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Abstract

The logico-algebraic study of Lewis’s hierarchy of variably strict conditional logics has been
essentially unexplored, hindering our understanding of their mathematical foundations, and
the connections with other logical systems. This work starts filling this gap by providing a
logico-algebraic analysis of Lewis’s logics. We begin by introducing novel finite axiomatizations
for Lewis’s logics on the syntactic side, distinguishing between global and local consequence
relations on Lewisian sphere models on the semantical side, in parallel to the case of modal
logic. As first main results, we prove the strong completeness of the calculi with respect to
the corresponding semantical consequence on spheres, and a deduction theorem. We then
demonstrate that the global calculi are strongly algebraizable in terms of a variety of Boolean
algebras with a binary operator representing the counterfactual implication; in contrast, we
show that the local ones are generally not algebraizable, although they can be characterized as
the degree-preserving logic over the same algebraic models. This yields the strong completeness
of all the logics with respect to the algebraic models.

1 Introduction

A counterfactual conditional (or simply a counterfactual) is a conditional statement of the form
“If antecedent were the case, then consequent would be the case”, where the antecedent is usually
assumed to be false. Counterfactuals have been studied in different fields, such as linguistics, arti-
ficial intelligence, and philosophy. The logical analysis of counterfactuals is rooted in the work of
Lewis [17, 16] and Stalnaker [29, 30] who have introduced what has become the standard semantics
for counterfactual conditionals based on particular Kripke models (called sphere models) equipped
with a similarity relation among the possible worlds. In Lewis’s language, a counterfactual is
formalized as a formula of the kind ¢ 0O— 1) which is intended to mean that if ¢ were the case, then
1 would be the case. Lewis develops a hierarchy of logics meant to deal with different kinds of
conditionals that have had a notable impact, and are quite well-known and studied; surprisingly,
the literature on these logics (quite vast: Lewis’s book counts thousands of citations at the present
date) essentially lacks a logico-algebraic treatment.

The reader needs not be reminded that the role of algebra has been pivotal in the formalization
and understanding of correct reasoning; indeed, modern logic really flourishes with the rise of the
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formal methods of mathematical logic, which moves its first steps with George Boole’s intuition of
using the symbolic language of algebra as a mean to formalize how sentences connect together via
logical connectives [7]. More recently, the advancements of the discipline of (abstract) algebraic
logic have been one of the main drivers behind the surge of systems of nonclassical logics in the 20th
century, in particular via the notion of equivalent algebraic semantics of a logic introduced by Blok
and Pigozzi [6]. In this framework, the deductions of a logic are fully and faithfully interpreted
by the semantical consequence of the related algebras, and powerful bridge theorems allow one to
study properties of the logics in the corresponding algebraic framework and vice versa [10].

While a few works present a semantics in terms of algebraic structures for Lewis’s conditional
logics ([31, 23, 28, 26]), the results therein are either partial or fall outside the framework of the
abstract algebraic analysis (however see [24] for a logico-algebraic work on a conditional logic
outside of Lewis’s framework). On a different note, the proof-theoretic perspective on Lewis’s
conditional logics is instead more developed, in particular it is carried out in a series of recent
works [12, 11, 21]. However, although the research on Lewis’s conditional logics has been and still
is very prolific, a foundational work that carries Lewis’s hierarchy within the realm of the well-
developed discipline of (abstract) algebraic logic is notably missing in the literature; the present
manuscript aims at filling this void.

To this end, we start by considering Lewis’s logics as consequence relations, instead of just sets
of theorems; this brings us to consider two different kinds of derivation, depending on whether
the deductive rules are applied only to theorems (giving a relatively weaker calculus) or to all
derivations (i.e., yielding a stronger calculus). We stress that this distinction, although relevant,
is often blurred in the literature. As it is the case for modal logic (see [4, 32]), these two choices
turn out to correspond to considering two different consequence relations on the intended sphere
models: a local and a global one; the latter, to the best of our knowledge, has not been considered
in the literature. The strong completeness of the local consequence with respect to the weaker
calculi essentially follows by Lewis’s work; we provide an analogous result for the global conse-
quence relation with respect to the stronger calculi (Theorem 3.23). It is worth stressing that the
axiomatizations we introduce here are novel, and simpler than the original ones in [17].

Inspired by some results connecting modal operators and Lewis’s counterfactuals (see [17, 33]),
our work unveils a deep relationship between Lewis’s logics and modal logic, which will guide
the groundwork of this investigation. Specifically, we demonstrate how several model-theoretic
techniques commonly used in standard Kripke semantics for modal logic can be successfully
applied to Lewis’s sphere semantics, thanks to a modal operator O that can be term-defined in
the language. This allows us to prove, for example, a deduction theorem for the strong calculus
(Theorem 3.25), whereas the weak calculus is known to have the classical deduction theorem [17].

One should however keep in mind that the binary operator O— does not straightforwardly
inherit the plethora of results on modal operators; for the reader more expert on the algebraic
perspective, the models are not Boolean algebras with an operator in the usual sense (see [14]),
since O is not additive on both arguments (more precisely, it only distributes over infima on the
right) and it cannot be recovered from a unary modal operator.

The other main results show that the stronger calculi, associated to the global consequence
relation, are strongly algebraizable in the sense of Blok-Pigozzi (Corollary 4.7), i.e. there is a class
of algebras axiomatized by means of equations (a variety of Boolean algebras with an extra binary
operator O—) that serve as the equivalent algebraic semantics; the weaker calculi, associated to
the local consequence relation, are shown to not be algebraizable in general (there is no class
of algebras whose consequence relation “corresponds” to the deduction of the logic), but they

Downloaded from https://www.cambridge.org/core. Berklee College Of Music, on 11 Feb 2025 at 02:33:15, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
https://doi.org/10.1017/51755020324000303


https://doi.org/10.1017/S1755020324000303
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

are the logics preserving the degrees of truth of the same algebraic models (Corollaries 4.19 and
4.22). Therefore, the same class of algebras can be meaningfully used to study both versions of
Lewis’s logics; precisely, we have strong completeness of both calculi with respect to the algebraic
models. We also initiate the study of the structure theory of the algebraic models; interestingly, we
demonstrate that the congruences of the algebras, which are in one-one correspondence with the
deductive filters inherited by the logics, can be characterized by means of the congruences of their
modal reducts (Proposition 4.12 and Corollary 4.13).

2 Lewis’s Logics: new axiomatizations

This section lays out the groundwork for a logico-algebraic study of the hierarchy of logics intro-
duced by Lewis in his seminal book [17] to reason with counterfactuals conditionals, and their
intended models, i.e., sphere models. All the logics in the hierarchy are axiomatic extensions of the
system V, which according to Lewis is the “weakest system that has any claim to be called the logic
of conditionals” [16, p. 80]; therefore our investigation starts with V, and all our results will carry
through its axiomatic extensions’. In particular, we will give a new and simpler axiomatization of
V with respect to the original ones ([17]); we will take the counterfactual connective as a primitive
symbol in the language, and we will distinguish between two different consequence relations: a
weak one, where the rules of the calculus only apply to theorems (which is the one usually consid-
ered in the literature), and a strong one, where the rules instead apply to all deductions. We will
see in the next section that these two choices correspond to considering two different consequence
relations over sphere models: a local and a global one, in analogy with the case of modal logic.

While often in the literature V is presented as a set of theorems, we are interested in studying
logics as consequence relations; let us be more precise. Given an algebraic language £, we denote
the set of its formulas built from a denumerable set of variables by Fii; and the corresponding
algebra of formulas by Fm . A consequence relation on Fmy is a relation - € & (Fmy) X Fm g (and we
write X + y for (X, y) €+) such that:

1. faeTthenT + o
2. if'+6forallde Aand A+ §, thenT + B.

We call substitution any endomorphism of Fm (i.e., any function on itself that respects all opera-
tions); + is substitution invariant (also called structural) if T' + o implies {o(y) : ¥ € I'}  o(a) for each
substitution o. Finally, - is finitary if T’ - a implies that there is a finite I" C I" such thatI” + a. A logic
L is an ordered pair L = (£, ) given by a language £ and a substitution-invariant consequence
relation . on Fm z; in this work we will actually only be interested in finitary logics.

Let us now fix the language £, to be the one obtained from a denumerable set of variables
and expanding the language of propositional classical logic {A, V, —, 0, 1} with a binary connective
O, where ¢ O- 1 should be read as

“if it were the case that @, then it would be the case that ¢”.

Asusual, one can define further classical connectivesby: —x :=x - 0, x & y:=(x = y)A(y = x).

1The system V from [17] is equivalent to the system CO in [16], essentially differing in minor differences in the language.
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The following derived connectives will be also considered:

xO= yi=a(x 0o ny);, Ox:=—xO-x Ox:=-0-x;
rx<y:=((xVvy > @Vy) - (xVy) o)
x<y:=-(y<x; x=ry=x<y)A({y=<x).

Notation 2.1. We denote with Fmy, the algebra of L5 ,-formulas over a fixed denumerable set of
variables Var.

We will hence distinguish two different logics, GV and LV, which arise depending on whether
we apply the rules of Lewis calculus only to theorems (for the weaker logic LV) or to all derivations
(for the stronger logic GV). We remark that this distinction, although significant, is often blurred in
the literature. The two systems GV and LV share the same axioms, that is, given ¢, 1,y € Fmg., we

have:
(LO) the reader’s favorite Hilbert-style axioms of classical logic 2,
(L1) e O @;
L2) Flpo=> YA B> @) = (9 T= )« Y O )));
L3 eV D= o)V VP B> PV ((pVY)a=y) « (9 8= )) AW T=));
L4 o> @A)« (PO ) Alp B= )
Moreover, both GV and LV satisfy modus ponens:
MP) ¢, = Y 1)
While GV satisfies the following rule involving the counterfactual implication:
©e-ypryme) > y),
LV satisfies the following weaker version of the rule:
(WC) F o — ¢Yimpliest (y O— @) = (y 0= ).
Definition 2.2. The logic GV is given by the pair (Lq, Fev), where gy is the smallest finitary
consequence relation satisfying all axioms [(L1)]-[(L4)], (MP), and (C). The logic LV is given by
(Lo, FLv), where Fry is the smallest finitary consequence relation satisfying all axioms [(L1)]-[(L4)],
(MP), and (wC).
Lewis’s conditional logics are the axiomatic extensions of the above systems with the axioms:
W) F(p O ¢) = (¢ — V); (weak centering)

(
O (e Y) = (@ = P)A@ AY) — (p O ) (centering)
(N) +O¢ — O (normality)

(

T) + Op — @ (total reflexivity)

2The reader can find some in this work by Lukasiewicz [18].
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(S) F(p o= ) V (p o= —¢) (Stalnakerian)
U) F (Cp — OOP) A (Op — O0¢) (uniformity)
A) F(p<yY) - 0@ <) A <) — O(@ < P)) (absoluteness)

We indicate a certain system in the family of Lewis’s conditional logics by just juxtaposing to GV
or LV the corresponding letter for axioms. For instance, LVCA indicates the axiomatic extension of
the logic LV with the axioms C and A. Among these axiomatic extensions, it is worth mentioning the
system LVC which is considered by Lewis to be the “correct logic of counterfactual conditionals”
[16], while LVCS essentially corresponds to Stalnaker’s logic of conditionals [29, 30].

It is clear from the definition that GV is a stronger deductive system than LV, i.e.:

Lemma 2.3. Forany set I' U {p} of Lo-formulas, T by @ implies I ey ¢.

While GV is strictly stronger than LV, e.g. the latter does not satisfy (C), they do have the same
theorems; the following proof is standard.

Theorem 2.4. GV and LV have the same theorems.

Proof. 1t follows from Lemma 2.3 that if a formula ¢ is a theorem of LV, it is also a theorem of
GV; we show the converse. Let ¢ be a theorem of GV, we show by induction on the length of the
proof that ¢ is a theorem of LV. The base case is for ¢ being an axiom, thus the thesis holds given
that GV and LV share the same axioms. Assume now that ¢ is obtained by an application of a rule
of GV, i.e., either by modus ponens or (C). But such rule is applied to theorems or axioms of GV,
that by inductive hypothesis are theorems of LV; therefore, one can obtain the same conclusion by
applying (MP) or (wC). m]

We will now see that the axiomatization we have given is equivalent to the one given by Lewis
in [16]; with respect to the latter, we have added axioms (L4) and removed the denumerable set
of rules describing “deductions within conditionals”. Let us present the latter in the two versions,
the strong ones:

VEeO-1, (DWCy)
@A AQ) =P (Y B> @) A Ay B @n) = (Y O §) (DWCy)
for each n € IN,n > 1, and the weaker versions:
F1 implies F @ O- 1, (WwDWCy)
Fi A Apy) = ¢ implies +((yO= Q1) A---A(yO= @) = (¥ O- ¢) (wDWC,)

for each n € IN,n > 1. We start by noting that the monotonicity of O— on the consequent can be
shown to be a consequence of the axioms.

Lemma 2.5. The following holds for all Ly ,-formulas ¢, 1, y:

Ltaw(pm=>y) = (o> @ Vy)).

Proof. Observe first that by the axioms and rules of classical logic, itholds that Fev ¢ & (YA (P VY)).
Therefore, by using (C) and (L4) we get

Fov (pO= ) @ (@O (AW VY) ke (pO= 1Y) o (90> P)Alp O (P V))
from which we can derive kg (p O ) — (¢ O (¢ V ¥)), which concludes the proof. O
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Moreover:
Lemma 2.6. Consider a logic (Lq-, ') satisfying the axioms of classical logic, (MP), and (DWC). Then:
Lo—=y¢r (oo — oy
2Zpoyprym e o(oy)
3. F (9o ¥) = (90> (Y V))).
Proof. For (1), from (DWC,) we get:
P=YH @A) = (B @) Ay =) = (Y B> P F (y B @) = (y B ).
(2) is a direct consequence of (1). For (3) we have the following:
H@AY) =@V H po= ) A(@o= 9] = (o= @ Vy),
which, given that ' ¢ & (¥ A ), proves the claim. O

Proposition 2.7. Consider a logic (Ln-,, V') satisfying the axioms of classical logic and (MP). The following
are equivalent.

1. v’ satisfies (L1)—(L4) and (C);
2. v satisfies (L1)~(L3) and the rule (DWC,).
The same holds replacing (C), and (DWCy) with their weaker versions (wC), and (WDWGCy,).

Proof. Let us first show that (1) implies (2), i.e., we derive the rule (DWC;) using (L4) and (C).
Using (C) we obtain that (p1 A ¢2) = ¢+ [y O= (@1 A @2)] = (y O= ¥); using now (L4) we get

(P1A@) 2P H [(y O @) Ay B- @2)] = (y B> 1)

which is exactly (DWGCy).
Conversely, let us prove that (DWC,) implies (C) and (L4); (C) can be derived by (DWC;) by
setting @1 = @, := @; for (L4), by the axioms and rules of classical logic and (DWC;) we get:

H@AY) = @AY) F (e ) Alpooy) - (o> @ AY);

moreover, one can use monotonicity of O— (Lemma 2.5) and the fact that classically equivalent
formulas can be substituted in the consequent of O— (Lemma 2.6) and obtain

Hpo> @AY) = (@o>y) and H(pO-> (P AY) = (pO=y),

and therefore ' (¢ O— (¥ A y)) = ((p O= ¢) A (@ O- »)), which shows (L4).
The proof for the statement involving the weaker rules goes similarly, with the proviso that
every derivation starts from theorems and axioms. O

The next theorem shows that both the alternative axiomatizations we have introduced are
equivalent to the one presented by Lewis’s in [16].
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Theorem 2.8. Consider a logic (L, ') satisfying the axioms of classical logic and (MP). The following
are equivalent.

1. v’ satisfies (L1)—~(L3) and (DWC,) for all n € IN;
2. satisfies (L1)~(L3) and (DWCy);
3. + coincides with +¢y.

The same holds replacing (DWCy,), (DWC,,), and +gy with their weakened versions (WDWC,), (WDWC,,),
and Frv.

Proof. (2) and (3) are equivalent by Proposition 2.7; moreover, it is obvious that (1) implies (2); let us
show the converse. (DWC;) follows from (DWC,) by setting @1 = ¢». Now, consider n € IN, n > 2,
then with (DWC;) we obtain immediately:

(@A A1) Apn) 2 P Iy =2 (Pr A A Q1)) Ay T= @u)] = (Y 0= Y),

which using the fact that (L4) holds by Proposition 2.7, yields that (DWC,) holds for all n > 2. In
order to show that (DWCy) holds, we first observe that ¢ 0O— 1 is a theorem, indeed by (L4) we get

Heo=s (@A) e (@A) F (o= @) o (@O @)Alepo-> 1) H 1o (po-1)

where in the derivations we used (L1) and substitution of classically equivalent formulas in the
consequent of 0— (Lemma 2.6). Finally, (DWC)) is then a consequence of applying (DWC,) with

pr=p2:=1¢:=¢,y:=0¢.

The proof for the weaker calculus is completely analogous. ]

Lastly, let us observe that both GV and LV satisfy the substitution of logical equivalents, in the
following sense.

Proposition 2.9. The following hold for any @, ¢,y € Fmg.,:
Lped)ra(yoro) e (yooy),
2 (e ralpoy) o @ooy),
3. Fuy (¢ & ) implies by (y O= @) © (y 0= P) and by (p O= ) © (P 0= ).
Proof. First, notice that (1) follows by (C). Moreover, since (DWC;) holds by Theorem 2.8, one gets
= YPra (PO @) = (PO YP) ke @ O P

and its symmetric copy; thus it follows ¢ & ¢ ey (p O—= ¢) A ( O— @), which via (L2) gives
(2). Finally, (3) follows from the previous points, given that GV and LV have the same theorems
(Theorem 2.4). O
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3 Sphere models

Lewis bases his interpretation of the counterfactual connective O— on a neighbourhood-style
semantics. The intuitive idea to evaluate the connective O is that ¢ O— 1 is true at some world
w if in the closest worlds to w in which ¢ is true, also 1 is true. This results in the definition
of what Lewis calls a “variably strict conditional”, where the word “variably” stresses the fact
that to evaluate counterfactuals with different antecedents at some world w, one might need to
evaluate the corresponding classical implication in different worlds; from another point of view,
this also means that, in general, a counterfactual ¢ O— 1) does not arise as some O(¢ — ), for
some modality O. Lewis formalizes this intuition by assigning to each possible world w a nested
set of spheres, which are subsets of possible worlds, meant to describe a similarity relationship with
w; the smaller is the sphere to which a world w’ belongs, the closer, and therefore more similar, it
is to w.

In this section we will introduce two different consequence relations over sphere models: alocal
and a global one, in complete analogy with the case of modal logic. This parallel will continue
and guide the investigation throughout the rest of this section. In particular, we will use the tool
of generated submodels, borrowed from modal logic (see [4]), and apply it to sphere models to
first characterize the global consequence relation via the local one, secondly to prove a deduction
theorem, and finally to prove the strong completeness of the global consequence with respect to
the strong version of the presented Hilbert-style calculus. Let us now be more precise.

Definition 3.1. A sphere model M is a tuple M = (W, S, v) where:
1. Wis a set of possible worlds;

2. 8: W - Z(P(W))is a function assigning to each w € W a non-empty? set S(w) of nested
subsets of W, i.e., for all X, Y € S(w), either X C Yor Y C X.

3. v: Var - (W) is an assignment of the variables to subsets of W, extending to all £-
formulas as follows:

v(0) = 0

(1) = W

o(pAY) = v(e)No@)

opVvy) = ve)Vo)

op—P) = (W\o(p) Uo(y)

o= yY) = {weW:(USw)Nov(p)) =0or3IS € S(w) such that @ # (S Nv(p)) € v(y))}

Given a sphere model M = (W, S, v), and a set of L5,-formulas I', we set:

wrTiffwe ﬂ{v(y) Ly eTY); (1)
MirTiffforallwe W, w I T. (2)

Notation 3.2. If T' = {y}, we drop the parentheses and write w I y (or M I y) instead of w I+ {y’} (or
M - {y}). Moreover, since in what follows we will be dealing with some submodels, it is sometimes
convenient to stress to which universe a world belongs; given a sphere model M = (W, S,v), w € W,
we then write
Muwirgiffw i @. 3)
3Note that given w € W, it can be that S(w) = {0}, since {0} € Z(W).
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The theorems of GV and LV (which are the same by Theorem 2.4) are exactly the set of formulas
true in all sphere models, i.e. the set of L ,-formulas ¢ such that M I ¢ for all sphere models M
(see Theorem 3.8 below).

3.1 Local and global semantics

We now introduce two natural notions of semantical consequence, in close analogy with the local
and global consequence relations of modal logic, and we will see by the end of this section that
they are sound and (strongly) complete with respect to LV and GV respectively.

Definition 3.3. Let € be a class of sphere models.

1. We define the global S-consequence relation on sphere models as: T kg ¢ ¢ if and only if for
all sphere models M € S, M I T implies M I ¢.

2. We define the local S-consequence relation on sphere models as: I' kg ¢ @ if and only if for all
sphere models M = (W,S,v) € Sand allw € W, w I T implies w I ¢.

Notation 3.4. When G is the class of all sphere models we write k¢ for kg ¢ and k; for g .

The following is a direct consequence of the definitions.
Theorem 3.5. Given any Lo ,-formula ¢, k¢ @ if and only if k| ¢.

Lewis [17] considers the classes of sphere models corresponding to the main axiomatic exten-
sions of the system V; those classes are listed in the following definition:

Definition 3.6. Let M = (W, S, v) be a sphere model.
1. Mis normal if for eachw € W, | S(w) # 0.
2. Mis totally reflexive if for each w € W, w € | S(w).

3. M is weakly centered if for each w € W, w € S for each nonempty S € S(w), and there is a
nonempty S € S(w).

4. M s centered if for each w € W, {w} € S(w).

Q1

. Mis Stalnakerian if for any w € W, and any Lg,-formula ¢ such that v(¢) N |J S(w) # 0, there
issome S € S(w) and y € W such that v(p) N S = {y}.

. Mis locally uniform if for any w € W and v € | S(w), | S(w) = U S(v).
. Mis locally absolute if for any w € W and v € | S(w), S(w) = S(v).

. Mis weakly trivial if for each w € W, W is the only non-empty member of S(w).

O 00 N O

. Mis trivial if W is a singleton {w}, and S(w) = {0, {w}}.

Notice that if M = (W, S, v) is centered, {w} is the smallest (nonempty) sphere of S(w) for all
w € W. Stalnakerian sphere models are complete with respect to Stalnaker’s logic of conditionals
[29,17].
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Notation 3.7. It will be convenient to set the following notation. Given an axiomatic extension of
LV by X, where L is a subset of the axioms {W,C,N, T, S, U, A}, we denote by Sy the corresponding
class of sphere models, defined by the corresponding conditions in Definition 3.6.

In particular then, we denote the class of spheres that are: normal by Sy, totally reflexive by
&1, weakly centered by Sy, centered by S, Stalnakerian by Ss, locally uniform by Sy, absolute by
Sa. Moreover, Lewis shows that weak triviality corresponds to the combination of axioms WA thus
we denote the class by Gy,, and triviality is analogously linked to CA so the corresponding class of
models is S¢,.

Lewis demonstratesin[17,§6.1] that the logic LV and its extensions by the axioms {W,C,N, T, S, U, A}
are sound and complete with respect to the corresponding classes of sphere models with the local
consequence relation. This means that the theorems in a logic precisely correspond to the validi-
ties over the associated class of sphere models. Actually, Lewis’s proof can be straightforwardly
extended to show strong completeness, i.e., to consider derivations instead of just theorems. Indeed,
Lewis proves in particular the following fact. Given any logic LVE, for X C {W,C,N, T, S, U, A}, and
any set of L ,-formulas I that is LVX-consistent, i.e., such that I" ¥ yx. 0, there is a sphere model M
in Sy such that M I T.* This is enough to show not only completeness, but strong completeness
with standard arguments (see e.g., [4, Proposition 4.12]).

Theorem 3.8 (Strong Completeness and Soundness of the Local Consequence [17]). Consider any
logic LVE for ©. € {W,C,N, T,S,U,A}. Then forallT' U {p} C Fmy_,

I Five (R T Feg,l @

We will show that the global consequence relation can be characterized by means of the local
one. In order to do that, we introduce a useful tool. In close analogy to the case of Kripke
models, we will see how to manipulate a sphere model in order to obtain a new model, preserving
the satisfaction of formulas. Namely, we will prove some invariance results for Lewis’s sphere
semantics of counterfactuals.

Definition 3.9. Let Z = (W, S,v) and &' = (W', &', v") two sphere models. We say that X’ is a
submodel of ¥ if and only if:

1. WcW

2. &' is the restriction of S to W/, i.e. for all w € W/, §’(w) = S(w) N (L (W’)).
3. v’ is the restriction of v to W’, i.e. for any Lg,-formula ¢, v'(¢) = v(p) N W'.
We now consider a special class of submodels, namely generated submodels.

Definition 3.10. Let M = (W, S,v) and M’ = (W', &', v’) be two sphere models. We say that M’ is
a generated submodel of M if M’ is a submodel of M such that for all w’ € W/, §’'(w’) = S(w’).

4More precisely, Lewis’s proofs consider an alternative, but equivalent, presentation of his logics where a different
connective, <, is taken as primitive instead of O—. Moreover, he uses a technique that is widely used to show completeness
in modal logics, that is, he constructs the canonical model of each logic, showing that it belongs to the corresponding class
of spheres. See [17, §6.1] for details, and [4] for more on this technique and its use to prove strong completeness in modal
logics.
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In other words, in order to obtain a generated submodel of some sphere model M = (W, S, v)
one needs to select a subset W € W in such a way that, for each w’ € W’, all the worlds belonging
to the spheres of w’ also belong to W’. This particular type of generated submodel will play a key
role in our analysis. Let us show how one can effectively construct one such submodel.

Consider a sphere model M = (W, S,v) and a subset X € W. Let us define a binary relation
Rs € W x W as follows: forall w,u € W,

wRSuc)ueUS(w) (4)

Thus, wRsu if and only if u appears in the system of spheres associated to w. Now, for all n € N,
we inductively define a relation R, € W X W in the following way:

e wRu & w=u
° wa’S”u & there is z € W such that wRsz and zRgsu.

We refer to Rs as the accessibility relation of M. Intuitively, the relation wR'su indicates that there
are n steps needed to reach the world u starting from w, where every steps is given by checking a
set of spheres. Now, consider the subset Wx € W defined as follows:

Wx ={w € W : uRiw for some n € N and u € X} (5)

Namely, Wy is the set of all worlds in W that are reachable from a member of X by a finite number
of steps via the accessibility relation Rs. We shall now define the sphere model

Mx = (Wx, Sx, vx) (6)
where:
e Sy is the restriction of S to Wy, i.e. for all w € Wy, Sx(w) = S(w) N L2(FP(Wy)).
® vy is the restriction of v to Wy, i.e. vx(@) = v(p) N Wx for all L ,-formulas ¢.

We say that a submodel M’ of M is smaller than another submodel M" if the domain of M’ is
contained in the domain of M*. Then:

Lemma 3.11. Let M = (W, S, v) be a sphere model, X C W, and let Mx be defined as above. Then My is
the smallest generated submodel of M whose domain contains X.

Proof. First observe that My is a submodel of M by definition; it is also easily seen to be a generated
submodel of M. Indeed by the definition of Wx the following holds: if w € Wx and wRsu, then u €
Wy. Equivalently,

ifweWxandu e US(w), then u € Wy,

ie. Sx(w) = S(w)N P (£ (Wx)) = Sx(w) and then My is a generated submodel of M by definition.
By the very same equivalence and the definition of Wy, it follows that if M* = (W*,§*,v") is any
other generated submodel of M such that X C W*, necessarily Wy is contained in W*. Therefore,
My is the smallest submodel of M generated by X. o

Definition 3.12. Consider a sphere model M = (W, S, v), and let X C W; we call submodel generated
by X the smallest submodel of M whose domain contains X. Moreover, we call centered or point-
generated a submodel of M generated by a singleton.
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Notice that by Lemma 3.11 above, the submodel of M generated by X is exactly Mx. Impor-
tantly, all generated submodels preserve the validity of formulas, as the following lemma shows.

Lemma 3.13. Let M = (W, S, v) be a sphere model, and let M’ = (W', S’,v") be a generated submodel of
M. The following holds for all w € W', and all Ln,-formulas @:

Mwrp e M, wire

Proof. The statement can be easily proved by induction on the construction of the formula ¢.
In particular, the base case where ¢ is a variable and the inductive cases given by the classical
connectives (i.e. ¢ =1 *y for » € {A, V, —}) directly follow from the fact that v’ is the restriction of
v to W’. The inductive case ¢ = ¢ O— y follows from the fact that v’ is the restriction of v to W’
and that 8’ (w) = S(w) for all w € W'. O

Moreover, the following is a direct consequence of the definitions.
Lemma 3.14. All the classes of spheres in Definition 3.6 are closed under generated submodels.

Before delving into the relationship between local and global consequences, we provide a first
application of generated submodels. Lewis in [17] considers three additional classes of sphere
models, that we have not included in Definition 3.6; let us consider them now.

Definition 3.15. Let M = (W, S, v) be a sphere model, then:
1. Mis uniform if for any w,v € W, | S(w) = J S(v).
2. Mis absolute if for any w,v € W, S(w) = S(v).
3. Mis universal if for eachw € W, | S(w) = W.

We denote by Sy- the class of uniform models, by S+ the class of absolute models, and by Syr the
class of universal models.

As the reader can easily check, uniformity implies local uniformity, and absoluteness implies
local absoluteness. Lewis observes in [17] that the validity of formulas does not change between
the classes of, respectively, locally uniform and uniform models, and locally absolute and absolute
ones. We demonstrate that such classes of models are indistinguishable also from the point of view
of derivations.

Proposition 3.16. The following hold for any I U {@} C Fm_ :
1L.Teg, Tk, pandl kg, & TEe, ¢

cU+r$

2.Tkrg, p©TEg,, pandT kg, ¢ ©TEg, @

Gty Satg

Proof. We prove (1), the proof of (2) being similar. Let us focus on the local consequence first.
The (=) direction is straightforward since every uniform models is also locally uniform. For the
(&) direction, we reason by contraposition and assume that I' ¥, ¢, namely there is a locally
uniform sphere model M = (W, S,v) and a w € W such that w i I and w ¥ ¢. Now, consider the
submodel generated by {w}, M, = (W, Su, v»w) and observe that all x € W, are such that ngx
for some n € IN, by Definition 3.12. We prove by induction on # that for all x € W, such that

wR'sx, US(x) = U S(w). For the base case, if wR%x we have that x = w by definition of R%, and
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then clearly |JS(x) = [US(w). For the inductive step, by inductive hypothesis we have that for
all y such that wR%y, U S(w) = U S(y). Assume that wR;™x; then by definition of R, we have
that wR.yRsx for some y, and so x € |JS(y). Since the original model M is locally uniform, we
have that | J S(y) = U S(x), which yields that |J S(w) = | S(x). This proves that M, is uniform.
Moreover, by Lemma 3.13, we have that My, w I I and My, w ¥ ¢, hence I Ecy., ¢ The proof for
the global consequence proceeds analogously. O

Additionally, as Lewis [17, p.120] himself noted, the class of universal sphere models corresponds
to the class of models that are both uniform and totally reflexive. Therefore, for the purpose of the
present work, it is sufficient to confine our attention to the class of models presented in Definition
3.6. Nonetheless, in light of the previous observations, is important to note that all of our results
can be easily extended to include these other classes of models as well.

After this brief digression, we can continue towards the main focus of this section. Before pre-
senting the characterization of the global consequence relation by means of the local consequence,
we need another technical result. Observe that, given a sphere model M = (W, S,v) and w € W,
w I ~@ O— ¢ if and only if |JS(w) N v(—¢@) = 0, or equivalently |JS(w) € v(p). Recall that
Op := =@ O @. Itis then straightforward that, given a sphere model M = (W, S,v), O can be
characterized by means of the relation Rs defined in (4) above.

Lemma 3.17. Let M = (W, S, v) be a sphere model; given any w € W and Ly,-formula ¢, the following
are equivalent:

1. w - O@;

2. USw) < olp);

3. wRsu implies u I+ ¢.

One can then easily show that O is a modal operator, in the following sense.
Proposition 3.18. The following hold for all @, ¢ € Fmg,:

1. kg O(p — ) — (Op — OY);

2. ¢ Fe O@;

3. E @ implies k) Og;

4. k., O(p AY) © (Op A OY).

Proof. Let us start with (1); consider any sphere model M = (W, S,v), and let w € W. Suppose
w I O(p — 1), i.e. by Lemma 3.17 |JS(w) € v(¢ — ). Therefore, if w I O, or equivalently
USw) € v(e), it follows that | J S(w) € v(y); applying Lemma 3.17 again, we get that w 0O,
which proves the claim.

Let us now prove (2); one needs to show that for all sphere models M = (W, S,v), M I ¢ implies
M- Og, which is an easy consequence of Lemma 3.17, since if M I @, then for every w, w € v(¢).
(3) can be proved analogously, while (4) follows from the previous points. O

Let us define inductively an operator 0", that iterates O, for n € IN:

n+1

¢ = ¢; o= od"e. (7)

We are now ready to characterize the connection between local and global consequence relations.
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Theorem 3.19. Let S be a class of sphere models closed under generated submodels. For all sets of
Lo -formulas I and L ,-formula ¢ the following are equivalent:

1. T lzg,g ©;
2. {O"y:neN,yel}Eeg @

Proof. We verify (2) implies (1) by contraposition. Assume I' g, ¢; i.e., there is a sphere model
M=(W,S,v) e Ssuchthatw I yforallw € W, y €I, and for some u € W, u ¥ ¢. By the definition
of 0" and Lemma 3.17, it follows that w 0"y for all y € I',n € N and w € W. Thus in particular
ul-O"y forally €I',n € N, but u ¥ ¢. Therefore {0"y |n € Nand y € I'} kg @.

We now prove that (1) implies (2), again by contraposition; assume that {0"y | n € Nand y €
I'} ¢ @. Thus, there is a sphere model M = (W,S,v) € S and x € W such that x  O"y for all
n € N and y € I but x ¥ ¢. Consider the submodel generated by {x}, M, = (Wy, Sy, vy), where

W, = {w € W : xRw for some n € IN}.

By Lemma 3.11, M, is a sphere model and it is in & since & is closed under generated submodels
by assumption; moreover, by Lemma 3.13 we have that for all w € W,

M, w - ¢ if and only if M., w - ¢.

Hence, in particular, M,,x I O"y for all n € N,y € T but M,,x ¥ ¢. We now prove that for
all w € Wy, w I I', which will conclude the proof by showing that M, I I but M, ¥ ¢ (since
M., x ¥ @). By definition, all elements w € W, are such that fogw for some m € IN; we show by

induction on k that xR’fSw implies w I 0"y foralln € N,y €T.
o If k =0, we get w = x and thus by assumption x - 0"y forall y € I, n € IN.

e Assume that the inductive hypothesis holds for k, we show it for k + 1. Suppose xR§+1w, ie.
by definition of R’g'l, there is some z € W, such that xR’fS zRsw. By inductive hypothesis
z - 0" foralln € N,y € I'. Thus Lemma 3.17 implies that also w I 0"y foralln e N, y € T.

Therefore, we have shown that, in particular, all elements w € W, are such that w DO)/ =y for all
y € I', which concludes the proof. o

We will now use the last result to prove a deduction theorem and a strong completeness result
for the global consequence relation.

3.2 Completeness and deduction theorem

Lewis proves soundness and (strong) completeness with respect to sphere models of what we
called the local consequence relation with respect to the logic iy (Theorem 3.8); moreover he
proves a deduction theorem for the local consequence with respect to the classical implication:

Theorem 3.20 (Deduction Theorem of the local consequence). ForallT U{p, ¢} C Fmg., the following
holds: T, &y @ if and only if T &1 ¢ — ¢.

In this subsection we prove the analogous results for the stronger deductive systems and the
corresponding global consequence relation; but first, some technical results.
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Lemma 3.21. Consider any L ,-formula ¢, then ¢ roy O"¢@ for all n € IN.

Proof. The claim is easily shown by induction on #n; indeed the case n = 0 is obvious, and the
inductive case is given by one application of (DWCy): ¢ tev =@ O— ¢, which holds for GV by

Proposition 2.7 and Theorem 2.8. O
Proposition 3.22. Let L be any axiomatic extension of GV. For all ' U {p} € Fmg, the following are
equivalent:

1. T FL Q;

2. (0% |yeTandn € N} - ¢.
3. There exist a finite subset I'y C I and ng € IN such that {0"y | y € o and n < np} o ¢.

Proof. The fact that (1) implies (2) is obvious, since I' € {O0"y | y € I'and n € IN}. For the converse,
let us assume that {0"y | y € I'and n € N} +1 ¢; By Lemma 3.21, we have thatI' + 0"y forally € T’
and n € IN, and thus also I - . Lastly, (2) and (3) are equivalent since t; is a finitary consequence
relation. m|

We now have all the ingredients to prove our completeness result.

Theorem 3.23 (Soundness and strong completeness of the global consequence). Let T be a subset of
the axioms {W,C,N, T, S, U, A}. For all subsets T U {¢} C Fmg,,

Il'rrp T Fepg @

Proof. The soundness follows from the facts that: (MP) and (C) are easily seen to be sound with
respect to sphere models, and the axioms of GVZ are the same axioms of LVX, which is sound with
respect to the same class of models for the local consequence relation (Theorem 3.8), and the latter
has the same valid formulas as the global one (Theorem 3.5).

We prove completeness by contraposition; assume I ¥gyz @. By Proposition 3.22, we have that
{0" | y e T'and n € IN} ¥eiz @. By the fact that all deductions of +yyy are deductions of Fgyx
(Lemma 2.3), it follows that {O0"y | y € I' and 1 € IN} ¥yr @. By the strong completeness of s in
Theorem 3.8, we get that {0"y | y € I'and n € N} £s, ; . Theorem 3.19 then yields that T ¥, ¢
and the proof is complete. ]

We willnow show another relevant fact, i.e., that the global consequence relation has a deduction
theorem. However, it generally does not have the classical deduction theorem, as the following
example show.

Example 3.24. By Lemma 3.21 and the strong completeness in Theorem 3.23, ¢ k, O¢ for any
Ly ,-formula ¢. However, it is easily seen that in general ¥, ¢ — O¢. Consider the following
sphere model M = (W, S, v) such that

o W= {wy,w};
o S(wy) = {wal}}; S(ws) = {wy, {wr, wa}};

e v is such that it maps a propositional variable p to v(p) = {w}.
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Note that then v(Op) = 0, and therefore w I p but w ¥ Op; hence M ¥ p — Op. One can easily
adapt this same example for any class of sphere models that allow at least two different worlds in
W (thus, except for the trivial class of models).

Nonetheless:

Theorem 3.25 (Deduction Theorem of the global consequence). For all T U {@,y} C Fmg,, the
following are equivalent:

1. T,y Ee @,
2. thereisn € N such thatT ko ( A\ O"Y) — @,
m<n

Proof. Let us start by proving that (1) implies (2); assume I',{) kg ¢ @. By Theorem 3.19, this is
equivalent to the fact that

Oy :yel,neNju{d"Y:neN}Eg, @

By the deduction theorem for the local consequence, and the fact that this is finitary (given that
it is strongly complete with respect to a finitary logic by Theorem 3.8), it follows that there is 7o € IN

(O'y:yelneN ke, (/\ 0°9) > p.

k<ng

Using Theorem 3.19 again, we have that I kg ¢ (A<, O°¢) = .

We now show that (2) implies (1); assume that thereisan € N such thatT kg ¢ (A<, O"¢) — ¢.
Equivalently, for all sphere models M = (W, S,v) € S, we have that if M I y for all y € T, then
Mk (A<, O0"p) — @. Consider then a sphere model M = (W, S,v) such that M I y for
all y € I' and M I 1. By assumption, we then have that for any world w € W, w I ¢ and
w I+ (A<, @) — @. By Proposition 3.18, this implies that for all w € W, w + A, 0"¢.
Therefore, by modus ponens, we have that for all w € W, w I ¢ as well; i.e. M I ¢. Hence

IYEge . O
By the strong completeness in Theorem 3.23, the theorem above can also be read as follows:

Corollary 3.26. ForallT' U{p, ¢y} C Fmg,, I, bey @ ifand only if T vy ( A\ O™) — ¢ for somen € IN.

We are now ready to proceed our investigation towards an algebraic study of Lewis’s hierarchy
of logics for counterfactual conditionals.

4 Algebraic semantics

In this section we show that the stronger calculi are algebraizable in the sense of Blok-Pigozzi, and
we study the equivalent algebraic semantics, given by varieties of Boolean algebras with an extra
operator O—. Moreover, we show that such algebras give a semantics for the weaker logics as well,
in the sense that the latter are the logics preserving the degrees of truth of the algebras. For the sake
of the reader, we first recall the basics of the Blok-Pigozzi machinery [6], that connects algebraizable
logics with their equivalent algebraic semantics. For the omitted details we refer to [6, 10].
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Let us set some notation; Roman bold letters will be used to represent algebras, while the
corresponding Roman standard letters will denote their underlying domains. For instance, if A is
an algebra, then the symbol A will refer to its domain. Given an algebraic language L, recall that
we write Fm ¢ for its algebra of formulas written over a denumerable set of variables. An equation of
the language L (or an L-equation for short) is a pair (p, q) of L-formulas (i.e. elements of Fm ) that
we write suggestively as p ~ q. We write Eq for the set of all L-equations. A quasi-equation of L
is a first-order formula of the form &I p; ~ q; = p ~ gwhere {p; = g;:i=1,...,ntU{p ~ q} C Eq,
and & and = are, respectively, first order conjunction and implication. It is understood that this
expression also covers the case of an empty antecedent, so that equations can be seen as particular
cases of quasi-equations.

An assignment is a homomorphism (i.e., a function which commutes with all the operations)
from the algebra of formulas Fm, to some L-algebra A. An L-algebra A satisfies an L-equation
p = q with an assignment h (and we write A,k k p = q) if h(p) = h(g) in A. An L-equation p = g
is valid in A (and we write A k p = q) if for all assignments h to A, A,h £ p = g; if X is a set of
L-equations then A £ X if A ko for all 0 € . An L-equation p = q is valid in a class of L-algebras
K,and we write KEp ~ gorkx p = q,if A Ep = g for all A € K. With respect to quasi-equations, an
L-algebra A satisfies an L-quasi-equation &!_,p; ~ q; = p ~ q with an assignment / if h(p;) = h(g:)
foralli=1,...,nimplies h(p) = h(g); the other notions of validity extend to quasi-equations in the
obvious way.

Moreover, given any set of L-equations X U {p = g}, and any class of L-algebras K, we write

Zthzq

if for every algebra A € K, and any assignment h to A, if h(p’) = h(q’) for all p’ = g’ € L, then
h(p) = h(g). L £k A, for Z, A sets of L-equations, is interpreted as = kx 0 for all 6 € A. kg is called
the equational consequence relative to K. We write X 4k A as a shortening of X kx A and A k¢ L.

Intuitively, in order to establish the algebraizability of a logic L with respect to a class of algebras
Ky over the same language £, one wants to be able to fully and faithfully interpret the consequence
relation of L into the equational consequence relative to K.

Let us be precise. Fix alanguage L; a transformer from formulas to (sets of) equations is any function
7 mapping each L-formula to a set of L-equations, 7 : Fmy — Z(Eqg). This extends to sets of
formulas by setting, for any set of formulas I' € Fmy, ©(I') = U,er ©(y). Similarly, a transformer of
equations into (sets of) formulas is a function p mapping each L-equation into a set of L-formulas,
p: Eqr — P(Fmy), that extends to sets of equations by taking unions. In particular, one wants to
consider structural transformers: a transformer is structural when it commutes with substitutions.

Alogic L is algebraizable when there is a class of algebras K and structural transformers 7, p (from
formulas into equations and from equations into formulas, respectively) such that the following
conditions are satisfied, for all ' U {¢} C Fm and L-equation p ~ g:

T oo iff () ek, () (8)

(p = q) 3k, T(p(p = 9)). )

The transformers 7 and p are said to witness the algebraizability of L with respect to the class K.
The equations E(x) := 7(x) are called the defining equations and the formulas in A(x, y) := p(x = y)
are called the equivalence formulas. Given L an algebraizable logic, its equivalent algebraic semantics
is the largest class of algebras K such that L is algebraizable with respect to it. In particular, if L is
algebraizable with respect to a quasivariety (i.e., a class of models of a set of quasi-equations) K, Kis
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the equivalent algebraic semantics of L, and every finitary logic has a quasivariety as its equivalent
algebraic semantics. When the equivalent algebraic semantics can be axiomatized by equations
(i.e., it is a variety), we say that a finitary logic is strongly algebraizable.

Example 4.1. Classical logic is (strongly) algebraizable with respect to the variety of Boolean
algebras, as testified by 7(x) = {x = 1} and p(x = y) = {x & y}.

While the conditions (8) and (9) above are necessary and sufficient to show the algebraizability
of a logic, in some cases there are easier ways to check whether a logic is algebraizable. In fact,
many of the well-known algebraizable logics belong to the class of implicative logics, that is, they
have a well-behaved binary connective — which allows to show that (8) and (9) hold.

Definition 4.2. An implicative logic is a logic L in a language £ with a binary term — such that:
l. rx—>x
2.x>yy—zkx—z

3.X1 =Y, X S YY1 S X1, Y = X A, X)) = A, .-, Yn) for each term A € L
of arity n > 0

4. x,x > yry
5. xFy—>ux

Classical logic is an example of an implicative logic. In an implicative logic that does not have
a constant 1 that is a theorem, one can always define 1 := x — x for a fixed variable x, and 1 is a
theorem by the above definition.

Theorem 4.3 ([10]). Allimplicative logics are algebraizable, with defining equation t(x) := {x = x — x}and
equivalence formulas A(x,y) := {x = y,y — x}. If there is a constant 1 that is a theorem, T(x) := {x = 1}.
If the logic is finitary, the quasivariety that is its equivalent algebraic semantics can be presented by the
equations and quasi-equations that result by applying the transformation T to the axioms and rules of any
Hilbert-style presentation of the logic.

From the more strictly algebraic perspective, in a class of algebras that is the equivalent algebraic
semantics of a logic L over a language L, congruences are in one-one correspondence with the
deductive filters induced by the logic. An L-deductive filter F of an algebra A is a subset of the
domain of A that is closed under the deductions of the logic L; that is, for every I' U {¢p} C Fm, if
I' kL @, for every homomorphism f from Fm to A, if f[I'] C F, then f(¢) € F.

Theorem 4.4 ([10, Theorem 3.51]). Let L = (L, +) be a finitary logic with equivalent algebraic semantics
a quasivariety K, and let A be an L-algebra. Then the L- deductive filters of A are in bijection with the
K-relative congruences of A.

We mention that the L-deductive filters of the algebras of formulas are the theories of the logic
L. In particular, if L is an implicative logic and K its equivalent algebraic semantics, for every A in
K. the correspondence between congruences and deductive filters is given by the following maps:

O Fg={acA:(aa—a)ecb}, F+ 0r={(a,b):a—>bb—-ackF}
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where 6 is any congruence of A and F is any deductive filter of A. If there is a constant 1 in the
language of L that is a theorem, as it is the case for classical logic, then congruences are totally
determined by their 1-blocks, i.e. the first map above becomes:

0 Fg={acA: (1) e0}=1/0.

This means that K is ideal-determined with respect to 1, and so in particular also I-regular (1/60 = 1/y
implies 0 = y for all congruences 0, y of every algebra A € Ky), see [1, 13].

4.1 Global equivalent algebraic semantics
The algebraizability of GV follows from the fact that it is an implicative logic.
Theorem 4.5. Let L be any axiomatic extension of GV. Then L is an implicative logic.

Proof. We need to show that the conditions of Definition 4.2 hold; (3) follows from Proposition 2.9
and the others follow from the fact that — is a Boolean implication. ]

Moreover, since 1 is a theorem of GV (see Theorem 4.3), we get the following.

Theorem 4.6. GV is algebraizable with defining equation t(x) = {x = 1} and equivalence formula A(x, y) =
{x & yh

An important consequence of algebraizability is that axiomatic extensions of algebraizable
logics are also algebraizable with the same equivalence formulas and defining equations. Moreover,
the lattice of axiomatic extensions of the logic is dually isomorphic to the subvariety lattice of
the equivalent algebraic semantics whenever the latter is a variety [10], as it is the case here.
Therefore, we obtain the algebraizability of GV and all its axiomatic extensions with respect to the
corresponding class of algebras.

Corollary 4.7 (Algebraizability). Let L be any axiomatic extension of GV, axiomatized relatively to GV
by the set of axioms ®. Then the equivalent algebraic semantic of L, Ky, is axiomatized relative to Kgy by
(D) = {p = 1: ¢ € O}. In particular given any set of formulas I and formulas :

ey © () ek t(@}).

By direct application of the Blok-Pigozzi machinery, we get an axiomatization of K¢y made of
equations (coming from the axioms) and quasi-equations (coming from rules); we now show that
actually equations suffice, in particular because the rules (MP) and (C) are translated to quasi-
equations that already hold as a consequence of the other axioms. In other words, the equivalent
algebraic semantics is a variety of algebras.

Definition 4.8. A Lewis variably strict conditional algebra, or V-algebra for short, is an algebra C =
(G A, V,—,0-,0,1) where (C, A, V,—,0,1) is a Boolean algebra and O is a binary operation such
that, forall x, y,z € C:

l. xO-x=1
2. x> PA(yO=x)<(xO=2) o (yO-2)

3. (kvy) i) V(evy) By V(((xVy) B z) o (kB 2)A(y0-2) =1
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4. x> (YA2)=(xO> y)A(x O 2)
We denote the variety of V-algebras with VA.
Theorem 4.9. VA is the equivalent algebraic semantics of GV.

Proof. Note that since algebras in VA have a Boolean algebra reduct, for C € VA, and x,y € C,
x — y = 1iff x < 1; then by Corollary 4.7, the equivalent algebraic semantics of GV is axiomatized
by the axioms of VA plus the quasi-equations:

x~x1 & x—-y=1) = y=1l and x—-y=xl = O=x)—> o>y =1

The result then follows from the fact that the latter are easily seen to hold given the other axioms; in
particular, note that the fact that O— is order-preserving on the right follows from the distributivity
over the meet operation on the right: if x < ythenx =xAy,andsozO-»x=z0> (x Ay) = (z O~
X)A(zO- y)andsozO- x <z O- y. O

Recall that x &= y := =(x O— —y). Let VCA be the subvariety of VA further satisfying:
XAYSx>y<x—y (10)
and VCSA the subvariety of VCA of Lewis conditional algebras, satisfying:
x>y Vo -y =1 (11)
Corollary 4.10. VCA and VCSA are the equivalent algebraic semantics of, respectively, GVC and GVCS.

Let us consider again the unary connective O in the language as O¢ = —¢p O— ¢, and its
iteration O"¢@. We can show that, analogously to the case of modal algebras, the operator 0O can be
used to characterize congruence filters.

Definition 4.11. Let A € VA; a nonempty lattice filter F C A is said to be open if x € F implies Ox € F.

Proposition 4.12. Let A € VA; a nonempty lattice filter F C A is a congruence filter if and only if it is
open.

Proof. The proof is based on the fact that, as a consequence of the fact that VA is the equivalent
algebraic semantics of GV, congruence filters coincide with the deductive filters induced by the
logic. In other words, for every ruleI +- ¢ and every homomorphism f from Fmy, to A, if f[I'] CF,
then f(@) € F. It is clear that every deductive filter is an open lattice filter. For the converse,
consider an open lattice filter F; F respects the axioms because it is nonempty (i.e. it contains 1,
where all the instances of the axioms are mapped as a direct consequence of the algebraizability
result, Corollary 4.7), and it respects modus ponens since it is a lattice filter. We only need to prove
that it respects therule ¢ — Y + (y O- @) — (y 0= ¥).

Suppose there is an assignment / to A € VA such that h(¢) = a,h({)) = b, h(y) = ¢, witha,b,c € A,
and assume that 2 — b € F. From the fact that ¢ — ¢ + (y O~ ¢) — (y 0= ¢) holds, by
the deduction theorem of the global consequence (Theorem 3.25) and the strong completeness
(Theorem 3.23) we obtain that there is some n € IN such that

kar (/\ @@ = ) = ((y O 9) = (y T ¥)).

m<n
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This implies that the element (A, 0"(@ — b)) = ((c O— a) — (c O b)) = 1 € F. Now, since
a — b e FandF is open, Of(a — b) € F for all k € N. Thus, since filters are closed under
finitary meets, the element (A<, 0" (@ — b)) € F. Since lattice filters respect modus ponens, also
((c O- a) = (c O> b)) € F, which shows that open lattice filters respect the rule (C).

We have then shown that open filters coincide with deductive filters, and therefore with con-
gruence filters. ]

We remind the reader that the proposition above describes the Gumm-Ursini ideals [13] of
VA, which are also the GV-deductive filters of the algebras in VA. The following is an interesting
observation:

Corollary 4.13. Let A € VA; then the congruence filters of A are exactly the congruence filters of its modal
reduct (A, A, V,—,0,0,1).

The corollary above entails for instance that one can characterize subdirectly irreducible al-
gebras in VA by the subdirect irreducibility of their modal reduct; we leave this purely algebraic
investigation of V-algebras to future work.

4.2 Local algebraic semantics

In this section we focus on the weaker logic LV; in particular, we will show that the latter is not
algebraizable, however it still can be studied by means of V-algebras. We will indeed see that Fy
coincides with the logic preserving degrees of truth of VA. Let us be more precise.

We call an ordered algebra a pair (A, <), where A is an algebra and < is a partial order on its
universe. Note that all algebras with a (semi)lattice reduct can be seen as ordered algebras, and
thus in particular Boolean algebras and V-algebras are ordered algebras.

Definition 4.14. Let K be a class of ordered algebras over a language £; the logic preserving degrees
of truth of K, in symbols Lﬁ = (L, kﬁ), is defined as follows: for every set I' U {¢} of formulas in the
language of K, I’ I—ﬁ @ if and only if for all (A, <) € K, and assignmenth: Fm; — A, a € A,

a<h(y)foreveryy el = a<hp).

Remark 4.15. If K is an elementary class of algebras (in particular, if K is a variety) with a lattice
reduct, one can rephrase the above definition and say that

Fp @ iff KEyrA Ay <o
for some {y1,..., 7.} €T and n € IN (see [20, Remark 2.4]).

Example 4.16. Intuitionistic logic is the logic preserving degrees of truth of Heyting algebras,
and the local consequence of the modal logic K is the logic preserving degrees of truth of modal
algebras.

Logics preserving the degrees of truth have been studied in generality in [22, 9], and in resid-
uated structures in [8]. In order to prove the analogous result for LV, let us first state a useful
lemma.

Lemma 4.17. For all Lo ,-formulas ¢,v,y, and n € IN:
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1. by D”“((p - Y) >0y 0= @) = (y O= Y));
2. by O (p & ) > O (p 0> y) = (Y O- ).

Proof. We will show that the two statements hold in sphere models, which implies the claim by the
completeness Theorem 3.8. We start with (1), and proceed by induction on n. Let n = 0, we want
to prove that:
Fr (e = ) = ((y B> @) = (y = ¥));

consider a sphere model M = (W, S,v) and let w € W. Suppose w I O(¢ — 1), or equivalently
via Lemma 3.17 | S(w) € v(p — ). Now, if w I y O— ¢, it means that there is S € S(w) such
that 0 # S No(y) C v(p); but since |J S(w) € v(p — ), SN v(p) C v(Y), ie. thereis S € S(w) such
that @ # SN o(y) € v(¥), and thus w I y 0= Y. The inductive step follows from the fact that O
is a modal operator, more precisely that theorems are closed under O and O distributes over the
implication (Proposition 3.18). Let us now show (2), again by induction on #; for n = 0, we prove:

FO@ey) > (oo y) - Qo))

Consider then a sphere model M = (W, S, v),letw € W, and suppose w I O(¢p < 1), or equivalently
by Lemma 3.17, JS(w) C v(p < ¢). If w ¢ O- v, it means that there is S € S(w) such that
0 # SNu(p) C v(y); but since |JS(w) C v(p < ), we get that S N ov(p) = S Nov(y), and therefore
there is S € S(w) such that @ # SN v(y) C v(y), and thus w I ¢ O— y. The inductive step follows
again from the fact that 0O is a modal operator. m|

We are now ready to prove that LV can also be studied by means of V-algebras, via the following
(strong) completeness result.

Theorem 4.18. LV is the logic preserving degrees of truth of VA; i.e., for all T U {p} C Fmg,:
r"]_v(p (=4 FF\S/A(P.

Proof. The forward direction is a usual soundness proof; note that the axioms are mapped to 1
by the algebraizability result (Corollary 4.7), (MP) holds in the form x A (x — y) < y, and (WC)
becomes x — y = 1 implies (z - x) < (z O y) which holds in VA.

For the converse, we reason by contraposition; assume I' ¥y . Then consider the relation 6
defined as follows:

0 :={,y) € Fmg, X Fmg, : T iy O"(Y = y) and T +iy O"(y — ¢) for all n € N}.

We can show that 0 is a congruence relation. In particular, while reflexivity and symmetry
are trivial, transitivity follows the fact that O distributes over — (Proposition 3.18); the Boolean
operations are also easily shown to be respected: for A, as a consequence of the fact that O distributes
over A (Proposition 3.18), and for —, by the observation that -0"x = O"(—x). Let us then prove that
0 preserves the binary operation O-. Assume 10y, it suffices to show that:

o> vY,00->y),Wo->6,y0-0)€0;
that is to say, we need prove that:

(@) TryO"((6O=>¢) = (00>y); (1) Tryo"((60=y) = (00- 1Y)
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(iii) T'rw 0"(( 0> 0) = (y 0= 0)); (iv) Tk 0"((y B> 0) — (¢ O 0)).

Given the assumption that I' +1y O"() — y)and T ry O*(y — ¢) for all n € IN, and thus also
I' by O"(@ < ) (since O distributes over A by Proposition 3.18), (i)-(iv) follow by Lemma 4.17.
Therefore, 0 is a congruence, and we can consider the quotient Fmy, /6; let us verify that the latter
is an algebra in VA. Consider the axiomatization of VA, we show that for every equation ¢ = 6
appearing in it, (¢,6) € 0. By the algebraizability of VA, for each such ¢ = 6 and the completeness
result of Theorem 3.23, Fey € & 0; thus also iy € & 0 (since they have the same theorems by
Theorem 2.4), and then riy O"(¢ < 0) for all n € IN by the fact that theorems are closed under O
(Proposition 3.18). Thus, each (¢, 6) € 6, and Fmg, /0 € VA.

We now show that for all (nonempty) finite subsets A C T, A ¥3, ¢. By Remark 4.15, this
implies that I' 3, @ which would complete the proof. Given that A +5, @ iff VA £ AA < ¢,
it is enough to show that in particular Fmy,/0 ¢ A A < ¢. Consider A = {61,...,0,} € T, and
let 7@ be the natural epimorphism 7 : Fmg, — Fmg,/0; assume by way of contradiction that
(01) A -+ A Ti(0n) < T(); thus (61 A --+ A 0,) = @) = 1. By the definition of 0, this implies that
in particular I' Fry (61 A -+ A Oy) = @. Butsince A C T, it follows that I' iy 01 A - -+ A 0,; by modus
ponens we would get I b1y ¢, a contradiction. This completes the proof. m]

Actually, the same proof works for any axiomatic extension of LV.
Corollary 4.19. Let I be a set of formulas; LV + I is the logic preserving degrees of truth of VA + ().
As a corollary of the above theorem, we get that:

Corollary 4.20. Let I be a set of formulas. For all @, ¢ € Fmg,, byarr) @ = ¢ if and only if @ Fryer ¢
and 1’[) FLv+r @.

We are now going to conclude that the local calculus is not algebraizable. In fact, it follows
from a general theory regarding (semi)lattice-based logics that have an algebraizable assertional
companion °. We recall the relevant notions from [10, §7].

Given a class of algebras K that have a constant 1 in their language £, we define the 1-assertional
logic of K as the logic Ly, = (£, ) such that for all T U {¢} C Fm

TrHep © fy~l:yellpxl

Let now K be a variety of algebras with semilattice reducts, and such that the associated order
in algebras of K has a maximum defined by some term 1. The two associated logics Ly and Ly are
said to be companions of each other, i.e., LlK is the assertional companion of Lﬁ, and the latter in turn is
the semilattice-based companion of L. Moreover, L is algebraizable if and only if it coincides with
Ly ([10, Theorem 4.2]).

It is clear that K = VA satisfies the above assumptions; moreover, it follows from Theorem 4.6
that GV is the (algebraizable) 1-assertional logic of VA, and by Theorem 4.18 that LV is its semilattice
based companion. Since GV and LV do not coincide, we get at once:

Corollary 4.21. LV is not algebraizable.

Given Corollary 4.19, we can actually extend this result to all the axiomatic extensions of Lewis’s
logics where global and local consequence do not collapse.

5We thank an anonymous referee for bringing this general approach to our attention, which helped simplify the
presentation of the following results.
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Corollary 4.22. If T is a set of axioms such that LV + I" does not coincide with GV + I, then LV + T is not
algebraizable.

One can actually show that all the local variably strict conditional logics considered by Lewis’s
in his hierarchy are not algebraizable, since the global and local calculi do not coincide, except for
LVCA, which collapses to classical logic ([17]).

Corollary 4.23. No axiomatic extension of LV by the axioms in {W,C,N, T, S, U, A} is algebraizable, except
(the ones coinciding with) LVCA. The strong and weak calculi GVCA and LVCA coincide, and they are both
algebraizable with respect to the subvariety of VA where the identity x O— y ~ x — y holds.

5 Conclusions

The main objective of this paper is to provide a logico-algebraic analysis of Lewis’s variably
strict conditional logics, a subject that has been notably lacking in the literature. Our efforts
have clarified several ambiguities surrounding these logics, explicitly defined and refined their
properties, brought to light the deep connection with the modal logic framework, and introduced
a novel general algebraic framework for their technical analysis. By doing so, this work aims to
foster a fruitful synergy between a classical theme in formal philosophy and the advancements in
abstract algebraic logic.

To the best of our knowledge, the model-theoretic tools and the techniques proper of the abstract
algebraic logic framework we have used were not employed before to analyze these logics; these
powerful tools proved instrumental in establishing several logical results, e.g. a deduction theorem,
the representation of one logical consequence in terms of the other, and the strong completeness
with respect to the algebraic structures for both versions of the calculi. These results collectively
offer a deeper and more comprehensive understanding of the properties of Lewis’s logics and the
features of their models.

Moreover, while filling a notable void in the literature, this work is just the start of a formal
investigation of Lewis’s logics. The logico-algebraic machinery indeed offers a variety of tools
to study logical properties from the algebraic point of view, the so-called bridge theorems. These
are the core results of the field of algebraic logic; they allow one to study metalogical properties
algebraically, concerning in particular the entailment of the logic, answering questions about its
expressivity, or formalizing notions that can be relevant in applications [10, 15, 25]. These allow
the study of, e.g.,: the lattice of (axiomatic) extensions of the logics; definability properties, i.e. to
what extent implicit properties of the logic can be made explicit [5] and interpolation properties
[19]; admissible rules [27], those that added to the logic do not change the theorems, and whether a
logic is structurally complete (i.e., whether its admissible rules are also derivable) like classical logic
but unlike intuitionistic logic [3, 2].

This work also lays the foundation for a deeper conceptual understanding of Lewis’s logics
beyond the technical sphere. In a forthcoming work, we will focus on the fact that to properly
consider infinite models one should not simply consider sets of worlds, but topological spaces; i.e.,
the subsets of the universe that are meant to represent the formulas (the clopen sets of the topology)
play a special role. In technical terms, we will show that the variety of algebras introduced in this
work enjoys a categorical duality with respect to topological spaces based on Lewis’s sphere models.
From a conceptual standpoint, this will provide a fresh perspective into the similarity relationship
among worlds and spheres, and the nature of the so-called limit assumption, stating the existence
of most similar antecedent worlds.

24

Downloaded from https://www.cambridge.org/core. Berklee College Of Music, on 11 Feb 2025 at 02:33:15, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
https://doi.org/10.1017/51755020324000303


https://doi.org/10.1017/S1755020324000303
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

Acknowledgements

We thank the two anonymous reviewers for their suggestions, which improved this work. Addi-
tionally, we are grateful to Tommaso Flaminio for the many valuable conversations on this subject.

Funding

Giuliano Rosella acknowledges financial support from the Italian Ministry of University and
Research (MUR) through the PRIN 2022 grant n. 2022ARRY9N (Reasoning with hypotheses: In-
tegrating logical, probabilistic, and experimental perspectives), funded by the European Union
(Next Generation EU). Sara Ugolini acknowledges support from the Ramoén y Cajal programme
(RyC2021-032670-1I), the Spanish project SHORE (PID2022-141529NB-C22), and the MOSAIC project
(H2020-MSCA-RISE-2020 Project 101007627).

References

[1] P. Agliano and A. Ursini. “Ideals and other generalizations of congruence classes”. In: J.
Austin. Math. Soc 53 (1992), pp. 103-115.

[2] Paolo Agliand and Sara Ugolini. “Structural and Universal Completeness in Algebra and
Logic”. In: Annals of Pure and Applied Logic 175.3 (2024), p. 103391. por: 10.1016/j .apal.
2023.103391.

[3] Clifford Bergman. “Structural completeness in algebra and logic”. In: Algebraic logic (Budapest,
1988) 54 (), pp. 59-73.

[4] Patrick Blackburn, Maarten de Rijke, and Yde Venema. Modal Logic. Cambridge University
Press, June 2001.

[5] W.].Blokand Eva Hoogland. “The Beth Property in Algebraic Logic”. In: Studia Logica 83.1-3
(2006), pp. 49-90. por: 10.1007/s11225-006-8298-0.

[6] W.].Blokand D. Pigozzi. Algebraizable Logics. Ed. by no. 396 Mem. Amer. Math. Soc. American
Mathematical Society, 1989.

[7] George Boole. “An Investigation of the Laws of Thought on which are founded the mathe-
matical theories of Logic and Probabilities”. In: (1854).

[8] Félix Bou et al. “Logics preserving degrees of truth from varieties of residuated lattices”. In:
Journal of Logic and Computation 22.3 (2011), pp. 661-665.

[9] Josep Maria Font. “Taking Degrees of Truth Seriously”. In: Studia Logica 91.3 (2009), pp. 383—
406.

[10] Josep Marina Font. Abstract Algebraic Logic - An Introductory Textbook. Studies in Logic. College
Publication, 2016.

[11] Marianna Girlando, Sara Negri, and Giorgio Sbardolini. “Uniform Labelled Calculi for Con-
ditional and Counterfactual Logics”. In: Lecture Notes in Computer Science. Springer Berlin
Heidelberg, 2019, pp. 248-263. 1sBN: 9783662595336.

25

Downloaded from https://www.cambridge.org/core. Berklee College Of Music, on 11 Feb 2025 at 02:33:15, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
https://doi.org/10.1017/51755020324000303


https://doi.org/10.1017/S1755020324000303
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

[12] Marianna Girlando et al. “Standard Sequent Calculi for Lewis’ Logics of Counterfactuals”.
In: Lecture Notes in Computer Science. Springer International Publishing, 2016, pp. 272-287.
1sBN: 9783319487588.

[13] H.P. Gumm and A. Ursini. “Ideals in universal algebra”. In: Algebra Universalis 19 (1984),
pp- 45-54.

[14] Bjarni Jonsson and Alfred Tarski. “Boolean Algebras with Operators. Part 1”. In: American
Journal of Mathematics 73.4 (1951), pp. 891-939. 1ssn: 00029327, 10806377. urL: http://www.
jstor.org/stable/2372123 (visited on 02/07/2024).

[15] Emil W Kiss et al. “Categorical algebraic properties. A compendium on amalgamation,
congruence extension, epimorphisms, residual smallness, and injectivity”. In: Studia Sci.
Math. Hungar 18.1 (1983), pp. 79-141.

[16] David Lewis. “Completeness and Decidability of Three Logics of Counterfactual Condition-
als”. In: Theoria 37 (1971), pp. 74-85.

[17] David Lewis. Counterfactuals. Blackwell, 1973.
[18] Jan Lukasiewicz. Elements of Mathematical Logic. New York, Macmillan, 1963.

[19] George Metcalfe, Franco Montagna, and Constantine Tsinakis. “Amalgamation and interpo-
lation in ordered algebras”. In: Journal of Algebra 402 (Mar. 2014), pp. 21-82. 1ssn: 0021-8693.
por: 10.1016/j.jalgebra.2013.11.019.

[20] Tommaso Moraschini. “A Gentle Introduction to the Leibniz Hierarchy.” In: Janusz Czelakowski
on Logical Consequence. Outstanding Contributions to Logic (forthcoming). Ed. by J. Malinowski
and R Palczewski.

[21] Sara Negri and Giorgio Sbardolini. “Proof Analysis for Lewis Counterfactuals”. In: Review of
Symbolic Logic 9.1 (2016), pp. 44-75.

[22] Marek Nowak. “Logics Preserving Degrees of Truth”. In: Studia Logica 49.4 (1990), pp. 483—
499.

[23] Donald Nute. Topics in Conditional Logic. Boston, MA, USA: Reidel, 1980.

[24] Francesco Paoli. “A Paraconsistent and Substructural Conditional Logic”. In: Paraconsistency:
Logic and Applications. Springer Netherlands, June 2012, pp. 173-198. 1sexn: 9789400744387
por: 10.1007/978-94-007-4438-7_11.

[25] James G Raftery. “A perspective on the algebra of logic”. In: Quaestiones Mathematicae 34.3
(2011), pp. 275-325.

[26] Giuliano Rosella, Tommaso Flaminio, and Stefano Bonzio. “Counterfactuals as Modal Con-
ditionals, and Their Probability”. In: Artificial Intelligence 323.C (2023), p. 103970.

[27] Vladimir V Rybakov. Admissibility of logical inference rules. Elsevier, 1997.

[28] Krister Segerberg. “Notes on conditional logic”. In: Studia Logica 48.2 (June 1989), pp. 157-
168.

[29] Robert Stalnaker. “A Theory of Conditionals”. In: Studies in Logical Theory. Ed. by Nicholas
Rescher. American Philosophical Quarterly Monograph Series 2. Oxford: Blackwell, 1968,
pp- 98-112.

[30] RobertC.Stalnaker and Richmond H. Thomason. “A semantic analysis of conditional logicl”.
In: Theoria 36.1 (Feb. 2008), pp. 23-42.

26

Downloaded from https://www.cambridge.org/core. Berklee College Of Music, on 11 Feb 2025 at 02:33:15, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
https://doi.org/10.1017/51755020324000303


https://doi.org/10.1017/S1755020324000303
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

[31] Yale Weiss. Frontiers in Conditional Logic. 2019.

[32] Xuefeng Wen. “Modal Logic via Global Consequence”. In: Logic, Language, Information, and
Computation. Springer International Publishing, 2021, pp. 117-132.

[33] Timothy Williamson. “Modal Logic Within Counterfactual Logic”. In: Modality: Metaphysics,
Logic, and Epistemology. Ed. by Bob Hale and Aviv Hoffmann. Oxford University Press, 2010.

27

Downloaded from https://www.cambridge.org/core. Berklee College Of Music, on 11 Feb 2025 at 02:33:15, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
https://doi.org/10.1017/51755020324000303


https://doi.org/10.1017/S1755020324000303
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

