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Abstract

We investigate the European call option pricing problem under the fractional stochastic
volatility model. The stochastic volatility model is driven by both fractional Brownian
motion and standard Brownian motion. We obtain an analytical solution of the
European option price via the It6’s formula for fractional Brownian motion, Malliavin
calculus, derivative replication and the fundamental solution method. Some numerical
simulations are given to illustrate the impact of parameters on option prices, and the
results of comparison with other models are presented.
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1. Introduction

As the foundation for the modern analysis of options, the Black—Scholes (BS) pricing
formula for European options was introduced by Merton [28], Black and Scholes [4].
The BS model assumes constant volatility. However, constant volatility cannot explain
the observed market prices for options very well because of the well-known volatility
smile phenomenon in the market [16]. In addition, the return distribution presents
non-Gaussian behaviour. Compared with the standard normal distribution curve, the
real distribution curve is skewed and peaked. Moreover, it has long-term memory and
increment correlation. Academics have been proposing refinements of it in order to
take into account the specific behaviour of market data.

There are two classical methods for modelling the non-Gaussian returns process.
The first method is to use the Lévy process (for example, the normal inverse
Gaussian process [2], Poisson jump process [27], variance-gamma model [31]
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or Carr—-Geman—Madan—Yor model [6]), which is more general than Brownian
motion.The second method is to use a stochastic differential equation (SDE) to
describe the volatility of the stochastic volatility models. A series of monographs
introduced several models [16, 19, 20, 26, 29] for stochastic volatility. These sources
of information regard these models both from a theoretical point of view and with
the insights for practitioners. For some stochastic volatility models, volatilities are
uncorrelated with stock returns and some classic examples can be seen as follows.
Hull and White [23] priced options with a stochastic volatility expansion technique.
To evaluate prices of options with the mean-reverting Ornstein—Uhlenbeck (OU)
stochastic volatility process, Stein and Stein [32] developed an analytic density
function for stock returns. When the volatilities are correlated with stock returns, there
are also some classic models. For example, Heston [21] showed a closed-form solution
for a European call option, and the squared volatility is specified as a square-root
process. Schobel and Zhu [33] extended the stochastic volatility model of Stein and
Stein, and they let volatility be correlated with underlying asset. Some other results
about stochastic volatility models can be seen in the literature [14, 15]. It is now
widely understood that despite the success of these models, calibration of the observed
implied volatility surface fails for short maturities, and the observed smile is steeper
than that generated by diffusions with continuous paths. To solve this problem, some
scholars have added jumps to the model [3, 24, 25].

Financial market modelling is an area of extensive research activity, when the option
price includes stochastic volatility with long memory in the volatility process. Since
the fractional stochastic volatility model has increment correlation, it is more realistic
than the model with standard Brownian motion (sBm). A large number of empirical
studies have shown that the volatility process has a long-term or short-term correlation.
Note that such correlations are indeed reflected in an implied volatility fractional
term structure [17]. The long-term behaviour has been modelled through fractional
Brownian motion (fBm) with Hurst exponent strictly greater than 1/2 [7, 8]. Since
fBm is not a semi-martingale, it can yield arbitrary opportunities, which is seen as a
defect [30]. As presented by Vilela Mendes et al. [34], these issues are, however, not
relevant when fBm drives the instantaneous volatility rather than the stock price itself.
Experts and scholars have started considering these fractional stochastic volatility
models. Gatheral et al. [18] have recently suggested considering the Hurst exponent
[22] not as an indicator of the historical memory of the volatility, but as an additional
parameter to be calibrated on the volatility surface. Some scholars have even derived
the fractional volatility version under the Heston’s model [11-13].

In this paper we consider the pricing problem of European options under a
stochastic volatility model with additive fBm. To price these options, we need to solve
two problems. The first one is how to get the partial differential equation (PDE) of
the option prices. We use a portfolio to replicate the option price; the market price of
volatility risk must be considered here. By using the theory of Malliavin calculus and
[td’s formula for fBm [22], we deduce the PDE. The second problem is how to get
the solution. We apply the Green’s function method to obtain the solution. Another
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challenge is to find the expression for the integral in Green’s function. Finally, we find
the analytical solution of the PDE.

This paper is structured as follows. In Section 2 we give some basic background on
fractional calculus. We set up the fractional stochastic volatility model in Section 3 and
obtain the PDE of the contingent claim by derivative replicating and It6’s formula with
respect to fBm. Furthermore, the Green’s function method is used to solve the PDE
of European style options, and an analytical solution is obtained. Finally, we present
numerical simulations to illustrate our main results in Section 4, and the conclusions
are given in Section 5.

2. Fractional calculus
In this section we briefly introduce the definition of fBm and It&’s formula for fBm.
Let W(t) = (W1 (1), Wh(t), ..., W,(1),0 <t < T) be an m-dimensional sBm. Let

¢ )H—l 2

Zu(t.s) = KH[(; (= V2 — (H = 1/2)s4/2H f W20 = 12 gyl 20

A

with Hurst parameter H € (0, 1),

\/ 2H(3/2 - H)
Kg =

['(H + 1/2)T2 - 2H)’

I'a) = j:o s leSds, A>0,
and define
Bl'(t) = fo t Zy(1,5)dWj(s), 0<1< oo,
Then B (1) = (B (1),...,BiL(1)), 0 < 1 < T, is an m-dimensional fBm.
Let &1,&,,...,&,. .. be an orthogonal basis of L*([0, T)) such that Ek=1,2,...,

are smooth functions on [0, T]. Let # be the set of all polynomials of the sBms W over
the interval [0, T]. Namely, # contains all elements of the form

T T T
F(w)=f(f0 51(t)dW(t),f0 fz(t)dW(t),u-fO fn(t)dW(t)), 2.2

where f is a polynomial of n variables. If F is as in equation (2.2) and we denote
X = fOT &(s)dW(s), then for 0 < ¢ < T, its Malliavin derivative D!F is defined as

o=y 2 [ L aws). | 6 aWes,... | 60 W),
P Bxl- 0 0 0

For any F € P, we denote the norm on the Banach space by
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N T e VP
iy =17, + ) |E [ iotepa) |
I=1 0

Here Dy, is obtained by completing ¥ under the norm || - || ;.

For fBm, let 11,7, ..., ... be an orthogonal basis of L*([0, T]) such that 7,
k=1,2,..., are smooth functions on [0, T]. Let P be the set of all polynomials of
the fBm BY over the interval [0, T]. Namely, P contains all elements of the form

T T T
G(w)=g(j; m(t)dBH(t),fO nz(t)dBH(t),---fo nn(t)dBH(t)),

l/p

where g is a polynomial of n variables. We denote x; = fOT n1(s)dBf(s). For0 <t < T,
we define its Malliavin derivative D! G by

DG =Y = f ) B ), f () dB ), f Tm(s)dBH(s))m(r).
P (9)?,- 0 0 0

Similarly, we define || - ||z, and Dy 1 .

We also apply the following Itd6 formula with respect to fBm when the Hurst
parameter [22] is strictly greater than 1/2. Let L7, = L2 (Q, F, P"), where P¥ is the
set of all polynomials of the fBm.

THEOREM 2.1 [22, Theorem 11.5]. Let {; = fot F,dBY, where (F,, 0<u<T) is a

u’

stochastic process in Lfi([O, T1). Assume that there is an « > 1 — H such that
E|F, - F,J* < Clu— v,

where |u — v| < 6 for some § > 0 and
lim  EDAF,-F)?=0.

0<u,v<t,lu—v|—0

Let f : R, XR — R be a function with continuous second-order derivatives and let
these derivatives be bounded. Moreover, assume that E|[ fOT |F, YDf{ |ds] < oo and, for
s € ([0, T, f'(s,{)Fs is in leq([O, T1). Then for0 <t < T,

f(t,{,):(f(0,0)+fZl(s,gs)ds+f6l(s,g})FsdBf
0 S 0 ox

taZ
+ f —J;(s, L)FDH ds.
0 Ox '
Here, ng is defined as a Malliavin directional derivative [10] when 1/2 < H < 1,
T
DA = HQH - 1) f s — rPH2DA ¢ dr,
0

where

1\2 T unt
Df¢ = (H - 5) Kf{tH_l/zf f sU72H (¢ — H32(y — HB3I2 12 R ds du.
0o Jo
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3. Main results

In this section we give the main results of this paper. The PDE of a contingent claim
under the fractional stochastic volatility model is derived and the solution of the PDE
for a European call option is obtained.

3.1. Fractional stochastic volatility model Let (Q, 7,P) be a probability space.
We investigate an option pricing problem when the dynamics of the underlying are
driven by stochastic volatility by the following fractional SDE:

{ dS; = uS; dt + v,|S, dB?, a1

dv, = B(@ —v,)dt + y1dB! +y,dB],
where S; is risky asset price process. Here, u is the drift rate of the risk asset price
process and 3 is the average recurrent rate of the volatility process. Since the volatility
process is a mean-reverting process, v, tends towards a long-term value « with rate
B. Here, y; and y, are two constants. We suppose that BS and B are two sBms

with correlation coefficient p. B is an fBm with Hurst parameter H > 1/2, and it
is independent of B and B!. In order to derive the PDE, we need the following lemma.

LEMMA 3.1. The equation of volatility has a unique solution of the form

! ! !
v = e Py +ﬁa'f AU ds + f ¥26# dB” + B —Bf 1B ds. (3.2)
0 0 0

The Malliavin derivatives of the items with fBm of equation (3.2) are equal to

5
Dy, = (leH(l, 7)) —ﬁf ¥1€2570 7 (s, u) ds)l{uq},
0

where Zy (-, ) is defined in (2.1).

PROOF. The proof of Lemma 3.1 can be obtained by using Itd’s formula for
fBm [22]. o

We now consider a contingent claim U(t, S;, v;) under model (3.1). To obtain the
PDE of U, we try to set up a portfolio to replicate it. On the other hand, we let
the market price of volatility risk be given by the function A(z,S;,v,). We assume
that A(, S;, v;) is independent of both the underlying S, and the time ¢ [5, 9]. The
consumption process is supposed to be a Cox—Ingersoll-Ross process [9] and the
investors have log-utility. Then, by Breeden’s consumption-based model [5], A(z, Sy, v;)
is proportional to the volatility, that is, A(z, S;, v;) = A|v|, where A is a positive constant.

THEOREM 3.2. The contingent claim U(t, S, v) satisfies the PDE
0= 8,U + rSosU + (Bla — v) — A3, U — rU + 31’ S*05U

+pyavISA5,U + (3y3 + 71 ®)a, U,
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where r denotes risk-free interest rate and

!
@ =0t = (nZult,0) - B f 7 Zi(5,10)ds Wi
0

PROOF. Here, we establish a replicating portfolio. It consists of the underlying asset
and a security with price function R(t, S;, v;). Let V, = U(t, S;, v;). Then the portfolio is
given by

Vi=A S, + AR,

The SDE of V, can be written as

dVl A] dS[ + Az dR(

A] dSt + Az th + F(Vt - AZ Rt)dt_ rAl St dt,

where A and A, are the number of shares of the underlying asset and the security. By
It 6’s formula, Theorem 2.1 and Lemma 3.1, we have

dU =(0,U + uS:0sU + Bla = v)0,U + $viS;a5U + y Div,6,U
+ 1v305U + pyalvilSi85,U) dt + v|S,0sUdB; + y18,UdB}’ + v,0,UdB}
=(0,U + puS,0s5U + Bl — v)3,U + 1viS;05U + 1y300U
+y1D02U + pya|vi|S:0%,U) dt + |v,|S:0sUdB; + y10,UdBY + v,0,UdB}
= U*dt + |v/|S,05UdB; + y10,UdB" + y,0,UdB",

where
U* = 0,U + uS,0sU + Bla — v, U + 2SToU + (3y5 + 1@, U + pyalvlSi65,U.
On the other hand, we have R = R(¢, S;, v;) and
dR, = R*dt + |v,|S,0sRdB’ + y,0,RdB" + y,0,RdB!,

where R* has the same form as U*.
By It&’s formula,

+ Ay y10,RdBY + Ay y20,RdB!.

We now compare dU, and dV,. Let the coefficients of dBS and dB be equal. We have

ArvilS; + As|vi|S:0sR = [v|S,05U,
Ayy10,R = y10,U.

https://doi.org/10.1017/51446181121000225 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181121000225

[7] Option pricing under the fractional stochastic volatility model 129

Then we get
0,UdsR
Ay = 05U - ,
1 s o.R
o,U
A= —.
>T OR

Substituting A; and A, into the coefficients of dt yields

. 0,UdsR BU\ U
U = (uS, rSt)(asU oK )+r(v, R, 6VR)+R x

Since V; = U,, there is

1 1

Note that the right-hand side depends only on R, while the left-hand side depends
only on U. Here R is arbitrary. So both sides must be A(¢, S;, v;), which is called the
market price of volatility risk. By the previous discussion, we write A as A(t, S;, v;) =
Av|. Let A(t,S;,v;) be the right-hand side of equation (3.3). Then the proof is
complete. |

(R* — uS;0sR + rSOsR — rR,). 3.3)

3.2. The expression for the option price In this section we consider the price of
the European call option. Suppose that X is a European call option with strike price K
and maturity 7. The option price can be written as

U, S, v) = e "TVEM(SIF],  where W(S7) = (S — K)*.

By Theorem 3.2, we can get the PDE of European call options. To solve the PDE,
we first simplify it through a series of transformations.
Let 7 = T —t. The PDE is given by
8:U - rS8sU — k(B —v)3,U + rU — 12 $*65U
~ (373 + 71 ®)FU = pyalvISFU = 0, (3.4)
U©,S,v) = (S-K)",

where k = 8+ AI, 6 = Ba/(B + AI) and

1 v>0,
I =
-1 v<O.

Let Q = ¢S and U(r, Q,v) = U(x, S, v)e'". Then we have U(t, S,v) = e "7 U(t, O, v).
Through the above transformation, we rewrite equations (3.4) as follows:

(3.5)

0:U = k(0 - v)0,U - v Q*0,U — (573 + 19)0; U — py20Ivldg, U = 0,
00,0.v) = (Q-K)".
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Let
-X/2

z Ur,0,v). (3.6)

X =In(Q/K), U, X,v) =

Substituting equations (3.6) into equations (3.5), we obtain

8. U — k(0 —v)o,U — %vzé&fj - (%y% + yld))(?%f] — pyavIox, U + %vsz =0, 37
U0, X,v) = (X2 — e7X/2)*, ‘
Next, we give the solution of the PDE (3.7).
PROPOSITION 3.3. Let a = 2y3 + 4y1®, b = =2« + 2ikpy,,
1 1 b? — 4aé(k)
k :__kz__’ ’k = 5
E) = =5k = 2. Wk = [T
< ’ pb/2a —y(t, k)
Q= | 295 +4y O, u)ds, h(r,k) = /TP~
fo Y; + 41 @(s,u) ds, h(t, k) = e b/2a + (. k)
Then the solution of equations (3.7) is
- 1 +00 +00
0= f exp (ik(X ~X') + A(r, k) + B(r, )| + C(x, k)v2)¢(x') dk dx’,
T J-c —00
3.8)

where i is the imaginary unit, o(X") = (eX'/> — eX'1%)* and

A(t, k) = f [@3 +2y1D)C(s, k) + 2676 f exp ((K— ikpy,)(u — 1)
0 0
+2y; f Cu, k)du + 4y, f CDC(/l,k)d,u)C(u,k)du

+ 2’)/§K292( f exp (K — ikpys))(u — 1) + 2y§ f C(v,k)dv
0

u

T 2 S
T 4y, f OC(, k) dv)C(u, k) du) + 4y1,<292( f ®exp ((K — ikpys)(u = T)
K 0

T T 2
1252 f COv, k) dvCu, k) du + 4y, f (I)C(v,k)dv)C(u,k)du) ]ds,

u s

B(r, k) = 240 f exp ((K—ikpyz)(s—‘r)+2y§ f Clu, k) du
0 K

T 4y, f CDC(u,k)du)C(s,k)ds,

1+nh(r,k) b
1- h(T, k) 2a ' (39)

C(r, k) = y(k)
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PROOF. Define Green’s function as
p(ta X7 v, t’,X’,V,) = P(Xt’ = X’a |vt’| = V’lXt = Xs |v1‘| = V).

We observe that p(t, X,v,t’,X’,V") is the transition probability of (X, [v,|). Then the
pricing formula U can be written as

00 +00
U= f f pt, X, v, t', X' V)p(X)dX dV, (3.10)
0 —0

where p(X’) = (X'/? — e7X'/2)*_ Let Green’s function p(t, X, v, ', X’,V') = p(1, Y, v,V)

where 7 =t —t,Y = X’ — X. Because of the independence of the coefficients and the

killing rate being v*/8 with respect to ¢, X, we can concentrate on the differences 7

and Y. Notice that, actually, v stands for |v|. Substituting equation (3.10) into equations

(3.7) yields

0ep = k(0 = )d,p — 3V?03p — (373 + 11 ®)Ip — py2vldyp + gv°p = 0, G
p(t = 0,Y,v,v) = 6(V)6(/" —v), '

where « = (8+ )I, 6 =Pa/(B+ 1) and 6(-) is the Dirac delta function with the

properties
ox)=0 for all x # 0,
f S0y dx = 1 for all & > 0,
ET
f O(x —xX")f(x)dx = f(x) forall x" €[0,T].
0
Let

q(r.Y,v) = foop(T, Y,v,v)dv,
0
q0,Y,v) = f (N6 —v)dv
0
=0(Y).

If we get the expression for g, by equation (3.10), we will obtain U. Suppose that

+00
q(t,Y,v) = zi f exp (ikY + A(t, k) + B(t,k)v + C(t, k)v?) dk. (3.12)
T J_

(o8]

Substitute equation (3.12) into equations (3.11). Note that the exponential function in
the above integral still satisfies equations (3.11). We get the following derivatives by
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letting g(k) = exp(ikY + A(t, k) + B(t, k)v + C(t, k)v?):

d-g = exp (ikY + A(t, k) + B(t, k)v + C(1, k)V?) - (9:A + 8.Bv + 0;CV?),
0,8 = exp (ikY + A(t, k) + B(t, k)v + C(7, kW) - (B + 2Cv),

&g = exp (ikY + A(t, k) + B(t, k)v + C(,k)v*) - (2C + (B + 2Cv)?),
g = —k> exp (ikY + A(t, k) + B(t, k)v + C(t, k)v?),

0,g = exp (ikY + A(t, k) + B(t, k)v + C(7, kW) - (ik(B + 2Cv)).

Then we rewrite equations (3.11) as
0:A + 8.Bv + 0:Cv* — k(0 — v)(B + 2Cv)
+ 122 (Lys + 1 ®)(2C + (B + 2Cv)?) — ikpy,vI(B + 2Cv) + 212 = 0.
Notice that A, B and C are independent of v. We have
8:A — k6B — y3C — $y3B> = 2Cy,;® — B*y,® = 0,
0:B + kB — 2k6C — 2y3BC — 4BCy,® — ikpy,IB = 0, (3.13)
8:C + 2kC + 1k = 2y5C* — 4C%y, @ - 2ikCpy>I + § = 0.

On the other hand, we have

1 +00
q0,Y,v) = 7 f exp (ikY + A(0, k) + B(0, k)v + C(0, k)v*) dk = 6(Y).
T J_

00

So, this yields
A(0,k) = B(0,k) = C(0,k) = 0. (3.14)

We solve the equations (3.13) with the boundary conditions (3.14) and get the
expressions for A, B and C. This completes the proof of the proposition. ]

Next, by the transformations, we have
U, S,v) = Ut,8,v) = e "U(t,0,v) = Ke ™20 (1, X, v)

1 +00 +00
= Ke-”+X/22— f f exp (ik(X = X') + A(t, k) + B(t, k)|
7 —00 —00
+ C(t, knvHe(X') dk dX’

A/ +00 +00
= ﬂe*’”*’)/z f f exp (ik(ln Sy rT —1) — X’) +A(T - 1,k)
2 oo Jeoo K
+B(T —t, k)| + C(T —t, k)v2)<p(x’) dk dX’. (3.15)

Here, A(t, k), B(t, k) and C(t, k) can be expressed as in equations (3.9).
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4. Discussions and numerical simulations

In this section we will compare our model with other models, and illustrate the
properties of our model through some numerical examples.

4.1. Model comparison When it comes to Heston stochastic volatility model, we
can see that he models variance [21], while the Schobel-Zhu model [33] and our
model give the different SDEs of volatility. On the other hand, in Heston’s model,
the volatility follows an OU process [32] with zero mean-reversion parameter. Indeed,
the volatility process of Heston’s model can be expressed as follows [21]:

dv, = —Bv,dt + Y dB.. (4.1)
Then, by It’s formula, the variance process I'; = v? is
dT, =%(0 - T di +y3 T, dB’, (4.2)
where
- o)
S_k ~-_Vv ZF_7
=—, =2 9=I 4.3
B=3. v=73 = (4.3)

We know that the mean-reversion parameter gives the level of volatility in the long run.
So, from equation (4.1), v, does not seem very reasonable, because the mean-reversion
level equals zero. However, according to the discussion in [33], we know thgt the two
processes (4.1) and (4.2) are not always consistent. For some values of k, 6, 73, the
volatility process cannot be derived from (4.2), because the values of the parameters
do not satisfy equations (4.3). When we set the parameters as

SRS

K
B=37
our model degenerates to Heston’s model.

In our model and the Schébel-Zhu model, both volatility and squared volatility
perform mean-reversion, which is as an excellent property of our model (the derivation
of Schobel-Zhu model is shown in [33]). For our model, by 1t6’s formula with respect
to fBm, we can obtain the SDE of the variance process as follows:

dT, = (2Ba VT, = 28T, + 73 + 4Hy* 2~ dt + 2y, NT,dBY + 2y, \TidB!.  (4.5)

=0, a=0, p=2, 8=, (4.4)
2 K

By equation (4.5), the variance process is a fractional mean-reverting double
square-root process with the additional drift term 28a VT, + 4Hy%t2H -1

When compared with the Schobel-Zhu model, we add fBm to the volatility. The
stochastic volatility model with fBm is more realistic than the model with sBm,
because a large number of empirical studies have shown that the volatility process
has a long-term or short-term correlation and the correlation function of the volatility
process decays to the fractional power of time deviation [7, 8, 17].

4.2. Analysis of our model by numerical calculation We now analyse our
model through numerical calculation. For comparison, we need to choose suitable
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benchmarks. The first benchmark we choose is the BS option price with the expected
average variance as input. The reason for the use of expected average variance is that
the option price can be approximated very accurately by applying the variance in the
BS formula (see [, 23]). Here, we suppose that the volatility process is a fractional
OU process as shown in equation (3.1) and denote the BS prices calculated in this
way by [-BS. Without going through the lengthy derivation procedures, the expected
average variance can be written as

E[% fT vz(u) du]

2 2 2
= o’ + ;—2 + 2a (vo — @)e PT0 (= v - 7’2/2ﬂe,2ﬁ(7,t)
B T-—t T—1
1 T S S
+— | yleF f f {HQH — 1)éP" e |u — vI*")du dv ds
T-1t t 0 Jo

T S s
. f Yo b f f E[DY e DH 8] du v ds.
t 0 0

The second benchmark is the BS prices with the target volatility as shown in [32].
By using the target volatility as constant volatility in the BS model, we can obtain
the option prices referred to the case as II-BS [32]. Next, we choose the option prices
under the Schobel-Zhu model (IT[-SZ) as the third benchmark. Finally, we write our
model as IV-OM.

By using Proposition 3.3, we obtain the closed-form solution of equations (3.7).
Through the derivations of equation (3.15), we can get the European call option price.
Next, we will give the numerical evaluation of the prices. Note that, in all the numerical
experiments, we set H = 3/4.

First, we will show the impact of model correlation p on the option prices (Table 1
and Figure 1). To compare with other models, we choose the parameter values
suggested in [32, 33].

In Table 1 we let the correlation range from —1 to 1. We observe that options
with different moneyness can be influenced in different ways. While the values
of at-the-money options (K = 100) and in-the-money (ITM) options (K = 90,95)
decrease with increasing correlation p, out-of-the-money (OTM) options (K =
105, 110, 115, 120) increase in value. This is consistent with the results of Schobel
and Zhu [33], and the comparison is shown in Figure 1. On the other hand, from
panels (a) and (b) of Table 1, we find that whether y; and v, are the same or not,
ITM (OTM) option prices in our model are greater (less) than I-BS option prices
with a negative correlation p. This can be used to explain volatility skews. Indeed, the
implied volatility with moneyness is monotonically downward sloping, displayed as
a skew. This means that the ITM (OTM) option prices are undervalued (overvalued)
by the BS formula. In addition, through a simple calculation, we obtain the relative
changes of option prices in panel (a). With different p, the relative change rates
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TABLE 1. Option prices with different p.
K 90 95 100 105 110 115 120
@p=4,a=02, y =y =01,
T-t=05,5=100, r=0.0953, v=0.2
I-BS 15.175 11.405 8.211 5.677 3.734 2.356 1.453
II-BS 15.118 11.342 8.142 5.584 3.658 2.293 1.377
p=-100 15.437 11.645 8.412 5432 3.503 2.143 1.212
p=-0.75 15.367 11.587 8.376 5.489 3.567 2.188 1.268
p =-0.50 15.298 11.518 8.325 5.523 3.633 2.255 1.334
p=-0.25 15.206 11.435 8.288 5.606 3.711 2.306 1.402
p =0.00 15.186 11.416 8.233 5.685 3.778 2.388 1.486
p =025 15.032 11.324 8.178 5.723 3.823 2.422 1.564
p =0.50 14.987 11.242 8.132 5.793 3.898 2.476 1.622
p=0.75 14.893 11.186 8.068 5.842 3.966 2.527 1.693
p =100 14.806 11.134 8.021 5.903 4.021 2.596 1.754
b B=4 a=02, v, =02, y, =01,
T-t=05,5=100, r =0.0953, v=10.2
I-BS 15.195 11.418 8.217 5.682 3.745 2.363 1.462
p=-100 15.446 11.654 8.420 5.440 3.514 2.151 1.220
p=-0.75 15.376 11.605 8.387 5.496 3.579 2.197 1.277
p =-0.50 15.306 11.555 8.333 5.534 3.642 2.266 1.345
p=-0.25 15.213 11.490 8.299 5.614 3.717 2.313 1.408
p =0.00 15.188 11.456 8.238 5.687 3.783 2.392 1.490
p =025 15.041 11.393 8.187 5.727 3.834 2434 1.573
p =0.50 14.996 11.301 8.145 5.804 3.911 2.489 1.633
p=0.75 14.900 11.218 8.100 5.851 3.978 2.536 1.705
p =100 14.811 11.149 8.030 5.916 4.034 2.607 1.763

of option prices are 4.09%, 4.39%, 4.65%, 8.67%, 14.77%, 21.14%, 44.78% when
K =90,95, 100, 105, 110, 115, 120, respectively. These results show that the option
prices with different moneyness have different sensitivity to p. The sensitivity of [ITM
option prices to p is less than that of OTM option prices. Finally, we observe that
the price differences between [-BS and our model values with p = 0 are the smallest
in most cases. Therefore, I-BS is not a suitable estimation method for the case of
nonzero correlation. In panel (a), the prices of I-BS and our model values (p = 0) are

all slightly higher than that of II-BS.

For Figure 1, we compare the option prices of our model and that of the
Schobel-Zhu model with the same parameters besides y; = 0. At this point, our model
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FIGURE 1. Comparison chart of option prices with different correlation coefficients.

TABLE 2. Option prices with different 7' — 7.

T-t 1 Month 3 Months 6 Months

K 95 100 105 95 100 105 95 100 105
@p=0B=4a=027y =7y, =015 =100, r = 0.0953,v = 0.2

I-BS 6234 2743 0.856 8532 5274 2943 11405 8211 5.677
II-BS 6203 2714 0.832 8498 5232 2902 11342 8.142 5.584
IV-OM 6.249 2757 0.870 8.546 5288 2957 11416 8.233 5.685

(b)p=0,8=4,a =025y =y =02,5 = 100, r = 0.0953,v = 0.25

I-BS 6571 3293 1319 9271 6.203 3.891 12452 9460 7.003
II-BS  6.562 3284 1310 9.262 6.194 3.882 12443 9451 6.994
IV-OM 6.665 3.387 1.413 9365 6.297 3985 12.546 9.554 7.097

degenerates to the Schobel-Zhu model. To replicate the results of the Schébel-Zhu
model, the model parameters are set to S =4, =02, 1 =0, o =01,T -1t =
0.5, § =100, r = 0.0953, v = 0.2, as they should result in the same options as those
presented in Table 1 of [33]. From Figure 1, we can see that the two models match
well in this case and this also verifies our results.

Secondly, we analyse the option prices with different time to maturity (7 — ¢), and
the results are shown in Table 2. In both panels (a) and (b), as time to maturity
increases, the option prices with the same strike price increase whatever the moneyness
is. Through simple calculation, we find that the sensitivity of option prices with smaller
T — t to strike price K is larger than that of option prices with larger 7' — 1.
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TABLE 3. Option prices with different a.

K 90 95 100 105 110

@p=05,8=4,vi=y,=01,
v=015 T-t=0.5 S =100, r = 0.0953

a=00 14.256 9.566 5.262 2.234 0.844
a=01 14.387 10.022 6.383 3.564 1.832
a=02 14.889 11.268 7.650 4.998 3.258
a=03 15.843 12.684 9.432 6.756 4.766

(b)p=00, =4, y1 =y, =0.1,
v=0.5, T—1t=05, S =100, r = 0.0953

a=00 14.344 9.654 5.350 2.185 0.795
a=01 14.475 10.110 6.471 3.515 1.783
a=02 14.977 11.356 7.738 4.949 3.209
a=03 15.931 12.772 9.520 6.707 4.717

©)p=-05 B=4,y,=y,=01,
v=0.15, T-r=0.5 § =100, r =0.0953

a=0.0 14.448 9.758 5.454 2.153 0.646
a=01 14.579 10.214 6.575 3.483 1.634
a=02 15.081 11.460 7.842 4.917 3.060
a=03 16.035 12.876 9.624 6.675 4.568

Thirdly, we examine how the option prices behave with different mean-reversion
level @ shown in Table 3 and Figure 2. Notice that, in Figure 2, we choose the same
parameters as in Table 3. Through observation, we find that the option prices increase
as the mean-reversion level a goes up regardless of the correlation coefficient. From
Table 3 and Figure 2, we see that the option prices are sensitive to a. As shown above,
the parameter « indicates the long-run level of volatility. So, the volatility values can
influence option prices in the long run. Through Figure 2, we see that different «
cannot affect the differences of option prices, when we change the strike price K. So,
we infer that there is no obvious correlation between the mean-reversion level and the
strike price.

4.3. Implied volatility In this section we analyse the implied volatility through
numerical calculation. We know that the limitations of the BS model can be shown
by implied volatility skew or smile. We use S &P 500 stock index data to simulate the
option prices and get the values of implied volatilities. The two typical features of the
implied volatilities from stock index options are that they are higher than the historical
volatilities of the index (see [16]), and the skews are steeper for shorter maturities as
shown in Figure 3.
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FIGURE 3. S &P 500 implied volatilities.

In Figure 3 we illustrate several sets of implied volatilities with different maturities.
Each strand corresponds to a given maturity as a function of moneyness K/S from
S &P 500 index options on 1 June 2007 [16]. As discussed above, the implied volatility
changes more obviously for shorter maturities when we change moneyness. Thus, next
we analyse implied volatilities skews for short maturities.

We compare implied volatilities corresponding to our model and Heston’s stochastic
volatility model [21] with realistic implied volatilities in Figure 4. The results of
implied volatilities with times to maturity 1 month, 3 months and 6 months are
shown in panels (a), (b) and (c) of Figure 4, respectively. Through long derivation
and calibration, we found the appropriate parameters to simulate the real implied
volatilities. For the case of the time to maturity equal to 1 month, the parameters are set
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FIGURE 4. Implied volatilities with different maturities.

to be v = 0.2512, @ = 0.2431, = 7.5682, y; =y, =0.2784, T —t = 1/12 (year) and
p = —0.1125. Moreover, for Heston’s model, we set parameters according to equations
(4.2)~(4.4). So, with the same T — t and p, other parameters should be v = 0.2521, K=
15.1256, y3 = 0.5568 and 6 = 0.0051. Through a similar process, we obtain the
values of parameters in the other two cases. When T — ¢t = 0.25 (year), the parameters
are v = 0.1523, @ = 0.1892, B =3.7268, y; =7y, =0.1124, T —t = 0.25 (year), p =
—0.1328, k = 7.4536, y3 = 0.2248 and 8 = 0.001 695. For the case of 6 months, we set
the parameters to be v = 0.1328, o = 0.1428, g = 2.4653,J1 =v,=0.0928, T -t =
0.5 (year), p=-0.1243, k¥ =4.9306, y; = 0.1856 and 6 = 0.001 747. We use the
sum of squares of the difference between the simulated implied volatilities and the
realistic implied volatilities to measure the results of the two models. Let the implied
volatility corresponding to our model and Heston’s model be IV and 1, respectively.
The realistic implied volatility is Ig. Therefore, the sum of squared errors can be
expressed as

n
Ei=) () ~Ip7. i=12.
j=1

where n represents the number of simulated implied volatilities; £} and E; are the sum
of the squared errors corresponding to the two models.

The simulation error results are shown in Table 4. On the whole, the errors of our
model are smaller than that of Heston’s model. Therefore, from the perspective of
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TABLE 4. The sum of squared errors under two models.

1 Month 3 Months 6 Months

E; 0.0493 0.0092  0.0042
E, 0.0887 0.0129  0.0117

implied volatilities, this can be seen as an advantage of our model. On the other hand,
with increasing the time to maturity, both E| and E, decrease. So, the simulation result
in the case of longer time to maturity is better than that for the shorter one.

5. Conclusion

In this paper we consider a fractional stochastic volatility model. To evaluate the
option, we obtain the PDE of the price through derivative replication. Due to the
volatility involving the fBm, It6’s formula with respect to fBm and the Malliavin
calculus are used. Finally, the analytical solution of the PDE is obtained by the
fundamental solution method.

Through discussions and numerical simulations, we note that our model has
two main advantages. First, both volatilities and squared volatilities perform
mean-reversion. Secondly, compared to Heston’s model, we obtain better simulation
results for implied volatilities.
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