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Abstract We show that the image of the Abel-Jacobi map admits functorially a model over the field of
definition, with the property that the Abel-Jacobi map is equivariant with respect to this model. The
cohomology of this abelian variety over the base field is isomorphic as a Galois representation to the
deepest part of the coniveau filtration of the cohomology of the projective variety. Moreover, we show
that this model over the base field is dominated by the Albanese variety of a product of components of
the Hilbert scheme of the projective variety, and thus we answer a question of Mazur. We also recover a
result of Deligne on complete intersections of Hodge level 1.
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Let X be a smooth projective variety defined over the complex numbers. Given a
nonnegative integer n, denote by CH"*!(X) the Chow group of codimension-(n+ 1)
cycle classes on X, and denote by CH"™!'(X)pom the kernel of the cycle class map
CH'"!(X) - H?>"*+D(X, Z(n + 1)). In the seminal paper [15], Griffiths defined a complex
torus, the intermediate Jacobian, J¥'t1(X) together with an Abel-Jacobi map

AJ : CH" " (X pom — J7 1.

While J2"*1(X) and the Abel-Jacobi map are transcendental in nature, the image of
the Abel-Jacobi map restricted to A"t!(X), the subgroup of CH"*!(X) consisting of
algebraically trivial cycle classes, is a complex subtorus Jaz”H(X) of J2"*t1(X) that is
naturally endowed via the Hodge bilinear relations with a polarization, and hence is a
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complex abelian variety. The first cohomology group of Jaz"“(X ) is naturally identified
via the polarization with N* H>"t1(X, Q(n)); i.e., the nth Tate twist of the nth step in
the geometric coniveau filtration (see (1.1)).

If now X is a smooth projective variety defined over a subfield K C C, it is natural
to ask whether the complex abelian variety JaZ’H‘l(X(C) admits a model over K. In this
paper, we prove that Jaz’”‘l(X(c) admits a unique model over K such that

AT A" (Xe) = JPH(Xe)

is Aut((C /K)-equivariant, thereby generalizing the well-known cases of the Albanese map
AdmX () Albx. and of the Picard map Al(X¢c) > Pic())(c, as well as the case of

AJ : A%X(X¢) — JS(X(C), which was treated in our previous work [1].

Theorem A. Suppose X is a smooth projective variety over a field K € C, and let n be
a nonnegative integer. Then Ja2”+1(X(c), the complex abelian variety that is the image
of the Abel-Jacobi map AJ : A" (Xc) — J¥"T1(Xc), admits a distinguished model J
over K such that the Abel-Jacobi map is Aut(C/K)-equivariant. Moreover, there is an
algebraic correspondence T' € CHEM M (J x 1 X) inducing, for every prime number €, a
split inclusion of Gal(K)-representations

Tt H' (Jg, Qo) = H" " (Xg, Qu(n)) (0.1)
with image N" HZ”'H(Xf, Q¢ (n)).

By Chow’s rigidity theorem (see [10, Theorem 3.19]), an abelian variety A/C descends
to at most one model defined over K. On the other hand, an abelian variety A/K may
descend to more than one model defined over K. Nevertheless, since AJ : A"t (X¢) —
Jaz"H(ch) is surjective, the abelian variety Jaz”"’l(X(c) admits at most one structure

of a scheme over K such that AJ is Aut(C/K)-equivariant. This is the sense in which
Jaz”H(X(c) admits a distinguished model over K.

Our proof of Theorem A uses a different strategy than we took in [1], and as a result
improves on the results of that paper in three ways:

(1) In [1, Theorem BJ, only the case n = 1 of Theorem A was treated. An essential step
in the proof in [1, Theorem B] was a result of Murre [24, Theorem C], relying on the
theorem of Merkurjev and Suslin, asserting that J;’ (Xc) is an algebraic representative,
meaning that it is universal among regular homomorphisms from A?(X¢) (as defined in
§3). In general, little is known about when higher intermediate Jacobians are algebraic
representatives, or even when algebraic representatives exist. In this paper we completely
avoid the use of Murre’s result, or indeed the existence of an algebraic representative.
Instead, we use a new approach to show that for each n there is a model of Jaz”“ (Xc)
over K, which makes the Abel-Jacobi map Aut(C/K)-equivariant.

(2) The results of [1, Theorem A] concerning descent for J2"*!(X¢) for n > 1 only
show that the isogeny class of Jaz"'H(X(c) descends to K, and this is under the further
restrictive assumption that the Abel-Jacobi map be surjective (or under some other
constraint on the motive of X; see [1, Theorem 2.1]). In contrast, the present Theorem A
provides a distinguished model of Jaz"“(X(c) over K, without any additional hypothesis.
Moreover, we show the assignment in Theorem A is functorial (Proposition 5.1).
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The new technical input begins with Proposition 1.1, which shows that J3”+1(X<c)
is dominated, via the induced action of a correspondence defined over K, by the
Jacobian of a pointed, geometrically integral, smooth projective curve C defined over
K, strengthening [1, Proposition 1.3]. The key point is that this strengthening, together
with the fact that Bloch’s map [6] factors through the Abel-Jacobi map on torsion, makes
it possible to show directly that Jaz”H(X(c) admits a unique model over K making the
Abel-Jacobi map AJ : A"T1(X¢c) — Jaz"“(X(c) Galois-equivariant on torsion. In short,
avoiding the use of algebraic representatives, and the motivic techniques employed in [1],
we obtain a stronger result. We then make a careful analysis of Galois equivariance
for regular homomorphisms, strengthening some statements in [1], to conclude that the
Abel-Jacobi map is Galois-equivariant on all points — and not merely on torsion points
(Proposition 3.8); this is crucial to the proof of Theorem B.

(3) Finally, while a splitting in [1, Theorem A] analogous to (0.1) was established by
some explicit computations involving correspondences, here we utilize André’s powerful
theory of motivated cycles [3] in order to establish the more general splitting (0.1). This
also provides a proof that the coniveau filtration splits (Corollary 4.4), as well as a short
motivic proof that the isogeny class of Jaz’“rl (Xc) descends, without any of the restrictive
hypotheses in [1].

The structure of the proof of Theorem A is broken into three parts. First we give
a proof of Theorem A, up to the statement of the splitting of the inclusion, and
where we focus only on the Aut(C/K)-equivariance of the Abel-Jacobi map on torsion
(Theorem 2.1). The proof of Theorem 2.1 relies on showing that N” HZ”‘H(XF Qe(mn))
is spanned via the action of a correspondence over K by the first cohomology group of
a pointed, geometrically integral curve; this is proved in Proposition 1.1. Next, in §3,
we show that if the Abel-Jacobi map is Aut(C/K)-equivariant on torsion, then it is fully
equivariant. This is a consequence of more general results we establish for surjective
regular homomorphisms. Finally, the splitting of (0.1) is then proved in Theorem 4.2.
Note that when n = 1 the result of [1, Theorem A] is more precise in that the splitting
of (0.1) is shown to be induced by an algebraic correspondence over K.

As the first application of Theorem A, we recover a result of Deligne [11] regarding
intermediate Jacobians of complete intersections of Hodge level 1 (§6).

Another application is to the following question due to Barry Mazur. Given an
effective polarizable weight-1 Q-Hodge structure V, there is a complex abelian variety
A (determined up to isogeny) so that H'(A,Q) gives a weight-1 Q-Hodge structure
isomorphic to V. On the other hand, let K be a field, and let £ be a prime number (not
equal to the characteristic of the field). It is not known (even for K = Q) whether given
an effective polarizable weight-1 Gal(K)-representation Vy over QQg, there is an abelian
variety A/K such that HI(AF, Qp) is isomorphic to Vy. A phantom abelian variety for
Vi is an abelian variety A/K together with an isomorphism of Gal(K)-representations

H' Az, Q) —— V4.

Such an abelian variety, if it exists, is determined up to isogeny; this is called the phantom
isogeny class for Vy. Mazur asks the following question [21, p. 38]: let X be a smooth
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projective variety over a field K € C, and let n be a nonnegative integer. If H"T1(Xc, Q)
has Hodge coniveau n (i.e., H*"*1(X¢, C) = H"1(X) ® H" " (X)), does there exist a
phantom abelian variety for HZ”“(Xf, Qe(n))?

Theorem A answers this affirmatively under the stronger, but according to the
generalized Hodge conjecture equivalent, assumption that the Abel-Jacobi map AJ :
A" (Xc) » J¥H(Xc) is surjective. This assumption is known to hold in many
cases (e.g., uniruled threefolds). Theorem A in fact shows a stronger statement,
namely that the distinguished model over K of the image of the Abel-Jacobi
map AJ:A"(Xc) — J¥T1(Xc) provides a phantom abelian variety for the
Gal(K)-representation N" H2"+1(Xf, Q¢(n)). Moreover, the arguments via motivated
cycles of § 4 give a second proof of the existence of a phantom abelian variety, although not
the descent of the image of the Abel-Jacobi map. In summary, these results strengthen
our answer to Mazur’s question, given in [1].

As another application, we provide an answer to a second question of Mazur, which
was not addressed in [1]. Over the complex numbers, the image of the Abel-Jacobi
map is dominated by Albaneses of resolutions of singularities of products of irreducible
components of Hilbert schemes. Since Hilbert schemes are functorial, and in particular
defined over K, and since the image of the Abel-Jacobi map descends to K, one might
expect the phantom abelian variety to be linked to the Albanese of a Hilbert scheme.
Motivated by concrete examples where this holds (e.g., the intermediate Jacobian of a
smooth cubic threefold X is the Albanese variety of the Fano variety of lines on X [9]),
Mazur asks the following question [21, Question 1]: Can this phantom abelian variety be
constructed as — or at least in terms of — the Albanese variety of some Hilbert scheme
geometrically attached to X ? We provide an affirmative answer for N* H 2’H‘I(Xf, Qe(n)).

Theorem B. Suppose X is a smooth projective variety over a field K € C. Then the
phantom abelian variety J/K for N" H*"+1 (X%, Qe¢(n)) given in Theorem A is dominated
by the Albanese wariety of (a finite product of resolutions of singularities of some
finite number of) components of a Hilbert scheme parameterizing codimension-(n + 1)
subschemes of X over K.

The proof of the theorem, given in §7 (Theorem 7.3), uses in an essential way
the Aut(C/K)-equivariance of the Abel-Jacobi map as stated in Theorem A. For the
sake of generality, the proof is framed in the language of Galois-equivariant regular
homomorphisms, as described in [1, §4]. As a consequence, some related results are
obtained for algebraic representatives of smooth projective varieties over perfect fields of
arbitrary characteristic.

For concreteness, we mention the following consequence of Theorems A and B,
providing a complete answer to Mazur’s questions for uniruled threefolds (see § 7).

Corollary C. Suppose X is a smooth projective threefold over a field K € C and assume
that Xc is uniruled. Then the intermediate Jacobian J3(Xc) descends to an abelian
variety J/K, which is a phantom abelian variety for HS(Xf, Q¢(1)), and is dominated
by the Albanese variety of (a product of resolutions of singularities of a finite number of)
components of a Hilbert scheme parameterizing dimension-1 subschemes of X over K.
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Conventions. We use the same conventions as in [1]. A wariety over a field is
a geometrically reduced separated scheme of finite type over that field. A curve
(resp. surface) is a variety of pure dimension 1 (resp. 2). Given a variety X,
CH! (X) denotes the Chow group of codimension-i cycles modulo rational equivalence,
and A!(X) C CH!(X) denotes the subgroup of cycles algebraically equivalent to 0.
If X is a smooth projective variety over the complex numbers, then we denote by
JHl(x) = prtl g2l x, ©)\H?H (X, C)/H#'" (X, Z) the complex torus that is the
(2n 4+ 1)th intermediate Jacobian of X, and we denote by Jaz"“(X) the image of the
Abel-Jacobi map A" (X) — J2"*1(X). A choice of polarization on X naturally endows
the complex torus Jaz”“(X ) with the structure of a polarized complex abelian variety,
and H'(J2"T1(X), Q) = N H>**1(X, Q)(n). If C/K is a smooth projective geometrically
irreducible curve over a field, we will sometimes write J(C) for Picy /K- Given a field K,
we denote by K a separable closure. Finally, given an abelian group A, we denote by
A[N] the kernel of the multiplication-by-N map; and if A is an abelian group scheme
over a field K, we write A[N] for A(K)[N].

1. A result on cohomology

The main point of this section is to prove Proposition 1.1, strengthening
[1, Proposition 1.3]. Recall that if X is a smooth projective variety over a field K, then
the geometric coniveau filtration NV H' (X+, Q) is defined by:

NY H' (X%, Q) == § : ker (H' (X%, Qo) — H' (X%\Zz, Qo). (1.1)
7ZCX
closed, codim>v

If K = C, the geometric coniveau filtration N H' (X, Q) is defined similarly. We direct
the reader to [1, §1.2] for a review of some of the properties we use here. Sometimes,
we will abuse notation slightly and denote the rth Tate twist of step v in the geometric
coniveau filtration by NV Hi(Xf, Qe(r)) == (NV Hi(Xf, Qo)) ®q, Qe(r), and similarly for
Betti cohomology.

Proposition 1.1. Suppose X is a smooth projective variety over a field K C C, and let
n be a monnegative integer. Then there exist a geometrically integral smooth projective
curve C over K, admitting a K -point, and a correspondence y € CH'71(C x g X)q such
that for all primes £, the induced morphism of Gal(K)-representations

ve : H'(Cx, Qo) = H* (Xg, Qe(n))
has image N" HZ”‘H(XF Q¢ (n)). Likewise, the morphism of Hodge structures

v o H'(Cc, Q — H*'(Xc, Q)
has image N* H***1(X¢c, Q(n)); in particular, the image of yy : J(Cc) — J¥ 1 (Xc) is
J‘12n+1(X(C)'

Remark 1.2. The result [1, Proposition 1.3] differs from Proposition 1.1 only in the sense

that it is not shown there that C can be taken to admit a K-rational point or to be
geometrically integral.
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There are three main ingredients in the proof of Proposition 1.1: the Bertini theorems,
the Lefschetz type result in Lemma 1.3 describing cohomology in degree 1, and
Proposition A.1 regarding the cohomology of curves. While we expect Proposition A.1 is
well known, for lack of a reference we include a proof in Appendix A.

Lemma 1.3 (Lefschetz). Suppose X is a smooth projective variety over a field K
with separable closure K. There exist a smooth curve C — X over K, which is
a (general) linear section for an appropriate projective embedding of X, and a
correspondence y € CH'(C xk X)q such that for all £ # char(K), the induced morphism

of Gal(K)-representations
Vet H'(Cx, Qo) — H' (X%, Qo)

is surjective. Moreover, if X is geometrically integral (resp. admits a K -point), then C
can be taken to be geometrically integral (resp. to admit a K-point).

Proof. By Bertini [26], let ¢ : C — X be a one-dimensional smooth general linear section
of an appropriate projective embedding of X. Note that by the irreducible Bertini
theorems [8], if X is geometrically integral (resp. admits a K-point), then C can also
be taken to be geometrically integral (resp. to admit a K-point); (see e.g., [2, Theorem
B.1] for the version we use here).

The hard Lefschetz theorem [12, Theorem 4.1.1] states that intersecting with C yields
an isomorphism

Ll H (X, Qo) > H'(Cg, Qo) — H* WX~ (X5, Qe(dim X — 1)).

The Lefschetz Standard conjecture is known for ¢-adic cohomology and for Betti
cohomology in degree < 1 (see [18, Theorem 2A9(5)]), meaning in our case that the
map (L*L*)_l is induced by a correspondence, say A € CH'(X xg X)q. Therefore, the
composition

Ty im X — . A
H'(Cg, Q) — 5 H> "X (X, Qe(dim X — 1)) —= H'(Xg, Qo)
is surjective and is induced by the correspondence y := Ao, where I, denotes the
graph of ¢. O

Proof of Proposition 1.1. Up to working component-wise, we can and do assume that
X is irreducible, say of dimension dx. Since K € C, we have from the characterization
of coniveau (see e.g., [1, (1.2)]) that there exist a smooth projective variety ¥ (possibly
disconnected) of pure dimension dy = dx —n over K, and a K-morphism f : ¥ — X such
that

N" H*" " (X, Qe(n)) = Im(f : H' (Yg, Qo) = H™ M (Xg, Qe(n))).

Using Lemma 1.3 applied to Y, there exist a smooth projective curve C over K (possibly
disconnected) and a correspondence I' € CH'(C xk Y)q such that the composition

H' (Ce. Q) —5 H (Yo, Qo) —25 HPH (X, Qe(n))

has image N" H2"1 (X%, Q¢ (n)).

https://doi.org/10.1017/51474748018000245 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000245

Distinguished models of intermediate Jacobians 897

As recalled in Proposition A.1, there is a morphism g:C — Pic°C/K inducing

an isomorphism * = ('p)s : Hl(Pic‘éi e Q¢) — HY(Cg, Q). Observe that Picg i is
K

geometrically integral and admits a K-point. Lemma 1.3 yields a smooth geometrically

integral curve D/K endowed with a K-point, and a surjection H l(Df, Q) —

H! (Picz,? e Q¢) induced by a correspondence T over K. The composition

£ (Th)e 3
H'(Dg. Q) —p H'(Pic;,_z. Q) — H'(C. Q) —p H' (Y, Q) — N' B (X, Qu(n)),
induced by the associated composition of correspondences y, provides the desired
surjection

Vi Hl(Df, Q¢) —» N Hzn'H(Xf, Qe(n)).

Finally, the compatibility of the comparison isomorphisms in cohomology with
Gysin maps and the action of correspondences (see e.g., [1, §1.2]), or simply
rehashing the argument above after pull-back to C, establishes that the image
of the induced morphism of Hodge structures y, : H'(Dc, Q) — H*'*(Xc, Q(n)) is
N” H2”+1(X(C, Q) = H](Jaz”“(Xc, @)). Using the equivalence of categories between
polarizable effective weight-1 Hodge structures and complex abelian varieties, we see
that this morphism of Hodge structures is induced by a surjection of abelian varieties
Vs o J(Do) — I (Xo). O

2. Proof of Theorem A: Part I, descent of the image of the Abel-Jacobi map

In this section we establish the following theorem, proving the first part of Theorem A.

Theorem 2.1. Suppose X is a smooth projective variety over a field K € C, and let n
be a monnegative integer. Then the image of the Abel-Jacobi map Jaz”“(XC) admits
a distinguished model J over K such that the induced map AJ[N]: A"+1(X<C)[N] —
Jaz”Jrl (Xc)IN] on N-torsion is Aut(C/K)-equivariant for all positive integers N .

Moreover, there is a correspondence I' € CHI™D (1 5 o X) such that for each prime
number £, we have that T induces an inclusion of Gal(K)-representations

H' (J. Qo) s HP (X, Qo). (2.1)

with image N" H*"*1 (X%, Q¢(n)).

We will prove the theorem in several steps contained in the following subsections.

Remark 2.2. As explained below the statement of Theorem A, an abelian variety over
C may admit several models over K, if it admits any. However, it admits at most one
model over K such that the induced map AJ[N]: A"*'(Xc)[N] — Jazn“(X(c)[N] on
N-torsion is Aut(C/K)-equivariant for all positive integers N. Indeed, by Chow’s rigidity
theorem (see [10, Theorem 3.19]), an abelian variety A/C descends to at most one model
defined over K; moreover, there is at most one model of A defined over K that induces a
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given action of Gal(K) on the K-points of A. Therefore, since AJ[N]: A"t (X¢)[N] —
Jaz"H(X@)[N] is surjective for all N not divisible by a finite number of fixed primes
(this is a general fact about regular homomorphisms; see §3 and Lemma 3.2(b)), and
since torsion points of order not divisible by a finite number of fixed primes are dense,
the abelian variety Jaz"“Ll(X(c) admits at most one structure of a scheme over K such
that AJ[N] is Aut(C/K)-equivariant for all positive integers N not divisible by the finite
number of given primes. This is the sense in which Jazn“(XC) admits a distinguished
model over K.

2.1. Chow rigidity and L/K-trace: descending from C to K

The first step in the proof consists in using Chow rigidity and C/K-trace to descend the
image of the Abel-Jacobi map from C to K. We follow the treatment in [10], and refer
the reader to [1, § 3.3] where we review the theory in the setting we use here.

For the convenience of the reader, we briefly recall a few points. We focus on the
case where L/K is an extension of algebraically closed fields of characteristic 0. First, we
reiterate that by Chow’s rigidity theorem (see [10, Theorem 3.19]), an abelian variety B/L
descends to at most one model, up to isomorphism, defined over K. Given an abelian
variety B defined over L, while B need not descend to K, there is [10, Theorem 6.2,
Theorem 6.4, Theorem 6.12, p. 72, p. 76, Theorem 3.19] an abelian variety B defined
over K equipped with an injective homomorphism of abelian varieties o

EL%B

(together called the L/K-trace) with the property that for any abelian variety A/K, base
change gives an identification

Homap/k (A, B) = Homap, (AL, B)
fr>7tofL.

It follows that if there are an abelian variety A/K and a surjective homomorphism A; —
B, then t is surjective and hence an isomorphism; in other words, B descends to K
(as B).

Proof of Theorem 2.1, Step 1: Jaz’”‘l(X(C) descends to K. In the notation of Theorem
2.1, we wish to show that Ja2"+1(X<c) descends to an abelian variety over K. We have
shown in Proposition 1.1 that there exist a smooth projective geometrically integral curve
C/K, admitting a K-point, and a correspondence y € CH'T!(C x g X)q@, which induces
a surjection yy : J(Cc) — Jaz”“ (Xc). Thus from the theory of the (C/K)-trace, and the
fact that J(Cc) = J(Cx)c is defined over K, J?"*1(X¢) descends to K as its (C/K)-trace
g"“(X ©), and there is a surjective homomorphism of abelian varieties over K

Vs
- = 2n+1
J(Cg) ——» I (Xo).

Moreover, the Abel-Jacobi map on torsion AJ[N]: A" (Xc)[N] — J2"F(Xc)[N] is
Aut(C/K)-equivariant for all positive integers N. Indeed, Aut(C/K) acts trivially on
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Jaz"H(X(c)[N] = g"H(X(c)[N] and it also acts trivially on A"*1(X¢)[N] by Lecomte’s
rigidity theorem [20] (see e.g., [1, Theorem 3.8(b)]). O

2.2. Descending from K to K

In the notation of Theorem 2.1, we have found a smooth projective geometrically integral
curve C/K, admitting a K-point, and a correspondence y € CH"t1(C xg X)@ inducing
a surjective homomorphism of abelian varieties over K

ﬁ
0—— P —— J(Cg) ;»gl“(x@) —0 (2.2)

where P is defined to be the kernel. We will show that g"“(X(c) descends to an abelian
variety J over K by showing that P descends to K, using the following elementary
criterion.

Lemma 2.3. Let A/K be an abelian variety over a perfect field K, let Q/K be an
algebraically closed extension field, and let A = Aq. Suppose that B C A is a closed
subgroup scheme. Then Breq descends to a subgroup scheme over K if and only if, for
each natural number N, we have B[N)(RQ) is stable under Aut(Q/K). O

Proof. It is well known that, since the fixed field of Q under Aut(2/K) is K itself,
a subvariety W of A descends to K if and only if W(Q) is stable under Aut($2/K)
(e.g., [23, Proposition 6.8]). In fact, to show W descends to K it suffices to verify that
there is a Zariski-dense subset S C W(2), which is stable under Aut(2/K). (Indeed, if
o € Aut(Q2/K), then W9 contains the Zariski closure of 7, which is W itself.) Now use
the fact that, over an algebraically closed field, torsion points are Zariski-dense in any
abelian variety or étale group scheme. O

Proof of Theorem 2.1, Step 2: £"+1(X<C) descends to K. We wish to show that the
abelian variety éi”“ (Xc) over K, obtained in Step 1 of the proof, descends to an abelian
variety over K. In the notation of Step 1, let P be the kernel of y;, as in (2.2). We use

the criterion of Lemma 2.3 to show that P descends to K. To this end, let N be a natural
number. We have a commutative diagram of abelian groups:

P[N]
/
Pc[N]
J(Cg)IN] = H} (Cg. wn)

/ é*,N /

J(Co)[N] e H,,(Cc. ) ly

Va J2" N (Xo)N] Ve HIH (X, n 5y
=

JPHXOINT < T (Xo)IN] = H2H (X, niy ")
' (2.3)
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Here, the identification J2'*!(X¢)[N] = H2' ! (X, ”%(nﬂ)) is given by the definition of
the intermediate Jacobian J?'"+1(X¢), since HZ'T!(X¢, ;L%("'H)) = H? "\ (X¢, Z/nZ) =
Hazr'{“(X(C, %Z/Z). The key point then is that, by commutativity, the composition of
arrows along the back of the diagram

~ Y«,N
J(CRINT —= H}, (C, mn) — HIH (X, n5" ™)) (2.4)

has the same kernel as the arrow y e namely P[N]. Moreover, each arrow of the
=,
composition (2.4) is Gal(K)-equivariant. Therefore, P[N] = ker y N is Gal(K)-stable for
=,
each N, and P descends to K. Therefore the abelian variety éi”'“(Xc) over K admits a

model J over K such that the K-homomorphism Y 1 J(Cg) — éﬁ"“ (Xc) descends to a
K-homomorphism f : J(C) — J. o O

2.3. The Abel-Jacobi map is Galois-equivariant on torsion

In the notation of Theorem 2.1, we have so far established that JaZ”Jrl (X¢) descends to an
abelian variety J over K. We now wish to show that with respect to this given structure
as a K-scheme, the Abel-Jacobi map on torsion

AJ : A"TH(X)[N] —— J2"H (X )[N] = J[N] (2.5)

is Aut(C/K)-equivariant. In Step 1, we already showed that AJ is Aut(C/K)-equivariant
when restricted to torsion. Therefore, in order to conclude, it only remains to prove that
the map AJ : A”'H(Xf)[N] — J[N] is Gal(K /K)-equivariant.

For future reference, we have the following elementary lemma.

Lemma 2.4. Let G be a group and let A, B,C be G-modules. Let ¢ : A — B and
Y : B — C be homomorphisms of abelian groups. We have:

1 If ¢ is surjective and if ¢ and ¥ o are G-equivariant, then v is G-equivariant.

2 If ¥ is injective and if ¥ and ¥ o ¢ are G-equivariant, then ¢ is G-equivariant. [
Proof of Theorem 2.1, Step 3: The Abel-Jacobi map is equivariant on torsion.
Fix J/K to be the model of Ja2"+1(X(c) from Step 2. We wish to show that for
any positive integer N, the restriction (2.5) of the Abel-Jacobi map to N-torsion is
Aut(C/K)-equivariant. As mentioned above, it only remains to prove that the map
AJ : A"THXE)INT — gnﬂ(x(c)w] is Gal(K /K )-equivariant.

For this, observe that the Bloch map A"l : A"tI(X2)[N] — Hézt"'H(Xf, u%(nﬂ))

is Galois-equivariant, since it is constructed via natural maps of sheaves, all of which

have natural Galois actions. Moreover, on torsion the Bloch map factors through the
Abel-Jacobi map. Indeed, over C, we have [6, Proposition 3.7

AJ[N]

A AT (X Q)N JeIN1S HE ™ (Xe, ng™™).
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Using rigidity for torsion cycles [20], rigidity for torsion on abelian varieties, and proper
base change, we obtain the analogous statement over K:

AJ[N]
)\n+1 An+1(XF)[N] — JF[N]( Héztn-‘r] (Xfa ﬂ%(n+l)).

As described in (2.3), the inclusion Jg[N]<— Hg{'“(Xf, u%(n'H)) is also Galois-
equivariant. By Lemma 2.4(b), we find that AJ[N] is Galois-equivariant. O

2.4. The Galois representation

We now conclude the proof of Theorem 2.1 by constructing the correspondence I' €
CHYM)+1 (] » ¢ X) inducing the desired morphism of Galois representations.

Proof of Theorem 2.1, Step 4: The Galois representation. Let J/K be the model of
Jaz"H (Xc) from Step 2 (which was shown to be distinguished in Step 3; see Remark 2.2).
We will now construct a correspondence I' € CHI™)+ (7 % ¢ X) such that for each prime
number £, the correspondence I' induces an inclusion of Gal(K)-representations

H' (J. Q) s H2H (X2, Qo (),

with image N" H>" (X &, Q¢ (n)).

Let C and y e CH""I(C xg X)g be the smooth, geometrically integral, pointed
projective curve and the correspondence provided by Proposition 1.1. As we have seen
(in Steps 1 and 2 of the proof of Theorem 2.1), y induces a surjective homomorphism
of complex abelian varieties J(Cc) — JGZ”H(X@) that descends to a homomorphism
f :J(C) — J of abelian varieties defined over K. Consider then the composite morphism

Ib*

H' (. Q0 L B (1 (O Q) 255 H (€. Qo) —2 B2 (X, Qe()). (2.6)
where alb : C — J(C) denotes the Albanese morphism induced by the K-point of C. This
morphism is clearly injective and induced by a correspondence on J xg X, and we claim
that its image is N H2"+! (X%, Q¢(n)). Indeed, the complexification of (2.6) together
with the comparison isomorphisms yields a diagram:

H' 72 (X0), 9 YL B (1 0)c, @ D B (e, @) 5 HPH (X, Q).

(2.7)
where (albc)* o (fr)* is easily seen to be the dual (via the natural choice of polarizations)
of (yc)s. Since the Hodge structure H'(Cc, Q) is polarized by the cup product, we
conclude by [1, Lemma 2.3] that the image of (2.7) is equal to the image of (y¢)«, that
is, to N" H*"*1(X¢, Q(n)). Invoking the comparison isomorphism settles the claim.

This completes the proof of Theorem 2.1. O

3. Proof of Theorem A: Part II, regular homomorphisms and torsion points

In order to upgrade Theorem 2.1 to a statement about equivariance for arbitrary cycle
classes, we reconsider and extend the theory of reqular homomorphisms. Given a smooth
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projective complex variety X, a fundamental result of Griffiths [15] (and also [14, p. 826])
is that the Abel-Jacobi map AJ : A""(X) — J(%"“(X) is a regular homomorphism.
This means that for every pair (7, Z) with T a pointed smooth integral complex variety,
and Z € CH (T x X), the composition

T(C) —22s Al(X) —2s J2H(X)

is induced by a morphism of complex varieties ¢z : T — Jaz’”“l(X), where, if 7y € T (C)
is the base point of T, wyz : T(C) — Ai(X) is given by 1+ Z; — Zyy; here Z; is the
refined Gysin fiber. Likewise, one defines regular homomorphisms for smooth projective
varieties defined over an arbitrary algebraically closed field. We direct the reader
to [1, §3] for a review of the material we use here on regular homomorphisms and
algebraic representatives, and to [1, §4] for the notion of a Galois-equivariant regular
homomorphism. In this section we provide some results regarding equivariance of regular
homomorphisms; the main results are Propositions 3.5 and 3.8.

3.1. Preliminaries

We will utilize the following facts.

Proposition 3.1 [2, Theorem 2|. Let X/K be a scheme of finite type over a perfect field K .
If a € CH' (X%) is algebraically trivial, then there exist an abelian variety A/K, a cycle
Z € CH' (A xg X), and a K-point t € A(K) such that « = Z, — Zy. ]

Proof. We have shown in [2, Theorem 2] that there exist an abelian variety A’/K, a
cycle Z' on A’ xg X, and a pair of K-points 1,1y € A’(K) such that a = Z,’1 - Z;O. Let
P13, p3 i A xg A/ xg X — A’ xg X be the obvious projections. Let Z be defined as the
cycle Z := pf,Z' — p33Z" on A’ xg A’ xg X. For points 11, 1o € A'(K), we have Z, 1) =
Zj, — Z;,. Thus setting A = A" xg A’, we are done.

Lemma 3.2. Let X be a scheme of finite type over an algebraically closed field k, and let
A/k be an abelian variety.

1 Let Z € CH (A xi X). The map wyz : A(k) — A (X) is a homomorphism on torsion;
more precisely, for each natural number N, wz restricted to A(k)[N] gives a
homomorphism wz[N]: A(k)[N] - A" (X)[N].

2 Let ¢ : AL(X) — A(k) be a surjective reqular homomorphism. There exists a natural

number r such that for any natural number N coprime to r, ¢ is surjective on
N-torsion; i.e., p[N]: AL (X)[N] - A(k)[N] is surjective.

Proof. (a) Since wyz factors as A(k) SN Ag(A) s, Al (X), where t(a) := [a] —[0], and
Z is the group homomorphism induced by the action of the correspondence Z, it suffices
to observe that t is a homomorphism on torsion. In fact, t is an isomorphism on torsion
[4, Proposition 11, Lemma p. 259] (which is based on [5, Theorem (0.1)] and [28]).

(b) By [24, Corollary 1.6.3] (see also [1, Lemma 4.9]) there exists a Z € CH' (A x; X)

so that the composition ¢z : A(k) R\ (X) i) A(k) is induced by r-Ids for some
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integer r. Let N be any natural number coprime to r. Then ¥z[N] is surjective, and
therefore it follows from (a) that ¢[N] is surjective. O

Remark 3.3. Note that the proof of Lemma 3.2(b) actually shows that for all N, we have
a surjection AH(X)[rN] — A(k)[N]. In particular, a surjective regular homomorphism
¢ : A'(X) - A(k) (e.g., the Abel-Jacobi map) induces a surjective homomorphism
AN (X)iors — A(K)rors ON torsion.

3.2. Algebraically closed base change and equivariance of regular
homomorphisms

In this section we will utilize traces for algebraically closed field extensions in arbitrary
characteristic. The main results of this paper focus on the characteristic 0 case, which we
reviewed in § 2.1. The properties of the trace that we utilize here in positive characteristic
are reviewed in [1, §3.3.1]; the main difference is that we must potentially keep track of
some purely inseparable isogenies.

Lemma 3.4. Let Q/k be an extension of algebraically closed fields, and let X be a smooth
projective variety over k. Let A be an abelian variety over Q and let ¢ : Al(Xq) —
A(R) be a surjective regular homomorphism. Setting t : A — A to be the Q2/k-trace
of A, we have that t is a purely inseparable isogeny, whzch 18 an isomorphism in
characteristic 0. Moreover, there is a reqular homomorphism (¢)q : Al(Xq) — éQ(Q)

making the following diagram commute:

@)
Al Xq) —— A (Q)

” :lt(g) (3.1)
¢
Al(Xq) — A(Q).

Proof. Let us start by recalling some of the set-up from [1, Theorem 3.7]. First,
consider the regular homomorphism ¢ : A’ (X) — A(k) constructed in Step 2 of the proof

[1, Theorem 3.7]. It fits into a commutative diagram [1, (3.9)]:

4 ¢
AN(X) — Ak
l base change
base change AQ (2)

lz(sz)
Al(Xe) —2— AQ).

Since we are assuming that ¢ : A (Xq) — A() is surjective, Step 3 of the proof of
[1, Theorem 3.7] yields that ¢ : Al(X) — A(k) is surjective, and that 7 :ég — Aisa
purely inseparable isogeny, and thus an isomorphism in characteristic 0. In particular,
T(2) :éQ(Q) — A(R2) is an isomorphism.
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Now consider the regular homomorphism ¢> AN (Xg) > A (Q) constructed in Step 1

of the proof of [1, Theorem 3.7], which by loc cit. is surJectlve We can therefore fill in
diagram (3.2) to obtain:

¢
AN(X) —— A(h)

base changel l base change

@
Al(Xq) — A (Q)

” :lr(sz)

Al(Xe) —2 AQ).

We claim that (3.3) is commutative. To start, the commutativity of the top square is
established in Step 1 of the proof of [1, Theorem 3.7], and we have already confirmed the
commutativity of the outer rectangle, above. For the bottom square we argue as follows.

By rigidity for torsion cycles on X ([17, 20]; see also [1, Theorem 3.8(b)]) and for
torsion points on A, the vertical arrows in diagram (3.3) are isomorphisms on torsion.
A little more naively (i.e., without using [17]), one can simply fix a prime number ¢ not
equal to chark, and consider torsion to be £-power torsion, and the rest of the argument
goes through without change. The top square and outer rectangle are commutative, and
thus (3.3) is commutative on torsion. Now let @ € A'(Xgq). By Weil [29, Lemma 9] (e.g.,
Proposition 3.1) there exist an abelian variety B/, a cycle class Z € CH! (B xq Xq),
and an Q-point t € B(R2) such that « = Z; — Zy. Then consider the following diagram
(not a priori commutative):

(@)
B(2) A (X@) — A (Q)

1. (3.4)
H I |

B(2) A Xq) —— A(Q).
The left-hand square is obviously commutative. We have shown that the right-hand
square is commutative on torsion. The horizontal arrows on the left send torsion points to
torsion cycle classes (Lemma 3.2(a)). Therefore the whole diagram (3.4) is commutative
on torsion. Since torsion points are Zariski-dense in abelian varieties, the diagram is
commutative if we replace A’ (Xq) with Im(wz). Since « € Im(wy), we see that (7(2)o
(@) (@) = ¢(a). Thus, since o was arbitrary, the lemma is proved. O

Proposition 3.5. Let Q/k be an extension of algebraically closed fields of characteristic 0,
and let X be a smooth projective variety over k. Let A be an abelian variety over Q and
let ¢ : Al(Xq) — A(Q) be a surjective reqular homomorphism. Then A admits a model
over k, the Q/k-trace of A, such that ¢ is Aut(2/k)-equivariant.

Proof. This follows directly from Lemma 3.4. Indeed, by the construction of (¢)q in
Step 1 of [1, Theorem 3.7], (@) is Aut(2/k)-equivariant. Then, since t :ég — Ais an
isomorphism, we are done. O
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Remark 3.6. More generally, if chark # 0, then in the notation of Proposition 3.5, the
abelian variety A admits a purely inseparable isogeny to an abelian variety over Q that
descends to k, namely the Q/k-trace. Moreover, under this purely inseparable isogeny,
the Q-points of both abelian varieties are identified, and under the induced action of
Aut(2/k) on A(R2), we have that ¢ is Aut(2/k)-equivariant.

3.3. Galois-equivariant regular homomorphisms and torsion points

The main point of this subsection is to prove Proposition 3.8. This allows us to utilize
results of [1] on regular homomorphisms in the setting of torsion points. We start with
the following lemma.

Lemma 3.7. Let A be an abelian variety over a perfect field K and let ¢ : Ai(Xf) —
A(K) be a reqular homomorphism. Assume that there is a prime £ # char(K) such
that for all positive integers n we have that the map ¢[€"] : Ai(Xf)[Z"] — A[L"] is
Gal(K)-equivariant. Let B/K be an abelian variety and let Z € CH!(B xk X) be a cycle
class. Then the induced morphism Yz, : By — Ag is defined over K.

Proof. Since (geometric) ¢-primary torsion points are Zariski-dense in the graph of
Vze inside B xg A, it suffices to show that the induced morphism B(K) — A(K)
is Galois-equivariant on f-primary torsion. Since the map wy : B(K) — Al (X%) is
Galois-equivariant and since ¢ : A’ X%) — A(K) is Galois-equivariant on £"-torsion for
all positive integers n, it is even enough to show that the map wz : B(K) - A'(X%)
sends torsion points of B(K) to torsion cycles in A’ (X%)- This is Lemma 3.2(a). O

We can now prove the following proposition.

Proposition 3.8. Let A be an abelian variety over a perfect field K and let ¢ : Al X% —
A(K) be a reqular homomorphism. Assume that there is a prime £ # char(K) such that for
all positive integers n the map ¢[€"] : Al (Xp[€"] — A[e"] is Gal(K)-equivariant. Then
¢ is Gal(K)-equivariant.

Proof. Let o € A"(Xf)7 and let o € Gal(K). From Proposition 3.1, we have an abelian
variety B/K, a cycle Z € CH' (B xg X), and a K-point r € B(K) such that « = Z; — Zj.
Now consider the following diagram (not a priori commutative):

B(K) —K, Al(Xg) —2— AK)

* * *
a,gl le ”Al

BE) — 55 Al(Xp) —2 A,

Since Z is defined over K, and the base point 0 is defined over K, the left-hand square is
commutative (e.g., [1, Remark 4.3]). It follows from Lemma 3.7 that the outer rectangle is
also commutative. Therefore, from Lemma 2.4(a), the right-hand square in the diagram
is commutative on the image of wz,. In particular, ¢ (oxa) = op¢(a). O
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4. Proof of Theorem A: Part III, the coniveau filtration is split

We now complete the proof of Theorem A by showing that the coniveau filtration is split
(Corollary 4.4). For this purpose, we use Yves André’s theory of motivated cycles [3].
Along the way, we show in Theorem 4.2 that the existence of a phantom isogeny class
for N" H 2"‘H(Xf, Q¢ (n)) for all primes £ follows directly from André’s theory. Note that
we already proved this in Theorem 2.1 in a more precise form, namely by showing that
there exists a distinguished phantom abelian variety within the isogeny class.

For clarity, we briefly review the set-up of André’s theory of motivated cycles, and
fix some notation. Given a smooth projective variety X over a field K and a prime
¢ # char(K), let us denote by B/ (X)g the image of the cycle class map CHj(X)Q —
H? (X%, Qe(j)). A motivated cycle on X with rational coefficients is an element of the
graded algebra @, H” (X%, Q¢(r)) of the form pr, (e Ux*p), where @ and B are elements
of B¥(X x g Y)g with Y an arbitrary smooth projective variety over K, pr: X xx ¥ — X
is the natural projection, and * is the Lefschetz involution on P, H¥ (X xk Yz, Qe(r))
relative to any polarization on X xg Y. The set of motivated cycles on X, denoted
as B} ((X)q, forms a graded Q-subalgebra of P, HZ’(XE, Q¢(r)), with Bl (X)g S
H* (X% Q¢(r)); cf. [3, Proposition 2.1]. Taking ¥ = Spec K above, we have an inclusion
B"(X)g S B, (X)g. Moreover, there is a notion of motivated correspondences between
smooth projective varieties, and there is a composition law with the expected properties.

Proposition 4.1. Let Y and X be smooth projective varieties over a field K € C. Consider

a motivated cycle y € Brdnyofr(Y xg X)g and its action

Ve o HI (Y, Qo) —— HIT7 (X, Qq(r)) .

Then Im(yy) (resp. ker(ys)) is a direct summand of the Gal(K)-representation
HIT (X, Qe(r)) (resp. HY (Yg, Qo).

Proof. We are going to show that if y € Bdrtr

mot (¥ Xk X)q is a motivated correspondence,

then there exists an idempotent motivated correspondence p € Bfr’l’ot(Y xk Y)g such
that pyH/ (Y7, Q¢) = ker(yy). Assuming the existence of such a p, this would establish
that ker(y,) is a direct summand of H’/ (Y=, Q) as a Qg-vector space. But then by
[3, Scolie 2.5], motivated cycles on a smooth projective variety ¥ over K are exactly the
Gal(K)-invariant motivated cycles on Y%; therefore ker(y,) is indeed a direct summand
of H/ (Y%, Q) as a Gal(K)-representation, completing the proof. The statement about
the image of y, follows by duality.

The existence of p follows formally from [3, Theorem 0.4]: the ®-category of
pure motives .# over a field K of characteristic zero obtained by using motivated
correspondences rather than algebraic correspondences is a graded, abelian semi-simple,
polarized, and Tannakian category over Q. Indeed, using the notations from [3, §4]
and viewing y as a morphism from the motive h(¥) to the motive h(X)(r), we
see by semi-simplicity that there exists an idempotent motivated correspondence p €
B‘é’l’ot(Y x g Y)g such that ker(y) = ph(Y). Now the Tannakian category .# is neutralized
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by the fiber functor to the category of Qg-vector spaces given by the £-adic realization
functor. Since by definition a fiber functor is exact, p«H’(Yg, Q¢) = ker(ys) as Q¢-vector
spaces. ]

Theorem 4.2. Suppose X is a smooth projective variety over a field K € C, and let
n be a nonnegative integer. The Gal(K)-representation N H¥'*1(X=, Qu(n)) admits a
phantom; more precisely there exist an abelian variety J' over K and a correspondence
I e CHIM 41 (7' o X) such that the morphism of Gal(K)-representations

s H' (e, Qo) —— H* ' (X, Qe(n)) (4.1)

is split injective with image N* H*" (X, Q¢ (n)).

Proof. Let C and y € CH""(C xg X)@ be the pointed curve and the correspondence
provided by Proposition 1.1. By Proposition 4.1 and its proof, there is an
idempotent motivated correspondence g € Bllnot(C x g C)q such that q*Hl(Cf, Qo) AN
H 2”"rl(Xf, Q¢(n)) is a monomorphism of Gal(K)-representations with image
N" H?"1(X%, Qq(n)), which is itself a direct summand of H*'*! (X, Q¢(n)).

Now we claim that for smooth projective varieties defined over a field of characteristic
zero, we have B%not(—)Q = Bl(—)@. Over an algebraically closed field of characteristic
zero this is a consequence of the Lefschetz (1, 1)-theorem. Over a field K of characteristic
zero, the claim follows from the following two facts: (1) if ¥ is a smooth projective variety
over K, then B"(Y)q consists of the Gal(K)-invariant classes in B" (Y%)g by a standard
norm argument, and similarly (2) Bl . (Y)q consists of the Gal(K)-invariant classes in
Bl .« (Yg)o by [3, Scolie 2.5].

Therefore the motivated idempotent g is in fact an idempotent correspondence in
BI(C xx C )@, and thus defines, up to isogeny, an idempotent endomorphism of Pic®(C).
Its image J’, which is only defined up to isogeny, is the sought-after abelian variety
such that q*Hl(CE, Qo = H](J’f, Q¢). Composing the transpose of the graph of the
morphism C < Pic°(C) —» J' with the algebraic correspondence y yields the desired
correspondence I'" € CHIM/'+1( 7/ » ¢ X). O

Remark 4.3. The main difference from [1, Theorem 2.1] is that we do not know if the
splitting in Theorem 4.2 is induced by an algebraic correspondence over K. In that
respect [1, Theorem 2.1] is more precise.

A nice consequence of Proposition 4.1 is the following.

Corollary 4.4. Let X be a smooth projective variety over a field K € C. The geometric
coniveau filtration on the Gal(K)-representation H" (X, Q) is split.

Proof. Let r be a nonnegative integer. Using the coniveau hypothesis, resolution of
singularities, mixed Hodge theory, and comparison isomorphisms, there exist a smooth
projective variety Y of dimension dim X — r over K and a morphism f : Y — X such that
the induced morphism of Gal(K)-representations

fet H2 (Y, Qe(—r)) — H" (X7, Q)
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has image N" H" (X, Q¢); see e.g., [16, Sec. 4.4(d)]. The splitting of the coniveau filtration
follows from Proposition 4.1 and the Krull-Schmidt theorem. O

Proof of Theorem A. Everything except for the splitting of the inclusion (0.1) in
Theorem A is shown by combining Theorem 2.1 with Propositions 3.5 and 3.8. The
splitting follows from Corollary 4.4. O

5. A functoriality statement

Recall that if X and Y are smooth projective varieties over a field K € C, and we
are given a correspondence Z € CH""+4mX (¥ » 1 y), then Z induces functorially a
homomorphism of complex abelian varieties

Vze 0 (Xe) — 1" (Vo)
that is compatible with the Abel-Jacobi map.

Proposition 5.1. Denote by J and J' the distinguished models of JaZ”H(X(c) and
Jaz’”“(Y(c) over K. Then the homomorphism Yz descends to a K-homomorphism of
abelian varieties ¥z : J — J'.

In particular, given a morphism f : X — Y defined over K, the graph of f and its
transpose induce homomorphisms

. r2n+1 2(n—dim X+dim Y)+1 % . y2n+1 2n+1
f*.JX/K — Jyk and f “yixk = Iy

This makes our descent functorial for morphisms of smooth projective varieties over K .

Proof. By Theorem A, the Abel-Jacobi map AJ:A""(X¢) — J2"(Xc) is
Aut(C/K)-equivariant. Applying Lemma 2.4(a) to the commutative square

An+1(X(C) L) Ja2n+1(X(C)

(ZC){ JW@

Am+l(YC) L» ij—H(YC)

shows that vz is Aut(C/K)-equivariant. From the theory of the C /K -trace, Yz descends
to a morphism 1//Z : 5"“()(@) — gmH(Y(C) over K. Then the Aut(C/K)-equivariance
=, C . o
of ¥z, on C-points implies 1//2 is Gal(K /K)-equivariant on K-points, and so descends
=Zc

from K to K. Alternately, Yz descends to K simply by C/K-descent. O

Remark 5.2. Proposition 5.1 could have been proved earlier by using Theorem 2.1,
together with the fact (see Lemma 3.2(b)) that AJ[N]: A" (X¢)[N] — J2 (X )[N]
is surjective for all N not divisible by a finite number of fixed primes and the fact that
torsion points on an abelian variety of order not divisible by a finite number of fixed
primes are dense.
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6. Deligne’s theorem on complete intersections of Hodge level 1

We recapture Deligne’s result [11] on intermediate Jacobians of complete intersections
of Hodge level 1 (Deligne’s primary motivation was to establish the Weil conjectures for
those varieties; of course Deligne established the Weil conjectures in full generality a few
years later):

Theorem 6.1 (Deligne [11]). Let X be a smooth complete intersection of odd dimension
2n+1 over a field K € C. Assume that X has Hodge level 1, that is, h?9(Xc) =0 for
all |p—q| > 1. Then the intermediate Jacobian J*1(X¢) is a complex abelian variety
that is defined over K.

Proof. First note that the assumption that X has Hodge level 1 implies that the cup
product on H*'*(Xc,Z) endows the complex torus J2"t!(X¢) with a Riemannian
form so that J2"t1(X¢) is naturally a principally polarized complex abelian variety.
Deligne’s proof that this complex abelian variety is defined over K uses the irreducibility
of the monodromy action of the fundamental group of the universal deformation of X on
H?t1(Xc, Q) and on H?H (X, Z/¢) for all primes ¢. Here, we give an alternate proof
based on our Theorem A.

Denote by V,,(ay, ..., ax) a smooth complete intersection of dimension n of multi-degree
(ai,...,ay) inside P"**. A complete intersection X of Hodge level 1 of odd dimension
is one of the following types: Va,41(2), Van+1(2,2), Von+1(2,2,2), V3(3), V3(2, 3), V5(3),
V3(4); see for instance [27, Table 1]. In the cases where X is one of the above and X
has dimension 3, then X is Fano and as such is rationally connected, and therefore
CHo(Xc) =Z. In all of the other listed cases, it is known [25, Corollary 1] that
CHo(Xc)q, - - ., CH,—1(Xc)q are spanned by linear sections. By [13, Theorem 3.2], which
is based on a decomposition of the diagonal argument [7], it follows that if X is a
complete intersection of Hodge level 1, then the Abel-Jacobi map A" (Xc) — J2*t1(X¢)
is surjective, i.e., J2'F1(Ve) = J2"+1 (V). Theorem 2.1 implies that the complex abelian
variety J?"*t1(X¢) has a distinguished model over K. O

7. Albaneses of Hilbert schemes

Over the complex numbers, the image of the Abel-Jacobi map is dominated by Albaneses
of resolutions of singularities of products of irreducible components of Hilbert schemes.
Since Hilbert schemes are functorial, and in particular defined over the field of definition,
and since the image of the Abel-Jacobi map descends to the field of definition, one might
expect this abelian variety to be dominated by Albaneses of resolutions of singularities of
products of irreducible components of Hilbert schemes defined over the field of definition.
In this section, we show this is the case, thereby proving Theorem B. Our approach utilizes
the theory of Galois-equivariant regular homomorphisms, and consequently, we obtain
some related results over perfect fields in arbitrary characteristic.
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7.1. Regular homomorphisms and difference maps

In this section we give an equivalent theory of regular homomorphisms and algebraic
representatives that does not rely on pointed varieties.

Let X/k be a smooth projective variety over the algebraically closed field k, let T/k
be a smooth integral variety and let Z be a codimension-i cycle on T x; X. Let pi3, p23 :
T x; T xx X — T Xy X be the obvious projections. Let Z be defined as the cycle

on T x; T x; X. For points t1, tg € T (k), we have Z(,l),o) = Z; — Zy,. We therefore have a
map

(T x; T)(k) —2— Al(X) (7.1)

(t17 tO) — Ztl - Zt()-

Lemma 7.1. Let X/k be a smooth projective variety over an algebraically closed field
k, and let A/k be an abelian variety. A homomorphism of groups ¢ : A'(X) — A(k) is
regular if and only if for every pair (T, Z) with T a smooth integral variety over k and
Z € CH\(T x X), the composition

(T xx TY(k) —2— Al(X) —— A

1s induced by a morphism of varieties €z : T x3x T — A.

Proof. If ¢ : A/(X) — A(k) is a regular homomorphism to an abelian variety, then ¢ o y
is induced by a morphism of varieties T x; T — A; indeed after choosing any diagonal
base point (ty, t9) € (T X T)(k), the maps ¢poyz and Powz 1) agree. Conversely,
suppose ¢ o yz is induced by a morphism &z of varieties, and let #y € T' (k) be any base
point. Let ¢ be the inclusion ¢t : T — T x {to} C T x T. Then wz s, = yzli(1), and powz
is induced by the morphism &z o . O

Now suppose that X is a smooth projective variety over K, that T is a smooth integral
quasiprojective variety over K, and that Z is a codimension-i cycle on T x ¢ X. The cycle
Z=pZ—pnZonT xgT xk X is again defined over K.

Lemma 7.2. Let K be a perfect field, suppose X, Z and T are as above, and let A/K be an
abelian variety. If ¢ : A'(X%) — A(K) is a Gal(K)-equivariant regular homomorphism,
then the induced morphism §20 (T xg T)g — Ag s also Gal(K)-equivariant on

K -points, and thus §z- descends to a morphism §z : T xg T — A of varieties over K.

Proof. For each o € Gal(K) there is a commutative diagram: (see [1, Remark 4.3])

(T xx T)(K) L A'(X%) ¢ A(K)

* % *
J/UT xT l"’x J/UA

(T xx T)(K) yz?—mf(xf) ¢—>A(E).

Now ¢ is Gal(K)-equivariant by hypothesis, and yz, is Gal(K)-equivariant since Z T
and X are defined over K. Consequently, &7, is Gal(K)-equivariant, as claimed. O
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7.2. Albaneses of Hilbert schemes and the Abel-Jacobi map

We are now in a position to prove the following theorem, which will allow us to prove
Theorem B.

Theorem 7.3. Suppose X is a smooth projective variety over a perfect field K, and let n
be a nonnegative integer. Let A/K be an abelian variety defined over K, and let

¢ : A" (Xg) —» Ax(K)

be a surjective Galois-equivariant reqular homomorphism. Then there are a finite number
of irreducible components of the Hilbert scheme Hilb’;("/_}( parameterizing codimension-
(n+1) subschemes of X/K, so that by taking a finite product H of these components,
and then denoting by Albﬁ/K the Albanese variety of a smooth alteration H of H, there
s a surjective morphism

Albg x —» A (7.2)

of abelian varieties over K .
Proof. Let Z be the cycle on A xg X from [1, Lemma 4.9(d)] so that the composition

AK) —Zs A (Xp) —2 s AK)

is induced by the K-morphism r-Id : A — A for some positive integer r.

Now using the Bertini theorem, let C be a smooth projective curve that is a linear
section of A passing through the origin (so it has a K-point), and such that the inclusion
C < A induces a surjective morphism Jc g — A. Denote again by Z the refined Gysin
restriction of the cycle Z to C. We have a commutative diagram:

J— J— W J—
C(K)C A(K) —= A"H(Xf) ¢—»A(K) . (7.3)
]C/K(?) rId
Discarding extra components, we may assume that Z is flat over C. Write Z =
> LV —Zj VY, where VD, ., V@) are (not necessarily distinct) integral

components of the support of Z, which by assumption are flat over C. Let Hilbg‘(//) x be
the component of the Hilbert scheme, with universal subscheme UY) C Hilbg(j/) x Xk X
such that V) is obtained by pull-back via a morphism f@.c— Hllbg{/)K Let H =

H’;’;lHllbg{/)K, and let Uy := Z 1 P Uy — Z/ 1P UY), where prj: H— Hllbg{/)K
is the natural projection. There is an induced morphlsm f:C — H and we have
Z = f*Uy; the pull-back is defined since all the cycles are flat over the base.

Now let v: H — H be a smooth alteration of H and let U = v*Up. Let uw: C — Cbe
an alteration such that there is a commutative diagram:

[y
|
C —— H.
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Let Z = u*Z. We obtain maps

~ ~ — ~ ~ — YUz _
(€ xx O)Y(K) —— (H xx F)(E) —— A™ (Xz) 2 AK).
By Lemma 7.2, these descend to K-morphisms
~ ~ ~ ~ &
CxxC— HxgH——A.
Recall that if W/K is any variety, then there exist an abelian variety Albw,x and a torsor

Alb%,v /K under Alby,k, equipped with a morphism W — Alb]W /K> which is universal for
morphisms from W to abelian torsors. Taking Albanese torsors we obtain a commutative

diagram:
~ ~ ~ ~ Er
C xgCC HxgH L A
1 1 1 1
Albg/K XK Alb@/l{ —)Albﬁ/K XK Albﬁ/K

¢

Jeyk Xk Jeyk

1 \
CxgC A.

§z

The surjectivity of the map Je/x xx Jcyxk — A follows from (7.3). A diagram chase
then shows that the map Alblﬁ/K XK Alb};/K — A is surjective. In general, if T is a

torsor under an abelian variety B/K, and if T — A’ is a surjection to an abelian variety,
then there is a surjection B — A’ over K. (Indeed, the surjection T — A’ induces an
inclusion Pic%/ K Pic(} /K but Picg/ /K is isogenous to A’, while Pic(} /K is isogenous to
B.) Applying this to the surjection Alb}q/K XK Alblﬁ/K — A, we obtain the surjection
Albg x Xk Albg, g — A. Theorem 7.3 now follows, where the H in (7.2) is the product
H x K H considered here. O]

We now use Theorem 7.3 to prove Theorem B.

Proof of Theorem B. Recall the fundamental result of Griffiths [14, p. 826] asserting
that the Abel-Jacobi map AJ:A""'(X¢) — Jaz”“ (Xc) is a surjective regular
homomorphism. By Theorem A and its proof, Jaz"+1 (Xc) descends uniquely to an abelian
variety J/K such that the surjective regular homomorphism AJ : A”‘H(Xf) — Jr
defined in the proof of Lemma 3.4 is Galois-equivariant. Now employ Theorem 7.3. [

Proof of Corollary C. A uniruled threefold has a Chow group of zero-cycles supported
on a surface. A decomposition of the diagonal argument [7] shows that the threefold has
geometric coniveau 1 in degree 3. O

Theorem 7.3 also gives the following result for algebraic representatives.
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Corollary 7.4. Let X be a smooth projective variety over a perfect field K, let Q/K be
an algebraically closed field extension, with either Q@ = K or char(K) =0, and let n be
a nmonnegative integer. Assume there is an algebraic representative ¢’S‘2+1 AN (X ) —
A" (XQ)(Q) (e.g., n=0, 1, ordimX —1).

Then the abelian variety Ab"T!(Xq) descends to an abelian variety &”H(Xf) over K,
and there are a finite number of irreducible components of the Hilbert scheme Hilb';("/’}(
parameterizing codimension-(n + 1) subschemes of X/K , so that by taking a finite product
H of these components, and then denoting by Albg g the Albanese of a smooth alteration
H of H, there is a surjective morphism Albﬁ/K —» A_b"“(Xf) of abelian varieties over
K.

Proof. The fact that Ab"*'(Xgq) descends to K to give Ab”H(Xf) is proven in
[1, Theorem 3.7]. It is then shown in [1, Theorem 4.4] that Ab"*!(X%) descends to
an abelian variety over K and that the map ¢%+l :A"'H(Xf) — Ab”“(Xf)(F) is
Gal(K)-equivariant. Therefore, we may employ Theorem 7.3 to conclude. O

Acknowledgments. We would like to thank Ofer Gabber for comments that were
instrumental in arriving at Theorem A. We also thank the referee for helpful suggestions.

A. Cohomology of Jacobians of curves via Abel maps

Let C be a smooth projective curve over a field K with separable closure K. For any n
invertible in K, the Kummer sequence of étale sheaves on C:

[n]

1 Mn Gm Gm 1

gives an isomorphism
H'(C, pn) = Picc/k [n] = Picg g [n],

where we have written C for Cx. After taking the inverse limit over all powers of a fixed
prime n = £, we obtain isomorphisms of Gal(K)-representations

H'(C, Z(1)) = Ty Picg g = (TPicg, )" (1) = H‘(Picg/Kf, Ze(1)).

After twisting by —1, the canonical (principal) polarization on the Jacobian gives an
isomorphism
1~ ~ g7l p;.0
H (C,Z¢y) = H (PICE/F’
In this appendix we show that, up to tensoring with Qg, the isomorphism (A 1) is induced
by a K-morphism C — Pic%/K.

Zy). (A1)

Proposition A.1. Let C be a smooth projective curve over a field K. Then there exists a
morphism B : C — PiCOC/K over K, which induces an isomorphism

B* : H'(Pic%

&5 L) —— H'(C. Zo)

of Gal(K)-representations for all but finitely many £. For all £ invertible in K, we have

that the pull-back B* : Hl(Pic%/f, Q¢) — H'(C,Qy) is an isomorphism.
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The case of an integral curve over an algebraically closed field is standard (e.g., [22,
Proposition 9.1, p. 113]). The case where C is geometrically irreducible and C(K) is
nonempty is certainly well known; even if C admits no K-points, the result follows almost
immediately from the case K = K:

Lemma A.2. If C/K is geometrically irreducible, then Proposition A.1 holds for C.

Proof. Let d be a positive integer such that C admits a line bundle L of degree d over
K. Let B denote the composition

[d]=(—)®!

isogeny

QLY
B:C—“—Pick y Picd x ~ o Picg .
where Picg, /K denotes the torsor under Pic¢. g consisting of degree e line bundles on C/K,
and a is the Abel map (e.g., [19, Definition 9.4.6, Remark 9.3.9]).

We claim that if € { d, then g* : Hl(Pic%/f, Z¢) — H'(C, Zy) is an isomorphism. After
passage to K, we may find a line bundle M such that M®? = L. We have a commutative
diagram:

— d
C—pick 1 pied

C/K C/K
\, l(—)@MV l(—)@Lv
M
d]

Plc6 7 — P1cE e
Since the diagonal arrow is the usual Abel-Jacobi embedding of C in its Jacobian, where
the assertion about pull-back of cohomology is well known (e.g., [22, Proposition 9.1,
p. 113]), and the lower horizontal arrow is an isogeny of degree d*¢©) the commutativity
of the diagram implies that B has the asserted properties. O

A.1. Components of the Picard scheme

Now suppose that C is irreducible but C is reducible. Continue to let Pic% e denote

the connected component of identity of the Picard scheme, and for each d let Pic% s
be the space of line bundles of total degree d. (This has the unfortunate notational side

effect that Pic% yie does not coincide with Pic% e but we will never have cause to study

the space of line bundles of total degree zero.) Then Pic% e is no longer a torsor under
1 A0
Plc6 e
K-rational components of the Picard scheme of C.
Let TIo(C) be the set of irreducible components of C. (Since K is separably closed,
each such component is geometrically irreducible.) Fix a component D € [To(C%), and

let H C Gal(K) be its stabilizer. Since C is irreducible, we have

c= || 7.
[o]leGal(K)/H

and we need to work slightly harder to identify suitable geometrically irreducible,
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where viewing o as an automorphism of C, we set D’ = o (D). Let e = #I1y(C). Inside
the deth symmetric power Sdg(C)f = §9¢(C), we identify the irreducible component

§24(C) := ]"[ s4(D%).
[o1€Gal(K)/H

Since this element of ITo($%¢(C)) is fixed by Gal(K), it descends to K as a geometrically
irreducible variety.
Similarly, inside the Picard scheme Picg /K We single out

PVAV I . d
PlcE T = l_[ P1cﬁa e
[o1eGal(K)/H

It is visibly irreducible and, since it is stable under Gal(K), it descends to K. Note that

. Ag - S
Plc6 e is a Plc6 e torsor.

The (de)th Abel map S%(C) — Pic’ée/ ¢ then restricts to a morphism
a
§24(C) —% Pichdy

of geometrically irreducible varieties over K.
One (still) has the canonical Abel map

a .1
C—— PICC/K.
Over K, the image of the Abel map ag lands in
.1 _ .1 . 5
P1c6 ®= |_| PICEJ X l_[ P1c:5r
[c]eGal(K)/H [t]#lo]

Although Pi(% Jie has e components, Gal(K) acts transitively on them, and we have an

irreducible variety Piclc x over K.
In conclusion, the canonical Abel map induces a morphism

a -1
C—>P10C/K

of irreducible varieties over K.
We need two more K-rational morphisms:

Lemma A.3. Let C/K be a smooth projective integral curve. Let s be the map
-1 s A
Plc? e _ PlcE e
L ——— Qo 1Gaik)/u 0 L

Let t be the map
C —— 5%1(C)
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such that, if P € ET(K) C C(K), then the components of t(P) are given by
1(P) =ot '(P)e D’
Then s and t descend to morphisms over K.

Proof. Each is Gal(K)-equivariant on K-points. O

A.2. Isomorphisms on cohomology

Lemma A.4. Let C/K be a smooth projective irreducible curve. Then the composition
€ —*— Pict, x —— Picg )y
induces an isomorphism of Gal(K)-representations

Hl(Pic%;f 7o) — H'(C, Zy).

Proof. Tt suffices to analyze s oa after base change to K. Choose a base point P, € D’
for each irreducible component of C. We have a commutative diagram:

C — 5 Pick _ — 5 Pic2!

C/K C/K
an,
t ln[g](—)@)o(—ﬂr)
ArcC Pic® _
§7HO) Moy ar, crx

where the bottom arrow is the product of Abel maps associated to the points P,.
Since the right-most vertical arrow is an isomorphism of schemes, it suffices to verify
that ¢ and [Jap, induce isomorphisms on first cohomology groups. On one hand,
since cohomology takes coproducts to products, we have H'(C, Z;) = I, Hl(ﬁa, Zyg).
On the other hand, since each D’ is connected, the Kiinneth formula implies
that H'(S21(C), Z) = Hl(]_[o D, 7)) = @D, pri H'(D’,Z¢). Since the composition

D I, D° L D" is the identity,
H' (S8 (C), Zy) ——— H'(C, Zy)

is an isomorphism as well.
Finally, since each Abel-Jacobi map ap, induces an isomorphism H L(PicS, —, Zy) =

D’ /K
HY(D’,Zy), their product yields an isomorphism (]_[[0] ap,)*: H I(Pic% e L) —>
H'(5%1(C), Zo). m

It is now straightforward to provide a proof of the main result of this appendix.

Proof of Proposition A.1. Since both the Picard functor and cohomology take
coproducts to products, we may and do assume that C is irreducible. Choose d such
that Picé‘/’K admits a K-point L. Let B be the composition
a o1 s oo Ay M A, (OSLY
c Pice PICC}K E}PICC/K ——— Picg g

By Lemma A 4, 8* : H'(Pic%

e Z¢) — H'(C, Zy) is an isomorphism as long as £ {d. [
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