serre’s conjecture for GL(2). Forum Math. Pi
3(2015), €2,52.  http:/dx.doi.org/10.1017/fmp.2015.1

E. Z. Goren, Lectures on Hilbert modular varieties and modular forms. CRM Monograph Series, 14,
American Mathematical Society, Providence, RI, 2002.

D. Harari and J. E Voloch, The Brauer-Manin obstruction for integral points on curves. Math. Proc.
Camb. Philos. Soc. 149(2010), 413-421. http://dx.doi.org/10.1017/S0305004110000381

D. Helm and J. E. Voloch, Finite descent obstruction on curves and modularity. Bull. Lond. Math.
Soc. 43(2011), 805-810.  http://dx.doi.org/10.1112/blms/bdr015

C. Khare and J.-P. Wintenberger, On Serre’s conjecture for 2-dimensional mod p representations

of Gal(Q/Q). Ann. of Math. (2) 169(2009), 229-253.
http://dx.doi.org/10.4007/annals.2009.169.229

C. Klevdal, Recognizing Galois representations of K3 surfaces. Res. Numb. Theory 5(2019),

12-16. http://dx.doi.org/10.1007/s40993-019-0154-1

R. P. Langlands, Base change for GL(2). Annals of Mathematics Studies, 96, Princeton University
Press, Princeton, NJ, and University of Tokyo Press, Tokyo, 1980.

M. Martin-Deschamps, La construction de Kodaira—Parshin. Seminar on arithmetic bundles: the
Mordell conjecture (Paris, 1983/84). Astérisque 127(1985), 261-273.

T. Oda, Periods of Hilbert modular surfaces. Progress in Mathematics, 19, Birkhduser , Boston, MA,
1982.

S. Patrikis, J. F. Voloch, and Y. G. Zarhin, Anabelian geometry and descent obstructions on moduli
spaces. Algebra Number Theory 10(2016), 1191-1219.  http://dx.doi.org/10.2140/ant.2016.10.1191

https://doi.org/10.4153/50008439520000569 Published online by Cambridge University Press


http://dx.doi.org/10.1090/surv/067
http://dx.doi.org/10.1215/00127094-2010-052
http://dx.doi.org/10.1007/BFb0091526
http://dx.doi.org/10.1007/BF01388432
http://dx.doi.org/10.1007/987-3-662-02638-0
http://dx.doi.org/10.1007/s00222-014-0550-z
http://arXiv:math/0602586
http://dx.doi.org/10.1017/fmp.2015.1
http://dx.doi.org/10.1017/S0305004110000381
http://dx.doi.org/10.1112/blms/bdr015
http://dx.doi.org/10.4007/annals.2009.169.229
http://dx.doi.org/10.1007/s40993-019-0154-1
http://dx.doi.org/10.2140/ant.2016.10.1191
https://doi.org/10.4153/S0008439520000569

Finite descent obstruction for Hilbert modular varieties 473

(33]
(34]
(35]
(36]

(37]

(38]

(39]
(40]
[41]
(42]

(43]

K. A. Ribet, Abelian varieties over Q and modular forms. In: Algebra and topology, Korea
Advanced Institute of Science & Technology, Taejon, 1992, pp. 53-79.

J.-P. Serre, Sur les représentations modulaires de degré 2 de Gal ( Q/Q). Duke Math. J. 54(1987),
179-230. http://dx.doi.org/10.1215/50012-7094-87-05413-5

J.-P. Serre, Abelian l-adic representations and elliptic curves. 2nd ed., Advanced Book Classics
Addison-Wesley Publishing Company, Advanced Book Program, Redwood City, CA, 1989.

G. Shimura, The special values of the zeta functions associated with Hilbert modular forms. Duke
Math. J. 45(1978), 637-679.

G. Shimura, Introduction to the arithmetic theory of automorphic functions. Publications of the
Mathematical Society of Japan, 11, Reprint of the 1971 original, Kané Memorial Lectures, 1,
Princeton University Press, Princeton, NJ, 1994.

A. Skorobogatov, Torsors and rational points. Cambridge tracts in mathematics, 144, Cambridge
University Press, Cambridge, UK, 2001.

http://dx.doi.org/10.1017/CB09780511549588

M. Stoll, Finite descent obstructions and rational points on curves. Algebra Number Theory 1(2007),
349-391.  http://dx.doi.org/10.2140/ant.2007.1.349

R. Taylor, On Galois representations associated to Hilbert modular forms. Invent. Math. 98(1989),
265-280.  http://dx.doi.org/10.1007/BF0138853

R. Taylor, Remarks on a conjecture of Fontaine and Mazur. J. Inst. Math. Jussieu 1(2002),
125-143. http://dx.doi.org/10.1017/5147474800200038

J. Tunnell, Artin’s conjecture for representations of octahedral type. Bull. Amer. Math. Soc. 5(1981),
173-175. http://dx.doi.org/10.1090/50273-0979-1981-14936-3

E. Ullmo, Points rationnels des variétés de Shimura. Int. Math. Res. Not. 2004(2004), no. 76,
4109-4125. http://dx.doi.org/10.1155/51073792804140415

Department of Mathematics, University College London, 25, Gordon St., London, UK, WC1H 0AY
e-mail: gregorio.baldi.16@ucl.ac.uk giada.grossi.16@ucl.ac.uk

https://doi.org/10.4153/50008439520000569 Published online by Cambridge University Press


http://dx.doi.org/10.1215/S0012-7094-87-05413-5
http://dx.doi.org/10.1017/CB09780511549588
http://dx.doi.org/10.2140/ant.2007.1.349
http://dx.doi.org/10.1007/BF0138853
http://dx.doi.org/10.1017/S147474800200038
http://dx.doi.org/10.1090/S0273-0979-1981-14936-3
http://dx.doi.org/10.1155/S1073792804140415
mailto:gregorio.baldi.16@ucl.ac.uk
mailto:giada.grossi.16@ucl.ac.uk
https://doi.org/10.4153/S0008439520000569

	1 Introduction
	1.1 What is a Point of a Shimura Variety?
	1.2 Main Results
	1.3 Conjectures
	1.3.1 Absolute Hodge Conjecture
	1.3.2 Serre's Weak Conjecture Over Totally Real Fields

	1.4 Related Work
	1.5 Outline of the Paper

	2 Recap on Hilbert Modular Varieties and Modular Forms
	2.1 A Question on Rational Points on Shimura Varieties
	2.2 Hilbert Modular Varieties
	2.2.1 Hilbert Modular Varieties as Moduli Spaces

	2.3 Eichler–Shimura Theory
	2.3.1 Classical Modular Eigenform
	2.3.2 Hilbert Modular Forms for F
	2.3.3 Hecke Operators and Hilbert Eigenforms
	2.3.4 Eichler–Shimura for Hilbert Modular Forms

	2.4 A Remark on Polarisations

	3 Producing Abelian Varieties via Serre's Conjecture
	3.1 Weakly Compatible Systems
	3.2 Key Proposition
	3.3 Proof of Theorem 1
	3.4 A Corollary

	4 Finite Descent Obstruction and Proof of Theorem 2
	4.1 Recap on the Integral Finite Descent Obstruction
	4.2 Integral Points on Hilbert Modular Varieties
	4.3 Proof of Theorem 2


