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Generalized Beilinson Elements and
Generalized Soulé Characters

Kenji Sakugawa

Abstract. he generalized Soulé character was introduced by H. Nakamura and Z. Wojtkowiak and
is a generalization of Soulé’s cyclotomic character. In this paper, we prove that certain linear sums of
generalized Soulé characters essentially coincide with the image of generalized Beilinson elements in
K-groups under Soulé’s higher regulator maps. his result generalizes Huber–Wildeshaus’ theorem,
which is a cyclotomic ûeld case of our results, to an arbitrary number ûelds.

1 Introduction

Let N be a positive integer and let ζ be an N-th root of unity. For each positive
integer m, A. A. Beilinson constructed an element cm(ζ) ∈ K2m−1(Q(µN)) ⊗Z Q
called Beilinson’s cyclotomic element characterized by the equality regH

m
(cm(ζ)) =

(Rm(Lim(σ(ζ)))σ . Here, regH
m

is the Beilinson regulator map

regH
m
∶K2m−1(Q(µN)) Ð→ ⊕

σ ∶Q(µN)↪C
R(m − 1),

Rm(z) is deûned to be (z + (−1)m−1z)/2 for each z ∈ C, and Lim(z) = ∑
∞
n=1 z

n/nm is
the m-th classical polylogarithm function. Since Lim(σ(ζ)) is a linear sum of partial
zeta values overQ(µN), the Beilinson element cm(ζ) can be regarded as a zeta element
in the K-group.
For each prime number ℓ, an ℓ-adic analogue of cm(ζ)was constructed byC. Soulé

in [25] by twisting cyclotomic units, which are also considered as zeta elements. We
ûx a system {ζℓn}n≥1 of ℓ-powers roots of unity and regard it as a basis of the Galois
module Zℓ(1). Soulé deûned a continuous group homomorphism

χ
ζ
m ∶Gal (Q/Q(µNℓ∞)) Ð→ Zℓ(m)

called the Soulé character by the equations

(1.1) χ
ζ
m(σ) mod ℓ

n = ( ∏
1≤a≤ℓn ,ℓ∤a

(1 − ζ
a
ℓn)

a
m−1

)
1
ℓn

(σ−1)
⊗ ζ

⊗(m−1)
ℓn

in Z/ℓnZ(m)

for all positive integers n. A modiûcation χ̃ ζm of χζm is deûned by a similar equation
to (1.1), but a runs over every integer such that 1 ≤ a ≤ ℓn . If N is prime to ℓ, then
there exists a simple relation χζm = χ̃ ζm − ℓ

m χ̃
ζ
1/ℓ

m between these two homomorphisms.
he homomorphism χ

ζ
m can extend to a continuous 1-cocycle on the absolute Galois
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group GQ(µN) ∶= Gal(Q/Q(µN)) ofQ(µN) and denote by [χζm] its cohomology class
in H1(Q(µN),Qℓ(m)). Let regℓ-ét

m
be the ℓ-adic higher regulator map ([25]):

regℓ-ét
m

∶K2m−1(Q(µN)) Ð→ H
1(Q(µN),Qℓ(m)).

he main result of [18] relates these two zeta elements by the regulator.

heorem 1.1 (Beilinson, Deligne, Huber, Wildeshaus, Kings [16,18]) For each prime

number ℓ, the image of cm(ζ) multiplied by −(m − 1)! under regℓ-ét
m

coincides with the

class of χ̃
ζ
m ∶

−(m − 1)! regℓ-ét
m

(cm(ζ)) = [ χ̃ ζm].

his theorem plays an important role in the proof of Bloch–Kato’s Tamagawa num-
ber conjecture for Dirichlet motives ([17]). he purpose of this paper is to generalize
heorem 1.1 to a general number ûeld K.

Let Z[K/{0, 1}] be the free abelian group generated by the symbols {z} for
z ∈ K/{0, 1} and suppose that m is greater than 1. For each positive integer k, the
symbol L Cl

k
denotes the k-th single-valued classical polylogarithm (see (3.5) for the

precise deûnition). We call an element ∑n

i=1 a i{z i} ∈ Z[K/{0, 1}] satisûes the m-th

Bloch condition if we have two equalities

n

∑
i=1
a iϕ

m−2(z i)z i ∧ (1 − z i) = 0 in
2
⋀K

× ⊗Z Q,

n

∑
i=1
a iϕ

m−k(z i)L
Cl
k (σ(z i)) = 0

for any group homomorphism ϕ∶K× → Q, for any σ ∶K ↪ C, and for any positive inte-
ger k such that 2 ≤ k ≤ m−1. Denote byAH

m(K) the subgroup ofZ[K/{0, 1}] satisfying
them-th Bloch condition. Note that, by deûnition, {ζ} is an element ofAH

m(K) for any
root of unity ζ of K. In [6], R. de Jeu constructed an element cm(ξ) ∈ K2m−1(K)⊗Z Q
for each ξ ∈ AH

m(K) characterized by regH
m
(cm(ξ)) = (L Cl

m (σ(ξ)))σ . Note that
Beilinson and Deligne also gave a conditional construction of the elements cm(ξ)
in [1] independently. In this paper, we call cm(ξ) a generalized Beilinson element.
Note that, since L Cl

m (ζ) = Rm(Lim(ζ)) for any root of unity ζ ∈ C/{1}, we have
cm({ζ}) = cm(ζ).

On the other side, in the paper [20], H. Nakamura and Z. Wojtkowiak deûned a
continuous group homomorphism

χ̃
z
m ∶GK(µℓ∞ ,z1/ℓ∞) → Zℓ(m)

by the Kummer properties

(1.2) χ̃
z
m(σ) mod ℓ

n = ( ∏
1≤a≤ℓn

(1 − ζ
a
ℓn z

1/ℓn)
a
m−1
ℓn )

σ−1
⊗ ζ

⊗(m−1)
ℓn

in Z/ℓnZ(m),

which is a generalization of Soulé’s cyclotomic character. For each formal linear sum
ξ = ∑

l

i=1 a i{z i} ∈ Z[K/{0, 1}], we deûne Kξ to be K({µℓ∞ , z
1/ℓ∞

i
}l
i=1) and deûne χ̃

ξ
m
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to be the linear sum of group homomorphisms

χ̃
ξ
m ∶=

l

∑
i=1
a i χ

z i

m ∶GKξ
Ð→ Zℓ(m).

We will prove that if ξ is an element of AH
m(K), then χ̃ ξ

m can extend to a continuous
1-cocycle on GK (Corollary 4.15, Corollary 6.5) and denote by the same notation this
1-cocycle by abuse of notation. he main theorem of this paper is as follows.

Main heorem Let m be a positive integer greater than 1. Let K be a number ûeld

and let ξ be an element of AH
m(K). hen, for each prime number ℓ, we have the equality

−(m − 1)! regℓ-ét
m

(cm(ξ)) = [ χ̃ ξ
m].

Our approach follows essentially the path laid out by Beilinson and Deligne. he
proof of the main theorem is based on analysis of moduli of torsors under funda-
mental groups, and one of the key ingredients is the motivic fundamental groupoid
of P1/{0, 1,∞} whose existence was proved by Deligne and Goncharov [5]. When
K = Q(µN), it seems that the proof of our Main heorem is a simpliûcation of the
original proof of heorem 1.1 by Huber and Wildeshaus.
Conjecturally, {cm(ξ)}ξ∈AH

m
(K) spans K2m−1(K) ⊗Z Q for any number ûeld K and

positive integer m greater than 1 ([29, §8, Main Conjecture]). Although this conjec-
ture proved only the case that K is an abelian extension of Q, which is a key of [17],
the author hopes that the Main heorem will be useful for studying the motive Z(m)
over an arbitrary number ûeld.

1.1 Plan

he plan of this paper is as follows. In Section 2, we recall a concept of an abstract
modiûed polylogarithm attached to a series of abstract unipotent Albanese maps in a
mixed Tate category. In the following three sections, we see examples of abstractmod-
iûed polylogarithms. In Section 3, we deûne the Hodge modiûed polylogarithms and
give a comparison of that polylogarithms with the classical modiûed polylogarithms
(cf.Proposition 3.10). In Section 4, we deûne the ℓ-adic étalemodiûed polylogarithms.
We also compare the ℓ-adic étale modiûed polylogarithms with Wojtkowiak’s ℓ-adic
polylogarithms and generalized Soulé characters. hen we deûne the motivic modi-
ûed polylogarithms in Section 5. In Section 6, we compare the three modiûed poly-
logarithms introduced in the previous sections and give a proof of Main heorem. In
Appendix A, we give proofs of technical lemmas that are needed to describe classify-
ing spaces of torsors under algebraic groups in a mixed Tate category.

1.2 Notation

For a ûeld F, we ûx its separable closure F and denote by GF the absolute Galois group
Gal(F/F) of F. For any topological group A equipped with a continuous action of GF ,
we denote by H1(F ,A) the continuous ûrst Galois cohomology. For a set S, let Z[S]
be the free abelian group generated by symbols {s}, s ∈ S.
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Let k be a ûeld of characteristic 0 and let V be a ûnite dimensional k-vector space
equipped with an algebraic action of the multiplicative group Gm ,k . hen we deûne
V (−2n) to be the subspace of V on whichGm ,k acts via the n-th power of the standard
character std ∶= idGm ,k ∶Gm ,k → Gm ,k . For each abstract group G, we denote by Gk

the unipotent completion of G over k in the sense of [12, Appendix A]. Let R be a
k-algebra and let X be a k-scheme. We denote by XR or by X⊗k R the base change of
X to Spec(R). For a scheme X, the symbolO(X) denotes the ring of regular functions
on X. We denote by P1

01∞ the scheme Spec(Z[t, 1
t(t−1) ]) = P1

Z/{0, 1,∞}.
We mean a le� action by an action unless otherwise noted. Let G be a group and

let A be a set equipped with an action of G. hen for each g ∈ G and a ∈ A, we denote
by ga the action of g on a. For an object X of a category, the symbol [X] denotes the
isomorphism class of X.

2 Abstract Modified Polylogarithms in Mixed Tate Categories

In this section, we recall abstract modiûed polylogarithms in a mixed Tate category
introduced in [22, Section 2]. his notionwas referred to as an abstract polylogarithm
in that previous work.

2.1 Preliminaries on Mixed Tate Categories

In this and the next subsection, we ûx a ûeld k of characteristic 0 and a mixed Tate
categoryM over k with the invertible object k(1) (cf. [9, Appendix 8.1]). Any object M
inM has a natural weight ûltrationW●M indexed by even integers such that grW2n M ∶=
W2nM/W2n−2M is isomorphic to a direct sum of k(−2n). Let ω be the canonical ûber
functor ofM deûned by

ω∶MÐ→ GrVeck Ð→ Veck ;M z→⊕
n∈Z

HomM (k(−n), grW2n M),

where GrVeck is the category of ûnite dimensional graded k-vector spaces. Let
π1(M,ω) be the Tannakian fundamental group ofM with the base point ω. Since ω

factors through GrVeck , there exists a natural splitting π1(M,ω) = Gm ,k ⋉ U(M),
where U(M) is a pro-unipotent pro-algebraic group over k. Namely, there exists
an inverse system {Uα}α of unipotent algebraic groups over k such that U(M) =
lim
←Ðα

Uα . he fundamental Lie algebra Lie(M) ofM is deûned to be the inverse limit
lim
←Ðα

Lie(Uα) of the inverse system of Lie algebras {Lie(Uα)}α . he action of Gm ,k

on U(M) deûnes the positive grading on the fundamental coLie algebra

coLie(M) ∶= lim
Ð→
α

Homk(Lie(Uα), k) =
∞

⊕
n=1

coLie(M)(2n)

of M where coLie(M)(2n) is the subspace of coLie(M) on which Gm ,k acts by the
(−n)-th power of the standard character std ∶= idGm ,k . We denote by

dM∶ coLie(M) Ð→
2
⋀ coLie(M)

the Lie cobracket of coLie(M). he following lemma is well known.
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Lemma 2.1 (cf. [1, Section 2.1]) We have a canonical isomorphism

coLie(M)(2n),dM=0 ≅ Ext1M(k(0), k(n)) ⊗ std−n

asGm ,k-modules. Here, we regardExt1M(k(0), k(n)) as a k-vector space equippedwith

the trivial action of Gm ,k .

We introduce two conditions for aõne group schemes inM in the sense of Deligne
(cf. [4, Section 5.4]).

Deûnition 2.2 Let G = Sp(A) be an aõne group scheme in M. We say that G

satisûes (Pos) (resp. (Triv)) if A satisûes the following condition:

(Pos) ∶W0A = k(0) (resp. (Triv) ∶ U(M) acts on ω(A) trivially).

We say that an aõne group scheme G = Sp(A) in M is an algebraic group in M

if the k-algebra ω(A) is ûnitely generated. he canonical ûber functor ω induces a
functor from the category of algebraic groups inM to the category of algebraic groups
over k equipped with an algebraic action of π1(M,ω). We use the same letter ω for
that functor by abuse of notation. he following proposition is a direct consequence
of Corollary A.6.

Proposition 2.3 Let G be an algebraic group inM satisfying (Pos). hen the under-

lying algebraic group of ω(G) is unipotent.

For each algebraic groupG inM, we deûne the object Lie(G) inM by the equation

ω(Lie(G)) = Lie(ω(G)).

Here, the existence of such an object follows from the Tannakian duality. According
to Proposition 2.3, the correspondence G ↦ Lie(G) induces an equivalence between
the category of algebraic groups in M satisfying (Pos) and the category of nilpotent
Lie algebra objects in M with negative weights.
For the rest of this subsection, we ûx an algebraic group G in M satisfying (Pos)

and (Triv). We denote byH1(M,G) the set of isomorphism classes of right G-torsors
in M. Recall that the pointed set H1(M,G) is canonically isomorphic to the ûrst ra-
tional cohomologyH1(π1(M,ω),ω(G)) (cf. [22, Appendix A6.2]). We recall another
description of this pointed set.

Proposition 2.4 ([3, Proposition 5.2]) Let G be an algebraic group in M satisfying

(Pos) and (Triv).
(i) For each G-torsor X, there exists a unique rational 1-cocycle c[X] representing the

isomorphism class [X] of X such that c[X]∣Gm ,k = 1.
(ii) he correspondence [X] ↦ log(c[X]∣U(M)) deûnes a bijection

Φ∶H1(M,G)
∼
Ð→ HomGm ,k

k-gp (U(M),ω(G)) ≅ HomGm ,k
k- Lie (Lie(M),ω(Lie(G))).

Here, log(c[X]∣U(M)) is the Lie homomorphism corresponding to the homomor-

phism c[X]∣U(M)∶U(M) → ω(G) of group schemes over k.
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2.2 Abstract Modified Polylogarithms

For any Lie algebra object L ofM such that ω(L) is nilpotent, we denote by exp(L)
the associated algebraic group in M.

Deûnition 2.5 Let m be a non-negative integer. We deûne the polylogarithmic quo-

tient PM
m in M, which is an algebraic group in M, by

PM
m ∶= exp(pMm ) ∶= exp (k(1) ⋉

m

⊕
n=1

k(n)).

Here, pMm ∶= k(1) ⋉ ⊕m
n=1k(n) is a Lie algebra object in M such that the abelian Lie

algebra k(1) acts on the abelian Lie algebra ⊕m
n=1k(n) by k(1) ⊗ k(n)

∼
Ð→ k(n + 1) for

n < m and annihilates k(m). We understandPM
0 as exp(k(1)).

It is easily checked that the algebraic group PM
m in M satisûes two conditions

(Pos) and (Triv). By using Proposition 2.4, we deûne a natural map rm that is needed
to linearize abstract unipotent Albanese maps.

Lemma 2.6 ([22, Lemma 2.4]) Let m be a non-negative integer. hen there exists a

natural map of pointed sets

rm ∶H
1(M,PM

m ) Ð→ coLie(M)(2m+2є) ,

where є denotes 0 or 1 when m > 0 or m = 0, respectively.

Proof We deûne the map

rm ∶H
1(M,PM

m )
Φ
Ð→ HomGm ,k

k- Lie (Lie(M),ω(pMm )) Ð→ coLie(M)(2m+2є)

by
rm([X]) ∶= Φ([X])∣Lie(M)(−2m−2є) = log(c[X])∣Lie(M)(−2m−2є) .

his map coincides with the map deûned in [22, Lemma 2.5]. ∎

here exists another description of rm by using the weight ûltration onU(M). he
action of Gm ,k on Lie(M) deûnes a natural ûltration W−2n Lie(M) by the equality

W−2n Lie(M) ∶= the closure of ⊕
i≥n

Lie(M)(−2i) in Lie(M).

he graded piece grW−2n Lie(M) is canonically isomorphic to Lie(M)(−2n). Denote
by W−2nU(M) the closed sub-pro-algebraic group of U(M) corresponding to
W−2n Lie(M), namely,

Lie (W−2nU(M)) =W−2n Lie(M).

By deûnition, log∶U(M)(k)
∼
Ð→ Lie(M) induces a natural isomorphism of k-vector

spaces

(2.1) (grW−2n U(M))(k)
∼
Ð→ grW−2n Lie(M) ≅ Lie(M)(−2n) .

Since the following lemma was essentially proved in [22, Lemma 2.4] by using a stan-
dard weight argument, we skip its proof here.
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Lemma 2.7 Let c∶ π1(M,ω) → ω(PM
m ) be a rational 1-cocycle. If m is a positive

integer, then the restriction of c to W−2mU(M) induces a group homomorphism

grW−2n(c)∶ (gr
W

−2n U(M))(k) Ð→ ω(k(m)) = k.

Furthermore, this homomorphism depends only on the cohomology class [c] in the ûrst

rational cohomology H1(π1(M,ω),ω(PM
m )).

Let X be a right torsor under PM
m and let c∶ π1(M,ω) → PM

m be any rational
1-cocycle representing X. hen, by the construction of rm and Lemma 2.7, we have

(2.2) rm([X]) = grW−2n(c)

under the isomorphism (2.1). Now, we recall the concept of series of abstract unipo-
tent Albanese maps. For the rest of this section, we ûx a ûeld F that will be speciûed
as a number ûeld K in Sections 5 and 6.

Deûnition 2.8 (cf. [22, Deûnitions 2.3 and 2.5])
(i) A series of abstract unipotent Albanese maps Alb = {Albn}n≥0 is an inverse

system of maps

Albn ∶P1
01∞(F) = F/{0, 1} Ð→ H

1(M,PM
n )

with respect to n satisfying the following two conditions:

(Hom) Alb0 extends to an injective group homomorphism from F×/F×tor to
H1(M, k(1)).

(Ref) We have Alb1(z) = (Alb0(z), Alb0(1 − z)) in H1(M,PM
1 ) = H1(M, k(1))⊕2

for all z ∈ P1
01∞(F).

(ii) Let m be a positive integer. We deûne the m-th abstract modiûed polylogarithm

Lm(Alb)∶Z[P1
01∞(F)] → coLie(M)(2m)

attached to Alb to be the linearization of the composite

rm ○Albm ∶P1
01∞(F) → coLie(M)(2m) .

Abstract modiûed polylogarithms satisfy the following diòerential formula.

Proposition 2.9 ([22, (2.2)], [1, Proposition 2.3]) For each positive integer m, we have

the following diòerential formula:

dMLm(Alb) = Lm−1(Alb) ∧L0(Alb).

he above proposition leads us to deûne Bloch groups attached to Alb.

Deûnition 2.10 ([22, Deûnition 2.6]) Let m be a positive integer.
(i) We deûne Rm(F , Alb) the space of functional equations ofLm(Alb) by

Rm(F , Alb) ∶= Ker (Lm(Alb)∶Z[P1
01∞(F)] Ð→ coLie(M)(2m)).
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(ii) We put

Tm ∶=

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

0 if m = 1,
(⋀2

F×) ⊗Z Q if m = 2,
((Z[P1

01∞(F)]/Rm−1(F , Alb)) ⊗Z F
×) ⊗Z Q if m > 2,

and deûne the group homomorphism δm ∶Z[P1
01∞(F)] → Tm by

δm({z}) ∶=

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

0 if m = 1,
(1 − z) ∧ z if m = 2,
{z}m−1 ⊗ z if m > 2,

where {z}m−1 is the image of {z} in Z[P1
01∞(F)]/Rm−1(F , Alb). hen we deûne the

subgroup Am(F , Alb) of Z[P1
01∞(F)] to be the kernel of δm .

Proposition 2.11 ([22, Lemma 2.7, Proposition 2.9]) he space of functional equa-

tions Rm(F , Alb) ofLm(Alb) is a subgroup of Am(F , Alb). We put

Bm(F , Alb) ∶= Am(F , Alb)/Rm(F , Alb),

and call this abelian group the m-th Bloch group attached to Alb. hen Lm(Alb) in-

duces a well-deûned injective group homomorphism

Lm(Alb)∶Bm(F , Alb) ↪ Ext1M(k(0), k(m)).

Proof For the reader’s convenience, we brie�y recall the proof of the second asser-
tion of the proposition. he proof is executed by induction on m. If m = 1, there is
nothing to prove, because coLie(M)(2) = Ext1M(k(0), k(1)) ⊗ std−1. hus, we show
the case wherem > 1. By Proposition 2.9 and Lemma 2.1, we have the following com-
mutative diagram with exact rows:

Bm(F , Alb)�
�

//

��

Z[P1
01∞(F)]/Rm(F , Alb) δm //

� _

Lm(Alb)
��

Tm� _

Lm−1(Alb)∧L0(Alb)
��

Ext1
M

(k(0), k(m)) ⊗ std−m � � // coLie(M)(2m) dM // ⋀2 coLie(M).

Hence, the dotted arrow in the diagram exists, and we have the conclusion. ∎

Remark 2.12 Let ξ be an element ofZ[P1
01∞(F)]. hen, by the diagram in the proof

of Proposition 2.11, ξ is contained in Am(F , Alb) if and only if dMLm(Alb)(ξ) = 0.

3 Hodge Modified Polylogarithms

In the following three sections, we give examples of abstractmodiûed polylogarithms.
he ûrst example is the Hodge modiûed polylogarithm L

HQ
m . We apply our general

theory to the categoryHQ of mixed Hodge–Tate structures over Q and compare the
projections ofL HQ

m to the fundamental coLie algebra of themixedHodge–Tate struc-
ture over R with the single-valued polylogarithm L Cl

m .
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3.1 Preliminaries on Mixed Hodge–Tate Structures

Let R be a subring of C. Recall that an R-mixed Hodge structure H is called a mixed

Hodge–Tate structure if any non-zero Hodge number is of the form hq ,q for some
integer q. We denote by HR the category of mixed Hodge–Tate structures over R.
For simplicity of notation, we use the same letter H for the underlying R-module of a
mixed Hodge–Tate structure H. We recall some basic facts about HR for later use.
According to [1, Section 2.5], giving an object H in HR is equivalent to giving a

ûnite dimensional graded R-vector space V● = ⊕ j∈ZVj equipped with R-linear ho-
mogeneous endomorphisms Nn(V●)∶V● → V● of degree n for all positive integers n.
SinceV● is ûnite dimensional,Nn(V●) is a zeromap for suõciently large n. hemixed
Hodge–Tate structure H corresponding to V● is deûned as follows.

● he underlying R-vector space of H is deûned by

H ∶= τ(2π
√
−1)V● ∶= ⊕

n∈Z
Vn ⊗R R(n)

and the weight ûltration on H is deûned byW−2nH ∶= ⊕ j≥nVj ⊗R R( j).
● heHodge ûltration on H ⊗R C = V● ⊗R C is deûned by

F
i(V● ⊗R C) ∶= g(⊕

j≤−i

Vj ⊗R C),

where g is a unipotentC-linear automorphism onV●⊗RC satisfying the equality

(3.1)
1
2
log(gg−1) =

∞

∑
n=1

Nn(V●)(2π
√
−1)n ⊗

√
−1

−1
∈ gl(τ(2π

√
−1)V●) ⊗R C.

Here we take the complex conjugate g of g with respect to the R-structure
τ(2π

√
−1)V● of V● ⊗R C.

his implies that the fundamental Lie algebra of HR is isomorphic to the nilpotent
completion of the free Lie algebra over R with the set of generators {Nn ∈ Lie
(HR)

(−2n)}n≥1. Now, we ûx such a set of topological generators {Nn}n≥1 of Lie(HR).

Example 3.1 Let m be a positive integer and let b ∈ R. We consider the graded
vector space V● = Re0 ⊕Rem equipped with the nilpotent endomorphism

Nm(V●)∶Re0 ⊕Rem Ð→ Re0 ⊕Rem ; ae0 ↦ abem , em z→ 0

of degree m. hen the mixed Hodge–Tate structure H corresponding to V● is an ex-
tension of R(0) by R(m) whose isomorphism class is represented by

b(2π)m
√
−1

m−1
∈ R(m − 1) = Ext1HR

(R(0),R(m)).

his implies that the image f (2m)
b

∈ coLie(HR)
(2m) of b(2π)m

√
−1

m−1
under the

canonical injection

R(m − 1) = Ext1HR
(R(0),R(m)) = coLie(HR)

(2m),dHR=0 ↪ coLie(HR)

is characterized by dHR( f
(2m)
b

) = 0, f (2m)
b

(Nm) = b, and by f (2m)
b

(Nn) = 0 for all
n ≠ m.
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3.2 Definition of Hodge Modified Polylogarithms

We ûx a positive integer m in this subsection.

Deûnition 3.2 We deûne the m-th Hodge polylogarithmic quotient PH
m , which is an

algebraic group in HQ, by PH
m ∶= P

HQ
m ∶= exp(Q(1) ⋉ ⊕m

n=1Q(n)).

Let π
top
1 (P1

01∞(C),Ð→01)Q be the unipotent completion of the topological funda-
mental group of P1

01∞(C) = C/{0, 1}with the base point
Ð→
01 over Q. hen, by the the-

ory of iterated integrals due to Chen, πtop
1 (P1

01∞(C),Ð→01)Q has a natural structure of a
group scheme in HQ. It is well known that PH

m is a quotient of πtop
1 (P1

01∞(C),Ð→01)Q
as an aõne group scheme in HQ (cf. [4, Proposition 16.13]). Let

u
H
m ∶ π

top
1 (P1

01∞(C),Ð→01)Q ↠PH
m

be the canonical surjective homomorphism of group schemes in HQ. For each
z ∈ P1

01∞(C), we denote by PH
m(
Ð→
01, z) the pushforward by uH

m of the path torsor
π

top
1 (P1

01∞(C);Ð→01, z)Q under π
top
1 (P1

01∞(C),Ð→01)Q.

Deûnition 3.3 he m-th Hodge-unipotent Albanese map AlbH
m ∶P1

01∞(C) → H1

(HQ ,PH
m) is deûned by

AlbHQ
m (z) ∶= [PH

m(
Ð→
01, z)] for all z ∈ P1

01∞(C).

We denote by AlbHQ the series of Hodge unipotent Albanese maps {AlbHQ
m }∞m=1. We

deûne AlbHR
m to be the composite of AlbHQ

m with the natural map

H
1(HQ ,PH

m) → H
1(HR ,PH

m × Spec(R))

induced by the canonical functor HQ →HR.

It is well known that PH
1 (
Ð→
01; z) is a direct sum of the Hodge realizations of

Kummer torsors K(z) and K(1 − z) (cf. [4, Proposition 14.2, Proposition 16.26]).
Since the Hodge realization of K(z) is represented by log(z) ∈ C/Q(1) = Ext1HQ

(Q(0),Q(1)), the series AlbH of Hodge unipotent Albanese maps the condition of
Deûnition 2.8(i). Note that, however, {AlbHR

m }∞m=0 is not a series of abstract unipo-
tent Albanese maps. Indeed, these maps do not satisfy the condition (Hom) because
the map

log ∣ ∣∶C×/C×tor → R; z ↦ log ∣z∣
is not injective.

Deûnition 3.4 We deûne the m-th Hodge modiûed polylogarithm

L
HQ
m ∶Z[P1

01∞(C)] → coLie(HQ)
(2m)

to beLm(AlbH) and deûneL HR
m to be the composite of homomorphisms

Z[P1
01∞(C)] → coLie(HQ)

(2m) → coLie(HR)
(2m) ,

where the last homomorphism is induced by the canonical functor HQ →HR.
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By construction,L HR
m is a linearlization of AlbHR

m . We deûne RH
m(C), AH

m(C), and
BH

m(C) by

R
H
m(C) ∶= R

H
m(C, AlbH), AH

m(C) ∶= Am(C, AlbH), BH
m(C) ∶= Bm(C, AlbH).

Similarly, for each number ûeld K, we deûne RH
m(K) and AH

m(K) to be the inverse
images of ⊕σ ∶K↪CR

H
m(C) and ⊕σ ∶K↪CA

H
m(C) under the inclusion

Z[P1
01∞(K)]

⊕σ
Ð→ ⊕

σ ∶K↪C
Z[P1

01∞(C)],

respectively. hen we deûne BH
m(K) ∶= AH

m(K)/RH
m(K). By Proposition 2.11, the

Hodge modiûed polylogarithm L
HQ
m induces a well-deûned injective group homo-

morphism
L

HQ
m ∶BH

m(C) ↪ Ext1HQ
(Q(0),Q(m)) = C/Q(m)

andL HR
m induces a group homomorphism

L HR
m ∶BH

m(C) → Ext1HR
(R(0),R(m)) = C/R(m)

∼
←Ð R(m − 1).

Note that L HR
m coincides with the composite of homomorphisms

B
H
m(C)

L
HQ
m

ÐÐÐ→ C/Q(m) Ð→ C/R(m)
∼
←Ð R(m − 1).

3.3 Classifying Spaces of Torsors in HR

To calculate L HR
m , we study explicit descriptions of classifying spaces of torsors in

HR. We ûx an algebraic group G = Sp(A) in HR satisfying the condition (Pos) (cf.
Deûnition 2.2). By deûnition, A is a ûnitely generatedHopf algebra object in Ind(HR)
satisfying the condition W0A = R. In particular, all the Hodge weights of A are non-
negative and F 1(A⊗R C) is a Hopf ideal of A⊗R C. Let R be Q or R. For an aõne
scheme Y = Sp(A′)with A′ ∈ Ind(HR), we sometimes identify Y with the underlying
R-scheme Spec(A′

R
) where A′

R
is the underlying R-algebra of A′.

Lemma 3.5 Let g be a C-valued point of the underlying R-group scheme G. Let

g♯ be the C-algebra homomorphism of A ⊗R C induced by the le� multiplication of g

on G. hen g♯ on A ⊗R C preserves the ûltration W●A ⊗R C. Moreover, the induced

isomorphism on grW2n A⊗R C is the identity map for each n.

Proof his proposition is a direct consequence of Corollary A.2 and Lemma A.5. ∎

Let X = Sp(B) be a right G-torsor inHR. We say that x ∈ X(C) is aHodge trivial-

ization of X if the morphism of schemes

GC Ð→ XC; g z→ xg

preserves Hodge ûltrations on the rings of regular functions of both-hand sides. By
the exactly same argument as in [24, Lemma 3.3], all Hodge weights of B = O(X)
are also non-negative. Hence, all F i(B ⊗R C) are ideals of B ⊗R C. Put F0(XC) ∶=
Spec(B ⊗R C/F 1(B ⊗R C)) and put F0(GC) ∶= Spec(A⊗R C/F 1(A⊗R C)). Remark
that F0(XC)(C) coincides with the set of Hodge trivializations of X. Furthermore,
F0(XC) has a natural structure of a right F0(GC)-torsor in the usual sense.
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Lemma 3.6 Let X be a right G-torsor in HR. hen there exists a unique Hodge

trivialization of X.

Proof Since F0(GC) is the trivial group scheme by the condition (Pos), we
have F0(XC) ≅ Spec(C). herefore, the set of Hodge trivializations F0(XC)(C) is
singleton. ∎

Proposition 3.7 here exists a natural isomorphism of pointed sets

Ψ∶G(C)/G(R)
∼
Ð→ H

1(HR ,G).

Proof Let us take g ∈ G(C). hen we deûne the right G-torsor Gg as follows.
● heunderlying aõneR-scheme ofGg is deûned to beG equipped with the right
action of G deûned by right translations.

● he weight ûltration on O(Gg) is the same as that of O(G).
● heHodge ûltration on O(Gg) ⊗R C is deûned by

F
i(O(Gg) ⊗R C) = g

♯(F i(O(G) ⊗R C)).

According to Lemma 3.5, g♯ is the identity map on each graded piece grW2n O(G)⊗RC.
Hence, O(Gg) is an algebra object in Ind(HR), and Gg is actually a right G-torsor in
HR. We put Ψ(g) ∶= [Gg]. One can check that Gg ≅ Gg′ if and only if gG(R) =

g′G(R). Hence, Ψ induces an injective map G(C)/G(R) ↪ H1(HR ,G).
We show the surjectivity of Ψ. Let X be aG-torsor inHR. According to Lemma 3.6,

there exists a unique Hodge trivialization pH ∈ X(C) of X. We take pw ∈ X(R)
an R-valued point of X. hen pw trivializes the weight ûltration of X; that is, the
G-equivariant morphism

fpw ∶G Ð→ X; g z→ pw g

preserves their weight ûltrations on the rings of regular functions of both-hand sides
by Corollary A.3. Let g be an element of G(C) satisfying pw = pH g. hen fpw deûnes
an isomorphism of G-torsors between Gg and X. Hence, we have Ψ(gG(R)) = [X],
and this completes the proof of the surjectivity of Ψ. ∎

We denote by

c
∗∶G(C) ∼

Ð→ G(C)

the group automorphism induced by the complex conjugate c on C. hen the natural
map

G(C)/G(R) Ð→ G(C)c
∗=−1; gG(R) z→ gc

∗(g−1)

is bijective. By composing the logarithmic map from G(C) to the Lie algebra of GC,
we obtain the canonical isomorphism of pointed sets

(3.2) Ψ′∶H1(HR ,G)
∼
Ð→ (Lie(G) ⊗R C)c

∗=−1 = Lie(G) ⊗R R
√
−1.

Remark that c∗ acts on Lie(G) ⊗R C by id⊗c.
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Now, we assume that G satisûes (Triv). By composing Φ−1 in Proposition 2.4 and
Ψ′ in (3.2), we obtain an isomorphism

Ψ′ ○Φ−1∶HomGm ,R
R- Lie(Lie(HR),ω(Lie(G)))

∼
Ð→ Lie(G) ⊗R R

√
−1

of pointed sets.

Proposition 3.8 Let G be an algebraic group inHR satisfying (Pos) and (Triv). hen
the composite of canonical isomorphisms

Ψ′ ○Φ−1∶HomGm ,R
R- Lie (Lie(HR),ω(Lie(G)))

∼
Ð→ H

1(HR , Lie(G))
∼
Ð→ Lie(G) ⊗R R

√
−1

sends f ∈ HomGm ,R
R- Lie(Lie(HR),ω(Lie(G))) to

2∑
n

f (Nn)(2π
√
−1)n ⊗

√
−1

−1
∈ Lie(G) ⊗R R

√
−1.

Proof According to Lemma A.7, the Lie homomorphism

ιN ∶Lie(G) ⊗R CÐ→ EndC(W2NA⊗R C); l z→ log (exp(l)♯∣W2N(A⊗RC))

is injective for suõciently large N . Let us denote by ϕN the composite of Ψ′ ○Φ−1 and
ιN . hen, to prove this proposition, it is suõcient to show the equality

(3.3) ϕN( f ) = 2∑
n

log (exp( f (Nn))
♯∣ω(W2NA))(2π

√
−1)n ⊗

√
−1

−1

in EndC(W2NA⊗R C) for suõciently large N .
Let f be an element of HomGm ,R

R- Lie (Lie(HR),ω(Lie(G))) and let

a f ∶ π1(HR ,ω) Ð→ GL(ω(A)); σ z→ exp( f )(σ)♯

be the action of π1(HR ,ω) on ω(A) deûned by f . Here, exp( f )∶ π1(HR ,ω) → ω(G)
is the group homomorphism corresponding to f . According to Lemma 3.5, a f
preserves ω(W2NA). We denote by W2NA f the mixed Hodge–Tate structure on
τ(2π

√
−1)ω(W2NA) = W2NA deûned by the action a f (see (3.1)). hen, by deû-

nition, A f ∶= lim
Ð→N

W2NA f has a natural ring structure and Sp(A f ) is a G-torsor in
HR representing Φ−1( f ) ∈ H1(HR ,G). Let h be an element of AutC(W2NA⊗R C)
such that F i(W2NA f ⊗R C) = h(F i(W2NA⊗R C)). hen, by (3.1), we have

(3.4)
1
2
log(hh

−1
) = ∑

n

log (exp( f (Nn))
♯∣ω(W2NA))(2π

√
−1)n ⊗

√
−1

−1
.

We remark that the le�-hand side of equation (3.4) coincides with 1
2ϕN( f ). Indeed,

we can take h as g♯∣W2NA⊗RC where g ∈ G(C) is a representative of Ψ−1 ○ Φ−1( f ) ∈
G(C)/G(R). herefore, the equality (3.3) holds for all positive integers N , and this
completes the proof of the proposition. ∎

3.4 Calculation of L HR
m

Now we consider the case G = PHR
m ∶= PH

m × Spec(R). Deûne the Lie algebra pH
m

over Q to be the Lie algebra ofPH
m .
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Corollary 3.9 We deûne the evaluation map evm ∶ coLie(HR)
(2m) → R(m − 1) by

f ↦ f (Nm)(2π)m
√
−1

m−1
. hen the following assertions hold.

(i) he evaluation map evm is the le� inverse of the canonical inclusion

R(m − 1) ≅ Ext1HR
(R(0),R(m)) ↪ coLie(HR)

(2m) .

(ii) he diagram

H1(HR ,PHR
m ) //

��

pH
m ⊗Q R

√
−1

pr
m

��

coLie(HR)
(2m) 2 evm // R(m − 1)

commutes, where pr
m

is the projection to the last component

pH
m ⊗Q R

√
−1 = R(0) ×

m

∏
n=1

R(n − 1) ↠ R(m − 1).

Proof Let b be a real number. Recall that the element f (2m)
b

∈ coLie(HR)
(2m) de-

notes the image of b(2π)m
√
−1

m−1
under R(m − 1) ↪ coLie(HR)

(2m). hen, by the
calculation in Example 3.1, we have equalities

evm( f
(2m)
b

) = f
(2m)
b

(Nm)(2π)m
√
−1

m−1
= b(2π)m

√
−1

m−1
.

hus assertion (i) of the corollary holds.
Assertion (ii) is easily checked by the deûnition of evm and Proposition 3.8. ∎

Let us recall the classical modiûed polylogarithm L Cl
m ∶P1

01∞(C) → R(m−1), which
is a real analytic function deûned by

(3.5) L Cl
m (z) ∶=

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

√
−1 Im(∑

m−1
k=0

Bk

k! log
k(zz)Lim−k(z)) if m is even,

Re(∑m−1
k=0

Bk

k! log
k(zz)Lim−k(z)) if m is odd

(cf. [1, 1.5], [29, p. 413 (33)]). Here, Bm is the m-th Bernoulli number deûned by
∞

∑
m=0

Bm

m!
t
m ∶=

t

e t − 1
.

Proposition 3.10 Let m be a positive integer. hen, for each∑i a i{z i} ∈ A
H
m(C), the

equality

∑
i

a iL
HR
m (z i) = −∑

i

a iL
Cl
m (z i)

holds. In other words,L HR
m ∶BH

m(C) → R(m − 1) coincides with the classical modiûed

polylogarithm multiplied by −1.

For the proof of Proposition 3.10, we recall the calculation of Beilinson andDeligne
in [1] computing the composite of Ψ′∶H1(HR ,PHR

m ) → pH
m ⊗Q R

√
−1 and the m-th

Hodge unipotent Albanese map.
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Lemma 3.11 ([1, Section 1.5]) For any z ∈ P1
01∞(C), the equality

(3.6) pr
m
○Ψ′ ○AlbH

m(z) = −2L Cl
m (z)

holds in R(m − 1).

Proof Let z be an element ofP1
01∞(C). According to [8, (2.20)], the image of z under

P1
01∞(C) → H

1(HR ,PHR
m ) ≅ (PHR

m (C))c
∗=−1 ⊂ PHR

m (C) = C(1) ×
m

∏
n=1
C(n)

is calculated as

(log(zz);−Li−1 (z), . . . ,−Li−m(z)).

Here, Li−n ∶P1(C) → C is a single-valued and real analytic polylogarithm (see [8, he-
orem 2.27]). By the Baker–Campbell–Hausdorò formula, we have the equality

(3.7) Ψ′ ○AlbH
m(z) = (log(zz);−Li−1 (z), . . . ,−

m

∑
k=1

Bk

k!
logk(zz)Li−m−k(z)).

hen the last component of the right-hand side of (3.7) coincides with the right-hand
side of the equation (3.6) by [8, (2.21)]. ∎

Proof of Proposition 3.10 Let z be an element of P1
01∞(C). hen, by Lemma 3.11

and Corollary 3.9(ii), we have the equalities:

2 evm ○L
HR
m (z) = 2pr

m
○Ψ′ ○AlbH

m(z) = −2L Cl
m (z).

Now we take an element ξ = ∑i a i{z i} of AH
m(C). According to Corollary 3.9(i),

L HR
m (ξ) coincides with evm(L HR

m (ξ)) in R(m− 1) ⊂ coLie(HR)
(2m). hus, we have

L HR
m (ξ) = evm(L HR

m (ξ)) = ∑
i

a i evm(L HR
m (z i)) = −∑

i

a iL
Cl
m (z i).

his completes the proof of Proposition 3.10. ∎

4 ℓ-adic Étale Modified Polylogarithms

In this section, we ûx a rational prime ℓ and a ûeld F of characteristic p ≥ 0 satisfying
the following conditions:

(cyc)ℓ he characteristic p of F does not divide ℓ and the ℓ-adic cyclotomic character
on GF has an inûnite image in Z×

ℓ
.

(nd)ℓ here exists no non-torsion ℓ-divisible element in F×.

Example 4.1 If F is ûnitely generated over the prime ûeld kp of characteristic p ∤ ℓ,
then F satisûes (cyc)ℓ and (nd)ℓ .

We ûx a coherent system ζℓ∞ ∶= (ζℓn)n≥1 of ℓ-power roots of unity in F and regard
ζℓ∞ as a Zℓ-basis of Zℓ(1) = lim

←Ðn
µ
ℓn
(F) where µ

ℓn
∶= Spec(Z[t]/(tℓ

n

− 1)). By
condition (cyc)ℓ , two GF-modules Qℓ(m) and Qℓ(m

′) are not isomorphic for any
two distinct integers m and m′.
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Remark 4.2 Condition (cyc)ℓ is not equivalent to the condition ∪n≥1µℓn
(F) /⊂ F.

For example, the maximal totally real subûeld Q(µℓ∞)+ of Q(µℓ∞) does not con-
tain µℓ∞ ∶= ∪n≥1µℓn

(Q), although the order of the ℓ-adic cyclotomic character on
GQ(µℓ∞)+ is two.

We denote by RepQℓ
(GF) the category of continuous representations of GF on

ûnite dimensional Qℓ-vector spaces. An ℓ-adic mixed Tate GF-module is an object
V in RepQℓ

(GF) equipped with an increasing, saturated, and separated ûltration
{W2nV}n∈Z indexed by even integers such that grW2n V is a direct sum of Qℓ(−n) as
a GF-module (cf. [11, Section 6, Section 7]). We denote by MTℓ(F) the category of
ℓ-adic mixed Tate GF-modules. hen MTℓ(F) is a mixed Tate category over Qℓ . he
second example of an abstract modiûed polylogarithm is the ℓ-adic étale modiûed
polylogarithm. We apply our abstract formalism to MTℓ(F).

4.1 Classifying Spaces of Torsors in MTℓ(F)

In this subsection, we make remarks on classifying spaces of torsors in MTℓ(F).

Lemma 4.3 Let (V1 ,W●V1) and (V2 ,W●V2) be objects in MTℓ(F). Let f ∶V1
∼
Ð→ V2

be an isomorphism of Qℓ[GF]-modules. hen f preserves the weight ûltration of both-

hand sides. In other words, f deûnes a morphism in MTℓ(F).

Proof his is easily checked by the deûnition of the weight ûltration and by an in-
ductive argument on the length of the weight ûltration. ∎

Let us ûx an algebraic group G = Spec(R) in MTℓ(F) satisfying (Pos). hen, ac-
cording toCorollary A.6, the underlying algebraic groupG is automatically unipotent.
Recall that G(Qℓ) has a natural topology on which GF acts continuously (cf. [24, Sec-
tion 3.2]). Note that this natural topology coincideswith the relative topology induced
by any closed immersion G ↪ GLn ,Qℓ

, where the topology on GLn(Qℓ) ↪ Qn
2

ℓ
is in-

duced by the product topology ofQℓ .

Lemma 4.4 here exists a natural isomorphism of pointed sets

H
1(F ,G(Qℓ)) ≅ H

1(MTℓ(F),G).

Here, the le�-hand side is the ûrst continuous Galois cohomology with coeõcients in

G(Qℓ).

Proof First, we note that the underlying scheme of each G-torsor is isomorphic to
the aõne space over Qℓ , because the underlying group scheme of G is unipotent.
Especially, the set ofQℓ-rational points of any G-torsor is non-empty.
For each continuous 1-cocycle c∶GF → G(Qℓ), we deûne the new action ac of GF

on R = O(G) by

(4.1) ac(σ)( f ) ∶= c(σ)
♯(σ
f ) for all f ∈ R,

and deûne Rc to be the ring R equipped with the new action of GF deûned by ac . Let
us denote by H1(RepQℓ

(GF),G) the set of isomorphism classes of torsors under G
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in RepQℓ
(GF) and letGc be Spec(Rc) equippedwith the natural rightG-action. hen,

since X(Qℓ) is non-empty for any G-torsor X in RepQℓ
(GF), we have a natural iso-

morphism
H

1(F ,G(Qℓ))
∼
Ð→ H

1(RepQℓ
(GF),G); [c] z→ [Gc]

(cf. [24, Proposition 3.15]). herefore, to prove the lemma, it is suõcient to show that
the natural map

(4.2) H
1(MTℓ(F),G) Ð→ H

1(RepQℓ
(GF),G)

induced by the forgetful functor

MTℓ(F) Ð→ RepQℓ
(GF); (V ,W●V) z→ V

is bijective. he injectivity of (4.2) follows from Lemma 4.3 directly. Hence, to show
this lemma, it is suõcient to show the surjectivity of the map (4.2).

We put W2nRc ∶= W2nR. hen, according to Lemma A.5 and (4.1), the action of
GF on Rc preserves the ûltration {W2nRc}n∈Z and coincides with the original action
of GF on each graded piece grW2n Rc of Rc . herefore, the pair (Rc ,W2nRc) is an object
in Ind(MTℓ(F)) and this implies that (4.2) is surjective. ∎

Lemma 4.4 can be rewritten as follows. Let ω0∶MTℓ(F) → VecQℓ
be the forgetful

functor. We ûx an isomorphism of ûber functors ofMTℓ(F)

Γ∶ω0
∼
Ð→ ω

such that

ω0(Qℓ(1)) = Qℓ(1)
∼
Ð→ ω(Qℓ(1))

∼
←Ð Qℓ ; ζℓ∞ z→ 1.

We also denote by Γ the isomorphism

π1(MTℓ(F),ω0)
∼
Ð→ π1(MTℓ(F),ω); σ z→ Γ ○ σ ○ Γ−1

for simplicity. Since π1(MTℓ(F),ω0) is canonically isomorphic to the weighted com-
pletion of GF with respect to the ℓ-adic cyclotomic character χℓ ∶GF → Z×

ℓ
⊂ Gm(Qℓ)

in the sense of [12, Section 4], there exists a canonical continuous homomorphism

ρ0∶GF Ð→ π1(MTℓ(F),ω0)(Qℓ).

herefore, by composing the isomorphism Γ, we obtain a continuous homomorphism

ρ∶GF Ð→ π1(MTℓ(F),ω)(Qℓ).

he functor Γ also induces an isomorphism α∶G
∼
Ð→ ω(G) of algebraic groups over

Qℓ . hen, for each continuous 1-cocycle

c∶GF → G(Qℓ),

there exists a unique rational 1-cocycle

c̃∶ π1(MTℓ(F),ω) Ð→ ω(G),
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which makes the following diagram commute:

GF
ρ

//

c

��

π1(MTℓ(F),ω)(Qℓ)

c̃

��

G(Qℓ)
α // ω(G)(Qℓ).

As an elementary consequence of the lemma, we have the following corollary.

Corollary 4.5 (cf. [11, Corollary 9.3]) For each positive integer m, there exists a nat-

ural isomorphism

Ext1MTℓ(F)
(Qℓ(0),Qℓ(m))

∼
Ð→ H

1(F ,Qℓ(m)).

Proof LetA(Qℓ(m)) ∶= Sp(Sym●Qℓ(−m)) be the vector group scheme inMTℓ(F)
deûned by Qℓ(m). hen, by a standard argument, Ext1MTℓ(F)

(Qℓ(0),Qℓ(m)) is
canonically isomorphic to H1(MTℓ(F),A(Qℓ(m))). Since m is positive, the group
scheme A(Qℓ(m)) satisûes (Pos). Hence, we have the conclusion of the corollary by
Lemma 4.4. ∎

In later sections, we always identify Ext1MTℓ(F)
(Qℓ(0),Qℓ(m))withH1(F ,Qℓ(m))

for each positive integer m.

4.2 Definition of ℓ-adic Étale Modified Polylogarithms

In this and the next subsections, we ûx a positive integer m.

Deûnition 4.6 We deûne the ℓ-adic étale polylogarithmic quotient P ℓ-ét
m , which is

an algebraic group in MTℓ(F), to beP
MTℓ(F)
m = exp(Qℓ(1) ⋉∏m

n=1 Qℓ(n)).

We recall another description of ℓ-adic étale polylogarithmic quotient (cf. [21, Sec-
tion 2.1]). Let πℓ

1 (P1
01∞,F

,
Ð→
01) be the maximal pro-ℓ quotient of the étale fundamental

group of P1
01∞,F

with the base point
Ð→
01. his pro-ℓ group has a standard set of free

generators {x , y} (cf. [27, Section 8, Picture 4], [10, Exposé XIII, Corollaire 2.12]).
hen the group homomorphism

p∶ πℓ
1 (P

1
01∞,F ,

Ð→
01) Ð→ Zℓ(1); x z→ ζℓ∞ , y z→ 1

is GF-equivariant where ζℓ∞ is the basis ofZℓ(1) ûxed in the beginning of this section.
We put

π
pol ∶= π

ℓ
1 (P

1
01∞,F ,

Ð→
01)/[Ker(p), Ker(p)]

and

π
pol(m) ∶= π

pol/πpol,(m)

where {πpol,(n)}∞n=1 is the central descending series of πpol. hen P ℓ-ét
m is canonically

isomorphic to the unipotent completion πpol(m)Qℓ
of πpol(m) over Qℓ .
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By the above remark, the algebraic groups P ℓ-ét
m ≅ πpol(m)Qℓ

are quotients of
the unipotent completion π ét1 (P1

01∞,F
,
Ð→
01)Qℓ

of the étale fundamental group of P1
01∞,F

with the base point
Ð→
01 over Qℓ because of the functoriality of the unipotent comple-

tion. Let
u
ℓ-ét
m ∶ π ét1 (P1

01∞,F ,
Ð→
01)Qℓ

↠P ℓ-ét
m

be the canonical surjective homomorphism of aõne group schemes in MTℓ(F).
For each z ∈ P1

01∞(F), we denote by P ℓ-ét
m (

Ð→
01, z) the pushforward of the torsor

π ét1 (P1
01∞,F

;
Ð→
01, z)Qℓ

by uℓ-ét
m .

Deûnition 4.7 Wedeûne the series of ℓ-adic étale unipotentAlbanesemapsAlbℓ-ét
F

=

{Albℓ-étF ,m} by

Albℓ-étF ,m(z) ∶= P ℓ-ét
m (

Ð→
01, z) for all z ∈ P1

01∞(F).

By the condition (nd)ℓ (see the beginning of Section 4 for the deûnition of (nd)ℓ),
Albℓ-ét

F
is a series of abstract unipotent Albanese maps (cf. [22, (3.1)]). hus, we can

deûne the ℓ-adic étale modiûed polylogarithms as follows.

Deûnition 4.8 We deûne the m-th ℓ-adic étale modiûed polylogarithm

L ℓ-ét
m ∶Z[P1

01∞(F)] Ð→ coLie(MTℓ(F))

to beLm(Albℓ-ét
F

).

We deûne Rℓ-ét
m (F), Aℓ-ét

m (F), and Bℓ-ét
m (F) by

Rℓ-ét
m (F) ∶= Rm(F , Albℓ-ét

F
), Aℓ-ét

m (F) ∶= Am(F , Albℓ-ét
F

),

Bℓ-ét
m (F) ∶= Bm(F , Albℓ-ét

F
).

In [22], we used the notation “ℓ-adic” instead of “ℓ-ét”. By Proposition 2.11, L ℓ-ét
m

induces a well-deûned and injective group homomorphism

L ℓ-ét
m ∶Bℓ-ét

m (F) ↪ H
1(F ,Qℓ(m)) = Ext1MTℓ(F)

(Qℓ ,Qℓ(m)).

Remark 4.9 By construction, them-th ℓ-adic étale unipotent AlbanesemapAlbℓ-étF ,m
is functorial in F. Hence,L ℓ-ét

m is also functorial in F.

4.3 Comparison with ℓ-adic Polylogarithms

In this subsection, we compareL ℓ-ét
m with theWojtkowiak ℓ-adic polylogarithms. For

the reader’s convenience, we give a quick review of the ℓ-adic polylogarithm ℓim(z, γ)
attached to a Qℓ-path γ from

Ð→
01 to z in P1

01∞,F
. Recall that a Qℓ-path in P1

01∞,F
is

deûned as an element of π1(P1
01∞,F

;
Ð→
01, z)Qℓ

(Qℓ). Let ι∶ πℓ
1 (P1

01∞,F
,
Ð→
01) ↪ Qℓ⟪X ,Y⟫

be the multiplicative embedding to non-commutative formal power series deûned by

ι(x) ∶= exp(X), ι(y) ∶= exp(Y).
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Let fγ ∶GF → π1(P1
01∞,F

,
Ð→
01)Qℓ

(Qℓ) be the 1-cocycle deûned by fγ(σ) ∶= γ−1○σγ. hen
the m-th ℓ-adic polylogarithm ℓim(z, γ) is deûned by

ℓim(z, γ)(σ) ∶= (−1)m−1 × the coeõcient of log(ι(fγ(σ))) at ad(X)m−1(Y)

(cf. [28, Deûnition 11.0.1]).

Lemma 4.10 Let cγ ∶GF → P ℓ-ét
m (Qℓ) be the composite of fγ and the canonical ho-

momorphism pr
m
∶ π1(P1

01∞,F
,
Ð→
01)Qℓ

(Qℓ) ↠ πpol(m)Qℓ
(Qℓ) ≅ P ℓ-ét

m (Qℓ). hen the

image of the cohomology class [cγ] ∈ H1(F ,P ℓ-ét
m (Qℓ)) under the natural isomorphism

H
1(F ,P ℓ-ét

m (Qℓ)) ≅ H
1(MTℓ(F),P ℓ-ét

m )

(cf. Lemma 4.4) coincides with Albℓ-étm ,F(z).

Proof he cohomology class of cγ in H1(F ,P ℓ-ét
m (Qℓ)) represents the torsor under

P ℓ-ét
m (Qℓ) in RepQℓ

(GF) deûned as the pushforward of π1(P1
01∞,F

;
Ð→
01, z)Qℓ

(Qℓ) by
pr

m
. herefore, the conclusion follows from the deûnition of the ℓ-adic étale unipo-

tent Albanese map. ∎

Recall that the weight ûltration W−2nGF on GF is the ûltration induced by the
weight ûltration on U(MTℓ(F)) (cf. [12, Section 7.4]). According to [12, Proposi-
tion 7.1, Lemma 7.5], we have canonical isomorphisms

grW−2m GF ⊗Zℓ
Qℓ

∼
Ð→ (grW−2m U(MTℓ(F)))(Qℓ) ≅ Lie(MTℓ(F))

(−2m)

ofQℓ-vector spaces.

Proposition 4.11 Let γ be aQℓ-path from
Ð→
01 to z in P1

01∞,F
. he composite of homo-

morphisms

W−2mGF ↠ grW−2m GF ↪ Lie(MTℓ(F))
(−2m) L ℓ-ét

m
(z)

ÐÐÐÐ→ Qℓ

coincides with the restriction of (−1)m−1ℓim(z, γ) to W−2mGF . In particular, that re-

striction does not depend on the choice of γ.

Proof Let cγ ∶GF → Pm(Qℓ) be the continuous 1-cocycle deûned by γ (cf. Lemma
4.10). hen there exists a unique rational 1-cocycle c̃γ ∶ π1(MTℓ(F),ω) → ω(P ℓ-ét

m )
which make the following diagram commute:

GF
ρ

//

cγ

��

π1(MTℓ(F),ω)(Qℓ)

c̃γ

��

P ℓ-ét
m (Qℓ)

α // ω(P ℓ-ét
m )(Qℓ),

where α∶P ℓ-ét
m

∼
Ð→ ω(P ℓ-ét

m ) is an isomorphism of algebraic groups over Qℓ induced
by the ûxedQℓ-basis ζℓ∞ ofQℓ(1). hen, by Lemma 4.10 and equation (2.2), we have

grW−2m(c̃γ) = L ℓ-ét
m (z)
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under the natural isomorphism

(grW−2m U(MTℓ(F)))(Qℓ) ≅ Lie(MTℓ(F))
(−2m) .

herefore, we have the following commutative diagram:

W−2mGF
ρ
//

cγ

��

W−2mU(MTℓ(F))(Qℓ)

c̃γ

��

// Lie(MTℓ(F))
(−2m)

L ℓ-ét
m

��

Qℓ(m)
ζ
⊗m

ℓ∞↦1
// ω(Qℓ(m))

= // Qℓ .

On the other hand, by the deûnition of the ℓ-adic polylogarithms, we have the equality

cγ(σ) = (−1)m−1
ℓim(z, γ)(σ)ζ⊗m

ℓ∞

for all σ ∈W−2mGF . Hence, we have the conclusion of the proposition. ∎

Lemma 4.12 he restriction map

H
1(F ,Zℓ(m)) Ð→ H

1(W−2mGF ,Zℓ(m))

is injective for any positive integer m.

Proof By the Hochschild–Serre spectral sequence, it is suõcient to show the van-
ishing of the continuous group cohomology H1(GF/W−2mGF ,Zℓ(m)). By using the
Hochschild–Serre spectral sequence again, we have an exact sequence

(4.3) 0Ð→ H
1(Gal(F(µℓ∞)/F),Zℓ(m)) Ð→ H

1(GF/W−2mGF ,Zℓ(m))

Ð→ Homcont
Gal(F(µℓ∞)/F) (W−2GF/W−2mGF ,Zℓ(m)).

Since m is non-zero, the ûrst term of (4.3) vanishes. On the other hand, GF acts on
the graded quotient grW−2n GF via the n-th power of the ℓ-adic cyclotomic character
by the deûnition of the weight ûltration of GF . Hence, there exists no non-trivial
GF-equivariant homomorphism fromW−2GF/W−2mGF to Zℓ(m). hus, the last term
of (4.3) also vanishes, and we have the conclusion of the lemma. ∎

Proposition 4.13 (cf. [7, heorem 2.3]) A cohomology class x ∈ H1(F ,Qℓ(m)) is

represented by a linear sum

∑
i

a iℓim(z i , γ i)∶GF Ð→ Qℓ(m)

with a i ∈ Q, z i ∈ F, and γ i ∶
Ð→
01 ↝ z i if and only if x is contained in the image of

Bℓ-ét
m (F) ⊗Z Q under L ℓ-ét

m . Moreover, for each ξ = ∑i a i{z i} ∈ A
ℓ-ét
m (F), we have

∑
i

a iℓim(z i , γ i) = (−1)m−1L ℓ-ét
m (ξ) in H

1(F ,Qℓ(m)).

Proof We ûrst show the “if ” part. Suppose that ξ ∈ Aℓ-ét
m (F). he existence of good

paths γ i follows by repeating exactly the same argument of the proof of [7, heo-
rem 2.3] by replacing the conjectural vector space Lk in that paper by (Z[P1

01∞(F)]/
Rℓ-ét

k
(F)) ⊗Z Q. Indeed, the latter vector space satisûes all the conditions that Lk is
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expected to satisfy except the realization homomorphism Bℓ-ét
k

(F) → K2k−1(F)⊗ZQ,
and it was not needed for the proof.

Next, we show the “only if ” part. Let c∶GF → Qℓ(m) be a 1-cocycle of the form
∑i a iℓim(z i , γ i). We put ξ ∶= ∑i a i{z i}. hen, according to Proposition 4.11, the
restriction of c to W−2mGF coincides with the composite of (−1)m−1L ℓ-ét

m (ξ) and
W−2mGF → Lie(MTℓ(F))

(−2m). Since the restriction c toGF(µℓ∞) factors through the
abelianization of GF(µℓ∞), L ℓ-ét

m (ξ) also factors through the abelianization
homomorphism

Lie(MTℓ(F))
(−2m) ⊂ Lie(MTℓ(F)) ↠ Lie(MTℓ(F))

ab .

his implies that dL ℓ-ét
m (ξ) = 0 and that ξ ∈ Aℓ-ét

m (F) ⊗Z Q (cf. Remark 2.12). Since
the restriction of the cohomology class (−1)m−1L ℓ-ét

m (ξ) ∈ H1(F ,Qℓ(m)) toW−2mGF
coincides with the restriction of the class of c, (−1)m−1L ℓ-ét

m (ξ) agree with [c] in
H1(F ,Qℓ(m))) by Lemma 4.12. ∎

4.4 Comparison with Generalized Soulé Character

In this subsection, we comparemodiûed ℓ-adic étale polylogarithms with generalized
Soulé characters. Here, we suppose that F is a subûeld of C. Let γ be an ℓ-adic path
from

Ð→
01 to z ∈ P1

01,∞(F). Recall that the generalized Soulé character

χ̃
z ,γ
m ∶GF → Zℓ(m)

is deûned by the equations

(4.4) χ̃
z ,γ
m (σ) mod ℓ

n =
σ(∏1≤a≤ℓn(1 − ζ

−χ−1
ℓ
(σ)a

ℓn
z1/ℓ

n

)
a
m−1
ℓn )

(∏1≤a≤ℓn(1 − ζa
ℓn
z1/ℓ

n)
am−1
ℓn )

⊗ ζ
⊗(m−1)
ℓn

inZ/ℓnZ(m) for all n, where z1/ℓ
n

is the ℓn-th root of z deûned by γ. If we restrict σ to
GF(µℓ∞ ,z1/ℓ∞), then equation (4.4) coincides with equation (1.2). Similarly, we deûne
the continuous map κz ,γ ∶GF → Zℓ(1) by the equations

κz ,γ(σ) mod ℓ
n = σ(z1/ℓ

n

)z−1/ℓn

in Z/ℓnZ(1) for all n. We call κz ,γ the Kummer cahracter attached to γ. he key
formula of our comparison is Nakamura–Wojtkowiak’s formula of ℓ-adic polyloga-
rithms.

heorem 4.14 ([20, §3 Corollary]) Let κz ,γ ∶GF → Zℓ(1) be the Kummer character

attached to γ. hen we have the following equality of functions on GF valued in Qℓ(m):

ℓim(z, γ) = (−1)m−1(
m−1

∑
j=0

B j

j!
(−κγ ,z)

j
χ̃
z ,γ
m− j

(m − k − 1)!
).

In particular, on GK(µℓ∞ ,z1/ℓ∞), we have

ℓim(z, γ) =
(−1)m−1

(m − 1)!
χ̃
z
m .
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Corollary 4.15 Let ξ = ∑i a i{z i} be an element of Aℓ-ét
m (F) and let L ∶=

F({µℓ∞ , z
1/ℓ∞

i
}i). hen the group homomorphism

χ̃
ξ
m ∶= ∑

i

a i χ̃
z i

m ∶GL Ð→ Zℓ(m)

extends to a 1-cocycle on GF . Moreover, the cohomology class of this extension is unique

and coincides with (m − 1)!L ℓ-ét
m (ξ).

Proof he ûrst assertion is a direct consequence of heorem 4.14 and Proposi-
tion 4.13. To show the uniqueness of the cohomology class, it is suõcient to show the
restriction map

H
1(GF ,Zℓ(m)) Ð→ H

1(GL ,Zℓ(m)) = Homcont(GL ,Zℓ(m))

is injective. his injectivity is a direct consequence of Lemma 4.12, because GL con-
tains W2GF . ∎

5 Motivic Modified Polylogarithms

heûnal example of an abstractmodiûed polylogarithm is themotivicmodiûed poly-
logarithm. Now, weûx anumber ûeldK for the rest of this paper. WedenoteKn(K)⊗Z
Q by Kn(K)Q, where Kn(K) is the higher K-group of K. LetMT(K) be the category
of mixed Tate motives over K (cf. [5, §1]). For all integers n and m, there exist canon-
ical isomorphisms

HomMT(K)(Q(n),Q(m)) ≅

⎧⎪⎪
⎨
⎪⎪⎩

0 n ≠ m,
Q n = m,

(5.1)

Ext1MT(K)(Q(n),Q(m)) ≅

⎧⎪⎪
⎨
⎪⎪⎩

0 n ≥ m,
K2(m−n)−1(K)Q n < m,

(5.2)

Ext2MT(K)(Q(n),Q(m)) = 0.

In particular, MT(K) is a mixed Tate category over Q. We always identify the le�-
hand sides of (5.1) and (5.2) with the right-hand sides by those canonical isomor-
phisms.

Deûnition 5.1 Let m be a non-negative integer. hen we deûnePmot
m , which is an

algebraic group in MT(K), to beP
MT(K)
m = exp(Q(1) ⋉ ⊕m

n=1Q(n)).

It is known that the motivic polylogarithmic quotient is a quotient of the motivic
fundamental group πmot

1 (P1
01∞,K ,

Ð→
01) which is an aõne group scheme in MT(K)

(cf. [5]). More precisely, the projections uH
m and uℓ-ét

m are realizations (see the next
section) of a surjective homomorphism

u
mot
m ∶ πmot

1 (P1
01∞,K ,

Ð→
01) ↠Pmot

m

of aõne schemes in MT(K). Deligne and Goncharov also proved the existence
of the path torsor πmot

1 (P1
01∞,K ;

Ð→
01, z) from

Ð→
01 to z, which is a right torsor under
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πmot
1 (P1

01∞,K ,
Ð→
01) in MT(K) for any K-rational base point z of P1

01∞,K (cf. loc. cit.).
We put

Pmot
m (

Ð→
01, z) ∶= u

mot
m ,∗(π

mot
1 (P1

01∞,K ;
Ð→
01, z)).

By deûnition, Pmot
m (

Ð→
01, z) is a right Pmot

m -torsor in MT(K). hen we deûne the
motivic unipotent Albanese map as follows.

Deûnition 5.2 Let m be a non-negative integer. he series of motivic unipotent

Albanese maps Albmot
K

∶= {Albmot
K ,m} is deûned by

Albmot
K ,m(z) ∶= Pmot

m (
Ð→
01, z) for all z ∈ P01∞(K).

he following lemma is a well-known fact.

Lemma 5.3 (cf. [5, Lemma 5.12]) he collection of motivic unipotent Albanese maps

is a series of abstract unipotent Albanese maps. Furthermore, the restriction of the 0-th
motivic unipotent Albanese map

Albmot
K ,0 ∶P

1
01∞(K) = K

×/{1} Ð→ K1(K)Q = K
× ⊗Z Q

is the natural map induced by the identity of K×/{1}.

Deûnition 5.4 We deûne the m-th motivic modiûed polylogarithm

L mot
m ∶Z[P1

01∞(K)] Ð→ coLie(MT(K))(2m)

to beLm(Albmot
K

).

We deûne Rmot
m (K), Amot

m (K), and Bmot
m (K) by

Rmot
m (K) ∶= Rm(K , Albmot

K
), Amot

m (K) ∶= Am(K , Albmot
K

),

Bmot
m (K) ∶= Bm(K , Albmot

K
),

respectively. hen the motivic modiûed polylogarithm induces an injective and well-
deûned homomorphism

L mot
m ∶Bmot

m (K) ↪ Ext1MT(K)(Q(0),Q(m)) = K2m−1(K)Q .

6 Proof of Main Theorem

6.1 Mixed Realizations of Motives

In this subsection, we recall mixed realizations ofmixed Tatemotives (cf. [4,5,13–15]).
A. Huber had constructed the category DMR, which contains the derived category of
systems of realizations over a ûeld k that can be embedded into C (cf. [13, Deûni-
tion 11.1.3]). he category DMR is equipped with the canonical functors

qℓ ∶DMR Ð→ D(Spec(k)ét ,Qℓ) and qσ
H∶DMR Ð→ D(MHS(Q))

for each rational prime ℓ and σ ∶ k ↪ C. Here, D(Spec(k)ét ,Qℓ) andD(MHS(k)) are
the derived category of smoothQℓ-sheaves on Spec(k)ét andmixedHodge structures
over Q, respectively. We also deûne qHσ

R
to be the composite of qHσ

R
and the natural
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functorD(MHS(Q)) → D(MHS(R)). In [14,15], she also had constructed a functor
between triangulated categories

RMR∶DMgm(k) Ð→ DMR

called the mixed realization functor for any ûeld k that can be embedded into C. Let
σ ∶ k ↪ C be an embedding. We denote by Rσ

H (resp. Rℓ) the composite of RMR and

DMR

qHσ
R

ÐÐ→ D(MHS(R)) (resp. DMR

qℓ

Ð→ D(Spec(k)ét ,Qℓ)).

Let ℓ be a rational prime and let σ ∶K ↪ C be a ûeld embedding. By construction, we
have Rℓ(Q(m)) = Qℓ(m) and Rσ

H(Q(m)) = R(m) for each integer m. herefore, Rℓ

and Rσ
H induce canonical functors

Rℓ ∶MT(K) Ð→MTℓ(K) and Rσ
H∶MT(K) Ð→HR ,

respectively. hen we denote by

rℓ ∶Ext1MT(K)(Q(0),Q(m)) Ð→ Ext1MTℓ(K) (Qℓ ,Qℓ(m))

and

rσH∶Ext
1
MT(K)(Q(0),Q(m)) Ð→ Ext1HR

(R,R(m))

the canonical homomorphisms induced by Rℓ and Rσ
H, respectively.

heorem 6.1 ([19, Proposition 5]) Under the canonical identiûcations

Ext1MT(K)(Q(0),Q(m)) = K2m−1(K)Q

and

Ext1MTℓ(K)(Qℓ ,Qℓ(m)) = H
1(K ,Qℓ(m)),

rℓ coincides with the ℓ-adic higher regulator deûned in [25]. In particular, rℓ is injective
whose image is a Q-lattice of H1(K ,Qℓ(m)).

heorem 6.2 (cf. [5, 1.6]) Under the canonical identiûcations

Ext1MT(K)(Q(0),Q(m)) = K2m−1(K)Q

and

Ext1HR
(R(0),R(m)) = R(m − 1),

rσH coincides with the Beilinson regulator. In particular,

rH,K ∶= ⊕
σ ∶K↪Q

rσH∶K2m−1(K)Q Ð→ ( ⊕
σ ∶K↪C

R(m − 1))
Gal(C/R)

is injective whose image is a Q-lattice of the right-hand side.
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6.2 Proof of Main Theorem

Let z be a K-rational base point of P1
01∞,K . hen the tuple

P∗
m(
Ð→
01, z) ∶= (PH

m(
Ð→
01, σ(z)),P ℓ-ét

m (
Ð→
01, z))

σ ∶K↪C, ℓ∶prime numbers

is a part of a scheme in the category of systems of realizations (cf. [5, 2.15]). Deligne
and Goncharov proved the following theorem.

heorem 6.3 ([5, héorème 4.4]) Let z be a K-rational base point of P1
01∞,K . hen

the system of realizations P∗
m(
Ð→
01, z) is motivic. More precisely, the Hodge realization

attached to σ ∶K ↪ C (resp. ℓ-adic étale realization) of Pmot
m (

Ð→
01, z) is canonically

isomorphic to the torsor PH
m(
Ð→
01, σ(z)) (resp. P ℓ-ét

m (
Ð→
01, z)).

We denote by
Rσ

H,∗∶ coLie(MT(K)) Ð→ coLie(HR)

and by
Rℓ ,∗∶ coLie(MT(K)) Ð→ coLie(MTℓ(K))

the canonical coLie homomorphisms induced by Rσ
H and Rℓ , respectively. Remark

that the restrictions of Rσ
H,∗ and Rℓ ,∗ to K2m−1(K)Q ⊂ coLie(MT(K))(2m) coincide

with rσH and rℓ , respectively.

Proposition 6.4 Let K be a number ûeld and let m be a positive integer. Let ℓ be a ra-

tional prime and let σ be an embedding K ↪ C. hen the following diagram commutes:

coLie(HR)
(2m)

Z[P1
01∞(K)]

L mot
m //

L ℓ-ét
m ++

L
HR
m ○σ

33

coLie(MT(K))(2m)

Rℓ ,∗
��

Rσ

H,∗

OO

coLie(MTℓ(K))(2m) .

Proof hecommutativity of the diagram is a direct consequence ofheorem6.3 and
constructions of modiûed polylogarithms. ∎

Corollary 6.5 Let K be a number ûeld and let ℓ be a rational prime. hen, for each

positive integer m greater than 1, we have equalities

R
mot
m (K) = R

ℓ-ét
m (K) = R

H
m(K).

Proof Let ● be one of the symbols H, ℓ-ét, and mot. Since R●m(K) ⊂ A●m(K) and
A●m(K) is mapped to the ûrst extension group by L ●

m , it is suõcient to show the in-
jectivity of the restrictions of Rℓ ,∗ and ⊕σRσ

H,∗ to K2m−1(K)Q. heorems 6.1 and 6.2
guarantee those restrictions to be injective. ∎
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Proof of the Main Theorem According to Propositions 3.10, and 6.4, and he-
orem 6.2, we have the equality

cm(ξ) = −L mot
m (ξ) in K2m−1(K) ⊗Z Q,

where cm(ξ) is the generalized Beilinson element deûned by de Jeu (cf. the introduc-
tion). herefore, according to Proposition 6.4 andheorem 6.1, we have

(6.1) regℓ-ét
m

(cm(ξ)) = −L ℓ-ét
m (ξ) in H

1(K ,Qℓ(m)).

Finally, by combining Corollary 4.15 and equation (6.1), we have the assertion ofMain
heorem. ∎

A Group Schemes in IFVeck

In this appendix, we show useful lemmas for describing classifying spaces of torsors
under algebraic groups in a mixed Tate category. Now, we ûx a ûeld k and denote by
IFVeck the category of ûnite dimensional k-vector spaces equipped with increasing,
saturated, and separated ûltrations. Denote by (V ,W●V) an object of IFVeck , and we
usually denote this object by V for simplicity. hough this category is not an abelian
category, we can consider group schemes in IFVeck as we did. In this appendix, we
ûx an algebraic group G = Sp(R) in IFVeck satisfying the condition (Pos) (cf. Deûni-
tion 2.2); namely, R is a ûnitely generated Hopf algebra object in Ind(IFVeck) satisfy-
ing W0R = k.

Lemma A.1 Let V1, V2, and V3 be objects in Ind(IFVeck) and let

f ∶V1 Ð→ V2 ⊗ V3

be a morphism in Ind(IFVeck). For each i = 1, 2, 3, suppose that WnVi = 0 for all
negative integers n. hen, for any k-linear homomorphism g∶V3 → k, the composite of

k-linear homomorphisms

(idV2 ⊗g) ○ f ∶V1
f

Ð→ V2 ⊗ V3
idV2 ⊗g

ÐÐÐÐ→ V2

is a morphism in Ind(IFVeck).

Proof To prove the lemma, it is suõcient to show that (idV2 ⊗g) ○ f preserves
the ûltrations of both-hand sides. Since WnVi vanish for all negative integers n, f
sends WnV1 to ∑ j , l≥0, j+l=n WjV2 ⊗k WlV3. herefore, (idV2 ⊗g) ○ f sends WnV1 to
∑ j , l≥0, j+l=n WjV2. SinceW●Vi is an increasing ûltration, we have∑ j , l≥0, j+l=n WjV2 =
WnV2. his completes the proof of the lemma. ∎

he following corollaries are direct consequences of Lemma A.1.

Corollary A.2 Let g be a k-rational point of the underlying algebraic group of G. Let

g♯∶R → R be the k-algebra automorphism induced by the le� multiplication by g. hen

the restriction of g♯ to WiR is an automorphism of WiR for each integer i.

Corollary A.3 Let X = Sp(R′) be an aõne scheme in IFVeck equipped with a right

action of G. Suppose that WnR
′ = 0 for all negative integer n. hen, for each x ∈ X(k),

the k-algebra homomorphism x♯∶R′ → R induced by G → X; g ↦ xg is a morphism in

Ind(IFVeck)
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Example A.4 If WiR ≠ 0 for some negative integer, then there exists a counter
example of Corollary A.2. Let G be the additive group Ga ,k = Spec(k[t−1]). Let us
deûne the weight of t−1 to be −1. hen the weight ûltration W●k[t

−1] is written as

Wik[t
−1] =

⎧⎪⎪
⎨
⎪⎪⎩

t ik[t−1] if i < 0,
k[t−1] if i ≥ 0.

By deûnition, G is an algebraic group in GrVeck .
For each g ∈ k = G(k), we have

g
♯∶ k[t−1] Ð→ k[t−1]; t−1 z→ g + t

−1 .

herefore, if g is not 0, then g♯(Wik[t
−1]) is not contained inWik[t

−1] for each neg-
ative integer i.

Lemma A.5 Let G = Sp(R) be an algebraic group in IFVeck satisfying (Pos). Let

g be a k-rational point of G. hen the automorphism on grW
i

R induced by g♯ is the

identity map.

Proof Wedenote by e∗∶R → k the counit of R. Since e∗ is compatible with ûltrations
of both-hand sides, Ker(e∗) is an object in Ind(IFVeck) such that W0(Ker(e∗)) = 0.
Let cmR be the comultiplication of R and let x be an element ofWiR/W0R. We write

cmR(x) − 1⊗ x = ∑
u

au ⊗ bu ∈W0R ⊗k WiR + ∑
j+l=i , j≥1, l≥0

WjKer(e∗) ⊗k WlR

such that {bu}u are linearly independent over k. Remark that cmR(x) ≠ 1⊗x because
x /∈ k = W0R. Since cmR(x) − 1 ⊗ x is contained in the kernel of e∗ ⊗ 1, all au are
contained in the kernel of e∗. his implies that all bu are contained in Wi−1R. Hence,
we have g♯(x) − x = ∑i g(a i)b i ∈ Wi−1R and this implies that the induced k-linear
homomorphism by g♯ on grW2n R is the identity map. ∎

Corollary A.6 Let G = Sp(R) be an algebraic group in IFVeck satisfying (Pos). hen

the underlying algebraic group of G is unipotent.

Proof According to Lemma A.5,WiR is an algebraic representation of the underly-
ing k-algebraic group G. Since R = ∪iWiR and G is of ûnite type,WNR is a faithful
representation of G for suõciently large N . Moreover, W0R ⊂ W1R ⊂ ⋅ ⋅ ⋅ ⊂ WNR

is a �ag of this representation and G acts on all the graded quotients grW
i

R trivially.
Hence, G is unipotent. ∎

he following lemma follows from the proof of Corollary A.6 easily, so we omit
the proof of this lemma.

Lemma A.7 Let G = Sp(R) be an algebraic group in IFVeck satisfying (Pos). hen,

for each positive integer N, there exists a natural Lie homomorphism

ιN ∶Lie(G) Ð→ Endk(WNR);D z→ log(exp(D)♯∣WN R).

Furthermore, ιN is injective for suõciently large N.
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