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Abstract

We study the extragradient method for solving quasi-equilibrium problems in Banach spaces, which
generalizes the extragradient method for equilibrium problems and quasi-variational inequalities. We
propose a regularization procedure which ensures strong convergence of the generated sequence to a
solution of the quasi-equilibrium problem, under standard assumptions on the problem assuming neither
any monotonicity assumption on the bifunction nor any weak continuity assumption of f in its arguments
that in the many well-known methods have been used. Also, we give a necessary and sufficient condition
for the solution set of the quasi-equilibrium problem to be nonempty and we show that, in this case,
this iterative sequence converges strongly to a solution of the quasi-equilibrium problem. In other words,
we prove strong convergence of the generated sequence to a solution of the quasi-equilibrium problem
without assuming existence of a solution of the problem. Finally, we give an application of our main result
to a generalized Nash equilibrium problem.

2020 Mathematics subject classification: primary 90C25; secondary 90C30.

Keywords and phrases: demiclosed, extragradient method, linesearch, quasi-equilibrium problem, quasi
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1. Introduction

Let E be a real Banach space with norm || - ||; E* will denote the topological dual of E.
The duality mapping J : E — P(E™) is defined by

Jo) = v e E": (x,v) = > = IMP).

Let C € E be a nonempty closed and convex set and K(-) be a multivalued mapping
from C into itself such that for all x € C, K(x) is a nonempty closed and convex subset
of C, and let f: EXE — R be a bifunction. The quasi-equilibrium problem QEP
(f, K) consists of finding x* € K(x*), that is, a fixed point x* of K(-), such that

f&x*y) =0, VyeK(x"). (1-1)
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The set of solutions of QEP (f, K) will be denoted as S(f, K). We also denote the
set of fixed points of the multivalued mapping K(-) by Fix(K). The associated Minty
quasi-equilibrium problem, denoted by MQEP (f, K), can be expressed as finding
x* € K(x*) such that f(y,x*) < Oforall y € K(x*). The set of solutions of MQEP (f, K)
will be denoted by MS(f, K). When the constraint set K(x) is equal to C for every x € C,
the quasi-equilibrium problem QEP (f, K) becomes a classical equilibrium problem
EP (f, C), and the associated Minty quasi-equilibrium problem becomes a classical
Minty equilibrium problem.

An example of a quasi-equilibrium problem is a quasi-variational inequality
problem. Let K(-) be a multivalued mapping from C into itself such that for all x € C,
K(x) is a nonempty closed and convex subset of C, consider a map 7 : E — E* and
define f(x,y) = (T(x),y — x), where (-, -) : E* X E — R denotes the duality pair, that is,
(z,x) = z(x). Then QEP (f, K) is equivalent to the quasi-variational inequality problem
QVIP (T, K), consisting of finding a point x* € K(x*) such that (T(x*),x —x*) >0
for all x € K(x*). Usually for approximating solutions of the equilibrium problems,
some monotonicity assumptions on the bifunction f are needed. We recall next
two such properties for future reference: the bifunction f is said to be monotone
if f(x,y)+ f(y,x) <0 for all x,y € E and pseudo-monotone if for any pair x,y € E,
f(x,y) = 0 implies that f(y,x) <O0.

The equilibrium problem encompasses, among its particular cases, convex opti-
mization problems, variational inequalities (monotone or otherwise), Nash equilibrium
problems and other problems of interest in many applications. The study of equi-
librium problems goes back to Fan [11]. Subsequently, Brézis et al. [6] studied the
problem with a coercivity assumption on f. Blum and Oettli [5] proved the existence
of solutions to EP (f, C) with a monotonicity condition on f. Later, the equilibrium
problems were studied extensively for existence of solutions (see, for example, [13]
and the references therein). Recently, much research was devoted to the approximation
of solutions to equilibrium problems (see, for example, [18, 19, 26] and the references
therein). Equilibrium problems with monotone and pseudo-monotone bifunctions
were studied extensively in Hilbert, Banach as well as in topological vector spaces
by many authors (for example, [4, 7, 8, 13, 15, 19]). Also, the quasi-equilibrium
problems were studied in [3] and [33]. Recently, the second author and Iusem have
studied the extragradient method with linesearch for solving nonsmooth equilibrium
problems in Banach spaces. They proved weak and strong convergence of the generated
sequence to a solution of the equilibrium problem, under standard assumptions on the
bifunction (see [15, 16]). Other variants of the extragradient method can be found
in [10, 12, 14, 17, 22, 24, 25, 31]. In this paper, we perform some modifications
on the extragradient method in order to introduce and analyze the extragradient
method with linesearch for solving quasi-equilibrium problems in Banach spaces,
and we prove the strong convergence of the generated sequence to a solution of the
quasi-equilibrium problem, under rather mild assumptions on the bifunction. Our
convergence results hold without any monotonicity, smoothness and weak continuity
assumptions on f. Also, we give a necessary and sufficient condition for the solution set
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of the quasi-equilibrium problem to be nonempty, and we show that in this case, this
iterative sequence converges strongly to a solution of the quasi-equilibrium problem.
In particular, our results contain the case where the bifunction is the sum of two (or
finitely many) pseudo-monotone bifunctions or even the sum of a pseudo-monotone
bifunction and a monotone bifunction. As we know, in this case, the sum need not
be any more pseudo-monotone, where the pseudo-monotone case was studied by
previous authors. One of the main reasons for studying quasi-equilibrium problems
lies in the relation between them and quasi-variational inequalities, which mirrors
the well-known relation between equilibrium problems and variational inequalities.
Quasi-variational inequalities are themselves relevant because they encompass certain
problems of interest in applications, which do not fall within the scope of variational
inequalities. Perhaps one important instance of such applications is the generalized
Nash equilibrium problem, which models a large number of real-life problems in
economics and other areas (see [27, 28, 30]). In order to illustrate an application of
our main result in this paper, we will give a concrete example of a real-life problem in
Section 4.

In this paper, we study an extragradient method which improves upon [15] and [33]
in the following ways.

(a) We deal with an extragradient method for solving quasi-equilibrium problems in
Banach spaces, while [15] considered classical equilibrium problems. Also, [33]
is restricted to finite-dimensional Euclidean spaces.

(b) We prove the strong convergence of the generated sequence to a solution of the
quasi-equilibrium problem, without assuming the existence of a solution to the
problem, while in [15] and [33] the authors assumed the existence of a solution
for their equilibrium problems.

(c) The convergence analysis of the method in [15] requires the weak upper semi-
continuity of f(-,y) for all y € E and the Lipschitz continuity of the bifunction f
on bounded sets, which are quite restrictive conditions. Here we use neither Lip-
schitz continuity nor weak upper semicontinuity assumptions on the bifunction.
Moreover, since the algorithm in [33] works only in finite-dimensional spaces, it
is not even possible to get the weak convergence of the generated sequence in a
Banach space by their algorithm.

(d) We deal with a rather general class of bifunctions, while [15] only considered
pseudo-monotone bifunctions. On the other hand, [33] considered a multival-
ued mapping K(-) : C — P(C) which is %-nonexpansive and bounded valued,
whereas we assume that K(-) is quasi-¢-nonexpansive, which is a weaker
assumption, and we do not use the boundedness of K(-).

We also mention another difference between our algorithm and those of [15] and
[33], regarding the step required for getting the strong convergence. Note that [33]
considered only finite-dimensional Euclidean spaces with a different extragradient
algorithm, and [15] dealt with Halpern’s algorithm, which consists of a convex
combination in E* of the current iterate with a given point in £*. Our method, instead,

https://doi.org/10.1017/51446788720000233 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788720000233

[4] Extragradient methods for quasi-equilibrium problems in Banach spaces 93

takes the projection of the initial iterate onto the intersection of three half spaces
(see (3-10)). Although the projections may present some computational complexity in
Banach spaces, they are needed for the convergence analysis of the generated sequence,
especially when K(-) is quasi-¢-nonexpansive. In fact, the half space M; defined in
(3-12) helps us to prove the convergence of the generated sequence to a fixed point of
K(-), and the half spaces L; and N; defined in (3-11) and (3-13) help us to prove the
strong convergence of the sequence.

The paper is organized as follows. In Section 2, we introduce some preliminary
material related to the geometry of Banach spaces. In Section 3, we introduce
and analyze the extragradient method with linesearch for solving nonsmooth
quasi-equilibrium problems in Banach spaces, and we prove the strong convergence of
the generated sequence to a solution of the quasi-equilibrium problem. Also, we give a
necessary and sufficient condition for the solution set of the quasi-equilibrium problem
to be nonempty. Finally, in Section 4, we give an application of our main result to a
generalized Nash equilibrium problem, which is formulated as a quasi-equilibrium
problem.

2. Preliminaries

A Banach space E is said to be strictly convex if ||(x +y)/2|| < 1 for all x,y € E
with [|x]| = ||lyll = 1 and x # y. It is said to be uniformly convex if for each ¢ € (0, 2],
there exists 6 > 0 such that for all x,y € E with ||x|]| = ||y]| = 1 and ||x — y|| > &, we have
[[(x +y)/2|| < 1 = 6. It is known that uniformly convex Banach spaces are reflexive and
strictly convex.

A Banach space E is said to be smooth if

| el
lim ———

t—0 t (2_ 1)

exists forall x,y € S = {z € E : ||z]| = 1}. Itis said to be uniformly smooth if the limit in
(2-1) is attained uniformly for x,y € S. It is well known that the spaces L”(1 < p < o)
and the Sobolev spaces W*? (1 < p < o) are both uniformly convex and uniformly
smooth.

It is well known that when E is smooth the duality operator J is single valued. Let
E be a smooth Banach space. We define ¢ : EX E — R as

¢(x,y) = WP = 20, J() + Iyl (2-2)
This function can be seen as a ‘distance-like’ function, better conditioned than the

square of the metric distance, namely |lx — y||*; see, for example, [1, 21, 22].
It is easy to see that

0 < (bl = IylD* < ¢, y) (2-3)
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for all x,y € E. In Hilbert spaces, where the duality mapping J is the identity operator,
we have ¢(x, y) = |lx — y||>. In the following, we will need the following three properties
of ¢, proved in [21].

PROPOSITION 2.1. Let E be a smooth and uniformly convex Banach space. Take two
sequences {x*}, [Y*} € E. Iflimy_ ¢(x*, ¥%) = 0 and either {x*} or {y*} is bounded, then
limyo [bek = 4[] = 0.

PROPOSITION 2.2. Let E be a reflexive, strictly convex and smooth Banach space.
Take a nonempty, closed and convex set C C E. Then, for all x € E, there exists a
unique xy € C such that

é(xp,x) = inf{¢(z,x) : z € C}.

We define Pc : E — C by taking Pc(x) as the unique element xy € C given by
Proposition 2.2. The projection P¢ is called the generalized projection onto C. When
E is a Hilbert space, Pc is just the metric projection onto C.

The third result taken from [21] is the following proposition.

PROPOSITION 2.3. Consider a smooth Banach space E and a nonempty, closed and
convex set C C E. Let x € E and xy € C. Then xy = Pc(x) if and only if

(z = x0,J(x) = J(x0)) <0
forall z € C.
We also need the following result from [29].

PROPOSITION 2.4 [29]. Suppose that f and g are convex, proper and lower semicon-
tinuous functions on the Banach space E and that there is a point in D(f) N D(g) where
one of them is continuous. Then

Af + @) =df(x) + dg(x), x € D@f) N D(Ag).

We continue this section with a notational comment: when {x*} is a sequence in E,
we denote strong convergence of {x} to x € E by x* — x and weak convergence by
x* — x. In the following definitions, suppose that C C E is a nonempty, closed and

convex set.

DEFINITION 2.5. We say that 7 : C — C is a quasi-¢-nonexpansive mapping when-
ever Fix(T) # 0 and ¢(p, Tx) < ¢(p, x) for all (p,x) € Fix(T) x C.

DEFINITION 2.6. Let K(-) be a multivalued mapping from C into itself such that for
all x € C, K(x) is a nonempty, closed and convex subset of C. We say that K(-) is
quasi-¢-nonexpansive whenever the mapping 7'(-) = Pk(.(+) is quasi-¢-nonexpansive,
where P is the generalized projection.

DEFINITION 2.7. The multivalued mapping K(-) from C into itself is called lower
semicontinuous at each x € C if, whenever we have {x*} ¢ C and x* — X, then for any
y € K(x), there is a sequence {y*} with y* € K(x*) for all k such that y* — y as k — co.
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In the following, we give an example of a multivalued mapping which is lower
semicontinuous at each x € C.

EXAMPLE 2.8. Define K(-) : C — P(C) by K(x) = B(0, ||x||), where B(0, ||x||) denotes
the closed ball of radius ||x|| centered at 0. Suppose that x* — X and y € K(¥). Then, if
% = 0, we have y = 0 and hence we can choose y* = 0 for all k, where y* € K(x*). If
¥ # 0 and y € K(x), we choose y* = ((x¥, Jx)/|[x||*)y. It is easy to see that y* € K(x*).
Therefore, in both cases we have y* € K(x*) and y* — ¥.

DEFINITION 2.9. The multivalued mapping K(-) from C into itself is said to be
demiclosed if, whenever x* — ¥ and limy_,., d(x*, K(x*)) = 0, then x € Fix(K).

Note that when T is a quasi-¢-nonexpansive mapping, it is well known that Fix(T)
is convex. Also, if T is demiclosed, then Fix(T) is closed (see Remark 3.2).

Now we introduce some conditions on the bifunction f and the multivalued mapping
K that we will need for the convergence analysis.

B1l: f(x,x)=0forall x € E.

B2: fis continuous on £ X E and uniformly on bounded subsets of E with respect to
the second argument, and f is bounded on bounded subsets of E X E.

B3: f(x,-): E —> Risconvex forall x € E.

B4: K(-):C — P(C) is a multivalued mapping with nonempty, closed and convex
values, quasi-¢-nonexpansive, demiclosed and lower semicontinuous at each
xeC.

Regarding B4, we mention that some demiclosedness-like property is needed for
convergence of all variants of approximation methods of fixed point problems. Also,
lower semicontinuity of K(:) is used to show that the sequence generated by the
algorithm SEML in Section 3 converges strongly to a solution of QEP (f, K). We
mention also that for the sequences generated by our algorithm in Section 3 to be well
defined and bounded, we will assume that

DS(f,K) ={xe Kx): f(y,x) <0, VyeC}=+0.

However, if the sequence {v*} generated by the algorithm SEML is well defined and
bounded, then the above condition is automatically satisfied. It is easy to see that
DS(f,K) € MS(f,K) € S(f,K) (see Remark 3.3 in Section 3).

3. Extragradient method with linesearch and strong convergence

In this section, we study the strong convergence of the sequence generated by a
strongly convergent variant of the extragradient method with linesearch (SEML) to
approximate a solution of the quasi-equilibrium problem. We also propose a regular-
ization procedure on the extragradient method which ensures the strong convergence
of the generated sequence to a solution of QEP (f, K). We will assume in the following
that £ is uniformly smooth and uniformly convex, that C C E is nonempty closed
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and convex, that f : E X E — R is a bifunction, that K(-) : C — P(C) is a multivalued
quasi-¢-nonexpansive mapping and that the assumptions B1-B4 are satisfied. For the
sake of definiteness and boundedness of the iterative sequence {V¥} generated by the
following algorithm, we assume that DS(f, K) # 0. However, we will show later that
if the sequence {v*} generated by the algorithm is bounded, then S(f, K) # 0. First we
give the formal definition of the algorithm SEML.

1. Initialization: Fix v’ € E and consider a sequence yi € [s 1/2] for some € €
(0,1/2]and k=0, 1,2,... . Take 8,6 € (0, 1), ,8 B satisfying 0 <,B < B and a sequence

B} BB
2. Iterative step: Given V¥, define
= P (0, (3-1)
2 € Argmin,yn {£6.9) + oI = 2006 (3-2)
If z5 = vk, stop. Otherwise, let
(W = min{0 202 BAOLN - BAOLD 2 S b ()
with
yo= 6 + (1 - 69k, (3-4)
Set
ay = 6P, (3-5)
Vo= 3y = i + (1 - aprt. (3-6)
Take h* € df(y¥, -)(x*) and define
Hy ={y € E: (y—x* Ky + (5,45 < o). (3-7)
If k =0, set Cy = C N Hy. Otherwise, let
Ci = G N Hy, (3-8)
wh = Pe (x). (3-9)
Determine the next approximation v**! as
V= Proaen, 00), (3-10)
where
Ly ={z € E: (z— x5 Jx* — IwkY < —yrp(XF, whH), (3-11)
My = {z € E : (z =V, W — Ik) < =y, 5N}, (3-12)
Ne={z€E: {z—V " -nf <o) (3-13)
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The above backtracking procedure for determining the right ¢ is sometimes called
an Armijo-type search (see [2]). It has been analyzed for VIP( T, C) in [23] and [20].

REMARK 3.1. In the above algorithm, it is worth mentioning that if we remove the
steps (3-10)—(3-13) and replace C; and w* in (3-9), respectively, by C, N My and v**!,
then with additional conditions such as the weak upper semicontinuity of f with respect
to the first argument, the weak continuity of the duality mapping J and the weak lower
semicontinuity of the multivalued mapping K at each x € C, we can get the weak
convergence of the generated sequences {V¥} and {x} to a solution of the problem.
However, since these are rather strong conditions to be imposed on the problem, we
preferred to avoid this approach.

We proceed now to the convergence analysis of the algorithm SEML. We first
give our strong convergence result for the algorithm SEML. The proof of the main
theorem is divided to several lemmas and propositions. In order to establish the
strong convergence of the sequence generated by the algorithm SEML, we need some
intermediate results.

THEOREM 3.1. Assume that E is a uniformly convex and uniformly smooth Banach
space, f is a bifunction, K(-) is a multivalued quasi-p-nonexpansive mapping and the
assumptions BI-B4 are satisfied.

() IfDS(f.K) # 0, then the sequence (v} generated by the algorithm SEML is well
defined and bounded.

(ii) If the sequence (V*} is well defined and bounded, then the sequences (v} and
{x*} generated by the algorithm both converge strongly to an element of S(f, K),
which is therefore nonempty.

We will give the proof of Theorem 3.1 at the end of this section, after proving the
intermediary steps needed for the proof.

PROPOSITION 3.2. Assume that f satisfies BI-B3. Take a closed and convex set C C E,
xeE,BeRIf

1 1
2 Argmin.of fx,) + i - 50 ), (3-14)

then {y — z,Jx — Jz) < Blf(x,y) — f(x,2)] forall y € C.

PROOF. Let N¢(z) be the normal cone of C at z € C, that is,
Ne(z)={veE :{y-zv)<0, VyeC}|

Since the minimand of (3-14) is convex by B3, and C is closed and convex, z satisfies
the first-order optimality condition, given by

1 1
0ol s+ - /_3("]")}(Z) + Ne(@).
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Thus, in view of the definition of J and by Proposition 2.4, there exist w € df(x, -)(z)
and w € N¢(z) such that

1 1
O=w+—Jz—BJx+w.

B

Therefore, since w € N¢(z), we have (y — z, —-w — (1/B8)Jz + (1/B8)Jx) < 0, so that, using
the fact that w € df(x, -)(z),

é(y—z,]x—]z) <y -z,w) < fx,y) - fx,2). (3-15)

COROLLARY 3.3. Assume that f satisfies BI-B3. Let {x*} and {z*} be the sequences
generated by the algorithm SEML. Then {y — 7*, Jx* — JZ5) < B f(XK, y) = B f (XK, 25)
forall y € K(WF).

PROOF. Follows from Proposition 3.2 and (3-2).

PROPOSITION 3.4. Assume that f satisfies BI-B3. If the algorithm SEML stops at the
kth iteration, then x* is a solution of QEP(f,K).

PROOF. If the algorithm stops at the kth iteration, then z¥ = v* and hence z* = x* by
(3-1). Now the result follows from Corollary 3.3.

PROPOSITION 3.5. Assume that f satisfies BI-B3. The following statements hold for
the algorithm SEML.

(1)  {L(k) is well defined, (that is, the linesearch for ay is finite) and consequently the
same holds for the sequence {y*}.
(i) Ifx* £ 25 then f(y*,x%) > 0.

PROOF. (i) If x* = Z¥, then £(k) = 0; therefore, let x* # z5. Assume by contradiction
that

0
Bilf (¥, x5 = £, 2] < §¢<z",x") (3-16)

for all £. Note that the sequence {y’} is strongly convergent to x*. In view of B2, taking
limits in (3-16) as £ — oo,

Brlfe, 2 = f, 291 < g(»(z",xf‘). (3-17)
Since x* € K(+) by (3-1), we apply Corollary 3.3 with y = x* in (3-17), obtaining
oF =k - gy < g¢(z",xk). (3-18)
In view of the definition of ¢, (3-18) implies that

¢ + ¢, 2 < 6, x). (3-19)
Since ¢ € (0, 1), we get ¢(x*, ZX) < 0, contradicting the nonnegativity of ¢.
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(i) Assume that f(y*, x¥) < 0. Note that, using B1, B3 and (3-6),

0= O < anfOR 29 + (1= a) f(F x5).
Hence, f(y*,z) > 0. On the other hand, by (3-3)—(3-6),
FORA) = FOR 5+ %rp(xk,m > f(%, 2 > 0, (3-20)
k

in contradiction with the assumption. Note that the strict inequality in (3-20) is due to
the fact that x* # z-.

In order to prove the convergence theorem of the sequence generated by the
algorithm, we need the following remarks and lemmas.

REMARK 3.2. If K : C — P(C) is a multivalued mapping satisfying B4, then Fix(K)
is closed and convex.

PROOF. Let py, p» € Fix(K) and define p; = tp; + (1 — t)p,, where ¢ € [0, 1]. In order
to prove the convexity of Fix(K), we must show that p, € K(p;). Let Tp; := Pk, (p),
where P is the generalized projection. Note that by (2-2) and (2-3),
0 < ¢(pi. Tpy) = Ipdl* = 2pe, J(Tpo)) + I Tpil?
= P = dllpal> = (4 = Dlip2ll® + el = 2¢p1. J(Tp))y + ITpll*)
+ (1= 0(lpall* = 2(p2, J(Tp)y + ITp)

= llpP = llpal> = (A = Dlipall® + td(p1. Tp) + (1 = )§(pa, Tpy)

< lpdP? = dipiI? = (L = Dlipal® + t¢(py, pr) + (1 = D(p2, pr)

= Ipdl* = 26¢p1, I p) = 21 = 0)pa, I po) + Ipal* = ¢(pi pr) = 0.

Therefore, ¢(p;, Tp;) = 0. Now Proposition 2.1 shows that Tp, = p;. Since Tp, =
Pxpy(po), pr € K(py), that is, Fix(K) is convex.

Now we show that Fix(K) is closed. Let {p*} c Fix(K) be such that p¥ — p. Since
we have p* € K(p"), then limi_,., d(p*, K(p¥)) = 0. Now the demiclosedness of K
implies that p € Fix(K), that is, Fix(K) is closed.

REMARK 3.3. Assume that f and K satisfy B1-B4. Then DS(f, K) C S(f,K). Also,
DS(f,K) is closed and convex.

PROOF. Let x* € DS(f, K) and suppose that y € K(x*) is arbitrary. Define p; = tx* +
(1 — 1)y, where t € [0, 1). Note that by B1 and B3,

0= f(pi,p) <tf(pu, x) + (1 = f(pry). (3-21)

Since f(p;,x*) < 0, (3-21) implies that f(p;,y) > 0. Now, by using B2 and taking the
limit as t — 17, we get f(x*,y) > 0. Since y € K(x*) is arbitrary, then x* € S(f, K).
Finally, it follows from B2 and B3 that DS(f, K) is closed and convex.
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LEMMA 3.6. IfDS(f,K) # 0, then DS(f, K) C Ly N My N Ny. Therefore, the sequences
(WK}, (WK} and {x*} are well defined.

PROOF. The proof is by induction. Note that DS(f, K), L, M and N; are closed and
convex. We first show that DS(f, K) C Ly N M N Ny for all k > 0. Let

Dy ={z € E: ¢z W) < ¢z, x")} = (z € E : (2 = 2, Ik — k) < — Lo, wh))
and
Fi={z € E: ¢p(z,x") < ¢p(z,V)} = {z € E: (¢ =V, W = ) < ~ L0k, X))

By ¥« € [&,(1/2)], Dy C Li and F, C M. Let x* € DS(f, K) and note that x* € Hy for
all k; we also have w* = P¢, (x*) by (3-9). Now Proposition 2.3 implies that

o =wk Ik —awfy <0
or, equivalently,
dWE, X5 + ¢(x*, wh) — p(x*, x5 < 0. (3-22)
Therefore,
PO, W) < P, x5, (3-23)

which implies that DS(f, K) € D; for all k > 0.
On the other hand, since x* = PK(vk)(Vk) and Pk(,(-) is a quasi-¢-nonexpansive
mapping, that is, K(-) is a quasi-¢-nonexpansive mapping,

P, 1) < p(x*, V) (3-24)

for all x* € DS(f, K). Therefore, DS(f, K) C Dy N Fy for all k > 0, which implies that
DS(f,K) € Ly N M, for all k£ > 0. Next, by induction, we show that DS(f,K) € Ly N
M N Ny for all k > 0. Indeed, we have DS(f,K) C Ly N My N Ny, because Ny = E.
Assume that DS(f, K) € Ly N My N Ny for some k > 0. Since V¥ = Py, qy,qn, (V°), we
have by Proposition 2.3 that

(= VL0 — WY <0, Yz e Ly n Mg NN
Since DS(f,K) C Ly N My N Ny,
(z =V 0 — Wy <0, Vze DS(f,K).

Now, since (z — vV*1, W0 — &1y <0, Vz e DS(f, K), the definition of N;,; implies
that DS(f,K) C N1 and so DS(f,K) € Ly N My N Ny for all k > 0. Finally, since
DS(f, K) is nonempty, L; N M N Ny is also nonempty and v¥*! is well defined. Now it
is clear that the sequences {x*} and {w*} are well defined.

LEMMA 3.7. IfDS(f,K) # 0, then the sequence {V*} generated by the algorithm SEML
is bounded.
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PROOF. From the definition of N, we have v* = PNk(vo). For each u € DS(f,K) C Ny,
since Py, is the generalized projection onto Ny, we have (u — vk, W0 — Wk) <0 by
Proposition 2.3; this implies that

¢/ V) < g, ") (3-25)
Thus, the sequence {1} is bounded by (2-3).

LEMMA 3.8. Suppose that (v}, {w*} and {x*} are the sequences generated by the
algorithm SEML. If {V*} is bounded, then the sequences {w*} and {x*} are bounded
and

lim [ = VA = Lim [V = 2% = lim ||x* = wk|| = 0.
k— o0 k— o0 k—o0

PROOF. The definition of v**! implies that v**! € N;. Therefore, we have (V**! —
vk, W0 — WKy < 0 by Proposition 2.3, which implies that
¢(Vk, VO) + ¢(Vk+1, Vk) _ ¢(vk+1’v0) < 0.

Hence, ¢(v*,v%) < ¢p(v}*1,10). So, the sequence {¢(v¥,")} is nondecreasing. On the
other hand, {v*} is bounded by the assumptions. Therefore, lim;_,o, #(v¥,1?) exists. We
also have

SOFL V) < pOFFLV0) = gk, 00).
Passing to the limit in the above inequality as k — oo,
]}LTO SOFVK) = 0.
Now, by Proposition 2.1,
lim [V — K| = 0. (3-26)

Since VM1 € M, from the definition of M,
YV, Xy < F =V k= by, (3-27)
Therefore, by (2-3) and the Cauchy—Schwarz inequality,
YilVAT = D < IV = VIV = < IV = A+ D (3-28)

Now, regarding boundedness of {v}, y; > & > 0 and limy_,, [**! = v¥|| = 0 by (3-26),
it is easy to see that {x} is bounded. Also, by (3-27), we have

VeV, X < IV = VLIV = )

Since {x*} and {y¥} are bounded, limy_ [V¥*' = V|| =0 and y; > &> 0, we have

limy 0o ¢(VF, x¥) = 0. Therefore, Proposition 2.1 implies that

klim IV =Xk = 0. (3-29)
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In the following, note that
I =] A = VA I - o
and hence, by (3-26) and (3-29),
Jim vt — K= 0. (3-30)

k+1

On the other hand, since v**' € L;, from the definition of L,

ik, wEy < (f = VR gk — gwky. (3-31)
Again, by (2-3) and the Cauchy—Schwarz inequality,
Vel = Iw D < I = v = ) < I = IR+ W'D, (3-32)

Once again, due to the boundedness of {(xk}, vr = € >0 and limy_, [V — Xk =0
by (3-30), we can obtain from (3-32) that {wX} is bounded. Also, by (3-31), we have
YK, wh) < |k — &1 Ik = JwX|). Since {x¥} and {w*} are bounded,

k+1

lim V"' =X =0 and vy, >e>0,
k— oo

we have limy_,«, ¢(x*, w*) = 0. Again, Proposition 2.1 implies that

lim [|x* — wh|| = 0.
—00
PROPOSITION 3.9. Assume that E is uniformly convex and uniformly smooth, fis a

bifunction, K(-) is a multivalued quasi-p-nonexpansive mapping and the assumptions
B1-B4 are satisfied.

(i)  If there exists a subsequence {x*} of {x*} such that x*» — p, then p € Co N
Fix(K), where Coo = N2 Ci.
(i) Co NFix(K) C Ly N My N Ny for all k.

PROOF. (i) We first prove that p € Fix(K). Note that we have lim,,_, [V — x%|| = 0
by Lemma 3.8, where, for each n, x* is the generalized projection of v onto K(v").
Therefore, we have lim,,_,. d(v*", K(v¥)) = 0. Now, since K is demiclosed, we obtain
p € K(p), that is, p is a fixed point of K(-). Now we prove that p € Cs. Since Co, =
N2y Cr it is sufficient to prove that p € C; for all integers k to obtain that p € Ce.
Note that the sequence {Cy} is nonincreasing. Now let N be a fixed integer. Then there
isj > N such that for all n > j,

wh e G C Cy, Vn2j,

where wh = P¢, (x). Now, since lim,_,« [[w* —x*|| = 0 by Lemma 3.8, we have

wh — p. Consequently, the set Cy is closed and p € Cy. Since N is arbitrary,

p € n,‘:‘;OCk = Ceo.-

(i1) The proof is similar to the proof of Lemma 3.6. It suffices to replace DS(f, K)
by Co N Fix(K).
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REMARK 3.4. 1t is easy to see that DS(f,K) C Co, NFix(K). Also, since K is
demiclosed and quasi-¢-nonexpansive, the set Cs, N Fix(K) is closed and convex.

REMARK 3.5. To the best of our knowledge, previous authors who investigated
equilibrium problems first showed the weak convergence of the sequence generated by
their algorithms. However, to show that this limit is a solution to the problem, they had
to assume some strong conditions, such as, for example, the weak upper semicontinuity
of the bifunction f with respect to its first argument. We note that in our algorithm, we
will prove the strong convergence of our scheme to a solution of our quasi-equilibrium
problem without assuming such strong conditions.

In the following proposition, we prove that the sequences {v*} and {x} generated by
the algorithm SEML converge strongly to an element of Co, N Fix(K).

PROPOSITION 3.10. Assume that E is a uniformly convex and uniformly smooth
Banach space, fis a bifunction, K(-) is a multivalued quasi-¢-nonexpansive mapping
and the assumptions BI-B4 are satisfied. If the sequence (v} generated by the
algorithm SEML is bounded, then the sequences {V*} and {x*} are strongly convergent
to an element of Cs N Fix(K).

PROOF. If the sequence {V*} is bounded, then the sequence {x} is bounded by
Lemma 3.8. Assume that p is any weak limit point of the sequence {x*}. Then there
exists a subsequence {x*} of {x*} such that xX* — p asn — co. Note that Proposition 3.9
shows that p € Co, N Fix(K) and hence C,, N Fix(K) # 0. It is clear that C,, N Fix(K) is
closed and convex by Remark 3.4 and hence we can define x = PcmmFiX(K)(VO), where P
is the generalized projection map onto C, N Fix(K). In the following, we first prove the
weak convergence of the sequence {x*}. Finally, we show that x* — X = P¢_npixax) (V°).
Note that V% — p by Lemma 3.8. From the definition of Ni, we have v* = Py, (v°).
Since Cs N Fix(K) € N; by Proposition 3.9(ii), and Py, is the generalized projection
map onto N; and hence for x € C,, N Fix(K) C Ny, we have (x — v, 1 — ¥y < 0 by
Proposition 2.3. This implies that ¢(v*,0) < ¢(x, ). Therefore,

IVIP = 205, 1) + IV < (v, (3-33)
Note that since v — p, by the weak lower semicontinuity of the norm || - | and
replacing k by &, in (3-33),

B ) = IpIP> = 2(p, 1) + WP < lim inf Il = 204, 10 + IIP) < 9, 1°).

By the definition of X and p € C, N Fix(K), we have X = p, that is, xk — %, Hence,

every weakly convergent subsequence of {x'} converges weakly to x. This shows that

x* — X and therefore V¥ — x. Taking the liminf in (3-33), we get lim;_. |V¥|| = |||l

Now note that

lim ¢(v*, %) = lim (IV']1* = 205, Jx) + [I%*) = 0.
n—oo n—oo
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Therefore, by Proposition 2.1, we have Vv — X = Pc_qrixx)(°). Now, since
lim 0 |VF = ¥ = 0 by Lemma 3.8, we get x* — X = Pc_npix) (V°).

PROPOSITION 3.11. Assume that E is a uniformly convex and uniformly smooth
Banach space, f is a bifunction, K(-) is a multivalued quasi-¢-nonexpansive map-
ping and the assumptions BI-B4 are satisfied. Let {x}, {y*}, {Z*} and (V*} be the
sequences generated by the algorithm SEML. If the sequence {(V*} is bounded and the
algorithm does not have finite termination, then: (i) the sequence {7} is bounded; (ii)

limkﬁoo f(yk7-xk) =0.
PROOF. (i) We get from (3-2),
Bif &, 25 + SN = (& I < Bef O, ) + S - o, ) = S < 0,

(3-34)
using B1. From (3-34),
I < =281 f O, 2 + 2(25, 00y < =281 . 2 + 2014111 (3-35)
Take now uf € df(x*,)(x*). By definition of the subdifferential of f(xf,-) evaluated
at x*,
0=ty < fOR ) - fO6E X = Oy, Yy eE. (3-36)

Let B;(x*) be the closed ball of radius one centered at x*. Since f is bounded on
bounded sets and x* — X by Proposition 3.10, there is M > 0 such that f(x*,y) < M
for all k and for all y € B;(x*). Then

'l = sup (y—x*,u*) < sup f(x.y) <M. (3-37)
yeB (xk) yeB (xk)
Therefore, {u*} is bounded. Now, from (3-36),
(@ =y < fO8, 2 = FOE A = 68 2. (3-38)

Combining (3-35) and (3-38),
241 < 28" = 24,0 + 201K NN < 281111 + D + 204 (3-39)
This implies the following inequality:
ll41l < 4Bl + 21 (3-40)

In fact, (3-40) is obvious when ||z¥]| < ||x¥|| and it follows easily from (3-39) when
|1 < 11251

Now, since the sequences {x*} and {1} are bounded, the boundedness of {z*} follows
from (3-40).

(i) Since K* € af(y*, -)(x*) by (3-7), we have by definition of the subdifferential of
f(y*,-) evaluated at x*,

(v =0y < fOR ) - FOR A, Yy eE. (3-41)
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Note that the sequences {x*} and {z*} are bounded by Proposition 3.10 and part (i),
respectively; hence, the sequence {y*} is bounded too by (3-6). Let B; (x) be the closed
ball of radius one centered at x*. Now, since f is bounded on bounded sets, there is
M > 0 such that £(y*,x*) < M and f(y*,y) < M for all k and for all y € B;(x*). Then

I = sup (v—x, K < sup FO,y) — FOF,xF) < 2M. (3-42)
YEB; (xK) YEB (%)

Therefore, {#*} is bounded. On the other hand, since w* € Hy by (3-7)—(3-9),
W=+ FOR A <0, (3-43)

by (3-7). Also, by Lemma 3.8, we have lim;_,o |[Wf — x¥|| = 0. Using the Cauchy—
Schwarz inequality,

=W = XMHIEM L+ R A < 0. (3-44)
It follows from (3-44) that
lim sup f(y*,x%) <0. (3-45)
k—oo

Note that if the algorithm stops at iteration &, then x* is a solution of QEP (f, K) by
Proposition 3.4 and this case is ruled out in the current proposition. If the algorithm
does not stop at any iteration, we consider separately the cases of x* = 7 for some
k, and x* # z* for all k. If x* = 7 for some k, then we have x* = y* = X by (3-6);
therefore, f(y*,x*) = 0 by B1. Now, if x* # z* for all k, then Proposition 3.5(ii) implies
that f(y*,x*) > 0. Therefore, in both cases, when the algorithm does not stop at any
iteration,

fORA 20 (3-46)
for all k. Now (3-45) and (3-46) imply that
lim £(y*,2") = 0.
PROPOSITION 3.12. Assume that E is uniformly convex and uniformly smooth, f is a
bifunction, K(-) is a multivalued quasi-¢-nonexpansive mapping and the assumptions

BI1-B4 are satisfied. Let {x*} and {z*} be the sequences generated by the algorithm
SEML. If {x"} is a subsequence of {x*} satisfying

lim ¢(z", ¥) = 0, (3-47)

1—00
then the sequence {x*} is strongly convergent to a solution of QEP (f,K).

PROOF. Since x* — X = Pcwm]:ix([()(vo) by Proposition 3.10, it is enough to show that
x € S(f, K). From Proposition 2.1 and (3-47),

lim |25 - %M = 0. (3-48)

1—00
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Now continuity of f on E X E and (3-48) imply that
gjnl_f(xh,zb) =0. (3-49)

Also, uniform smoothness of E implies uniform norm-to-norm continuity of J on each
bounded set of E. Therefore, we get from (3-48),

lim ||JZ5 — Jxk|| = 0. (3-50)

k k

On the other hand, since x“ — X, we have v — X by Lemma 3.8. Now take any y €
K(x); since K is lower semicontinuous at x € C, there is a sequence {y*} such that
y5 € K(v*) and % — y. By Corollary 3.3,

G = 29I = T2y < B LGN, ) — f(, 2],
which implies that
—|5% = R = TR < B LF G, 34 = FGN, 21 (3-51)

Now, taking the liminf in (3-51), we use (3-50) and (3-49), together with the
boundedness of {zF} and {7*}, in order to obtain that liminf;_,., f(x*, %) > 0. Then
B2 implies that f(x,y) > 0. Since y € K(x) is arbitrary, we conclude that x € S(f, K).

PROPOSITION 3.13. Assume that E is a uniformly convex and uniformly smooth
Banach space, f is a bifunction, K(-) is a multivalued quasi-$-nonexpansive mapping
and the assumptions B1-B4 are satisfied. If a subsequence {ay,} of {a} as defined in
(3-5) converges to 0, then the sequence {x*} is strongly convergent to a solution of QEP

(f, K.

PROOF. For proving the result, we will use Proposition 3.12. Thus, we must show that
lim ¢(z",x*) = 0.
1—00
For the sake of contradiction, and without loss of generality, let us assume that
liminf;_ w2, %) > 7 > 0, (3-52)
taking into account the nonnegativity of ¢(-, -). Define
A kg ( a’k,-) .
= (1= = )ah, 3-53
Y==7 0 (3-53)
where @y, = 6°%) by (3-5). Therefore,
G g _
§ =t = (e ), (3-54)
Note that, since lim;_, ay, = 0, £(k;) > 1 for large enough i. Also, in view of (3-53),

we have that 3’ = y*®)~! in the inner loop of the linesearch for determining o, that
is, in (3-4). Since £(k;) is the first integer for which the inequality in (3-3) holds, such
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inequality is reversed for £(k;) — 1. That is,

Nk ni ks 0 s
BelfG'x") = £G', 25 < S, x) (3-55)
for large enough i. On the other hand, since lim,_,, &, = 0 by hypothesis, and {7 — x*1}
is bounded by Lemma 3.8 and Proposition 3.111), it follows from (3-54) that
lim || — x| = 0. (3-56)
Since by Proposition 3.10, x — X, and by B2, f is continuous with respect to the first

argument, uniformly on bounded sets with respect to the second argument, and since
6 belongs to (0, 1), it follows from (3-56) that there exists m € N such that

BUFGh ) - 1 1 < T2,
BUG 2 - fat, o) < 120 (3-57)
for i > m, with i as in (3-52) and ¢ as in (3-55). Therefore,
BulF 24 = O, 201 < B — £, 201+ T2
< §¢(z"i,xkf) + @m’“,x"» = %¢(z"f,x"f) (3-58)

for all i > m, using (3-57) in the first inequality and (3-55) and (3-52) in the second
one. Now we combine Corollary 3.3 and (3-58) in order to get

(of = 2R, — gy < L, X
for all i > m or, equivalently,
B2, x) + ¢, ) < p(2, 4
for all i > m, that is,
¢, 29 <0
for all i > m, which contradicts the definition of ¢, thus establishing the result.

PROOF OF THEOREM 3.1. We consider two cases related to the behavior of {ay}. First
assume that there exists a subsequence {ay,} of {a,} which converges to 0. In this case,
the result is obtained by Proposition 3.13, that is, we get that {x*} strongly converges to
x € S(f,K).

Now we take a subsequence {ay.} of {a;} bounded away from zero, say greater than
or equal to 7 for large enough i. It follows from (3-3) and (3-6) that

o
BiLF (Y, ) = f(5M, 21 > §¢(z"f,xkf>. (3-59)
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Note that

0= f(y", 3 < ai FOM, 29 + (1 — ) F(OM, X4,
so that

1-«

SR, ) > — (5N, 2. (3-60)

ag;

Multiplying (3-60) by B, and adding (3-59), we easily get
e Oy, L
Bif (F.2) 2 (1), (3-61)

Taking limits in (3-61) and using Proposition 3.11(ii), we obtain lim;_,c #(Z, Xk = 0.

Now we invoke Proposition 3.12 in order to get x € S(f, K). We have shown that
the limit x of {x*} belongs to S(f,K) when the corresponding step sizes {a;} either
approach zero or remain bounded away from zero, establishing the claim.

4. Application to a generalized Nash equilibrium problem

In this section, we give an application of our main result to game theory. We first
introduce constrained game problems. Let I be a finite index set and, for each i € I, let
X; be a subset of a Banach space E;. We use the notation

E:HE,», x:]—[xi and X' = l_[X,-.

icl icl jel j#i

For each x € X, x; denotes its ith coordinate and x' its projection on X*. In the following,
we occasionally write x = (x;,x'). If I is the set of players, each player i € I has
the strategy set X;, a constraint correspondence F;: X' — 2% and a loss function
fi : X = R. A constrained game I' = (X, F}, f;)ie 1s defined as a family of ordered
triples (X;, F;, f;). A point x € X is called an equilibrium point of T" if, for each i € I,

3 € (%),
[®) < filyid), Yy € F@. 4-1)

If Fi(x') =X; for each i € I, the constrained game I = (X;, F}, f;)ie reduces to the
conventional game I' = (X, f;);e; and an equilibrium point is said to be a Nash
equilibrium point (see [9]).

In the following theorem, we use the above notation in order to approximate an
equilibrium point of the problem.

THEOREM 4.1. Assume that E is a uniformly convex and uniformly smooth Banach
space. Consider the above constrained game U = (X;, F, f,)ic;, where I is the set of
players, each player i € I has the strategy set X;, which is a nonempty, closed and
convex subset of E;, a constraint correspondence F; : X' — 2% and a loss function
fi : X = R, which is convex and uniformly continuous on bounded sets for all i € I,
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and the multivalued mapping K(-) from X into P(X) defined by
K(x) = ]_[ Fi(x') (4-2)

iel

satisfies B4. If either there is y € X such that y; € F;(y') and f,(;,x') < fi(x) for each
i€l andall x € X, or if the sequence {V*} generated by the algorithm SEML is bounded,
then (VK} converges strongly to an equilibrium point of T.

PROOF. Define f(x,y) = Xic;(fi(vi, X)) — fi(x;,x)). It is easy to see that f satisfies
B1-B3. Then, by Theorem 3.1, the sequence {v¥} converges strongly to some % € K(X)
such that f(x,y) > 0 for all y € K(x). Now, choosing y = (y;,x), we get f(x,y) =
fi(yi, ¥ = fi(x;, x) > 0 for all y; € Fy(x). Since i € I is arbitrary, it follows that X is
an equilibrium point of I'. This completes the proof of the theorem.

Now we present a concrete example.

EXAMPLE 4.2. We consider an oil field with n oil wells. Some restrictions on the
strategy set of the model are imposed on the amount of oil which is extracted. The oil
is refined and then sold. We assume that there are n petroleum companies and each
company i may extract from oil well i. Let x denote the vector in R” with components
x;, where x; is the amount of oil extracted from well i. We denote by xjr,“i“ and x]r.“a" the
lower and upper bounds for the amount of oil extracted from well j. Then the strategy
set of the model takes the form

C:={x= (xl,...,xn);x;ni“ <x < x}“ax, Vi=1,...,n}L

Let I = {1,2,...,n} denote the index set of all oil wells. We assume that the price p of
the oil, which is a strictly decreasing function of the supply, is given by

P:a—bzn:xi,
i=1

where a and b are two positive real numbers. Let ¢; be the cost function for oil well j.
We assume that for i different from j, ¢; and ¢; are independent of each other. However,
the amount of oil x; extracted from well i may depend on the other x;. Now we specify
our restrictions on the amount of oil x; extracted from well i for all i. For each i € I,
suppose that

X, =1{z: x;-“i“ <z<x™} and X = I_I X;.
el j#i
Now we define F; : X! — 2%i by
{zieXilElzieXi:zisﬁ—sz} if in>ﬁ,
Fi(x') = { i -

zieXilEIzieXi:ziSin—sz} if insﬁ

icl j#i icl
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for each x; € X;, where x' is the projection of x on X', B is the upper bound for the total
amount of extracted oil and 8 > > | x"". In fact, the total amount of extracted oil is
constrained by the multivalued mapping K(-) from C into itself defined by

K(x) = Fi(x") X Fo(x?) X + -+ X Fp(x)

for all x € C. It is easy to see that we can write the above definition of the mapping K

atx e Cas
{zeC:ZziS,B} ifoi>ﬂ,

K(x) — i€l i€l (4_3)
{zeC:ZziSin} if inﬁﬁ-
il iel iel

Then, for each x € C, K(x) is a nonempty, closed and convex subset of C, and the total
amount of extracted oil x must belong to K(x). The profit made by the company i that
owns oil well i is given by

hi(x) = px; — ¢i(x;) = (a -b i xk)xi - ci(x)

k=1
foreachi =1,...,n. Let us define
hi(yi, x') = (a - b( Z Xj + Yi)))’i = ¢j(yi)-
J#i

Note that we write x = (x;, x'). Clearly, if for all x,y € C, we define z = (zy,...,z,) by

X, J#I,

=4 /7

Vi J =1

forallj = 1,...,n, then we have h;(y;,x') = hi(z) foralli = 1,...,n. If we define a loss
function f; : C - R by fi(x) = —h;(x) for all i € I, then a point x € C is an equilibrium
point of I' = (X, F, f)ies if, foreachi € I,

X € Fi(&'),
£ < %), My € Fi). (4-4)
Now, if we define
F) = Y (hitxi, ) = hilyi, ©)), (4-5)
i=1

then the oligopolistic equilibrium problem model of oil markets is transformed to the
following quasi-equilibrium problem: find x € K(x) such that f(x,y) > 0 for all y €
K(X). Assume that X = (Xy, ..., X,) is a solution to the problem. By choosing y; = X; for
all j # i, and the component y; arbitrarily, since f(x,y) > 0 for all y € K(x), we deduce
that h;(x;, ¥) — hi(y;, &) > 0 for all y € K(%). Since i is arbitrary, this implies that each
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equilibrium point corresponds to an optimal amount of oil to be extracted so that each
company makes a profit. In other words,

3 € Fi(&),
[®) < filynd), Yy € FiG). (4-6)

However, unlike the case of an equilibrium problem where K does not depend on C,
this may not correspond to the maximum profit for each company, unless the solution
is unique.

Our main result provides an approximation scheme to the equilibrium solution of
the above problem, with rather mild conditions on the data, as stated in the following
theorem.

THEOREM 4.3. Assume that the assumptions of the above example are satisfied, and
that the cost function c; is convex and uniformly continuous on bounded sets for all i =
1,...,n. Let the bifunction f be defined as in (4-5), and the multivalued mapping K(-)
from C into itself as in (4-3). Then, if the sequence {V*} is generated by the algorithm
SEML, it converges to an element of S(f, K).

PROOF. It is obvious that f satisfies B1-B3. Now we show that the condition B4 is
satisfied. By the definition of K,

K = {z = (21 z) €C Zn:zi < min{zn:x,-,ﬁ}}. (4-7)
i=1

i=1

Since 8> Y7, x;“i“, it is obvious that K is a multivalued mapping with nonempty,
closed and convex values, and Fix(K) # (0. We want to show that the condition B4
is satisfied. We first show that K is quasi-¢-nonexpansive. Let p € Fix(K). For x € C,
we consider separately the cases where x € K(x) and x ¢ K(x). If x € K(x), we have
lp = Pxey®)II> = llp — xII>, where P is the projection and, if x ¢ K(x), then we have
llp = Pxey®)II> < |lp — x|[>. Therefore, we have ||p — Pgw()II> < |lp — x| for all x €
C and p € Fix(K). This implies that K is quasi-¢-nonexpansive. Now we show that
K is demiclosed. Let x* — ¥ and limg_,. d(x*, K(x*)) = 0. Then 2y Xi < 8. Now the
definition of K shows that x € K(x), that is, the mapping K is demiclosed. Finally, we
prove that K is lower semicontinuous at each x € C. Suppose that x** — X and y € K().

For all x* = (x’f,xg, .. ,xfj), we define
n n
y if Zy, < ZX, >
V= i=1 i=1 (4-8)

Then we have y* € K(x*) and y* — y. This follows from the fact that x* — X and
therefore y* = y, except maybe for finitely many values of k. This implies that K
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is lower semicontinuous at each x € C. Now the result is a direct consequence of
Theorem 3.1.

We note that a classical equilibrium problem arising from Nash—Cournot
oligopolistic equilibrium models of electricity markets was discussed in [27], with
a numerical example in [30].

The following is an infinite-dimensional example of application of our result.

EXAMPLE 4.4. LetE = {7 = {£ = (£1,62,63,...) : (T2, €1P) ! < oo} for 1 < p < oo,
and let f : E X E — R be a bifunction which is defined by

F) = =y, > ().
i=1

Let C ={£ = (£1,62,83,...)€lP : &> 0,Vi e N}, and K(+) : C — P(C) be defined by
K(x) = {$x + 1zlt € R¥,z € B(x, {|Ix|)} for each x € C, where B(x, /lx|l) denotes the
closed ball of radius }Tllxll centered at x. It is easy to see that f satisfies B1-B3, and
it is obvious that K is a multivalued mapping with nonempty, closed and convex
values. We want to show that the condition B4 is satisfied. Note that for all x € C,
we have x € K(x) and therefore Fix(K) # (. Let p € Fix(K) and x € C. Then we have
llp — Pk(x)(x)ll2 = ||p — x|, where P is the generalized projection. This implies that
K is quasi-¢-nonexpansive. Also, by the definition of K, we have x € K(x) for all
x € C; therefore, the mapping K is demiclosed. Finally, we show that K is lower
semicontinuous at each x € C. Suppose that x* — X and y € K(x). Then there exist
t>0 and Z € B(x, |lx|]) such that y = %)_c + 1z. It can be shown that there exists a
sequence z* € B(x*, 1[Ix*||) such that Z* — z. Now we define y* = 1x* + 1z*. Then we
have y* € K(x*) and y* — . This implies that K is lower semicontinuous at each x € C.
Hence, B4 is satisfied too. Now, if the sequence {V*} generated by the algorithm SEML
is bounded, then, by Theorem 3.1, it converges strongly to an element of S(f, K). In
this example, we can see that DS(f, K) = 0, while S(f, K) # 0.
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