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THE GAUSS-BONNET INTEGRAND FOR A CLASS OF
RIEMANNIAN MANIFOLDS ADMITTING TWO
ORTHOGONAL COMPLEMENTARY FOLIATIONS

BY
O. GIL-MEDRANO AND A. M. NAVEIRA

ABSTRACT. With the general assumption that the manifold ad-
mits two orthogonal complementary foliations, one of which is
totally geodesic, we study the components of the curvature tensor
field of the characteristic connection.

In the case where the manifold is compact, orientable of dimen-
sion 6 or 8 and the dimension of the totally geodesic foliation is 4,
we relate the sign of the Euler characteristic of the manifold and
that of the sectional curvature of the leaves of both foliations.

§0. Introduction. It is well known that if a Riemannian manifold is locally a
Riemannian product of two manifolds the Euler polynomial x(R) in the
components of the curvature of the Levi-Civita connection can be written as a
product of two polynomials. We are interested in the Gauss-Bonnet integrand
of a Riemannian manifold admitting two orthogonal complementary foliations,
one of which is totally geodesic. In order to find a good expression of this
integrand, we define in §1 a connection on such a manifold, which we call
characteristic connection; it is metric and makes P parallel.

We have studied the components of the curvature tensor field of this
connection and the relations with the curvature of the Levi-Civita connection,
finding some results that we use in §2 to obtain an expression of the Gauss-
Bonnet integrand. This allows us to prove Corollary 4, where the sign of the
Euler characteristic of the manifold and that of the sectional curvatures of the
leaves of both foliations are related in the cases where the dimension of the
manifold is 6 or 8 and the dimension of the totally geodesic foliation is 4.

§1. The curvature tensor field of the characteristic connection. Let 77 be a
distribution on a Riemannian manifold (#, g) and let # be the orthogonal
distribution to V. At every point m € M we have then T, M =V, D ¥,. One
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can thus uniquely define a (1, 1) tensor field P such that P>=1, Py =1 and
P;gg =—I

Then (M, g, P) is a Riemannian almost-prodict manifold where the vertical
and horizontal distributions are exactly ¥ and #.

As we have noted in §0 we are interested in manifolds where V" and % are
integrable and one of them is totally geodesic; in the sequel we will suppose
that V' is the distribution with this property.

These kinds of almost-product manifolds are exactly those manifolds belong-
ing to one of the thirty-six classes of Riemannian almost-product manifolds
defined in [6] with regard to the algebraic properties of VP, where V is the
Levi—Civita connection. For a geometric description of these classes see also [3]
and [5]; nontrivial examples of manifolds in each class can be found in [4].

Let (M, g, P) be a Riemannian almost-product manifold; we can consider the
connection whose covariant derivative is defined by

= P
VulN = VMN+§ (VyP)N.

We call it the characteristic connection. If we denote +» and £ the projections
on the vertical and horizontal distributions, respectively, then V can be written
in a more useful form:

(1) VuA =2 VyA; VuX =4 VX

when MeZ (M), AcV, Xc¥.

Now, V makes g and P parallel and then when restricted to both subbundles,
vertical and horizontal, it induces connections which paralelize the restricted
metric. We shall denote the curvature tensor of V by R, that is

(2) RMNLQ = g(vaML, Q)— g(vM VNLa Q)+ g(v[M,N]La Q).
It is obvious that

(3) RMNAX = RMNXA =0,

forall AeV, Xed¥#, M,NcZ(M).
Our purpose is to compute the other components of R.

ProrosITION 1. Let (M, g), V' and ¥ be as above, then:
a) IEXYAB =0.
b) R_AXBC =0. ) _
c) ISABXY = Rapxy and Raxyz = Raxyz.
d) R and R coincide on vertical vectors.
e) On horizontal vectors, R coincides with the Riemannian curvature induced on
the horizontal leaves.
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Proof. Since V' and ¥ are foliations we can assume that the Lie brackets of
the arguments are zero, thus

§XYAB =¢(Vy» VXA, B)—g(Vxe VyA, B).
Since 7 is totally geodesic £# V,B =0 for all A, Be V. Thus

Therefore v Vo X =0VyA =0 because [A, X]=0. This proves a).
b) Using (1) and (2) we obtain

RAXBC =g(Vxv VuB, C)—g(V,» VxB, C).
But ¢ V4B =0 as before, and » VAB =V 4B and so

ﬁAXBC =g(Vx V4B, O).
Now,

Since we are assuming that VAB =V A we have
4) RAXBC = R_BXAC~

But V is a metric connection, whence its curvature tensor field is skewsym-
metric in the last two arguments

(5) RAXBC = 7RAXCB~

From (4) and (5) an easy computation shows that Rxge = 0.
¢) The expressions of Rapxy and Raxyy are

ﬁABXY = g(VB VAX, Y)—g(Va vBX’ Y),
RAXYZ =g(Vx vAY, Z)—g(Vu VXY’ Z).

In a) we have seen that if V" is totally geodesic then Vo, X e & for all A< 7,
X e, and so

VX =4V, X=V,X.

To finish the proof, we only need to transform the term g(V Vi Y, Z).
By (1) we have ’

gVA VLY, Z)=g(Vah VY, Z)=g(Vs VxY, Z)—g(Vae VyY, Z),

the last term vanishing because V" is totally geodesic.

d) and e) follow directly from the fact that the characteristic connection when
restricted to vertical (resp. horizontal) arguments is exactly the Levi-Civita
connection of the vertical (resp. horiziontal) leaves.

§2. The Gauss-Bonnet integrand for a Riemannian manifold with two
orthogonal complementary foliations one of which is totally geodesic. Let
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x(R) be the Euler polynomial expression in the components of the curvature
of the characteristic connection

, _ 1 _ _
(6) X(R) = 23nﬂ_n 1 Z S(Q)E(B)Rala26‘32 e Ra2n71a2n62h7182n7
* a,BES,,

where Ry, are the components of R in any orthonormal basis.

ProrosiTioN 2. Let (M, g) be a Riemannian manifold as above. Then

= 1
(R) =37
X arpig!
. (Z S(a”)s(BH)Ra'ém1‘15;7-;2(3%;”13;,; +2 e Rﬂi’n -lagnﬂlzln—lﬁ’in)

where the first sum runs over all permutations a', B" of {1,...,2p} and the
second one runs over all permutations «”, B" of 2p+1,...,2n} being 2n=
dim M, 2p =dim V', 2q = dim #.

(2 e(@)e(B)R urassiss  * Rus, asps, 160

Proof. We choose a basis adapted to the Riemannian almost-product struc-

ture, that is
Xy, ..., Xo, €V Xopitr ooy Xon€ .

Using (3) and Proposition 1 a), b), the only terms in (6) which are different
from zero are those of the form

Roiapip; " R

where o', B’ are permutations of {1,...,2p} and «", 8" are permutations of
{2p+1,...,2n}

, ) @ , " ) f PR " " oan "
3y |‘12p52p—132nR(X29+1‘1§p 2B2p 1B2p 42 Razu ~1002,82,-1B2n

REMARK. We are only considering the case where both foliations are
even dimensional because the Euler characteristic of the tangent bundle of
will vanish otherwise.

There is an important conjecture, still unsolved in the general case, which is
as follows:

(*) Let M be a compact, orientable, 2n-dimensional Riemannian manifold.
If all sectional curvatures of # are non-negative then the Euler characteristic
of M verifies x(M)=0. If all sectional curvatures are non-positive then (—1)"
x (M) =0.

The result that (*) is true for n =2 is due to J. W. Milnor and the proof can
be found in [2] or in [1]. It is also there shown that if the manifold is of either
positive or negative curvature, then x()>0.

The method used in [1], [2] consists in finding a basis for which the Euler
polynomial expression in the components of the curvature of the Levi-Civita
connection, x(R), is everywhere non-negative.

In the next theorem we prove that the sign of the sectional curvature of the
leaves of both foliations determines the sign of x(R).
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THEOREM 3. Let (M, g) be a compact, oriented, Riemannian manifold, with
two orthogonal complementary foliations V' and 3 such that V' is totally geodesic
and dim V' =4.

a) Assume dim M =6. If each leaf of V' has non-negative or non-positive
curvature and the leaves of # are of non-negative (resp. non-positive) curvature,
then x(R)=0 (resp. x(R)=0).

If curvatures are positive (resp. negative) then x(R)>0 (resp. x(R)<0).

b) Assume dim M = 8. If each leaf, either vertical or horizontal, has sectional
curvature of constant sign then x(R)=0.

Furthermore, if the curvature of each leaf never vanishes then x(R)>0.

Proof. By Proposition 2 we have
_ 1 - , = _
(7 X(R):28—§ Rsese 2, e(@)e(B)R wiuspis:Ruacsipnn
™ a',B'€Sy

in the 6-dimensional case, and

> ] ’ N D =~
X(R)=5— ( , Z e(a)e(B )Ra;ags;asRuq’awas‘;)
(8) o', B'eSy
X ( > 8(a")S(B")Ra;azcaza::ﬁa;a;:e;':s;>

o, B"eS,

in the 8-dimensional case, where S denotes the group of permutations of
{5,6,7, 8}.
Now, using Proposition 1d), (7) and (8) can be written respectively

>3 1 ' ’ ’
(7" x(R)= T Rigse 2. e(a)e(B)Ruaisis:Rocaisisi
ko ', B'eS,
3 l ’ ’
x(R)=-37—= ( Y e(a)eB )Ra{aéﬁiBéRufzaAB%ri!)
(81) 2 ™ a',B' €S, J
X ( Y, ela"e(B)Rlzupum; ('x;'a;*rsm:)’
a”, B"eS4

where R’ is the curvature tensor of the Levi-Civita connection of the horizon-
tal leaves. If the sectional curvatures are non-negative or non-positive, it is
known [1] that

( Z 8(a)8(B)RalaZB|BzR‘XT‘“4B3B4>

a, BeS,

is non-negative and thus x(R) is non-negative in the 8-dimensional case and
has the same sign as Rigs in the 6-dimensional case, concluding the proof of
the theorem.
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Using now the Gauss—Bonnet-Chern formula
X(M):I x(R) dVv
u

we obtain directly from Theorem 3, the following

COROLLARY 4. Let (M, g), V and ¥ be as in Theorem above, then:

a') If the hypotheses of part a) in Theorem 3 hold, then x(M)=0 (resp.
x () =<0).

b’) If the hypotheses of part b) in Theorem 3 hold, then x(M)=0.

Although the conclusions in (*) and in Corollary 4 are the same, the
hypotheses are different; we are going now to give two cases where the
hypothesis of (*) implies that of Corollary 4.

ProrposiTioN 5. Let (M, g) be a compact, oriented, Riemannian manifold of
dimension 6 or 8, of non-negative curvature with two orthogonal complementary
foliations V' and #, such that V' is 4-dimensional and totally geodesic and ¥ is
totally umbilical, then x(At)=0.

Proof. By Corollary 4, it is only necessary to show that horizontal leaves are
manifolds of non-negative curvature.

For each m e M choose an orthonormal basis of the normal space to the leaf
of ¥ through m,{&}! ; as % is totally umbilical for each & there exists
A; €R such that A, = AL

Let X, Y be vectors tangent to that leaf, and « the second fundamental
form, then

(@(X. X), (Y, )~ g(a(X. V). a(X, Y= £ 272 JUXP Y- 5(X, Y7 =0.

which implies that the sectional curvature of the leaf is non-negative.

PROPOSITION 6. Let (M, g) be a 6-dimensional, compact, oriented Riemannian
manifold of non-positive curvature with two orthogonal complementary foliations
V' and ¥ such that V' is 4-dimensional and totally geodesic and ¥ is minimal,
then x(M)=<0.

Proof. As before, it is only necessary to check that the curvature of the
horizontal leaves has the adequate sign.

Let {X, Y} be an orthonormal basis of the tangent space to the leaf of #
through m, me M. As the leaf is a minimal submanifold, a(X, X)=—a(Y, Y)
and then

g(a(X, X), a(Y, Y)—gla(X, Y), a(X, Y)) = = (la(X, X)|* +[la(X, V)|) =0,

which implies that the curvature of the leaves is non-positive.
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