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CHAITIN’S Q AS A CONTINUOUS FUNCTION

RUPERT HOLZL, WOLFGANG MERKLE, JOSEPH MILLER,
FRANK STEPHAN, AND LIANG YU

Abstract. We prove that the continuous function Q: 2° — R that is defined via X 27k xrm

for all X € 27 is differentiable exactly at the Martin-L6f random reals with the derivative having value
0: that it is nowhere monotonic; and that fol fZ(X) dX is a left-c.e. wtt-complete real having effective
Hausdorff dimension 1/2.

We further investigate the algorithmic properties of Q. For example, we show that the maximal value of
Q must be random, the minimal value must be Turing complete, and that ﬁ(X) @ X >7 (' forevery X. We
also obtain some machine-dependent results, including that for every e > 0. there is a universal machine
such that Qy maps every real X having effective Hausdorff dimension greater than e to a real of effective
Hausdorff dimension 0 with the property that X <, Q v (X); and that there is a real X and a universal
machine V' such that Qy (X) is rational.

§1. Introduction. In 1975, Chaitin [12] introduced a celebrated number as

Q=) 27K,

gE 2<w

Q is an example of a naturally occuring Martin-L6f random number. It can be seen
as an analogue of the halting problem in the theory of algorithmic randomness. An
overview over the research into Chaitin’s Q can be found in Barmpalias [2].

Subsequently, other authors studied variants of Q: Downey et al. [14] investigated
Q when relativized to oracles; and Becher and Grigorieff [7]. as well as Becher
et al. [6] studied it as a function from subsets of natural numbers to the real
numbers. More recently, Barmpalias et al. [5] studied analogues of Q in the c.e. sets,
and in two articles Barmpalias, Cenzer, and Porter [3.4] studied more generally the
probabilities that. given random oracles, universal Turing machines display certain
behaviors (other than halting).

In this article, we study a version of Q as a function from Cantor space to the
reals.

DEerINITION 1.1. Let a prefix-free Turing machine M be given. Then for a real

X €27 let )
QM(X) _ ZZ*KM(XF”)
n

be the INITIAL SEGMENT Q NUMBER of X'.
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Furthermore, for every finite string . define

ﬁM (0-) _ Z 2*KM<T)_

=g

In this article, we will be mostly interested in optimal machines. In cases where
the respective statements are independent of the choice of optimal machine, the
subscript M will be omitted.

The following statement is immediate.

FacT 1.2. Q:2° - Ris computable in (' and consequently continuous.

In this article we will analyse this natural function both from the point of view
of computable analysis and from that of computability theory. The article is orga-
nized as follows: inSection 2, we provide essential definitions and preliminaries. In
Section 3, we investigate the function n — 2" Q(X | n). which serves as preparation
for the study of the analysis aspects of Q in Section 4. In Section 5, we investigate

the algorithmic aspects of Q.

§2. Preliminaries. We assume that that reader has a general background in com-
putability theory and algorithmic randomness, as provided by the textbooks of
Downey and Hirschfeldt [13] and Nies [20]. When we talk about a “real” X we
mean either X € 2 or X € [0, 1] depending on the context; we identify these two
interpretations with each other in the canonical way. For finite strings ¢ € 2<® we
use [o] to denote the basic open set {X € 2*: X = g}.

DEerNITION 2.1. A real X is LEFT-C.E. if there is a computable nondecreasing
sequence (X, ), such that limy; X; = X. Similarly, a real X is RIGHT-C.E. if there is a
computable nonincreasing sequence (X), such that lim, X; = X.

We fix a standard universal prefix-free machine U and use K (¢) to denote Ky (o).
A prefix-free machine V' is optimal if there is a constant ¢ such that. for every o,
Ky (o) < K(o) + c. Often we will simply refer to a Martin-Lof random real as a
“random”.

DEerFINITION 2.2, Given X € 2, Y € [0,1], and a set P C 2<®, we say that X
HAS DENSITY Y IN P if lim, 2"u([X [n]NP) = Y.

The following notion was studied intensively in the literature (see, for example,
Bienvenu et al. [10] and Bienvenu et al. [8]).

DEFINITION 2.3. A real X € 2 is DENSITY RANDOM if X is Martin-Lof random
and has density 1 in every I1{ subset of 2 that contains X .

LemMA 2.4 (Ample Excess Lemma; Miller and Yu [18]). If X is random, then
S, 2 KX s finite.

DEFINITION 2.5. A real A is WEAKLY LOW FOR K if and only if there are a constant ¢
and infinitely many ¢ € 2<“ such that

K(o) < K4(o) + c.

https://doi.org/10.1017/js1.2019.60 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.60

488 RUPERT HOLZL ET AL.

A is WEAKLY LOW ALONG X if and only if there is some constant ¢ and infinitely
many 7 such that

K(Xn) < KAX|n)+ec.

A 1s WEAKLY LOW ALONG ITSELF if 4 is weakly low along A.

DEerFINITION 2.6. A function f: N — N is right-c.e. if there exists a computable
function f: N x N — @ such that

~ ~ ~

(vn)(Vs)(f(n.s +1) < f(n.s)) and (Vn)(lim f(n.s) = f(n)).
DEerFNITION 2.7. A function f: N — N is a SOLOVAY FUNCTION RELATIVE TO 4,
if
— [ is right-c.e. relative to 4.

— f is an upper bound for n — K4 (n) up to an additive constant, and
— this upper bound is tight up to an additive constant infinitely often.

/ is a SOLOVAY FUNCTION if it is a Solovay function relative to ().

TueoRrEM 2.8 (Bienvenu and Downey [9]: Holzl, Kriling, and Merkle [16]). 4
right-c.e. function f is a Solovay function relative to X if and only if >, 27/ () jg
Martin-Lof random relative to X .

DEerFINITION 2.9. Given two reals 4 € 2“ and X € [0, 1], we say that

(1) A has EFFECTIVE HAUSDORFF DIMENSION X if lim,, w =X,
(2) A has EFFECTIVE PACKING DIMENSION X if Tim,, W =X.

TreoreM 2.10 (Levin and Gdcs [15]; Chaitin [12]). There is a constant ¢ such
that, for all strings o and t,

|K(07) — K(0) — K(t]o”)| < c.

where for a string p we let p* denote the shortest t such that U(z) = p.

§3. On 2" Q(X [ n). As we will show. the function n — 2" Q(X | n) plays an
important role in the investigation of Q. First observe that the mapping
o szK(r)Ha\
>0
is a left-c.e. supermartingale. Thus, the following proposition is immediate.
ProposiTiON 3.1, If R € 2% is random, then 2" ﬁ(R I n) is bounded.
In fact, the following stronger statement holds.

LEMMA 3.2. For every random real R, lim, 2" Q(R| n) = 0.

ProoF. We prove that, for every rational p, the set
X, ={X €2°: (vn)(2"Q(X | n) > p)}

can be covered by a Martin-Lof test (U, ),eq. To see this, for every n, we inductively
define U, 5 over stages s as follows:
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At stage 0, search for the length-lexicographically smallest string 7 such that a
sequence /{,.... 17 | exists with

O=ff<b<---<lj=t|<l<s
and such that forall1 <i <n,
S s o

vl IF A<,

Once 7 is found, let U,o = {r} and call /{.....[7  the section of 7. It will be
important that we take /f...../; | to be the least possible sequence satisfying the
condition, which mostly follows from the minimality of 7.

At the beginning of stage s + 1, finitely many strings ¢ are in U, ;, and we assume
that for each of them a sequence of numbers /7, ..../7 | is defined such that

0= <li<---<Ill=lo| <7 <s.

As before, we call this sequence the section of o.

Let T be the set of strings 7 such that 7 is incomparable with every g € U, .
For a string 7 € T, let i; be the largest number such that there is o, € U, such
that o [ []" = ‘c[li‘:’. Note that for each 7 € T such an i; and o, exist, since all /[

equal 0.
Now, in length-lexicographically ascending order, we search for a string z € T
such that there is a finite sequence l; i1 Ly with

lig = 1511 < <o <lp=lt|l <l
such that forevery i; + 1 <i <n,
Z 271(,’;“(1’) > p2flir‘
vt AT,

Once such a 7 is found, let U, ;41 = U, s U {t} and define 7’s section as

TN A R T AT
As before, we assume that /7 |, .... /7 is as small as possible. This completes stage

s+ 1.

Finally, for every n, define U, = |J, U,.,. By construction. U, is a prefix-free set.
Moreover, by construction, for every i < n,

(a) {all7: o € U,} is a prefix-free set, and

(b) forevery o € Un. 32,01 i npi<ie 27K Y S pal > po-lel,

i+1

gi = Z Z 271@&1 (v>‘

c€Uy viza [ I APVILIF,

For every i < n, let

By (b). ¢; > pu(U,) forevery i < n.

The following claim follows by an easy inductive argument.
Cram 1. If for any 69,0, € U, with ay # a, we have that there is some i < n with
(7()[11-00 = 0] ”iUo, then liiol = lig+ll‘

Let Ty ={v: (30 € U,)(v =all7 AN|v| <17,)}.
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Cram 2. TN T; =0 foralli # j < n.
Proor oF THE CramM. Without loss of generality, assume that i < j. Assume for a

contradiction that 7; N T; # (). so that there is a string v € 7; N 7 such that there
are two distinct strings g9, o1 € U, with the property that

v=aoaoll A v <17

A vial[l;" A v <9

j+1

Then by (a) above, we have that g/ = o]/, and hence by Claim I

that /7)) = I7!,. Then v = o1[I]' = o1[[7}; implies [v| > I}, = [7!. But then
v ¢ T;, by definition, which is a contradiction. O
Consequently,
12302760 > 3757260 > 3 g, > pu(U),
v i<nzteT; i<n

and thus u(U,) < /np.

Now for a contradiction, suppose that there is a real X € X, \ U, for some n.
Then there is no ¢ € U, such that ¢ < X. Find the largest j < n such that there
is some ¢ € U, for which g[/¢ < X: among all such ¢ let = denote the length-

lexicographically smallest. For every ¢ € U,, we have that allf, A X. By the
definition of X, there must be some least s and a finite sequence / j)ﬁl‘, AN
with

Xls Xls XIs
Gor =l <o <Ly =s <,

such that

Z ) K[j)irfl.x'(") > pzil;

vimt A <AL

and, forevery j <i<n+1,

3 2R S

vEX T A <

As there are at most finitely many strings lexicographically smaller than X[ s, by
construction, there must be a stage 7 such that X[ s € U,,.

Now let V,, =, <py Ui for each n € w. Then (V,),c. is a Martin-Lof test
covering X,: thus R ¢ X,. As p > 0 was arbitrary, it follows that

lim,2" Q(R[ n) = 0. n
By Lemma 3.2, it is easy to see that, for every 2-generic real G,

lim,2" Q(G [ n) = 0.

THEOREM 3.3 (Andrews, Cai. Diamondstone, Lempp. and Miller; for a proof
see Miyabe, Nies, and Zhang [19]). 4 real R is density random if and only if for
every left-c.e. martingale G . lim,, G(R| n) exists.

LemMA 3.4. If R is density random, then lim, 2" Q(R | n) = 0.
ProOF. Forallg € 2<?. let L(o) =Y _, 2l71=K() and

F(o) = L(c) + 211 Q(5).
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F is clearly left-c.e.; furthermore, it is a martingale, as

F(o) = L(s) + 21"/ Q(c)
_ L(c0) + L(O’l;— 7. 2lol—K(o) + 21B(00) + Blo1) + 2-K@)
~ L(o0) + 21901Q(60) + L(a1) + 2I°11Q(a 1)
2

F(c0)+ F(al)
—

So by Theorem 3.3, lim,, F(R| n) exists. and by Ample Excess Lemma 2.4

lim 2" Q(an) = lim <F(an) _ sz—K(RM71)>

n

m<n
also exists. Then by Lemma 3.2, lim, 2" Q(R[ n) = lim,, 2" Q(R[n) = 0. -
The following result gives a Kolmogorov complexity characterization of density
randomness.

~

THEOREM 3.5. R is density random if and only if lim, 2" Q(R| n) = 0.
Proor. The direction from left to right follows from Lemma 3.4.

For the right to left direction, let R be such that lim, 2" Q(R[n) = 0. Then
R is random. Now suppose that there is a computable tree 7 C 2<“ such that
R € [T]butlim,2" u([RI n]N[T]) < 1 — € for some € > 0. So there is a constant ¢
independent of n and a c.e. prefix-free set W C 2<¢ such that [7] = 2® \ [W] and
(Vo € W)(K (o) < |o| + ¢).

Now fix an n such that u([R[n] N [T]) <27"(1 —¢). Then

2" Zr>—R[ n 27K<T>

2" Zr>—R[ nANteWw 271{(1)

2" Zr>—R[n/\r€W 27‘1‘7(?
2 2T e =27 g,

(AVARAVARLV,

~

This contradicts lim,, 2" Q(R| n) = 0. -

REMARK 3.6. The result of Miyabe, Nies, and Zhang [19]. that every K-trivial
real is low for density randomness, is an immediate corollary of the above theorem.

~

The following result implies that 2" Q(R| n) converges to zero slowly.
PROPOSITION 3.7. There is no real X such that ), 2" ﬁ(X In) < oco.

ProoF. There is a constant ¢ such that for every o,

2ol Zri—a 2—K(z)

2ol Y pK(le)-lel—c

2lal Zn>‘g‘ (znf\a\ .27K(n)7n7c)
= Lz 2K

vV
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Therefore, for every real X,

D IERLEP A

=X m n>m B

84. Analytic aspects of Q.

4.1. Differentiability and monotonicity. We first give a characterization of the
points where Q is differentiable.

THEOREM 4.1. The following are equivalent:

(1) R is random:

(2) Q is differentiable at R;

(3) Q(R) =0.

Proor. First note that the implication from (3) to (2) is trivial, while the impli-
cation from (2) to (3) follows from the equivalence of (1) and (2) by Lemma 3.2.
We now show the remaining implications.

(1) implies (2). Consider the left-c.e. function

— 2lal
Glo) =2 ax 3, 27
m>|a|

We claim that lim, G(R| n) = 0 for random R. Assume otherwise; then there is a
rational € > 0 such that there are infinitely many n with G(R|n) > ¢. For every n,

let
S, = > 27lole

{o: |o|<n A G(o)>e}

For each o, let Z, = o be a real such that
Z 2—K(Z,,[m) — max 2—K(Y[m).

Y>~o
m>|a| m>|a|

Note that such a Z,, exists by compactness because
y s 3 2 K0T
m>|a|

is a continuous function from Cantor space to R.

For every n, inductively partition {¢ € 2<"*!: G(¢) > €} into {4;};<k, as
follows: Let Ag = (). To define 4,1, let g, be the lexicographically least element
of {o € 25" G(g) > e} \ U, ; 4, and let

Ay ={1€25: Gt)>ent=0gi5 AT < Zs., )

Continue this process until the first stage k,, < 2"*! at which no ¢;, can be found.
Then it is clear that {4;},<, partitions {¢ € 2<"*': G(a) > €}.

Note that for every i < k, and t € 2<"*! with G(t) > €. 7 € 4, implies that
t = o; and T < Z,,. Moreover, no g; is on Z,, for j # i, so the Z,, | [o;. 00) are
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disjoint. Finally, if 7 > ¢; is in 2<n+l then, by the definition of Z,,,
2=ltlg < p—I7l Gloy) < o—lel+lail Z 2—K(Zs; 1))
Jj>lail
Consequently, for every n,
Sp = 2{062@*1: G(o)>e} 2_‘6‘ €
= Zifk,, ZUGA,- 27lle
_ ’ —K(Z 1
< Zigkn E|a,-|§m<n+1 2l Z\Jflﬁj 2 Zo1)

Sickn 2 Doy 2K E )
2.

IN N

Thus,
> 27lle<2andso Y 27l <2e7!
{o: G(o)>e} {o: G(o)>e}
Hence. there exists a constant ¢ such that for all & we have that G(¢) > e implies
that |o| > K (o) — c¢. Thus, for every n and every random R with G(R[n) > & we
have K(R| n) < n + ¢, contradiction.
So. if R is random, then

|Q(Y)—Q(R)|

0 S 1imY—>R d(YR)

< limy_, OO0

< limn on Zm>n 27K(R[m) 4 2" max YsRIn Zm>n 27K(Y[m)
~ lim, 205, 2 KK 1 G(R )
0.

m>n

Thus, Q is differentiable at R and Q'(R) = 0.

(2) implies (1). Assume that X is not random and that Sj) is differentiable at X
Then there exists an M such that for all ¥ we have ‘%‘ < M. Note
that there is a constant ¢ such that for every ¢ and d. if K(g) < |g| — d. then
K (0022‘”‘) <|o| — d + c. To simplify notation, we will assume ¢ = 0.

Since X is not random, for every d. there is some 7 such that K (X [n) <n —d.
We distinguish two cases:
Cask 1. X = (X[n)0'1 for some i > 2% ~'. Fix any real Zy > (X11)0%"; then
d(Zy. X) <272+ So, M > ‘%‘ > 22'-11Q(Z,) — Q(X)| and therefore
1Q(Z0) — Q(X)| <2727+ M.

Note that since 22'~! — 2" > 27" some j € [2°.2%'~!] must have the property
that 37 (v 01 2K < 2=7 Fix such a j and a real Z; = (X[n)0/1. Then
d(Z,,X) <2~ and

Q(z;) - Qx)

azx |27 1Q(Z1) — Q(X)).

M >
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So. [Q(Z) — Q(X)| < 2="" M and thus

S

2-K((XTm)0* ) _ S o 2750
1Q(Z0) — Q(2y)]

19(Z) — Q(X)| + |Q(X) — Q(Zy)]
27" M + 272+

2-n -

IAIA AN

For large enough # this is a contradiction.

CAsE 2. Otherwise. Fix any real Zo = X [ 702 and choose i € (22'~!,22") and a real
Zy = (Xn)0'1 such that .y 01 2757 < 27", By the assumption, there is a
number 0 < j < i such that X = (X[n)0/1. Since

Q(21) - QX))

azx |27 1Q(2,) - QX))

M >

we have that |ﬁ(Zl) - ﬁ(X)| < 27" M. Note that
(21 — QX))

K — m — 7
— ‘ZN@ QXN §> i 2KEIm 2K (XIm)

K — — ”
2 ‘Zj<k§i 2(X[n)0 - Zm2j+n2 K(X[m)‘ - ZmZn+i2 K(zitm)

2 ‘Z.kkgi 2 S w27 KM
which yields
‘Ekkgi 20T — s e 2—’““"’)‘
< 27" 4 |0(2)) - QX))
< 2742
Further note that

K _ w — )7
2" }Zj<k§i 2(X[n)0 + Zm>i+n 2 K(Zatm) _ ZijJrn 2 K(xtm)

Q(Z,)—Q(X)
= ‘ dE)ZO«X) ‘ < M.

and consequently

Z 2(X[n)0k+ Z =K (ZoIm) _ Z —K(XTm) <27"M.

Jj<k<i m>i+n m>j+n
Thus,
E - 27K(Zorm)
m>i+n
3 _ _
‘Zi<k§i 2T — sy 2 K(W)‘ M
< 27n2+27n+1M

IA
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which, for large enough n and d, contradicts

Z 2—K(ZoIm) o 2—K((X[n)02

m>i+n

Py

) > 2—n+d.

Next we show that Q is nowhere monotone.

PROPOSITION 4.2.  For every computable increasing function g and every universal
machine U, there is a prefix-free machine M such that for every weakly 1-generic set
G there are infinitely many n such that

(Vm € [g(n).g(n + D)) (Vo € 2")(Kn (G m) < Ky(a) A G(m) =0).

The same statement holds with 1 in place of 0.

ProoF. We define a prefix-free machine M as follows:

First, define (1,), vialo = 0 and /,,; = g(l, + 1 + 2¢"+1) for n > 0.

Next, at stage n + 1, fix an enumeration (o;);.»0,+1) of finite strings with length
g(l, +1). For each i < 281 define

1, = g,0l1—gltl) = aiog(l,,+1+2g“”*”)—g(1n+l)_
Now foreachsuchiand g(/, +1+i) <k < g(l, +2+1i), welet
Ky (ti1k) = min{Ky(v): |v| = k}.

Without loss of generality, we may assume that M is a prefix-free machine. By
construction, for every g, we can effectively find a string 7 > ¢ and a number # such
that

(Vm € [g(n).gn+ 1)]D(Vv € 2")(Kp(zIm) < Ky(v) A t(m) =0).
Then, for every n, the £¥ set

{Y: (Vme[gn).g(n+ 1)])(Ky(Y]m)isdefined A Y(m)=0)} =
{Y: (vme[g(n).gln+ 1DV € 2")(Ku(Y[m) < Ky(v) A Y(m)=0)}

is dense. The proposition follows immediately. -

LemmA 4.3. There is a constant ¢ such that for every weakly 1-generic real G and
i € {0, 1}, there are infinitely many n such that

(¥m € [n.27 N(K(GIm) < K(m)+c A G(m) =1i).

ProoF. By Proposition 4.2, there is a machine M such that for every weakly
1-generic real G, there are infinitely many » such that

(¥m € [1.22])(Yo € 2")(K (G m) < K (o).
Then there must be a constant ¢ such that

(¥m € [n.22 ])(Vo € 2")(K (G m) < K(m) +c). s

Lemma 4.4, If G is weakly 1-generic, then

mxﬁm% = and Timy_,g- (jz); ng)(X) — 0.
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ProoF. Let G be weakly 1-generic. By Lemma 4.3, fix a number / such that
(Vm € [L. 2221})(K(G[m) < K(m) + ¢). By Theorem 2.10, there are constants ¢
and ¢, such that for every n € [1,2/]. m € [0,2%" — n]. and every o € 2",

K((GIn)a) — K(GI(n+m))
=K(GIn)+ K(a[(GIn)") = K(G[n) = KO"[(G[n)*) +c|
> K(o[(GIn)*) — K(m) - ca.

It is clear that there is a real R with (Vm)(K (R m|(G|n)*) > m). If we let
o = R| m in the above inequality. then, for some constant d’.

K(Gln)o) —K(Gln+m)>m—K(m) —cy>m—2logm —d’.

Note that there is a constant d” such that m — 2logm — d’ > 0 holds for every m >
d".Lete = max{|m—2logm —d’|: m < d"}. Then, for some constant c3, we have

215 (2 K@ em) _ p-K(GIm(RIm)

= 2"(X, cqm_, (27 K@ mm) _ 5 =K (GIm)(RTm)))
+ Zm>_22”_n(27K<GM”+m)) — 2 KUGIm(RIm)))

Y

(3 g (2 K(GTGrtm) o =K((GIm)(RIm))
_ Zm;zz,,% 2-K(GIm(RIm)))

21(S ym_, (2 K(G1 (nm) _ p=K((G1a)(RTm)))
_ Zm>_22”—n 2-K(RIm|(GIn)*)=es)

on Em<22”7n(2_K<GHn+m)> _ 2—K((G[n)(R[m))) _ 2n—2”—C3—1

v

Y

— on Z < 27K(GT(n+m))(1 _ 27K((G[n)(er))+K(G[(n+m)))
m<2”"—n
o 2;172”7('371
> on Z <2 27K(Gr(n+m))(1 _ 27171+2logm+d') _ 22n72”7c371
= m<2”"—n
— 2;1(2 an 27K(Gr(n+m))(1 _ 27171+2logm+d')
m

t Dgramenn .y 27K OTIIN(1 - 2mmilosmidy)

o 22n72” —c3—1

v

2n<2d“< <o 2—K(G (n+m)—1 _ Z g 27K(G[(n+m))+e)
<m<2¥"—n m

o 22n72” —c3—1 )

It is clear that we may fix numbers ng. n; € [[.2']such that n; > ng+d". K (ng) >
log ng. and K (n1) < loglog ng — 1. Then, by the inequality above, there is a constant
¢’ such that

210 2111(2_K(Gr<n0+m>) _ 2_K<(ano)(R[m)))

— 4 M0 _pq—
> 2n0(10g1n0 . Zm<d“ 2 K(G|ng)+m+1+e ) — 2mp—2"—c3—1
> 211()( 1 _ 2l+e/+d” ) B 22}10—2”0—6’3—1

log ng )
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So, if ny — oo, then 270 3> (2K (G1In+m) _ o=K{(GTm)rTm)) _ o0 By the prop-

N

erties of R, there must be some i, j € [1.2*") such that R(i) = 1 and R(j) = 0.
Then by Lemma 4.3, both the case (G| n9)R > G and the case (G| ny)R < G are
possible. Thus,

= 96)-0) _ —  QG)-0x)
lmXeG+d(X7G) =oo and lmy_,5- 1(X.G) = 0. 4

As a consequence, we obtain the following corollary.
COROLLARY 4.5. If G is weakly 1-generic, then for every n there are random reals
Ry > G > R such that Ry|n = G| n = R{| n and
max{Q(Ro). Q(R))} < Q(G).

The following theorem summarizes the results obtained in this subsection.

THEOREM 4.6. Q is a continuous, nowhere monotone, almost everywhere differen-
tiable function.

4.2. Integral. In this section, we identify finite binary strings with rational num-
bers. Similarly, we identify reals X € [0, 1] with their binary expansions; then every
X | n is a finite binary string of length n.

Lemma 4.7.

(1) Ifwelet p, = Z‘U‘:n 2-K@) for all n, then there is some constant ¢ such that

for all n we have K (p,) > n — c.
(2) For every set A. let p,’;‘ = erflzn Ny 2-K) ywhere ¢ < A means that o is
either an initial segment of A or to the left of A. Then

A#0 = (3e)(vn)(K(p;!) = n—K(Aln) —c).

ProoF. (1): Let f be a partial computable function that maps every pair of the
form (p,.n) to a string o, that has maximal complexity among all strings of length
n. Then, for some constants ¢, ¢;, ¢, and c¢3,

K(p,) K(p,.n) — K(n) —c
K(Gn)—K(”)—Cz
n+Km)—K(n) —cs
n—c.

AVARAVARAVARAVS

(2): Since 4 # 0. there must be a set B < A and a constant d such
that (Vn)(K(B|n) > n — d). Let f be a partial computable function such
that /' (p2, A n) = g, for all n, where g, is the leftmost string of length »n having
the property K (¢,) > n — d. Then

K(pf) = K(pil. Aln) — K(Aln) - ¢,
> K(on) = K(4n) — e
>n—d—K(Aln) —c3
>n—K(Aln) —c,
for some constants c, ¢y. ¢3. and c3. =

https://doi.org/10.1017/js1.2019.60 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.60

498 RUPERT HOLZL ET AL.

THEOREM 4.8.

(nHe = >,2 > jo|=n 27K@) s a left-ce.. wit-complete real of effective
Hausdorﬂ dimension l/2

(2) Let&(A) D lol=n A o<a 2 ) Then for every A, E(A) isan A-left-
c.e. real that is nol random relative to A. If A # 0 and A is of effective packing
dimension 0, then E(A) is of effective Hausdor{f dimension at least /2.

ProoF. (1): Itis obvious that £ is left-c.e. Note that, for every n and ¢ € 2", there
is a constant ¢ such that K (¢) < n+2logn + ¢. W.ithout loss of generality, we may
even assume that, for every stage s, K (o) <n + 210gn +ec.

For every stage s let & =32, 27" 30, _, 27 Ki(2) Then. for every € > 0. there
is a constant ¢, such that for every s Wlth 5 [ n = & n we have that pr.,_cn—.. =

Plop—en]—c..s a0d ppy = ZI W27 K@) (where p, is as in Lemma 4.7). In other
words, there is a computable functlon S which maps £ n to pri,—cp)—c.. Then, by
Lemma 4.7, there is a constant d with

K(&n)>n/r—en—d,
and thus & is of effective Hausdorff dimension at least 1/2.
For every m. by the assumption above, the approximation to Elolzm 2-K(o)
changes at most 2" (m + 2logm + ¢) < 27+2logm+¢ times; that is,

Z - K ( 7& Z - Ky (o < 2m+2logm+c.

=m lo|=m

For arbitrary r, write

c (7‘) = anm>ﬂ/z+2 log n+cz\a\:m 27”171(’.(0)
D(V) _ ngn/z-ﬂ logntc Z‘J‘:m 2fme,.(t7)’
and write C(w) and D(w) for the same expressions where “K,” has been replaced

with “K”. Then. using the arguments above, for every € > 0 and large enough n.
the approximation to D(w) changes at most

Z om+2 log m+c < 2(l+a)("/2+2 logn+c)
m<nfr42log n+c
many times. Note that
Clo)y< > Y amKleh <=kt
n>m>nf |o|=m

and thus C(w)] /2= 0I""1. Then |{s: C( Jn#C(s+1)n}| <2
By using that 3, 3=, 27" K7 < 37 27" < 27" we obtain for some

Jj < 3that
Eln=j27"" 4 Y 27y Y 27
i<nA\(C(w))(i)=1 i<nA(D(w))(i)=1
Thus, £ n can be effectively approximated by letting, for each stage s and every

J<3.
En=j2m+ Y 27y Y 2Tl
i<nA(C(s))(i)=1 i<nA(D(s))(i)=1
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By the discussion above,

|{SI ES/ # gs/+l}| < 2(1+5)("/2+210gn+1) + 2"/2 < 2(1+5)("/2+210gn+3)

foreach j < 3 and £[n = lim, Esj for some j < 3. To know & n, it is therefore
enough to know the correct j and the last time the above approximation changes.
This means there are at most

4(2(1+s)(n/2+2logn+1) + 2"/2) < 2(1+s)(n/z+2logn+4)

possible values for £] n and that, for some constant d,
K(&n) < (1+e¢)(n/2+2logn+4)+ K(n) + d.

Hence, the effective Hausdorff dimension of £ is no more than 1/2.

Finally, since £ is left-c.e. and of d.n.c. degree, we can apply Arslanov’s [1]
completeness criterion (see Soare [22, Theorem 5.1 and Exercise 5.8]) to a c.e. set
which is wizz-equivalent to & this way, we obtain that £ is wtz-complete.

(2): First, £(A) is clearly A-left-c.e. Second, there is a constant ¢ such that for

every .
2—K(n)—c < Z 2—K(O') < Z 2—K(O') < 2—K(n)+c.
lol=n A o< ol
So. G(n) = —10g27" 3", 1Ly p < 27 %17 is not an A-Solovay function, and

E(A) cannot be A-random. As in the proof of (1), for every n and every ¢ > 0,
there is a constant ¢, such that if for every s,

Z 22— (z] m) mgz—n7

t<Alnm<n

then p:;zfenfcg = p”/zignﬂ,ps, where p is as in Lemma 4.7. Then, by Lemma 4.7,
there is a constant d such that
K(E(A)[n) > K((E(A)[n. Al n)) — K(Aln)
>n/s—en—K(Aln) — K(A] (72— —¢.)) —d.

Consequently, £(A) has effective Hausdorff dimension at least /2 if 4 has effective

packing dimension 0. -
THEOREM 4. 9
(1) 0= fo X)dX =1im, 27" 33, >, <, 2-K@lm s g left-c.e.. wit-com-
plete real of eﬁecnve Hausdorff dlmension 1/2.
(2) Let O(4) = [P QXOAX = ¥, 27" 501y p gt Lo 2751, Then

0(4) @ @’ =r A4 69 O'. If A # 0 has effective packing dimension 0. then
O(A) has effective Hausdorff dimension at least 1/>.

Proor. (1): Note that for every n,

2 Z|(r|:n Zm<n a-kletm)
=27 < 2 Xoem 2
= 2om<n 27" Xlolem 2‘K<"’>~
Therefore, © = £, and the claim follows from Theorem 4.8(1).
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(2): That O(4) <7 A @ (' is immediate. Note that, when restricted to sets that are
both infinite and coinfinite, 4 — O(A4) is a (/-computable, increasing, and therefore
injective function; thus, 4 <7 O(4) ® (.

The second part of the claim can be shown with a method similar to that used in
the proof of Theorem 4.8(2). =

It is obvious that both 4 — £(A4) and 4 — O(A) satisfy the premises of the
following fact; thus, we obtain the corollary below.

Fact 4.10. Suppose that f is a continuous function from Cantor space to R such
that for every x # y, if (x,y) = 0, then f(x) = f(y). Then the range of | must be
an interval.

COROLLARY 4.11. The ranges of A — E(A) and of A — O(A) are intervals.

§5. Algorithmic aspects of ﬁ-operators. In this section, we investigate the algo-
rithmic properties of Q, some of which will be dependent on the machine used to
define Q.

5.1. Machine-independent results.

PROPOSITION 5.1. A real X € 2% is weakly low along itself if and only lfﬁ(X) is
X -random.

Proor. By Theorem 2.8, a function f is a Solovay function relative to X if
and only if ), 2-/) is X -random. For some constant ¢ and all X, we have that
K(Xn) > K¥(n) — c; therefore, the function n — K (X | n) is right-c.e. relative
to X and is an upper bound of K¥ up to an additive constant. So. it suffices to
observe that this upper bound is infinitely often tight up to an additive constant if
and only if X is weakly low along itself. -

A real X is d.c.e. if it is a difference of two left-c.e. reals. An oracle A is called low
for d.c.e. reals if every d.c.e. real relative to A4 is a d.c.e. real.

THEOREM 5.2 (Miller [13]). A is K-trivial if and only if A is low for d.c.e. reals.
PROPOSITION 5.3. If X is K-trivial, then Q(X) is left-c.e.

PROQF. If X is low for K, then, by Theorem 5.2, X is low for d.c.e. reals.
Now Q(X) is left-c.e. relative to X, hence it is d.c.e. relative to X, hence it is
d.ce.

On the other hand, by Proposition 5.1, Q(X) is X-random. So. by a result of

~

Rettinger and Zheng [21. Theorem 2.5], Q(X) is left-c.e. or right-c.e. Since Q(X)

is left-c.e. relative to X, if it were alsoAright-c.e., then it would bg computable
from X, which contradicts the fact that Q(X) is X-random. Hence, Q(X) must be

left-c.e. B
PROPOSITION 5.4. If X is left-c.e.. then Q(X) is d.c.e.
Proor. Fix an approximation Xy, X7,... to X that witnesses that X is left-c.e.

Consider the approximation Q(X)[s] to Q(X) given by
Q(X)[S] _ Z =K (X, 1))

J<s

In this approximation, the values Q(X)[s] are fluctuating up and down over the
stages s. but we will argue that the total sum of all increases and the total sum of
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all decreases can each be bounded by 1: then Q(X ) is d.c.e. To see this, we look at
these two sums separately.

For every given string o let I, be the set of all numbers s such that |o| < s and o
is an initial segment of X;. Since X is left-c.e., each set /, is an interval of natural
numbers that could possibly be empty, finite, or cofinite. If /; is empty, then o never
contributes to any increases or any decreases of the values Q(X)[s].

If 1, is cofinite, then o is an initial segment of X and whenever the approximation
to the true value of K (o) improves, the value of Q(X)[s] increases. But the total
sum of such increases is clearly bounded by 2~X(?). The same argument also allows
bounding the increases caused by ¢’s with finite /, at stages s € I,. In total, the
total sum of all increases over all ¢ € 2<” is bounded by 1.

It remains to look at the decreases of the values Q(X)[s] over stages s. The
only ¢’s that contribute any decreases are the ones where I,; is finite but nonempty;
a decrease occurs when the positive contribution at stages s € I, of one such
o falls away at stages s > max [,. But for every such ¢ its positive contribution
was at most 27K(@): therefore, the sum of all decreases over all ¢ € 2<¢ is again
bounded by 1. B

PROPOSITION 5.5. Let X be A) and let Q(X) be X-random. Then X is K -trivial.

PrOOF. By the assumption on X and Theorem 2.8. K(X | n) is an X-Solovay
function. Hence, X is weakly low for K. Since X' <7 Q. we have that X is K -trivial
by a result of Miller [17]. B

LEMMA 5.6. Q(X) & X >7 0 for every X.

ProoF. We build a prefix-free machine ' by enumerating a bounded request set
as follows: For every n.if n € ({ |\ () for some s,. then pick the least m, < 4"

such that

Z 2_KU:,,+1<U> < 4N

a2
and enumerate (K, +1(c) —n, o) forevery g € 2", Note that an m, as above must
exist since 3, g 2*KU~W+‘.(") <1 . o
Then a prefix-free machine }' as required exists, since
S 2—Kug+1(o)+n
n ge2mn

=32,2" 3 cam 2 Kuan (@)
§En2” 4L Zn2—n <1.

We claim that for almost every n, if Qu(X) — 3, _ 2Kus(Im) < 28" at stage

s> 4" thenn € (' if and only if n € () . Assume otherwise and fix n and s such

that Qu(X) — 3, 2K < 2-8 but n € ¢ \ 0, . Then n € 0, \ 0, for
some s, > s + 1. So

KV(ern) < KU,S,,H(ern) —n. (T)

But we have Ky(Xm,) <2m, <2-4" < 8" when m, is large enough, and we also
have Qu(X) =37, 2Kus(XTm) < 2=8" This implies

KU,anrl(ern) = KU(ern)~
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Therefore, if there are infinitely many # as in (). then V is a prefix-free machine
with Iim,, Ky (n) — Ky (n) = oo, which is a contradiction. -

DEerINITION 5.7. We let
Q(2°) = {X: G)(Q(4) = X)}
denote the image of Q.
PROPOSITION 5.8. Borh min Q(2%) and maxQ(2®) are left-ce. In addition,
max Q(2%) is Martin-Ldf random.
PrOOF. Let X = max Q(2%). For all s, define

X, = supZZ‘K*‘(”’”.
€2 n<s

Then (X;); is a nondecreasing sequence such that X = lim, X;. Now for every n,
search for a stage s such that there is a real 4,, such that

oKl ey — 27 x).

I<s

Then for every such A4,,. we have that K (A4, [ s) > n. Itis clear that there is a partial
computable function f mapping X [#n + 1 to such an 4, [ s. Then f witnesses that
X is Martin-Lof random.

Let Y = minQ(2”). Define Y, = infren >, 2-KIn) Then (Yy), is a
nondecreasing sequence such that ¥ = lim, Y. a =

It is natural to ask which reals can be preimages of Qs maximal value. It is easy
to see that for the right choice of optimal machine 0” can be such a preimage.

__PROPOSITION 5.9. If A is 2-random. then Q(A) is not a left-c.e. random real. Thus,
Q(A4) # maxQ(2%).

PROOF. Assume otherwise. then A is Q(A4)-random, and consequently Q(4) is
A-random. Then by Theorem 2.8, K (A4 n) is an A-Solovay function, which implies
that for infinitely many n we have K (4] n) < K4(n) + ¢ for some constant c. This
contradicts A’s being random. -

ProposITION 5.10. §(2”’) is a perfect set, and in particular uncountable.

PrOOF. It is clear that ﬁ(Z‘“) is a closed set by the compactness of Cantor space.
To see that it is a perfect set, it is sufficient to show that it has no isolated points.
For every number 7. let m, be the least number such that 3\, 27K@ < 27,

Cask 1. QLA) is left-c.e. and random. Then let R - A4[ m, be a 2-random real. Then
Q(R) € (Q(4) -2 ~".Q(A) 4+ 27") and. by Proposition 5.9, Q(R) is not a left-c.e.
random real. Then Q(R) # Q(A4).

Cask 2. Otherwise. Then let R = (4 [ m,,)O‘“ Then Q(R) is a left-c.e. random real.

Thus, Q(R) € (Q(4) — 27", Q(4) +27") but Q(R) # Q(4). R
__In summary, there is a set R with Q( )€ (Q(A)—27".Q(A4)+27") but Q(R) #
Q(A). Since n was arbitrary, Q(A) is not isolated. -

For every set X, write Q1 (X) for {4: X = Q(4)}.
LEMMA 5.11. For every set X, Q~V(X) is m(x o).
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ProOF. We construct a binary tree T that is computable in X @ () as follows:
Let Ty = {A}. Atstage s + 1 > 0. let 7, be least such that

> 2 KW gl

MZB
Then for every o, put ¢ into T if there is some 7 € T such that o > 7, |o| = 4,
and Y",_, 27K € [x — 275, X). Close T, under initial segments.
Let T = |J, T. It is obvious that f)(A) = X ifandonlyif 4 € [T]. o
COROLLARY 5.12. For every set X, Q! (X) is meager.

PrOOF. Otherwise, by Lemma 5.11, Q~!(X) must contain an interval. Then by
Propositiog 5.8, X must be left-c.e. and random and there must be a 2-random A4
such that Q(4) = X, contradicting Proposition 5.9. -

PROPOSITION 5.13. For every left-c.e. real X, Q! (X) has positive measure if and
only if there is a 2-random set A such that Q(A) = X .

Proor. The left to right directiAon is obvious.A For the other direction, if X is
left-c.e.. then by Fact 5.11, the set Q! (X) is H?(Q). Since there is a 2-random set 4
such that Q(4) = X, the set Q' (X) is not null. .

It is unknown whether there is a real X such that Q! (X) has positive measure,
but the following result excludes many possible candidates for such an X.

ProposiTiON 5.14. If ﬁ’l(X ) has positive measure, then X is left-c.e., Turing
complete, and nonrandom.

ProoF. We first prove that X is left-c.e. By the Lebesgue density theorem, we may
assume, without loss of generality, that x(Q~'(X)) > 3/4. Let Xy = 0. For every
s> 0, let Xy > X;_| be a rational number such that there is a stage # > s such that

p{y: Y 2K e (X, X, +27)}) > Ya.
1<t
if such a number exists. By induction over s, X; exists for every s. Moreover, for
any € > 0, there is some s, so that

p({y: Y 27K e X —e X]}) > 3.
1<s:
Then it is clear that X —e < X, +27%.S0. X, < X < X,, +¢e + 27*. Hence.
limg, Xy = X.

It remains to show that X is Turing complete. By Lemma 5.6, for every set
A € Q7'(X) we have that X @ 4 is Turing complete. But as Q~'(X') has positive
measure, a set of reals of positive measure is cupped above () by X . This implies
that X is Turing complete.

That X is nonrandom follows from Proposition 5.9. -

LEmwMmA 5.15. For every real X ,

(1) {4: Q(4) < X} isTIO(X):

(2) If X = min Q(2%), then gAz*l (X) is TIO(X).

(3) IfPisTY and X = min Q(P), then Q~(X) NP is TII(X).
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Proor. The first statement follows from the fact that Q(A) < X if and
only if (Vs)(3>,., 25U 11 < X). The second and third statements are immediate
consequences. -

COROLLARY 5.16.

(1) IfPisa nonemptyAH(l) set, then min Q(P) is lefi-c.e.

(2) The sequence min Q(2%) is Turing complete.

(3) For every nonempty T set P, min Q(P) is Turing complete.
Proor. (1): Let T be a computable tree such that [T'] = P. Define

X, = min{z2_K“'<””): lo|=s5s A e T}.

1<s

Then (X, ), is nondecreasing and computable and X = lim, X, as required.

(2): Let X = minQ(2*). By Lemma 5.15. Q~1(X) = {4: Q(4) = X} is TI2(X).

Then there are 4. B € Q' (X) such that all sets that are computable in both 4 ® X

and B® X are computable in X; this can be seen, for example, by the Hyperimmune-

Free and Low Basis Theorems relative to X. By Lemma 5.6, 4 & X >7 (' and

B® X >7 I, and thus X >7 (',

(3): This is left to the reader. -
5.2. Machine-dependent results. We first study questions related to effective

Hausdorff dimension.

THEOREM 5.17. For every € > 0, there is a universal machine V' such that for all
X € 29 having effective Hausdorff dimension greater than e, we have X < Qp(X).
Moreover, Qi (X) has effective Hausdorff dimension 0.

Proor. Fix € > 0 and a constant ¢( such that
(Vo)(|K (o) = K(a ! (|a] = 1))| < co).

We also fix numbers @ and 6 > ¢( such thate > 27¢ and 2'/s > 2974,
Let U be a universal machine; define another machine ¥V as follows: If

(U(p) =0a) A (Fk)3n)3Fm < 20)(|p| = 2" + 20k + m < 2"V A|o| > n)

then let V(1290 =m=10p) — 5 _Thus, Vo(q)/ only if there exists some n such that
lq| € [2" 4+ 26,2"! +36) and 6 divides |g| — 2". Then clearly Ky, (¢) < Ky(a) + 36
for every ¢ with K (¢) < 2l7l. Without loss of generality, we may assume that the
inequality holds for every . Fix d such that for every o, Ky,(c) < Ky(o) + d.
Define
Vo(q). if thereis a ¢ such that p = 0lgq.
V(p) =< Ulg). ifthereisa g suchthat p =09"11q,

T otherwise.

Then V is a universal machine and, for every . we have Ky (o) = Ky, () + 2. To
save the notations, we simply assume that Ky (o) = Ky, (o) for every o.

Fix a real X having effective Hausdorff dimension greater than € > 27¢ and
assume without loss of generality that a is large enough so that, for all /,

mm{KV(X[l)),KU(X[l)} >27
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Then for every n, we have that if
B, :={l: Ky(XI) € [2".2"")}. then |B,| < 2", (1)

CLAM 1. Fix n and let k be such that 2" + (2k + 3)6 < 21 Then

(1) if X(n) = 0 there is some [ such that Ky (X 1) = 2" + (2k + 2)J;

(2) if X(n) = 1 there is some [ such that Ky (X 1) = 2" + 2k + 1)6.
ProoF orF THE CLAIM. Suppose that X (n) = 0 but that there is no / such that
Ky (X|1)= 2"+ 2kd. Then by construction, thereis no/ such that K (X | /) € [2" +
20k, 2" +(2k +2)5). Let [y be the largest number such that K (X [ [y) < 2" +25k; then
K(X[ly+1) > 2"+ (2k +2)d. In other words, co > |K(X [ lp+1)— K (X [ lp)| > 20,
a contradiction to the choice of .

The proof for the case X (n) = 1 is analogous. O

Now let n be a number. Set

' (2" + (2k + 1) < 2"“) A
and
(2" +2k6 < 2"*1) A
Al,n:{k>0 (3i € (2" + (2k — 1)8.2" + 2k3])(Qy (X )(')=1)}

Case 1. X (n) = 1. Then for every / with Ky (X[ ) € [2",2"*!), there must be some
k such that Ky (X [/) = 2" + (2k + 1)5. By (). we have that
S ky(xinsan 27K gl
= Yot Zz Ko (x1 e amen 2KV XD
< Zman - 2m+m+a+1 (i)

< 2—2”+1+n+a+3

< 272”“+¢3n

For every k with (2k + 1) < 2", let
Bur = {I: Ky(X]1) = 2" + (2k + 1)6).

Then {B.i}oki1)s<2 is a collection of mutually disjoint sets such that
Uk s1)5<2 Buk = By Enumerate Ay, N {k: (2k +3)0 +né < 2"} as {k) < kp <
-+ < kg } for some d’ > 0. Note that by (1) and the assumption that X (n) = 1, the
set {I: Ky (X|1) € [2"+ (2ky  +1)5,2"+1)} must contain at least 2° many elements;
and this lower bound can only be attained when | B, , | > 29 and B, = () for every
k> ka.So. |Ugsk,, Bukl = 2°. This observation can be generalized as follows.

CLAM 2. For every i € [1.d’] and every set
Ci Clo: Fk)ki <kNQ2k+1)0<2"AN|o|=2"+ 2k +1)5)}
with the property that for every i’ € [i,d'],

oo 2l > 27k,

o€Ci N (Fjeli’.d" ) Qv (X)(K)=1 A
|o|>2"+(2k; +1)0 ke(2"+(2k;—1)5,2"+2k ;6])

we have that |C;| > 2°(d' —i +1).
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ProoF ofF THE CramM. We proceed by reverse induction. By the assumption that
X (n) = 1, the fact that (2k, + 3)0 + nd < 2", and by (1). the claim is clear for
i=d'.
Now suppose that it holds for i + 1 < d’. For each j € [i + 1,d’]. there must be
aset D; C C;n{o: |o] > 2"+ (2k; + 1)d} with
Z 27|0’| c [ejaej +272"7(2k/+1)5]
o€D;
— —k
where ¢; = 3 c 0@y (x)(h)=1 £ ke (22 —1)5.211 2k 15]) 2
~Let C =U ietid -1 Dji. Then. by the induction hypothesis, we have that
|Ci1| > 2°(d’ — i) and that
Z 277 < Z (e; + 22—k 92—kt o4] Z .
0eCiu jeli+1.d’] jeli+1.d’]
So.if |Ci| < 2°(d’ — i +1). then
G\ Ciat| <2(d" =i +1) = 2°(d' — i) =2
thatis. |C; \ Ciz1| < 2° — 1. Thus,

EG’EC[ 2_|U|
= EJEC{\6[+1 2_‘6‘ + EJE&H 2_‘6‘
EJEC{\6[+1 2_2”_<2ki+l)(5 + E(rea’ﬂ 2_|U|
(25 _ 1)2—2”—(2k1+l)(5 + 2—2”—(2kf+1+1)5+l + Z
27220 4 Eje[iﬂd’] €.
Since k; € A4 ,., we have that

Z 2—|(7| < 2-2"_21{,15 + Z e < Z 2—1{7

e Jjeli+1.d’] (31" €lid' D (Qy (X)(k)=1 A
ke (2" +(2k; —1)8.2" +2k,181)

IN N

jeli+1.d16J

A

which is in contradiction with the assumptions on C;. O

For each /. let o; be the shortest binary string such that V(o) = X|/. Now
for each i € [1.d'], let C; = {o;: |o)| € [2" + (2k; + 1)5,2"1)}. Then |C;| =
| Uk a@kr1)5<2 Buk|- By (1), it is clear that C; satisfies the premises of Claim 2
and therefore |C;| > 2°(d’ — i 4 1). Combining this with (f) we obtain

24 > |B,| > | U Bk > Ci > 2d’.
(k+1)0<2n Ak >k
Thus, 22|41, N {k: (2k 4+ 3)6 +nd < 2"}| < 2"+ and if n is large enough,
n+a+1 2n+a+2

T + (}’l + 3)5 < 5 _ 2n+a7¢3+2.

|Al,n| S

Then by the choice of ,

|A1<n| < 270+n+u+2 < on—=2 52,
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Define
i :{k- (2" + (2k + 1)3 < 2"*1) A }
" T (Vi€ (2" + 2k8.2" + 2k + DS (Qy (x) (i) = 0) [

By item (2) in Claim 1, it must be that for every k with 2" + (2k + 1)6 < 2"+!,
there is some / such that Ky (X[/) = 2" + (2k + 1)J. Note that if & € A;,.
then (Vi € (2" + 2kd.2" + (2k + 1)6])(Qy (x)(i) = 0). So. if k € Ay, with 2" +
(2k +1)6 < 2"*! — (n + 2)on. then, by (1), there must be at least 2° many elements
in {/: Ky(X|1) € [2" + (2k + 1)5,2"*1)}. Then, by the same proof as above, we
have for large enough n that

|A1,| <275
and therefore
2n+l _on - , .
|A0J’l| Z T — |Al‘n| Z 2”—1/(S _ 2n—~/52 > 271—._/(;2.
Cast 2. X(n) = 0. Then, by the same proof as for Case 1, we have that for large

enough n,
| o] <27’/ and |4} ,| > 27/

So. for large enough 7. to decide whether X (1) = 0 or X (n) = 1, we use Qp (X)
to compute the cardinality of |4o,| and |4y ,|. If [Aon| < |41, then X (n) = 0:
and if |41 ,| < |Ao|, then X (n) = 1. It follows that X <, Qy(X).

Finally, since either Ao, or A4;, must have cardinality less than 2'7*/s2, Qp (X)
has effective Hausdorff dimension 0. B

COROLLARY 5.18.  Let V' be a machine constructed as in the proof of Theorem 5.17.
Then for every X, Q' (X) is null.

ProOOF. Assume otherwise and fix an X such that Q;I(X ) is not null. Then
Q' (X) contains a set of random reals of positive measure and, by Theorem 5.17.

for every such random real R € ﬁ;] (X). we have that R <7 X. But there can be at
most countably many reals Turing-below X', contradiction. -

Next, we apply a known result to prove that at least for some universal machines V'
it is possible that for some sets 4 we have that Q- (A4) is strictly below 4 in the Turing
degrees.

THEOREM 5.19 (Calude, Hay, and Stephan [11]). For every computable real & €
(0. 1) there is a set A and a constant ¢ such that for all n
en—c < K(A[n) <en+ec.

THEOREM 5.20. Let be A be as in Theorem 5.19 when letting € = 1/2. Then there is
a universal machine V' such Lhal Qy (A) is rational. In particular, there is a universal
machine V such that A >7 Qy (A).

ProOF. Let ¢ be the constant that appears in the statement of Theorem 5.19 and
let U be the standard universal machine used for defining prefix-free Kolmogorov
complexity K, as it is used there.

We define V' as follows: If it holds that

U(p) =x A (|p| <I¥f2—c VvV |p|>/24+c+ 1)
then let V' (p) = x: else let V' (q) = x for some ¢ = p with |¢| = [Ixl/2 4+ 3/2+ ¢].
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For this V' we have that Ky (A4]2n) = Ky (A 2n + 1) = n 4 2 + ¢ for every n.
It follows that Qy (4) = >, 27271 = 27¢ and thus Qj (4) is computable. In

particular, since 4 is of d.n.c. degree, Q (4) <7 A.
The machine V' can be made universal using the same trick as in the first part of
the proof of Theorem 5.17. -

COROLLARY 5.21. There is a universal machine V and a H? set P such that
max Qy (P) is a rational number.
PrOOF. Let V', ¢, and 4 be as in the proof of Theorem 5.20. Define

P={X:(Vn)(K(Xy|2n)>n+2+c N Ky(X|2n+1)>n+2+¢)}.
Then A € P and Qy (4) = max Qy (P). .

To conclude this section, we give an example of a set 4 that is always mapped to
nonrandom reals by Q. independently of the optimal machine.

PROPOSITION 5.22.  There is a real A such that Qy (A) is not random for any optimal
machine V.

ProoFr. Let 4 be a set such that K(A4]n) € (pn — ¢, pn + ¢) for some constant ¢
and some rational number p € (0, 1). Then, for every optimal machine V. there is
some d such that Ky (A n) € (pn —d. pn +d).

For every n, let s, = min{s: Ky(4|n) = Ky(4|n)} and define (ny); as an
increasing sequence with the property that, for every k,

Sy, = max{s,: m < ng}.
Then, for some constant d’ and for each k&,
QV(A) - Zménk Z*KV-M,( )

_ ﬁV(A) _ ngnk 2—KV(AM71)
= Zm>nk 2Ky idim) < Zm>nk 27l < 2mpmerd’,

Thus, there is some constant ¢’ such that, for each &,
K@y (A)] pne +d') < Ky(Alm) +d" < pn +d +d"
thus Q (A4) is not random. =

§6. Open questions.
QUESTION 6.1. Ifﬁ(X) is X-random, must X be K-trivial?

Note that by Proposition 5.1, Q(X) is X -random if and only if there is a constant
¢ such that (3%°n)(K (X | n) < K¥(n) 4 ¢). Thus, the answer to this question must
be machine-independent. Further note that every Turing degree containing a 2-
random real contains a weakly 1-generic real; and all such reals are weakly low for
K and infinitely often K-trivial.

The following further open questions are inspired by the machine-dependent
results obtained in Section 5.2.

QUESTION 6.2.
1. Is ﬁ;l (X)) null for every optimal machine V and every real X?
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2. Is it true that for every optimal machine V' there is a real X with
X>r QV(X)?

3. Is there a universal machine V' such that for every X we have that if Qy (X)>r
X. then X must be K—trivAial? R
4. How can the elements of Q' (max Q(2%)) be characterized?
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