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Abstract  This paper concerns arithmetic families of ¢-modules over reduced affinoid spaces. For such
a family, we first prove that the slope polygons are lower semicontinuous around any rigid point. We
further prove that if the slope polygons are locally constant around a rigid point, then around this point,
the family has a global slope filtration after base change to some extended Robba ring.
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0. Introduction

The slope filtrations for Frobenius modules over the Robba ring were originally
introduced in the context of rigid cohomology by Kedlaya as the key ingredient of
his proof of Crew’s conjecture [13]. Roughly speaking, the slope filtrations give a
partial analogue, for Frobenius-semilinear actions on finite free modules over the Robba
ring, of the eigenspace decompositions of linear transformations. It was discovered
by Berger, through his construction of (¢, I')-modules associated with p-adic Galois
representations, that the slope filtration theorem is also a fundamental ingredient for
p-adic Hodge theory. For instance, it allowed Berger to prove Fontaine’s conjecture
that being de Rham implies being potentially semistable and to give a new proof of
the Colmez-Fontaine theorem that being weakly admissible implies being admissible.
Recently, the work of Fontaine and Fargues [10] has revealed more p-adic Hodge
theoretic aspects of the slope filtration theorem. Namely, they reformulate it in terms
of the Harder—Narasimhan filtrations for vector bundles over the fundamental curve of
p-adic Hodge theory.

This paper grew out of an attempt to generalize the slope filtration theorem to
families of Frobenius modules with an eye towards applications to families of p-adic
representations (i.e. relative p-adic Hodge theory). There are actually two distinct
forms of ‘families’ of p-adic representations. One is the continuous representations of
absolute Galois groups of finite extensions of Q, on finite locally free modules over
affinoid algebras over Q, such as the families of p-adic representations associated with
p-adic families of automorphic forms; these are called arithmetic families. Another
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one is the continuous representations of étale fundamental groups of affinoid spaces
over finite extensions of Q, on finite-dimensional Q,-vector spaces; these are called
geometric families. In [2], Berger and Colmez constructed a functor from arithmetic
families of p-adic representations to families of (¢, I')-modules. For geometric families,
the (¢, I')-module functor is constructed in [19]. It turns out that the (¢, I')-modules
associated with these two kinds of families of p-adic representations have quite different
features. Loosely speaking, the ‘coefficients’ for arithmetic families of (¢, I")-modules are
of characteristic 0, and ¢ acts trivially on them, whereas the ‘coefficients’ for geometric
families of (¢, I')-modules are of characteristic p, and ¢ acts on them as the pth power
Frobenius.

In this paper, inspired by the construction of Berger—-Colmez, we consider slope
filtrations for arithmetic families of g-modules. First of all, it is straightforward to
see that for such families, a necessary condition for having global slope filtrations, at
least locally around rigid points, is the local constancy of slope polygons. However, it is
not difficult to see that this is not true in general (see §2.4 for an example). Due to this
fact, our first main result then concerns variations of slope polygons. To state the result,
we first introduce some notation (see the body of the paper for more details). We fix a
complete discretely valued field K of mixed characteristic (0, p) to be the base field of
the Robba ring, and fix a relative Frobenius lift ¢ on Rg. Fix a reduced affinoid space
M(A) over Q, to be the base for the families. Let R4, be the Robba ring over A, and set
the g-action on R4y as the continuous extension of id ® ¢ on A®q,Rk. By a family of
@-modules over Ry, we mean a vector bundle My over Ry, equipped with a semilinear
gp-action such that the natural map ¢*M4 — M, is an isomorphism. For any x € M(A),
we set My, the fibre of My at x, as the base change of My to k(x)®q, Rk-

Theorem 0.0.1 (Theorem 2.3.10). Let Ma be a family of ¢-modules over Ra,. Then
for any x € M(A), there is a Weierstrass subdomain M(B) containing x such that the
HN-polygon of M, lies above the HN-polygon of M, with the same endpoint for any
yeM(B).

If M, is pure, the above theorem then implies that the fibres of M4 are also pure of the
same slope around x. In fact, a stronger result holds if k(x) C A. Namely, M4 is globally
pure around x.

Theorem 0.0.2 (Theorem 2.2.12). Let My be a family of ¢-modules over Ra,. Suppose
that M, is pure of slope s for some x € M(A) with k(x) C A, then there exists a Weierstrass
subdomain M(B) containing x such that the base change of My to M(B) admits a finite
free (c, d)-pure model Ng where d > 0, (c¢,d) =1 and ¢/d = s. In particular, Mg is globally
pure of slope s.

Although the slope polygons are not locally constant in general, we prove that one can
shrink the Weierstrass subdomain M(B) in Theorem 0.0.1 such that the set of y € M(B)
where the slope polygon of M, coincides with the slope polygon of M, is a Zariski closed
subset of M(B). Furthermore, we have a global slope filtration on this Zariski closed
subset after base change to some extended Robba ring. This forms our second main
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result. To state the result, fix an agmissible extension L of K such that its residue field is
strongly difference-closed, and let Ry be the extended Robba ring over L.

Theorem 0.0.3 (Theorem 2.3.15 for the RF case). Let M be a family of ¢-modules
over Ray, and let x € M(A). Then there exists a Weierstrass subdomain M(B) containing
x such that the set of y € M(B) where the HN-polygon of M, coincides with the
HN-polygon of M, forms a Zariski closed subset M(C) of M(B), and

Mc =Ma®R, (C&®q,R1)
admits a unique slope filtration which lifts the HN filtration of the p-module
M, = M ®kn@q, Rk (K(X)®q, RL).

In the case where K is a finite unramified extension of Q,, and the ¢-action on Ry
is an absolute Frobenius lift (this is the case for the g-modules arising from p-adic
Hodge theory), we can use a canonical and smaller period ring ]~3:ig instead of Ry in
the statement of Theorem 0.0.3. More precisely, we have the following theorem which we
expect to be useful for p-adic Hodge theory.

Theorem 0.0.4 (Theorem 2.3.15 for the AF case). Suppose that K is a finite unramified
extension of Q,, and the g-action on Ry is an absolute Frobenius lift. Let My be a family
of @-modules over Ra,, and let x € M(A). Then there exists a Weierstrass subdomain
M(B) containing x such that the set of y € M(B) where the HN-polygon of M, coincides
with the HN-polygon of M, forms a Zariski closed subset M(C) of M(B), and

Mc=Ma®R,, (cé@pﬁjig)

admits a unique slope filtration which lifts the HN filtration of the p-module
Mx = Mx®k(x)®Qp'RK (k(x)®(@pi-5’zig)-

One can ask similar questions for Berkovich points rather than rigid points. However,
since the residue field of a general Berkovich point is not necessarily discretely
valued, this requires a slope theory for Frobenius modules over the Robba ring Rx
for non-discretely valued K. By passing to the spherical completion of K, we may
reduce to the case where K is spherically complete. In this case, it is not difficult to
show the existence of Harder—Narasimhan filtrations for Frobenius modules over Rg
(Theorem 1.2.15). However, we cannot prove the equivalence of semistability and purity
which is the key of Kedlaya’s original slope theory. Another issue is that the pure
locus is not necessarily open (see [17, Remark 7.5] for more details) which prevents the
semicontinuity of variation of slope polygons in the topology of Berkovich spaces. A
possible solution for this issue is to use Huber’s adic spaces instead of Berkovich spaces
as shown in the work of Hellmann [11].

We now sketch the structure of the paper. In [14], the slope theory for absolute
Frobenius was fully developed. A large part of this theory, especially the slope filtration
theorem, was then generalized to relative Frobenius in [15]. In §1, we further generalize
some of the results of [14], especially comparisons of special and generic HN-polygons,
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to the relative Frobenius case. In § 1.1, we give the definitions of various base rings. In
§1.2, we prove the existence of HN filtrations for g-modules over Rk for spherically
complete K, and review the slope filtration theorem for discretely valued K. In §1.3,
we generalize the classical Dieudonné-Manin decomposition theorem to spherically
complete difference fields that have strongly difference-closed residue fields. This result
is irrelevant to the main results of this paper, but may be of independent interest.
We define various extended base rings in §1.4. In § 1.5, we review the slope theory for
p-modules over the extended Robba ring 7510 and we prove that the HN filtrations are
split when K has strongly difference-closed residue field. In § 1.6, for when K has strongly
difference-closed residue field, using the slope decomposition for ¢-modules over ENK,
we prove the existence of reverse filtrations for g-modules over the extended bounded
Robba ring ﬁ}éd In §1.7, we prove that the special HN-polygon lies above the generic
HN-polygon with the same endpoint.

We prove our main results in §2. In §2.1, we first establish some basic results for
various base rings with coefficients in certain Banach algebras. Then we introduce the
definition of families of ¢p-modules. We prove Theorem 0.0.2 in §2.2. In §2.3, we first
prove Theorem 0.0.1. We then prove Theorem 0.0.3 and Theorem 0.0.4 in a uniform way.
To do this, we introduce the notation R which represents ﬁzig in the case where K is
a finite unramified extension of Q, and ¢ is an absolute Frobenius lift (the AF case),
and represents ﬁL for general K, ¢ (the RF case). In §2.4, we construct a family of
p-modules where the HN-polygons are not locally constant over the base.

Convention 0.0.5. Throughout this paper, let K be a complete non-Archimedean
valued field of mixed characteristic (0, p). Let Og be its valuation ring. Let mg be
the maximal Aideal of Ok, and let k = Og/mg be the residue field. Let v denote the
valuation on K extending the one on K. Let m € mg satisfying v(zr) = 1. From § 1.4 on,
we furthea assume that K is discretely valued and 7 is a uniformizer. In § 1, we set the
norm on K as |- | =p~"0. In §2, we further assume that K is a p-adic field, and we
renormalize the norm on K such that |p| = p~! to fit the standard normalization on Qp.

1. Slope theory of g-modules

In this section we develop the slope theory for the relative Frobenius lift. We caution
that in §§1.1 and 1.2, we do not assume that K is discretely valued, which makes things
a bit subtler.

1.1. The base rings

Definition 1.1.1. For any interval I C (0, oo], let Rf( be the ring of the Laurent series
=iz a;T" for which a; € K and v(a;) + si — 00 as i — Fo00 for all s € I. Geometrically,
Rf( is the ring of K-holomorphic functions on the annulus {T € K|v(T) € I}. For any s € I,
the valuation wy on Rf{ is defined as

wy(f) = min{v(a) + si).
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The corresponding multiplicative norm is |f|; = maxjez{|ailp™}. For I = (0,r], we
denote Rg?’r] by Rk for simplicity. We call the union Rg = J,.o Rk the Robba ring
over K.

Definition 1.1.2. For any r > 0, let de‘r be the subring of Ry consisting of the

Laurent series f =3 ;.5 a;T" with {v(ai)};cz, bounded below. Set

w(f) = }gé{V(ai)},

and set |f| = sup;ez{lail}. Let R}?t’r be the subring of Ry consisting of all f with

w(f) = 0. Let R =, ReM and R =, o RE". We call RR4 the bounded Robba
ring over K.

Proposition 1.1.3. For any f € de, we have lim,_, o+ w,(f) = w(f). As a consequence,
w is additive and | - | is multiplicative on R?d,

Proof. For any € > 0, pick ip such that v(a;) <w(f) + §. Let ro = ﬁ, and we

may suppose that f € Rlb{i‘ro by shrinking €. It thus follows that for any r € (0, rol,

wr(f) < rig + v(a;,) < w(f) + €. On the other hand, choose N € N sufficiently large that
roi + v(a;) = w(f) for any i < —N. Therefore for any r < r; = min{ro, %}, if i < —N, then
ri +v(a;) = roi +v(a;) = w(f); if i > —N, then ri + v(a;) = w(f) — rN > w(f) — €. We thus
deduce that |w,(f) — w(f)| < € for any r € (0, r1], yielding the desired result. O

Definition 1.1.4. Let £ be a the ring of Laurent series f =), a;T" for which
{v(ai)}icz, is bounded below and v(a;) - oo as i - —oo. Set w(f) = infiez{v(a;)}, and
set [f| = supjez{lail}. Let Og, = {f € Eklw(f) = 0}

Remark 1.1.5. It is clear that de’r is a subring of &k consisting of the series such that
v(a;) + ri —> 00 as i — —oo. In addition, the natural inclusion R}}d — &k is an isometry
with respect to w and identifies ¢ with the w-completion of de. In particular, w is a
valuation on &k, and its corresponding multiplicative norm is | - |.

Remark 1.1.6. If K is discretely valued, both R,b(d and & are discretely valued fields.

Definition 1.1.7. For any interval I C (0, oo], we equip Rf( with the Fréchet topology
defined by | - |§ for all s € I, and R% is complete for this topology. If I = [r1, ro] is a
closed interval, Rk becomes a K-Banach algebra with the norm max({| - |, |- |}. We
equip Rg = UJ,.o Rk with the locally convex inductive limit topology (in the sense
of [5, §11.4]). In particular, a sequence converges in Rk if and only if it is a convergent
sequence in R% for some r > 0. For any r > 0, we equip R,b(d” with the norm max{|-|, |-|,}
under which it is a K-Banach algebra. The topology defined by this norm is the weakest
topology such that the natural maps de’r — Ry and R}}d’r — &k are continuous. We
equip Rlb(d =U,-0 Rllgd’r with the locally convex inductive limit topology.

Proposition 1.1.8. Rg = (R}%d)x. In particular, if K is discretely valued, the units of
Rk are precisely the non-zero elements of R,k}d.
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Proof. Note that for any f =>",., a;T" € Ry, s — ws(f) is a concave function on (0, r].
Suppose that f is a unit in Ry with inverse g. It follows that the sum of two concave
functions w,(f), ws(g) is the constant function 0. Thus both w(f), w(g) are affine in s.
Hence v(a;) = limg_, g+ (v(a;) 4 si) = limg_, g+ wy(f) for any a;, yielding that f € ’Rlb(d‘r. O

1.2. g-modules over the Robba ring

Definition 1.2.1. Fix an integer ¢ > 1. A relative (g-power) Frobenius lift on the Robba
ring R is a homomorphism ¢ : Ry — Rk of the form

Y aT =Y ex(as,

i€Z i€Z
where gk is an isometric endomorphism on K and § lies in R}?t satisfying w(S — T7) > 0.
If ¢ is a power of p, we define an absolute (q-power) Frobenius lift as a relative Frobenius
lift for which ¢ is a g-power Frobenius lift.

Remark 1.2.2. Note that w(T=9(S — T9)) > 0. Thus by Proposition 1.1.3, we have
wr(T79(S — T9)) > 0 for r sufficiently small. This yields w,(S) = w,(T?) = gr; hence ¢
maps Ry to Ry for r sufficiently small.

Henceforth we fix a relative Frobenius lift ¢ on Rg such that ¢g is an automorphism.
From Definition 1.2.1, it is clear that ¢ restricts to an isometry on R?d with respect to
| - |. Hence ¢ extends to an automorphism on £k by continuity which we again denote

by ¢.

Definition 1.2.3. A difference algebra/field is an algebra/field R equipped with an
endomorphism ¢. We say that R is inversive if ¢ is an automorphism. A difference
module over R is a finite free R-module M equipped with an R-linear map ¢*M — M,
which we also think of as a semilinear action ¢ on M; the semilinearity means that
for re R and me M, ¢(rm) = ¢(r)o(m). We say that M is dualizable if p*M — M is an
isomorphism. By a ¢-module over R we mean a dualizable difference module over R.

Definition 1.2.4. For any ¢-module M over a difference algebra R, we define HO(M)
and HY (M) by setting HO(M) = M#=! and HX(M) = WLI)M respectively. It is clear that
H'(M) classifies the extensions of the trivial g-module R by M in the category of
@-modules over R.

Definition 1.2.5. For any R € {&k, R}%d, Rk}, if M is a ¢-module over R of rank n > 0,
let v be a generator of A"M, and suppose that ¢(v) = Av for some A € R*. It follows
from Proposition 1.1.8 that R* C &F. We then define the degree of M by setting
deg(M) = —w(A) which is independent of the choice of v because ¢ is an isometry on
&k, and we define the slope of M by setting u(M) = deg(M)/rank (M).

Remark 1.2.6. The sign convention used here for degrees of ¢-modules is opposite to
that used in the previous work of Kedlaya [13-15]. We change it here to match the sign
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convention used in the coming work [18] which matches the sign convention used in
geometric invariant theory, in which the ample line bundle O(1) on any projective space
has degree 1.

Definition 1.2.7. For any difference algebra R over K and any n € Z, define the rank 1
g-module R(n) by setting the ¢-action as

p(rv)=n"p(r)v, reR (1.2.7.1)

for some generator v. For any ¢-module M over R, set the ¢-module as M(n) = MQgrR(n).

Lemma 1.2.8. There exists an ry, > 0 such that for any a € K with 0 < v(a) < r,, the

equation ¢(T) = a has q roots (with multiplicity) in K. Furthermore, each of the roots has
valuation v(a)/q.

Proof. Note that the conditions ¢(T) € R}?t and w(p(T) — T9) > 0 imply that the
Newton polygon for ¢(T) has a minimal positive slope rg. It therefore follows that if
0 < v(a) < grg, the Newton polygon for ¢(T) — a has v(a)/q as the minimal positive slope
with multiplicity ¢. Hence by the theory of Newton polygons, the equation ¢(7T) = a has
g roots (with multiplicity), and each of the roots has valuation v(a)/q. Therefore we can
choose ry to be gry. ]

Lemma 1.2.9. Let f be a non-zero element of Rg. If ¢(f) = Af for some A € Rg with
w(d) <0, then f € Rg.

Proof. We first get that f € REd by [15, Proposition 1.2.6] (although it is proved

under the hypothesis that K is discretely valued, the proof works in our situation).
For any g € Re4", it follows from [16, Lemma 8.2.6(c)] that g € (”Rll[éd’r)X if and only
if its Newton polygon has no slopes in [0, r]. Now suppose that the contrary of the

lemma, is true. We may choose some 0 < rg < r, such that f has a root of valuation

ro and A € (théd’ro)x. We then deduce from the equality ¢(f) = Af and Lemma 1.2.8
that f has at least g roots with valuation rg/q. Iterating this argument, for any n € N,
we get that f has at least ¢" roots (with multiplicity) with valuation rg/¢". Since
Yonend" x (ro/q") = oo, we get that the sum of the slopes of f in [0, ro] is not finite.
However, since f is a non-zero element of ’Rll%d, the sum of its slopes in [0, rg] is finite.
This yields a contradiction. ([

Definition 1.2.10. Let R € {£k, Rk}, and let M be a non-zero g-module over R. We say
that M is semistable if w(N) < u(M) for any non-zero ¢-submodule N. We say that M is
stable if W(N) < w(M) for any proper non-zero g-submodule N.

Proposition 1.2.11. Any rank 1 ¢-module M over Rk is stable.

Proof. On tensoring M with MY = Hompg, (M, Rk), this reduces to proving the
proposition for M = Rg. Now suppose that N C Rk is a non-zero ¢-submodule such
that #(N) > uw(Rk) = 0. Choose a generator f of N, and write ¢(f) = Af for some A € Rg;
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then w(A) < 0 since w(N) > 0. It thus follows from Lemma 1.2.9 that f is invertible in
Rk, yielding N = Rg. In other words, u(N) < u(Rg) unless N = Rk, as desired. O

Corollary 1.2.12. Suppose that N C M are two @-modules over Rg of the same rank;
then w(N) < u(M), with equality if and only if N=M.

Proof. Suppose that rank M = n. Then apply the above proposition to A"N € A"M. O

Definition 1.2.13. Let R € {k, Rk}. For any non-zero g-module M over R, a semistable
filtration of M is a filtration 0 = Mo C My --- C M; =M of M by saturated ¢-submodules,
such that each successive quotient M;/M;_1 is a semistable g-module of some slope s;.
The slope multiset of a semistable filtration of M is the multiset in which each slope of
a successive quotient occurs with multiplicity equal to the rank of that quotient, and we
call the associated Newton polygon of the slope multiset (see [14, Definition 3.5.1]) the
slope polygon of this filtration.

Proposition 1.2.14. If K is spherically complete, then every non-zero ¢-module M over
Rk has a unique maximal ¢-submodule which has the maximal slope. Furthermore, it is
semistable and saturated.

Proof. The spherical completeness of K implies that Rg is a Bézout domain by
[21, Théoreme 2]. Hence if N is a finite Rg-submodule of M, both N and its saturation
are finite free Rg-modules. It follows that the saturation of any g-submodule of M and
the sum of any two g-submodules of M are still ¢p-submodules of M.

We proceed by induction on the rank of M. The initial case follows from
Proposition 1.2.11. Now suppose that rank M = d for some d > 2 and the proposition
is true for g-modules having rank <d — 1. Let u(M) =s. If M is semistable, then we
are done. Otherwise, let P be a g-submodule of slope >s and of maximal rank. By
Corollary 1.2.12, the saturation P of P satisfies ,u(f’) > u(P). Replacing P with f’, we
may suppose that P is saturated. Hence rank P < d — 1; otherwise we must have P = M,
yielding u(M) = w(P) > s which is a contradiction. By the inductive assumption, P has
a unique maximal g-submodule P; which has the maximal slope. We claim that P
is also the unique maximal g-submodule of M which has the maximal slope. Suppose
that the contrary of the claim is true. Let Q be a g-submodule of M such that either
u(Q) > n(P1) or u(Q) = u(P1) and Q Z P1; then u(Q) = u(P1) and Q Z P. Consider the
following exact sequence of g-submodules:

0—PNQ—PO®Q—>P+Q0—0.
Since (PN Q) < n(P1) < u(Q), we get

deg(P + Q) = rank (P)u(P) + rank (Q)u(Q) — rank (PN Q) (PN Q)
> rank (P)u(P) + (rank (Q) — rank (PN Q) u(Q)
> (rank (P) + rank (Q) — rank (P N Q))u(P)
= rank (P + Q)u(P);
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hence u(P 4+ Q) > u(P) > s. However, since P is saturated and Q € P, it follows that
rank (Q + P) > rank P which contradicts the maximality of rank P. This yields the claim
which finishes the inductive step.

Now let P € M be the unique maximal g-submodule which has the maximal slope.
The saturation P of P satisfies u(P) > P. This forces P = P by the maximality of P.
Hence P is saturated. The semistability of P follows directly. O

Theorem 1.2.15. If K is spherically complete, then every ¢-module M over Ry admits
a unique HN filtration.

Proof. The uniqueness follows from formal properties of slopes and Corollary 1.2.12.
In fact, by the definition of HN filtration, for any i > 1, M; can be characterized as
the preimage of the unique maximal g-submodule of M/M;_1 which has the maximal
slope. This also suggests a way of showing the existence. We take M7 to be the
maximal ¢-submodule of M which has the maximal slope. Since M7 is saturated by
Proposition 1.2.14, M /M is a ¢-module over Rg. Then we take M2 to be the preimage
of the maximal ¢-submodule of M/M; which has the maximal slope. Iterating this
process, we get the HN filtration of M. O

Definition 1.2.16. Suppose that K is spherically complete. For any ¢g-module M over
Rk, the slopes s; of the HN filtration are called the slopes of M and the slope polygon of
the HN filtration is called the HN-polygon of M.

Proposition 1.2.17. Suppose that K is spherically complete. The for any ¢-module M
over Rg, the HN-polygon of M lies above the slope polygon of any semistable filtration of
M, with the same endpoint.

Proof. This is a formal consequence of the definition of HN filtration. We refer to
[14, Proposition 3.5.4] for a proof. We caution that both our sign convention of slopes
and the definition of slope polygons are ‘opposite’ to those used in [14]. (I

Definition 1.2.18. Let M be a g-module over E (resp. RRY). For ¢, d € Z with d > 0,
a (c, d)-pure model of M is a finite free Og,-submodule (resp. RV _submodule) My of
M with M0®05K5K =M (resp. M(]®R}?tR2d = M), so the g-action on M induces an
isomorphism ¢ (gad)* My = My. For a ¢-module M over Rk, a (c, d)-pure model of M is
a ’R}?t—submodule My with M0®R}<mRK =M, so M0®R-}<nt721b(d is stable under ¢ and the
@-action induces an isomorphism 7¢ ((pd)>k Mgy = My. For s € Q, we say that M is pure of
slope s if M admits a (c, d)-pure model for some (and hence any) ¢, d € Z with d > 0 and
s=c/d. If s=0, we also say that M is étale, and a (0, 1)-pure model is also called an
étale model.

Proposition 1.2.19. If M is a pure ¢-module over R, then M is semistable.

Proof. We follow the proof of [15, Theorem 1.6.10(a)]. Suppose that M admits a
@-submodule N such that w(N) > w(M). By replacing M with A"™*KNpf we may assume
that rank N = 1. By twisting, we may further assume that N is trivial. Hence HO(N) # 0.
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Choose a non-zero g-invariant vector v € N. By replacing ¢ with ¢% for a suitable
positive integer a, we may assume that u(M) =n € Z_-g. We choose a (n, 1)-pure model
Mg of M. Let e ={eq, ..., e;} be a basis of Mg, and write ¢(e;) = ij=1 ejFj; for Fj; € de.
By the definition of pure models, we see that w(Fj;) > —n for all j, i. By [15, Proposition
1.5.4] (this proposition ultimately relies on [15, Proposition 1.2.6] whose proof works
for general K), we get that v e M0®R}?t7'\’,2d. Write v =37 cie;; then ¢(v) = v implies
=y Fijo(c;). This yields min;{w(c;)} > —n + min;{w(c;)} which is a contradiction. [

The converse of Proposition 1.2.19 is more difficult. It is only known for discretely
valued K thanks to the following slope filtration theorem of Kedlaya [15, Theorem 1.7.1].

Theorem 1.2.20. If K is discretely valued, then every semistable ¢-module over
Rk is pure. In particular, every @-module M over Rg admits a unique filtration
0=MyC M| C---CM; =M by saturated @-submodules whose successive quotients are
pure with p(M1/Mo) > -+ > p(M;/M-1).

The following propositions will be used later.

Proposition 1.2.21. Suppose that K is discretely valued, and that M is a pure ¢-module
over Ri. If M1 and M2 are two pure models of M, then My ®R11?t7€2d = M2®RilgtR1b<d.

Proof. This follows from [15, Proposition 1.5.5]. O

Proposition 1.2.22. Suppose that K is discretely valued, and let M be a @-module over
Rk. The following are true.

(1) Let a be a positive integer. Then M is semistable of slope s if and only if it is
semistable of slope as as a p*-module.

(2) Suppose that M has slopes s1 = --- = s, counted with multiplicity. Then for any
1 <d < n, the slope multiset of NM is {sip +---+si,l1<ip <+ <ig<n}.

Proof. For (1), it suffices to show that M is pure of slope s if and only if it is pure of
slope as as a ¢?-module; this is [15, Lemma 1.6.3]. For (2), see [15, Remark 1.7.2]. O

It is clear that the purity of ¢-modules is preserved by tensor products. Hence for
discretely valued K, it follows from Theorem 1.2.20 that the semistability of ¢-modules
over Ry is also preserved by tensor products.

Question 1.2.23. Suppose that K is merely spherically complete. Do we still have the
equivalence of purity and semistability for p-modules over Ri? If this fails to be true, is
the semistability of ¢-modules over Rk still preserved by tensor products?

1.3. Dieudonné—Manin decomposition

Definition 1.3.1. Let R be a difference algebra. A difference module over R is trivial if
it admits a @-invariant basis. We say that R is weakly difference-closed if every dualizable
difference module over R is trivial. We say that R is strongly difference-closed if R is
inversive and weakly difference-closed.
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We fix a difference field F which is complete for a g-invariant non-Archimedean
absolute value | - |r. Then ¢ induces an endomorphism on the residue field kr of F; we
view kr as a difference field with this endomorphism.

Lemma 1.3.2. Suppose that F is spherically complete. Then the following are true.

(1) If kp is weakly difference-closed, then for any a € F, there exists x € F with
|x|F = |a|F such that p(x) — x = a.

(2) If kp is inversive, so is F.

Proof. We first prove (1). We equip F with a partial order: for any x, y € F, we say that
x> yif

lp(x) —x —alr < |x —y|lr < lp(y) —y — alr.

We first show that the set {x||x|r < |a|r} has a maximal element. Suppose that
X1 < X2 < ...is an infinite chain in {x||x|r < |a|r}. Let r; = |@(x;) — x; — a|F. It follows that
B(x1,r1) D B(x2,r2) D ---. Since F is spherically complete, (2 B(x;, ;) is non-empty.
Pick an xg € ﬂ?il B(x;, r;). Then |xg — xij|p < r; for any i > 1. Hence

lo(x0) — x0 — alr = [(@(x;) —xi —a) + (xo — x;) — (X0 — x)|[F <7y

for any i > 1. On the other hand, since |x; — xj+1|F > rit1, we get |xg — xi|lr =
[(x0 — xi41) — (i — xi+ 1) |F = % — xip1]p. Hence

lo(xo) —x0 — alp < rix1 < |xi — xix1|lF = |x0 — xilF,

yielding xg > x; for any i > 1. We therefore prove the claim by Zorn’s lemma. Let x’
be a maximal element of the set {x||x|r < |a|r}. We claim that ¢(x') — x' = a. If this is
not the case, let b = ¢(x') — x’ — a. Since kr is weakly difference-closed, by [16, Lemma
14.3.3(b),(c)], we may choose some y with |y|r = 1 such that |%b)<p(y) —y+1lp<1.Let
y =x + by. Then

<|blr = —YIF=lp&) —x —alp.

b
lo(y) =y —alrp = ‘b <¢;)<p(y) -y+ 1)
F

This implies that y' > x” which contradicts the maximality of x. Hence ¢(x') — X' = a; it is
clear that |x'|F = |a|F.

The proof of (2) is similar. Let a € F. We equip F with a partial order: for any x,y € F,
we say that x > y if

lo(x) —alr < |x —ylr < leQ) — alF.

Suppose that x; < x2 < --- is an infinite chain in {x||x|r < |a|r}. Let r; = |p(x;) — a|r. It
follows that B(x1, r1) D B(x2,r2) D ---. Pick an xg € ﬂ?il B(x;, ri). Then |xg — xi|p < 1
for any i > 1. A similar argument shows that xg > x; for any i > 1. By Zorn’s lemma we
choose a maximal element x" € {x||x|r < |a|r}. Now suppose that b’ = ¢(x')—a is non-zero.
Since kp is inversive, we may choose some y € F with |y|r = 1 such that |M —1lp<1.
It follows that X' — by > x’ which is a contradiction. Hence ¢(x') = a. O
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Convention 1.3.3. For any valuation v (resp. norm |- |) and a matrix A = (4;)), we
use v(A) (resp. |A|) to denote the minimal valuation (resp. maximal norm) among the
entries.

Lemma 1.3.4. If F is spherically complete, and if kg is weakly difference-closed, then
for any A € GLg(OF), there exists U € GLq(OF) such that U Ap(U) = I,.

Proof. The reduction of A in GL;(kr) defines a dualizable difference module over kg.
Since kp is weakly difference-closed, this module is trivial. This implies that we may
choose some U; € GLy(OF) such that |U1_1A<p(U1) — Ijlr = ¢ < 1. We will inductively
construct a convergent sequence Uq, Us, ... € GLy(OF) such that

Ui = Uinlr <&, U7 Ap(Un) — Talr < ¢

for every i > 1. Choose u € F such that |u|r = c. Given U;, by Lemma 1.3.2(1), there
exists some X; € My(u!Op) such that

o(X)) — X + (U L Ap(Uy) — 1) = 0.

Put Uiy = Uil + X;). Tt follows that U;y1 € GLy(OfF) and |Uiy1 — Uilr <
¢ \UZ AQ(Uis1) — Lalp < 1. Let U = lim; o0 Uj. Then U~'A(U) =I. O

Definition 1.3.5. Let R be a difference algebra. For A € R and a positive integer d,
define V) 4 to be the difference module over R with a basis eq, ..., ¢4 so that

ple1) =e2,...,p(eq-1) =eq, @(eq) = Aeq;

and any such a basis is called a standard basis of Vj 4. For a difference module V over R,
a Dieudonné-Manin decomposition of V is a direct sum decomposition V = @} ; Vy, 4; for
some A;, d;, 1 <i<n.

The following theorem generalizes the usual Dieudonné-Manin classification theorem
for difference modules over complete discretely valued difference fields (e.g. [16, Theorem
14.6.3]) to difference modules over spherically complete difference fields.

Theorem 1.3.6. If F is spherically complete, and if kp is strongly difference-closed,
then every dualizable difference module V over F admits a Dieudonné—Manin
decomposition.

Proof. First note that if V is pure of spectral norm 1 (see [16, Definition 14.4.6]
for the definition), then V admits a basis on which ¢ acts via an element of
GL(OF) ([16, Proposition 14.4.16]); hence V is trivial by Lemma 1.3.4. Furthermore,
Lemma 1.3.2(1) implies that HY (V) = V/(¢ — 1) is trivial in this case.

Now we follow the lines of the proof of [16, Theorem 14.6.3]. By Lemma 1.3.2(2), F is
inversive. Hence by [16, Theorem 14.4.13], the task reduces to showing the theorem for
those V which are pure of spectral norm s > 0. Let m be the smallest positive integer
such that s € |F|p, and choose u € F such that |u|r = s™. Then the first paragraph
implies that u~1¢™ fixes some non-zero vector v of V. This induces a non-zero map from
Vum to V. It follows from [16, Lemma 14.6.2] that V, ,, is irreducible. Hence this map
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is injective. Repeating this argument we get that V is a successive extension of copies
of V,m. Note that Extl(Vu,m, Vim) = Hl(VLZm ® Vim) =0 since V,/,, ® Vi is pure of
spectral norm 1. We thus deduce that V is a direct sum of copies of V,, . O

1.4. Extended base rings

Henceforth we assume that K is discretely valued and 7 is a uniformizer of K.

Definition 1.4.1. For any interval I C (0, oo], let ﬁf( be the set of formal sums
r=Ya

i€eQ
with a; € K satisfying the following conditions.
(1) For any ¢ > 0, the set of i € Q such that |a;| > ¢ is well-ordered (has no infinite

decreasing subsequence).

(2) For any s € I, v(a;) + si — 00 as | — £00, and infieq{v(a;) + si} > —o0.
Then inficq{v(a;) + si} is attained at some i because K is discretely valued. These
series form a ring under formal series addition and multiplication. For any s € I, set
the valuation wy(f) = min;eq{v(a;) + si}, and the corresponding multiplicative norm
Ifls = maxieQ{lai|p_Si}. We denote R;?’r] by Ry for simplicity. We call the union
Rk = U,~o Rk the extended Robba ring over K. We view Rk as a difference algebra
over K with the endomorphism ¢(f) = Zie(@ ok (a)ut.

Remark 1.4.2. The definition of the extended Robba ring in [15] misses the second
part of condition (2) of Definition 1.4.1.

Definition 1.4.3. For any r > 0, let Rbd " be the subring of 7%}( consisting of series
with {v(a;)}jeq bounded below. Let RK =U,-0 ﬁltéd’r. We equip ’fé}%d with the valuation
w(f) = min;eg{v(a;)} and the corresponding multiplicative norm |f| = max;eq{la;]}. Let
le be the valuation ring of R , and let R}?t = Rmt N leédr We call ﬁlb{d the
extended bounded Robba ring over K.

Definition 1.4.4. Let k be the ring of formal sums
f= Z aiu’
i€Q
with coefficients in K satisfying the following conditions.
(1) For each ¢ > 0, the set of i € Q such that |a;| > ¢ is well-ordered.
(2) The set {v(a;)};cq is bounded below and v(a;) — 00 as i — —oo.

We equip Ex with the valuation w(f) = min;eg{v(a;)} and the~ corresponding
multiplicative norm |f| = max;eq{|a;|}. Let (’)gK be the valuation ring of &x.

Remark 1.4.5. It is clear that RE"

v(a;) + ri — 00 as i - —oo. The natural inclusion Rbd — SK is an isometry with respect

is the subring of Ex _consisting of series such that
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to w, and identifies Ex with the w-completion of ﬁlb(d The restriction of ¢ on ﬁIb(d is an
isometry with respect to w, and we still denote by ¢ its continuous extension to . We
view R?d and & as difference fields with the endomorphism ¢.

Definition 1.4.6. For any interval I C (0, oo], we equip 7%% with the Fréchet topology
defined by | - |5 for all s € I; 7%1( is complete for this topology. If I = [r1, r2] is a closed
interval, then RI becomes a K-Banach algebra with norm max{| - |, |- |}. We equip
RK =U,~0 RK with the locally convex inductive limit topology. For any r > 0, we equip
RE " with the norm max{| - |, | - |,}; it is a K-Banach algebra under this norm. We equip
ﬁ}éd =U,-0 ﬁltéd’r with the locally convex inductive limit topology.

Definition 1.4.7. For § a commutative ring, let S((u®))  denote the
Hahn—Malcev—Neumann algebra of generalized power series Zie(@ ciu', where each ¢; € §
and the set of i with ¢; # 0 is well-ordered; these series form a ring under formal series
addition and multiplication.

Remark 1.4.8. It is clear that the residue fields of ﬁ}éd and EN'K are isomorphic to
k(®)).

Proposition 1.4.9. The extended Robba ring RK is a Bézout domain, and the units of
RK are precisely the non-zero elements of Rbd As a consequence, Rbd (and hence EK) 1
a discretely valued field.

Proof. As explained in [15, Remark 2.2.5], Rk is the analytic ring with residue field
k((u?)) in the sense of [14, §2.4], on taking ¢g to be an absolute Frobenius lift on K. The
proposition then follows from [14, Theorem 2.9.6] and [14, Lemma 2.4.7]. O

Remark 1.4.10. It follows from [15, Proposition 2.2.6] that there is a ¢- equivariant
embedding 1 : Ry — RK such that for r sufﬁmently small, RE maps to Rr
preserving w,. It thus follows that 7x maps Rgd to RK preserving w. Hence tg induces
an g-equivariant embedding from £ to Ex by taking the completion; we still denote this
embedding by tx. In this way, we view Rll%d, Rk, €k as difference subalgebras of ﬁ}zd
7%1(, gK respectively.

Proposition 1.4.11. If k is strongly difference-closed, so is k((u@)).
Proof. This is [16, Proposition 2.5.5]. O

1.5. g-modules over the extended Robba ring

Definition 1.5.1. For any R € {ﬁk,ﬁgd,g’[(}, let M be a g-module over R of rank
n > 0. Let v be a generator of A"M, and suppose that ¢(v) = Av for some A € R* C g,?
We define the degree of M by setting deg(M) = —w(A) which is independent of the
choice of v because ¢ is an isometry on gK, and we define the slope of M by
setting u(M) = deg(M)/rank (M). Define stable, semistable, semistable filtration, slope
multiset, slope polygon, HN filtration, (c,d)-pure model, pure of slope s, étale, étale
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model for g-modules over R by changing &, Rlb<d, Rk to g[(, ﬁ2d7 7%1( respectively in
Definitions 1.2.10, 1.2.13 and 1.2.18.

Definition 1.5.2. By an extension of K, we mean a field extension L of K which is
complete for a discrete valuation extending the one on K, and is equipped with an
isometric field automorphism ¢y, extending ¢x. The extension L is called admissible if it
has the same value group as K.

Lemma 1.5.3. The field K admits an admissible extension L such that its residue field
kg is strongly difference-closed with respect to the reduction of ¢ .

Proof. By [15, Proposition 3.2.4], K admits an admissible extension L such that kg
is weakly difference-closed. (The condition that any étale p-module over L is trivial is
equivalent to the condition that kz is weakly difference-closed). Since L is inversive, a
fortiori kg, is inversive. O

Proposition 1.5.4. Every pure ¢-module over ﬁK 1s semistable.

Proof. The proposition follows from [15, Theorem 1.6.10(a)]. O

Proposition 1.5.5. Fvery ¢-module over ﬁK admits a unique HN filtration.

Proof. The proposition follows from [15, Proposition 1.4.15]. |

Proposition 1.5.6. If M is a ¢-module over Rg, and if L is an extension of K, then
the HN filtration of M, tensored up with Ry (resp. Rr), gives the HN filtration of
M®RRL (resp. MR RrL).

Proof. It reduces to showing that if M is semistable, then its base changes are also
semistable. Note that M is pure by Theorem 1.2.20. Thus its base changes are also pure;
hence they are semistable by Propositions 1.2.19 and 1.5.4. O

Definition 1.5.7. For any ¢-module M over ﬁK, the slopes of the successive quotients
and the slope polygon of the HN filtration of M are called the slopes and the HN-polygon
of M respectively.

The following theorem is a combination of [15, Proposition 2.1.6, Theorem 2.1.8].

Theorem 1.5.8. If k is strongly difference-closed, then every semistable @-module
M over Rk is pure. Furthermore, it admits a Dieudonné-Manin decomposition
M =@V, 4, so each X is a power of 7.

Lemma 1.5.9. Let a =} ;g aiu' € ﬁzd’r and n € N. Suppose that B =7 ;g b € Ek
satisfies

(B — "B =q. (1.5.9.1)

Then for any i <0, we have v(b;) = min;¢;{v(a;)}. As a consequence, we have f € ﬁlb(d’qr.

Furthermore, if w(B) = w(a), then w,(8) > min{w(a), w,(a)}, and if moreover n > 0,
then w(B) = w(a).
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Proof. Suppose that there exists some ip < 0 such that v(b;) < min;g,{v(a))}. By
(1.5.9.1), we have

@(bio) - nanio - aqio
by comparing the coefficients of 140 . Since v(biy) < v(agiy), we get
v(bgig) = v(biy) — n < v(b;y) < min{v(a;)} < min{v(a))}.
J<io J<qio
Iterating this argument, we get v(bym;,) = v(b;,) — mn for any m € N. Thus we get
an infinite descending sequence ¢”iy with v(bgm;,) decreasing which contradicts the
condition that v(b;) — oo as i — —oo. This proves the first statement of the lemma.

Hence ¢(B) = "B + & belongs to RRY”, yielding g € Ro™?".
Note that

wr(p(B)) = rl,régl{va(bi)) + rqi} = Iiggl{q(V(bi) + ri) — (g — Dv(b)}
< I%%I{Q(V(bi) +ri)} = (g — Dw(B) = qwr(B) — (g — Dw(B).
Thus if w(B) > w(a) and w,(8) < min{w(x), w,(«)}, then

wr(9(B)) < qwr(B) — (g — Dw(B) <wr(B) < wr(@).

This contradicts the condition w,(p(B8)) = min{w,(x"B), w,(a)} = min{w,(8), w,(a)}. If
n >0, then w(z"B) > w(p(B)) = w(B); hence w(er) = min{w(p(B)), w(zr"p)} =w(B). U

For any difference algebra R with an automorphism ¢, we set the twisted powers a}
for any m € Z and a € R through the two-way recurrence

ad% =1, "YU =@
Lemma 1.5.10. Suppose that k is strongly difference-closed. Then the following are
true.

(1) Let a € E. If n#0, then (1.5.9.1) admits a unique solution B € Ex which is

p=—> @ ") (1.5.10.1)
m=0
if n<0, or
=@ "o L) (1.5.10.2)
m=0

if n>0. Furthermore, if n> 0, then w(B) =w(a), and if n <0, then w(f) =
w(a) —n. If n=0, then (1.5.9.1) admits a solution B € Ex with w(B) = w(a).

(2) Let a € ﬁzd’r. If n>0, then (1.5.10.2) provides the unique solution B € 7%2(1

of (1.5.9.1). Furthermore, we have f eﬁ]f(d’qr, w(B) = w(a) and wr(B) =
min{w(a), w,(@)}. If n=0, then (1.5.9.1) admits a solution B eﬁzd’qr with

w(B) = w(a), ws(B) = wy(a) for any 0 <s<r.
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(3) If a € R and n >0, then (1.5.9.1) admits a solution B € RE with w,(B) >
wr(a) — n.

Proof. We first prove (1). Suppose that n # 0. Then it is clear that (1.5.10.1) and
(1.5.10.2) provide a solution of (1.5.9.1). The uniqueness is obvious since ¢ preserves
w. For n =0, since k is strongly difference-closed, k((uQ)) is strongly difference-closed
by Proposition 1.4.11. Therefore there exists B € gK with w(B) = w(«@) such that
¢(B) — B =«a by Lemma 1.3.2.

For (2), the case n > 0 follows from (1) and Lemma 1.5.9. Now suppose that n=>0
and o =} ;g au' € ﬁlb(d’r. Put ot = Zz>0 aiu’ € théd "and a” = _gai € R1b<d "
Note that the infinite sum g+ = — 0 @™ (a") is convergent in 75;( and has bounded
coefficients; hence BT € Rbdr It is clear that w(8™) > w(a™) > w(x). Furthermore,
since @t has only positive powers of u, we get that we(B1) > wy(a™) > wy(a) for any
0 < s < r. Choose by € K with v(bg) = v(ag) such that ¢x(bg) — bg = ag. Choose B~ € gK
such that w(87) =w(a™) and ¢(87) — B~ = a~. We may suppose that 8~ only has
negative powers of u by dropping the non-negative powers. Write = = >"._ b,
Then v(b;)) > minj¢;{v(aj)} by Lemma 1.5.9, yielding w(87) > w(a™) > w(e) and
ws(B7) = wy(@™) = wy(ar) for any 0 < s <r. Then 8 =87 + B~ + by is a desired solution
and satisfies wy(B8) = wy(a) for any 0 < s < r.

For (3),if n=0 and a € ﬁ,’, write & = > 2, o; such that o; € ﬁzd’r wela) = wy(ar)
for each i > 1 and wy(a;) - 00 as i — oo for any 0 <s < r. For each «;, by (2),
choose B € R such that f; — ¢(B) = a; and wy(B) > wy(e) for any 0 <s < r.
Then ) ) B; converges to a desired solutlon B e RK of (1.5.9.1). Furthermore, since
p(B) =B + a € Ry, we get that,BeR

Now suppose that n > 0. For o = Zle@ aiu' € R , write o« = &1 + a9 where

o] = Z a', as = Z aiut'.
izn/r i<n/r
Then a short computation shows that for any m > 0 and 0 < s <
we(@ )" M @1)) = —nlm + 1) + wile) + (q’" — Dns/r,

and
ws(@ ™ o™ N a)) = mn + wy(e) — (1 - ml-l—1> ns/r.
q

This implies that wy (=) oM (@1)) and ws((x=)'™™ ¢~ (as)) approach infinity
as m — 0o. Furthermore, we get

wi(Gr—m

" (1)) = —nm+1) + we(@) + (¢" — Dn > wy(a) —n,
Wr((ﬂin){_m} (pfmil(a2)) 2 mn + Wr(a) — (1 — ml+1> n 2 Wr(a) —n.
q

Hence the sums

pr=> @ " gm@), pr=> @ e L ay)
m=0 m=0
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converge in R , and satisfy w.(8;) = w,(x) —n fori=1, 2. It is clear that ¢(81) — 7" 81 =
—a1 and ¢(B2) — n”,BQ = wg. Hence B = (B2 — B1) is a solution of (1.5.9.1); the condition
pB)=n"B+ac R implies B € Rq Hence g is a desired solution. O

Proposition 1.5.11. Suppose that k is strongly difference-closed. Let A1, Ao € RK Then
Ext1 (VA1 dis Vag.dy) =0 if W()‘2) W(kl) In particular, we have H (Rg(n)) =0 if
n> O.

Proof. If we equip 7%1( with the endomorphism @192

direct sums of rank 1 @192

, then V;,, 4, and Vj, 4, become
-modules with slopes —dow(X1) and —diw(ra) respectively.
Hence V = V)\\/1 dy ® Vigdy is a direct sum of rank 1 e1%2_modules with slopes
dzw()q) — diw(r2) > 0. By Theorem 1.5.8, every rank 1 ¢%1%-module is of the form
RK(n) for some integer n. It thus follows from Lemma 1.5.10(3) that V/(phd2 — 1)V =0,
yielding V/(¢ — 1)V = 0. Hence EXt;ﬁK(VM,dV Vig.do) = H (V) =0. O

Proposition 1.5.12. Suppose that k is strongly difference-closed. Then every ¢-module
over Rk admits a Dieudonné—Manin decomposition.

Proof. By Theorem 1.5.8, every semistable ¢-module over ﬁK admits a
Dieudonné-Manin decomposition. We therefore deduce from Proposition 1.5.11 that
HN filtrations for ¢-modules over Rg are split. This yields the desired result. O

Proposition 1.5.13. Suppose that k is strongly difference-closed. Let 0 =My C M1 C
- C M; =M be a semistable filtration of a ¢-module M over Rg. If the slope polygon of
this filtration coincides with the HN-polygon of M, then the filtration splits.

Proof. The analogue of the proposition for g-modules over I aa&,gcon is [14, Corollary
4.7.4] which is proved by using the formal properties of HN filtrations and the other
two facts about ¢-modules over I ;é,gcon. Namely, every ¢-module over I ;rkgcon admits a
Dieudonné-Manin decomposition, and

Eth alg (V;-[Cl d1s VJTCQ,dQ) =0

®51 an con

if ‘i < %. In our case the analogues of these two facts are Propositions 1.5.11 and
1.5.12. Therefore we can establish the proposition in the same way as [14, Corollary

4.7.4). O

1.6. Slope decomposition and reverse slope filtration

Proposition 1.6.1. A ¢-module M over Ek (resp. gK) is semistable of slope s if and
only if it is pure of spectral norm p* in the sense of difference modules. Every ¢-module
over &k (resp. gK) admits a unique HN filtration. Furthermore, for any ¢-module M over
Ek (resp. gK) and an extension L of K, the HN filtration of M, tensored up to gL, gives
the HN filtration of M®5K§L (resp. M®5K§L).

Proof. Granting the first assertion, the second one then follows from [16, Theorem
14.4.15]. Note that if M is irreducible, then M is clearly semistable. The ‘if’ part of
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the first assertion thus follows from the fact that any extension of two semistable
@-modules which have the same slope is still semistable with the same slope. Conversely,
if M is semistable of slope s, by [16, Theorem 14.4.15], there exists a unique filtration
0=My C M1 --- C M; =M such that each successive quotient M;/M;_1 is pure of spectral
norm p with s1 > --- > s;. Since w(M) > s; for every i and u(M) is the weighted average
of these s;, we must have [ =1, yielding that M is pure of spectral norm p°. The last
assertion follows from [16, Proposition 14.4.8]. O

Definition 1.6.2. For any ¢-module M over & or SNK, the slopes of the successive
quotients and the slope polygon of the HN filtration of M are called the slopes and the
HN-polygon of M respectively.

Proposition 1.6.3. If k is strongly difference-closed, then any exact sequence of
@-modules over Eg splits.

Proof. We first have that the residue field k((u®)) of gK is strongly difference-closed
by Proposition 1.4.11. The proposition then follows immediately from [16, Corollary
14.6.6]. |

Proposition 1.6.4. Suppose that k is strongly difference-closed. Then for any ¢-module
M over EK, its HN filtration splits uniquely, i.e. there exists a unique direct sum
decomposition M = @1<i<iMy; of ¢-modules, in which each My, is a semistable submodule
of slope s;. Moreover, each My, admits a Dieudonné—Manin decomposition. Furthermore,
for each Vy_4 in the decomposition, we may force A to be a power of .

Proof. Note that the residue field k((u@)) of Ex is strongly difference-closed by
Proposition 1.4.11. The first assertion then follows from [16, Theorem 14.4.13] and
Proposition 1.6.1, and the second assertion follows from [16, Theorem 14.6.3]. |

Corollary 1.6.5. If 0 > M1 — M — M> is an exact sequence of @-modules over Eg,
then the slope multiset of the HN filtration of M is the union of the slope multisets of the
HN filtrations of M1 and Ma.

Proof. Let L be an admissible extension of K with strongly difference-closed residue
field. By Proposition 1.6.3, the exact sequence

0— M1®5K5~L — M®5K§L — M2®SK§L —0

splits. We then deduce from Proposition 1.6.4 that the slope multiset of the HN
filtration of M®5K€~L is the union of the slope multisets of the HN filtrations of
M1®5K§L and M2®8K§L It follows from Proposition 1.6.1 that the slope multisets of
the HN filtrations of M, M1, M are equal to the slope multisets of the HN filtrations of
M®5K€L, M1®5K€L, M2®5K5L respectively. The proposition then follows. O

Definition 1.6.6. Suppose that k is strongly difference-closed. For any ¢-module M
over &, we call the decomposition M = @1<;<iMj; given by Proposition 1.6.4 the slope
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decomposition of M. Moreover, suppose that s1 > --- > s;, and put M;®¥ = @Jl-zz_iHMs,-
for 1 <i<l Wecall

0=M66VCM1{GVC"'CMIWV=M
the reverse filtration of M.

Lemma 1.6.7. Suppose that k is strongly difference-closed. If N is a ¢-module over Rbd
such that M = N®gbd51< has non-positive slopes, then N admits a ¢-stable Rmt lattice.

Proof. By Proposition 1.6.4, we know that M is a direct sum of some modules Vg ;,
where each w(};) is non-negative. We fix a standard basis for each Vy ;. Then the
(9~ -lattice L of M generated by these standard bases is stable under ¢. Choose an

Rmt lattice Q of N; then there exist integers m > n such that
m . - n . -
4 Q®R1Knt OgK g L g s Q®R}(nt OgK
since Rmt is the valuation ring of ﬁbd Let P=L N N. Note that (niQ®ﬁth (’)gK) NN =
K

7'Q for any i € Z because 71’(9 Al Rmt = iﬁilélt. Hence n™Q € P C n"*Q. This yields
that P is an ’Rmt lattice of NV, and is stable under g. O

Lemma 1.6.8. Suppose that k is strongly difference-closed. Let N be a ¢-module over
R such that M = N®gbd51< has non-negative slopes. Let v € M satisfying ¢(v) = Av for
K

some A € ’Rmt ThenveN.

Proof. Applying Lemma 1.6.7 to the dual of N, we may choose an Rmt lattice P of N
which is stable under ¢~1. Choose an ’Rmt basis e = {e1, ..., e,} of P, and let F be the
matrix of ¢ under e; then F~! has entries in Rmt Write v = ev for some column vector
v over SK Then ¢(v) = Av implies F(p(v) = Av; hence F~1av = ¢(v). By [15, Proposition
2.5.8], we get that v has entries in R .SoveN. O

The following proposition establishes the existence of de Jong’s ‘reverse filtration’
(19, Proposition 5.8]) for g-modules over extended bounded Robba rings with a relative
Frobenius lift.

Pr0p051t10n 1.6.9. Suppose that k is strongly dzﬁer@nce closed. Then for any @-module
N over R , the reverse filtration of M = N®R?d5K descends uniquely to a filtration of
N. Furthermore, if M is semistable, then its Dieudonné—Manin decompositions descend
to Dieudonné—Manin decompositions of N.

Proof. Let 0 = M{® Cc M{®V--- C Mj®¥ =M be the reverse filtration of M. Replacing
¢ with ¢ for a suitable positive integer a, we may suppose that the slopes of M are
integral. It then suffices to show that M7®¥ and its Dieudonné-Manin decompositions
descend to N. By twisting, we reduce to the case where u(M7®") = 0. Then the slopes of
M are all non-negative. We fix a Dieudonné-Manin decomposition of MV. If e is part
of a standard basis of some V) 4 in this decomposition, then ¢%(e) = ¢'(M)e for some
0 <i<d-—1. We then deduce that e e N by Lemma 1.6.8. Hence Vj 4 descends to N.
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This implies that M]®¥ together with this Dieudonné-Manin decomposition descends to
a g-submodule N1®V of N. It is clear that N]*¥ = M}®*¥ NN, yielding the uniqueness. |

We call this filtration the reverse filtration of N.

Lemma 1.6.10. Suppose that k is strongly difference-closed. Let A € K, and let d be a
positive integer. If n =vg(L)/d € Z, then V) 4 is isomorphic to the direct sum of d copies
of Van 1.

Proof. By [16, Corollary 14.4.9], the g-module V) ¢®g V- 1 is pure of norm 1. Hence it
is trivial by [16, Proposition 14.4.16] and Lemma 1.3.4. This yields the lemma. (|

Lemma 1.6.11. Suppose that k is strongly difference-closed. Let D be an n X n diagonal
matriz such that all the diagonal entries are powers of w. If F is an n X n matrix over 5~K
satisfying wFD~1 — I,) > 0, then there exists an invertible n x n matriz U over Ex with
w(U —1,) > 0 and U~ Fp(U) =D.

Proof. We follow the proof of [13, Proposition 5.9]. Suppose that w(FD~! — I,) = cp.
We will inductively construct a sequence of invertible n x n matrices {U;};cy over (’)gK
satisfying

minw(Uir1 — Up, w(U; 'Fo(UpD™" = 1)} > (i + Deo

as follows. Put Ug = I,. Given U;, by Lemma 1.5.10(1), there exists an n x n matrix X;
over &g with

X; — Dp(X)D~' = U7 Fo(UpD™ — 1,
and
min{w(X;), w(Dp(X)D™ 1} = w(U; ' Fo(U)D™' — I).
Put Uiy1 = Ui(Iy + Xi); then w(Uip1 — U;) = w(X;) 2 (i + 1)co and
Ui\ FoUi)D™ — 1,
=y —Xi + X2 — )y + (U7 FoU)D™ = 1)Uy + Do(X)D™ ) — 1.

It follows that w(ULY Fe(Uiz1)D ™ — 1) > 2(i + 1)co > (i + 2)co. Then U = lim;_, o0 U
satisfies the desired properties. ]

Corollary 1.6.12. Let M be a ¢-module over &k, and let F be the matriz of ¢ under
some basis of M. Then there exists N = N(F) > 0 such that for any ¢-module M’ over
Ex with the same rank as M, if M’ has a basis under which the matriz F' of ¢ satisfies
w(F — F') > N, then the HN-polygons of M’ and M coincide.

Proof. Replacing ¢ with ¢ for some suitable positive integer a, we may suppose that
the slopes of M are integral. Choose an admissible extension L of K with a strongly
difference-closed residue field. By Proposition 1.6.4 and Lemma 1.6.10, there exists an
invertible matrix U over gL such that D = U’lF(p(U) is a diagonal matrix with all
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diagonal entries being powers of 7, and their valuations are the slopes of M®5KgL. Let
N=1—-wU1) —wU) —wD™ ). If w(F — F') > N, then

wU T Fo@)D™" = ) =w(U™' (F' = Hp)D™1) > 1
By Lemma 1.6.11, we get that there exists an invertible matrix U’ over & such that

U~ 1F’ga(U’) = D. Hence the slopes of M’®5K5L are the same as those of M®gK€L This
implies that the slopes of M" are the same as those of M by Proposition 1.6.1. O

1.7. Comparison of HN-polygons

Definition 1.7.1. For a g-module N over R%d (resp. ﬁgd), the generic slope filtration
of N is the HN filtration of N®R2d Ek (resp. N®ﬁ}gd Ex); the slope polygon of the generic
slope filtration is called the generic HN-polygon of N. The special slope filtration of N
is the HN filtration of N®REdRK (resp. N®ﬁ,tédRK); the slope polygon of the special
slope filtration is called the special HN-polygon of N.

Proposition 1.7.2. If N is a ¢-module over R}éd or ﬁ}éd, the special HN-polygon of N
lies above the generic HN-polygon of N with the same endpoint.

Proof. By base change, it suffices to treat the case where N is over ﬁgd and k is
strongly difference-closed. Let M = N®ppaRg. Suppose that 0=Ng CN1--- C Ny =N is
the reverse filtration of N, and we denote by

0=MoCM--CM =M (1.7.2.1)

the base change of the reverse filtration. It follows from Proposition 1.6.9 that each
quotient N;/N;—1 admits a Dieudonné—Manin decomposition. This yields that each
successive quotient M;/M;_1 is a pure g-module over ﬁK; hence it is semistable by
Proposition 1.5.4. Hence (1.7.2.1) is a semistable filtration of M. We thus deduce the
desired result by Proposition 1.2.17. O

Lemma 1.7.3. If N is a ¢-module over R?d (resp. ﬁ?d) whose generic slopes
are all non-positive, then the natural map H'(N) — Hl(N(X)RngK) (resp. HI(N) >

H! (N®7§bd7€1<)) is injective.
K

Proof. Let M = N®REdRK (resp. N®7§bd7€1<). It suffices to show that for any m € M,
K

if (¢ — 1)me N, then m € N. Note that (N ® ﬁ}fd) N M = N for any extension L of
K. Hence it suffices to show the lemma in the case where N is over 7€1b<d and k is
strongly difference-closed. Therefore by Lemma 1.6.7, N admits a g-stable ﬁ}?t—lattice;
let e ={e1,...,e,} be a basis of this lattice, and write ¢(e) = eF for some n x n matrix
F over Rlnt Suppose that m € M satisfies (¢ — 1)m € N. Write m = em for some column
vector m over RK Then Fo(m) — m is over Rbd By [15, Proposition 2.2.8], we have that
m is over ﬁlb(d Hence m e N. O

The following proposition generalizes [15, Theorem 5.5.2] to the relative Frobenius
lift case.
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Proposition 1.7.4. Suppose that k is strongly difference-closed. Let N be a ¢-module
over ’Rlb(vd whose generic and special HN-polygons coincide. Then the HN filtrations of
N®R2d51< and N®RllzdRK, respectively, are obtained by base change from a filtration
of N.

Proof. We follow the proof of [14, Theorem 5.5.2]. It suffices to show that the first
steps of the generlc and spec1a1 HN filtrations of N descend to N and coincide. Let
0cC N1 Cc---C Nl 1 C Nl N be the reverse filtration of N = N®RbdRK As shown in
the proof of Proposition 1.7.2, the filtration

0C N1®7~€1}édRK Cc---C N[71®7’€Il?dRK C N®7’€Il?dRK

is semistable. Since the slope polygon of this filtration is the same as the HN filtration of
N ®R,‘2d Rk, it is split by Proposition 1.5.13, yielding that the exact sequence

O—>]Tl1_1 eﬁ—)ﬁ/ﬁl_l —0
is split by Lemma 1.7.3. Let N be a @-submodule of N lifting ]A\i’/ﬁlfl. It follows that
N’ ®7€,‘%d &k is isomorphic to the first step of the generic HN filtration. Thus they coincide
by the uniqueness of HN filtration. Similarly, we also have that N’ ®7€}2dRK coincides
with the first step of the HN filtration of N®R2(1RK. Hence both the first steps of

the HN filtrations of N®R2d5~1< and N®R2d7€1< descend to a g-submodule N of N. To

show that N’ can be further descended to a @-submodule of N, by [14, Lemma 3.6.2],
it suffices to treat the case where rank N’ = 1. Choose a basis e = {e1,...,e,} of N. Let
v=>",aje; be a generator of ﬁ/, and suppose that a; # 0. By Proposition 1.6.1, the
first step of the HN filtration of N®R2d§]( descends to N®R2d&(. Hence a;/a1 € Ek for

1<i<n Thusa;/a; €& N ﬁ,lﬂd = R?d for each i, yielding v/ai € N. O

2. Variation of slopes

In this section, we consider families of g-modules (over Rg) over affinoid spaces. All
affinoid algebras are equipped with the spectral norm, and we fix a reduced affinoid
space M(A) over Q, as the base. For any Banach algebra B and p-adic field L, we assume
that |B| and |L| are discrete, and set By = B@)QPL. We assume that K is a p-adic field,
and that gg acts trivially on Q,. We adapt the normalization on the norm on K to
lpl = p~! to fit the standard norm on Qp- We also set v(b) = log,|b| for any b € B. We
caution that K, which is the ‘base field’ of the fibres of the families, is irrelevant to A.

2.1. Families of ¢-modules

Definition 2.1.1. For any Q),-Banach algebra B, interval I C (0,00], s € and r > 0,
define the rings

Ep., Ep, RIGr Rintr pint pint pbdr pbdr pbd Rbd RL RL Ry Ry Re. Ra
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and wg, w, and equip these rings with certain topologies by changing K to B in
Definitions 1.1.1, 1.1.2, 1.1.4, 1.1.7, 1.4.1, 1.4.3, 1.4.4 and 1.4.6. We set | - |y = |7 |"*)
and | - | = |7 ["O). We call Rp (resp. Rgd) the Robba ring over B (resp. bounded Robba
ring over B) and R (resp. ﬁlgd) the extended Robba ring over B (resp. extended bounded
Robba ring over B). Note that for general B we only have wys(fg) = wi(f) + ws(g), w(fg) =

w(f) +w(g) and |fgls < Iflslgls, /gl < Iflgl-

Proposition 2.1.2. For any Q,-Banach algebra B, we have lim,_ o+ w.(f) = w(f) for
any f =) eqaitt' € R'g,d.
Proof. The proof is similar to the proof of Proposition 1.1.3. Suppose that w(f) = v(a;,)

for some iy € Q. For any € > 0, set rg = |2106|+1 We may suppose that f € ﬁgd’ro by

shrinking €. It thus follows that for any r e (0, rol, w,(f) < rip + v(ai,) < w(f) + €/2.
On the other hand, choose some positive integer N such that rgi + v(a;) = w(f) for
any i < —N. Let r; = min{rg, }. It follows that for 0 <r < ry, if i < =N, then
ri + v(a;) = roi + v(a;)) = w(f); if i > —N, then ri + v(a;) > w(f) — rN > w(f) — €. We
thus deduce that |w,(f) — w(f)| < € for any r € (0, r1], proving the proposition. (]

Definition 2.1.3. Let L be a p-adic field, and let V be an L-Banach space. A Schauder
basis of V is a sequence {v;};c; of elements of V for a countable index set I such that for
every element v € V there exists a unique sequence {A;};c; of elements of L such that

V= Z )\-ivi.

iel
It is further called an orthogonal basis if
v = max{|A;[|vil}
iel
for any ve V.

Lemma 2.1.4. Let L be a p-adic field. If V is an L-Banach space of countable type with
|V| discrete, then V admits an orthogonal basis.

Proof. Since |V] is discrete, there is a finite sequence 1 < c¢1 <cg <--- < ¢y < p such
that

[VI={p"cjlneZ,1<j<m}

Put h = min{ca/c1, ..., cm/Cm—-1,p/cm}. Choose some K € (1,h). By [4, 2.7.2/3], V
admits a Schauder basis {v;};c; such that

Zklv,

iel

H > max{|Ai||vil}

for any convergent sum » _;

i1 Aivi- However, since | )
not equal, we must have

ier Mivil < maxer{|Ai]|vil}, if they are

< max{|A;||vil}:

Z)“V’

iel

https://doi.org/10.1017/51474748012000709 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748012000709

Slope filtrations in families 273

this yields a contradiction. Hence | Y ";.; Ajvil = maxier{|Ai||vil}, yielding that {v;};c; is an

orthogonal basis. O

Remark 2.1.5. Note that Ay is an affinoid algebra over L. Hence it is of countable type
as an L-Banach space, and |Ay| is discrete. Thus Lemma 2.1.4 implies that A7 admits an
orthogonal basis over L.

Lemma 2.1.6. Let L be a p-adic field, and let B be a Qp-Banach algebra. For
R e {€&, RPAr RV and R e (€, RPAT RIV where T C (0,00] is a closed interval, the
natural maps

i:B®q,RL— Rp,, i:B®qg,RL— R,

are isometric embeddings of L-Banach algebras. For R ="R" and R= ﬁ’, the natural
maps

i:B®Q R; — Rp,, i B®Q L—>RBL
are isometric embeddings of L-Fréchet spaces. Furthermore, i always has dense zmage
Hence i induces an isomorphism B®Q Rr = Rp, for any R € {€£, RPAr RIR™, and i
induces an isometric embedding B®Q,,RL — RBL for any Re {5, Rbd. ! R’, Rr},

Proof. For R =¢, Rbd’r, R and R = g, ﬁbd’r, 7%], we denote by | - |1 the tensor product
norms on Banach algebras B@)QPRL and B@Q,,Ru and denote by | - |2 the norms of the

Banach algebras Rp and Rp. Fix some s € (0, r]. For R="TR’ and R= ﬁr, we denote |f|g
by |f| for any f € Ry and f € Ri. We denote by | - |1 the tensor products of the norm on B
and | - [y on Ry and INQL, and denote by | - |2 the norms | - |y on Rp, and EBU

For any f € B®@p1~€L, if we write f = Z]’Ll b; ® f;, then it is clear that

li(f)l2 = Zb ® fj| < max{lb;|f1};

j=1

hence [i(f)|2 < |f]1 by the definition of tensor product norms. On the other hand, let
V be the Qp-subspace of B generated by b1,...,b,. By Lemma 2.1.4, V adrilits an
orthogonal basis {v1,...,v;}. We may rewrite f = Z;';l vj ®]j-’ for some ]j-’ € Ry. For
any i € Q, let ¢; and ¢;; be the ith coefficients of f and ]3’; then ¢; = Zm 1 Vi€ Hence
lcil = max{|v,||c,/|} This implies that |l(f)|2 = max{|v,|[f|} This yields |l(f)|2 Ifl1-
Hence |l(f)|2 = |f]1. The proof for i is similar. The rest of the lemma is obvious. O

Henceforth for any Q,- Banach algebra B and R € {5 Rbdr RI R’}, we view B®Q R
as a subalgebra of Rp, via i

Definition 2.1.7. For any Q,-Banach algebra B, p-adic field L and Re {ﬁbd, ﬁ}, we set

B@QPIN?L = U B&X\)kaz.

r>0

which is a subalgebra of Rp, .
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Lemma 2.1.8. Let B be a Q,-Banach algebra of countable type, and let L be a p-adic

eld. Suppose that S is a closed subspace o gL and put §'=SN ﬁbd’r, which is a closed
L

subspace of ﬁgd‘r. Then

(B®q,S) N Ryt =B&®q,S.

Proof. We only need to show (B@@pS) N ﬁgd’r c B@)QPS’. Since B is of countable type,
by Lemma 2.1.4, B admits an orthogonal basis {vf}jeJ over Qp; then {v/-}jej is also an
orthogonal basis of B&g,L over L.

Now suppose that f = Zie(@ aiu’ € (B@QPS) N ﬁg?’r. We may write f as a convergent
sum f =} NV ® fj in B@)QPS where each f; € S. Since f € ﬁgf’r, it follows that each
fi € RPY" and satisfies [vjl[fi| < [f], [vl[fil- < |f],- Hence all f; belong to §' =S N RV It
remains to show that the sum ZjeN v; ® fj is convergent in B@QPS/. For any € > 0, choose
N < 0 such that max{|a;|, |aju'|,)} < € if i < N. Choose m € N such that v ® fil <elm |~Nr
if j > m. We claim that

max{|v; @ fil, [v; ® fil,} <€
for each j > m. In fact, for any j > m, if we write v; ® f; = Zie(@ bﬁui where bj; € B, then
max{|bjil, [bjiu'];} < max{la;l, |} < €
if i < N, and
max{[bjl, |bjiu'l) < maxfeln |7V, el [N} < e
if i > N. This yields the claim. Hence f € B@@I)S’. d
Definition 2.1.9. Let ¢4 : Ax — Ag be the continuous extension of id ® ¢x on A®QI)K.

We set the g-action on R4, as the continuous extension of id @ ¢ on A®QPRK- We set
the p-action on Ry, as

oD au' | =) eatau?.

i€Q i€Q
Remark 2.1.10. The embedding 7x : Rx — ﬁK induces an embedding
4 Rag = | ABg, Rk — ABq, Rk = | ] A®q, Rk
r>0 r>0

by tensoring with the identity on A and taking completion; then 14 is @-equivariant
because 1g is @-equivariant. By Lemma 2.1.6, 74 further induces a ¢@-equivariant
embedding Ra, — Ra, which we again denote by 4.

Definition 2.1.11. By a wvector bundle over RQK SAKQA;KR%, we mean a locally free
coherent sheaf over the product of the annulus 0 < v,(T) < r over K with M(Ag) in the
category of rigid analytic spaces over K. If Ax is disconnected, we require that the rank
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be constant. By a vector bundle over Ry, we will mean an object in the direct limit
as r — 0 of the categories of vector bundles over R} . For any morphism of affinoid
algebras A — B and a vector bundle My over Ry, we denote by MA®RAKRBK the base
change of M, to a vector bundle over Rp,.

Definition 2.1.12. By a family of ¢-modules over R}jg (resp. Ray), we mean a finite

locally free module Ny over R}jg (resp. a vector bundle My over Ra,) equipped with
an isomorphism ¢*Ng — Na (resp. ¢*My — My), viewed as a semilinear action ¢ on Ny
(resp. My). If Ak is disconnected, we require that the rank be constant.

Remark 2.1.13. For A =Q),, every vector bundle over R is represented by a finite free
Rg-module by the Bézout property of Rg ([14, Theorem 2.8.4]). Hence the category
of families of gp-modules over Rx coincides with the category of ¢-modules over Rg.
For general A, it is only known that any family of g-modules over R4, is A-locally free
(Corollary 2.2.10).

Definition 2.1.14. Let Nj (resp. M4) be a family of g-modules over R};g (resp. Rag)-
For any x € M(A), N4 (resp. Ma) specializes to a g-module

Ny =Ny ®R§I<3 (k(x)®QpRIb<d)

over k(x)®@pR2d (resp. My = Ms®R,, (k(x)®q,Rk) over k(x)®q,Rk). We denote by py
the natural projection map Ny — Ny (resp. Mg — M,).

Definition 2.1.15. For a family of g-modules My over R, a model of My is a
subfamily of ¢-modules Ny over R}jl‘g such that Ny ®R§d Rax =Mj.
K

Definition 2.1.16. Let N4 be a family of ¢-modules over RB,? For c¢,d € Z with
d >0, a (c,d)-pure model of N4 is a finite locally free sub—RX}(t—module N} of Nj with
NA@RX]E R}jg = Ny, so that the g-action on N} induces an isomorphism ¢ (eH* N, = Nj.
For a fgmily of p-modules My over Ra,, a (¢, d)-pure model of My is a (c, d)-pure model
of a model of My. For s € Q, we say that Na (resp. My) is globally pure of slope s if Ny
(resp. Ms) admits a (c, d)-pure model for some (and hence any) ¢,d € Z with d > 0 and
s=c/d. If s =0, we also say that Na (resp. My) is globally étale, and a (0, 1)-pure model
is also called an étale model.

Proposition 2.1.17. Let My (resp. Na) be a family of ¢-modules over Ra, (resp. R};g},
and let x € M(A). Suppose that

k(x)®q,K = D71 K;
where each K; is a finite field extension of K. Then the following are true.

(1) The induced @-action on each K; is an automorphism.
(2) Let My; = M@k ®q, Rk Rk (resp. Ny;= Nx@k(x)@)@pR}deté?) for 1 <i<n. Then
the HN-polygons of all My ; (generic HN-polygons of all Ny, ;) coincide.
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Proof. Since the g-action is an automorphism on k(x)®g,K, it is an automorphism
on each K;. This yields (1). By Proposition 1.5.6 (resp. Proposition 1.6.1), we see that
HN-polygons of g-modules over Robba rings (generic HN-polygons of ¢-modules over
bounded Robba rings) are stable under base change. By passing to normal closure
of the field extension k(x)/Q,, we may suppose that k(x) is Galois over Q,. In this
case, Gal(k(x)/Qp) acts transitively on the set {K;};¢;<,; hence it acts transitively on
{My.i}1<icn (resp. {Nxi}icic,)- Furthermore, this action commutes with ¢. This implies
that all M, ; (resp. Ny ;) have the same HN-polygon (generic HN-polygon), yielding (2). O

In the situation of Proposition 2.1.17, it is clear that M, (resp. Ny) is isomorphic to
the direct sum of all My; (resp. Ny ;). We call each M, ; (resp. Ny ;) a component of M,
(resp. Ny). We set the slopes and HN-polygon of My (resp. generic slopes and generic
HN-polygon of Ny) as the slopes and HN-polygon of M, ; (resp. generic slopes and generic
HN-polygon of Ny ;). We set the HN filtration of My (resp. generic HN filtration of Ny) as
the direct sum of the HN filtrations of all My ; (generic HN filtrations of all Ny ;).

Definition 2.1.18. Let M4 be a family of ¢p-modules over R4, , and let N4 be a model of
it. We call Ny a good model if for every x € M(A), the generic and special HN-polygons of
N, coincide, i.e. the generic HN-polygon of N, coincides with the HN-polygon of M,.

2.2. Semicontinuity of HN-polygons

Convention 2.2.1. Let r, be as in Lemma 1.2.8. It follows that for 0 < r < r, and
a€ Rk, if p(a) € qu7 then a € Ry. Furthermore, by Remark 1.2.2, we may shrink r, in
such a way that ¢ maps Ry to qu for 0 < r < r,. Hence for 0 <r < ry,, we have that
o(a) € R%q if and only if a € Ry, and that w,/,(¢(a)) = w,(a) for any a € Ri.

Proposition 2.2.2. For any Q,-Banach algebra S and x € M(A), the natural projection
map
Dx :A@)QPS — k(x)®QpS

is surjective and ker(py) = mx(A@)QpS) where my is the maximal ideal of A corresponding
to x. Furthermore, for any A > 0, there exists a Weierstrass subdomain M(B) of M(A)
containing x such that z'fAf € ker(py), then the norm of f in B@)QPS is no more than A
times the norm of f in AQq,S.

Proof. By the Hahn-Banach theorem for Banach spaces over discretely valued fields
([22, Proposition 10.5]), the exact sequence

O—-my—>A—kx)—0
splits as (Q,-Banach spaces. This yields the exact sequence
0— m®q,S > ARQ,S = k(x)®q,S — 0.

This shows that py is surjective.
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Choose a finite set of generators bi,...,b, of m, as an A-module. By the open
mapping theorem for Banach spaces over discretely valued fields ([22, Proposition 8.6]),
the surjective map of Q,-Banach spaces A™ — m, defined by (a1, ..., an) — Zf’;l a;b; is
open. Hence there exists ¢ > 0 such that for any a € my, there exist ay, ..., a, € A with
lai] < clal such that a =";"; a;b;. Choose some non-zero z € Q, with |z] = A" <1 /c. Set

B=A<X15 "'7Xm>/(ZX1 _bl,.-.,ZXm _bm);

then M(B) = {y € M(A)||b;(y)| < ), 1 < i< m}is a Welerstrass subdomain containing x.
Let {vi};c; be an orthogonal basis of m, over Q,. Now if f € ker(py), write f =>",.;vi ® gi
with g; € §; then |f| = max;er{|villgi|}. For each i € I, choose ay;, ..., am € A such that
Z}"zl ajibj = v; with |ajj| < clvj| for 1 <j<m. Put f; =), ajigi for 1 <j<m. It then
follows that

il < max{|aif|gil} < c max{|villgil} = clf]

and f = ijzl b;f;. This implies that f € mx(A®QpS). Furthermore, since the norms of the
bj in B are no more than A/, the norm of f in B@QPS is no more than A'c, which is no
more than A times the norm of f in A@@,,S. a

Corollary 2.2.3. Let S be a Qp-Banach algebra. Let x € M(A), and let Fy be an
invertible matriz over k(0)®q,S. Let F be a matriz over A@)QpS lifting Fy. Then there
exists a Weierstrass subdomain M(B) of M(A) containing x such that F is invertible over
B®q,S.

Proof. Using the first part of Proposition 2.2.2, we lift Fx_1 to a matrix F' over
A@QPS. Note that F'F — I vanishes at x. It therefore follows from the second part of
Proposition 2.2.2 that there exists a Weierstrass subdomain M(B) containing x such that
the norm of F'F — I, viewed as a matrix over B®Q S, is less than 1. This implies that F'F

is invertible over B®@ S; hence F is invertible over B®Q S. ([

Lemma 2.2.4. Let 0 <r <1y, and let M} be a vector bundle over R/g equipped with
an isomorphism ¢*M), = M:x@R;; Rr/ as vector bundles over RA /4 Suppose that there

exists a basis e1, ..., e, of M2®R R[r/q 1 over R[r/q T on which @ acts via an invertible
matriz F over Rg/g s then ey, ..., e, extends to a basis of M.
Proof. We will proceed by induction on / to show that one can extend eq,...,e, to a

)
basis of M@y, R% 9" for each [ > 1. The initial case is already known by assumption.
Suppose that the claim is true for some [ — 1 > 1. Write e = (e, ..., ;). Since ¢(e) is
equal to eF in MA®R R[r/q /4] , they are equal in MA®R’ R4 r/q L/l a priori. Then

using the relation e = <p(e)F ', we extend e to M ®r;, Ry, [/ n by gluing e and ¢(e)F~!
It remains to prove that e generates M/, A®R2K RAr 1? 771 Let M’ be the coherent subsheaf
)
of M, ®Rr Ry r/q 7] generated by e. Note that ¢(e) is a basis of M:‘®R:\ R%q r/a) by the
K
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isomorphism ¢*M} = M, ®732K R:‘/[f . It therefore follows that

/ _ [r/q'=*.r] / _ [r/q,r/q]
M| = M:x@RgKRAK . M |M(er/q’,r/qJ) _MIX®RQKRAK .

-1 ,
M(RXI/: Y'J) Ak

[r/d',r]
Hence M’ = M2®R2K Ra, - O

Lemma 2.2.5. Let My be a family of ¢-modules over Ra, such that it is represented by
a vector bundle M} over Ry, for some 0 <r <r,. Let x € M(A), and let ex be a basis of

MY = Mo (0@, Ry

over k(x)®QpR%/q’r]. Suppose that e is a lift of e, in M/[;/q’r] =M£®R/§‘KRHI£q’r]. Then
there exists a Weierstrass subdomain M(B) containing x such that e is a basis of
M S, R over RS

Proof. Since M/[{/ 471 s a coherent sheaf over M(R/[Ili q’r]), we choose a finite set of

generators v = (v1, ..., V) of it. We lift the transformation matrix between the image

M)[Cr/ ¢ and ey to a matrix U over RX; @1 1t is clear that the image of

RX; q’r]—module, by

of v in
eU — v in M)[Cr/ 41 Ganishes. Since M/[{/ 411 s a finite locally free

Proposition 2.2.2; we deduce that eU — v € meX/q’r]; thus there is a square matrix W

over me/[:IZq’r] such that eU — v =vW. By Proposition 2.2.2, we choose a Weierstrass
subdomain M(B) containing x such that min{w,,,(W), w,(W)} > 0 over ’Rgléq’r]. This
implies that I + W is invertible over Rg[{ %71 Hence eU I+W) 1=y, yielding that e
generates Mg/ 471 Gince the number of entries of e is equal to the rank of Mg/ q’r], we get

that e is a basis of Ml[;/‘”] over Rgliq,r]. -
The following lemma is based on [14, Lemma 6.1.1].

Lemma 2.2.6. For r € (0,ry/q), let D be an invertible n x n matriz over RX[’(r],

and put h = —w,(D) — w,(D™1). Let F be an n x n matriz over RIE{I’:] such that

w,(FD™Y —I)>c+ h/(qg — 1) for a positive number c. Then for any positive integer
k satisfying 2(g — 1)k < ¢, there exists an invertible n x n matriz U over Rgr]’(qr] such that

U~ 'Fo(U)D™! — I, has entries in nkRX}f“ and wo(U Y Fo(U)D™Y —1,) > c+h/(g — 1).

Proof. For any i € {v(a)la € Ak}, r >0, f = jJ;ofoo ajTj € Rag, we set vi(f) = minf{j :
v(gj) < i} and v (f) = rvi(f) +i. (If A= Q), they are vf‘ai"e, v??i"e, introduced in [14, p.
458].) It is clear that

Vi (f) = mi(f) +i = rvi(f) + v(ayg) = wr ().

Furthermore, we claim that w,(f) = min;{v; ,(f)}. In fact, suppose that w,(f) = v(a;,) +rjo
for some jo. Let iy = v(aj,). It follows that v, (f) <jo. This implies that v;, () < w-(f),
yielding the claim.
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We define a sequence of invertible matrices Uy, U1, ... over R}E{I’(qr] and a sequence of
matrices Fg, F1, ... over RHI’:] as follows. Set Uy =1,. Given Uy, put F; = Ul_ngo(Ul).
Suppose that FlD_1 —I,= ZOO oo ViT™ where the V,, are n x n matrices over Ag. Let

m=—

X = ZV(Vka Vi T™, and put Ujy1 = Ui(I, + X;). Set
cr=min{v;, (FID™" —I,) = h/(g — D}.

i<k

By the construction of X; we get
Wy (X)) = min vy, (X)) = minv; (X)) = minvy, (FiD~" = L) = ¢ + /(g — ).
i i<k i<k
We now prove by induction that ¢; > max{c, %c}, we(FID™' —1,)>c+h/(g—1) and U;
is invertible over R}E‘r[’(qr] for any [ > 0. For [ = 0, by assumption, it is clear that
co=wr(FD™ ' —1,)—h/(g—1) >c.
Suppose that the claim is true for some [ > 0. Note that for any s € [r, qr] and m € Z,
(s/r)(v(Vin) + rm) = v(Vin) + sm + (s/r — 1)v(Vin)
<v(Vy) +sm+ (s/r — Dk.

Hence (s/r)w-(X;) < ws(X)) + (s/r — 1)k. Since ¢; > %c > (g — Dk, we therefore deduce
that

ws(X1) = (s/r)wr(X)) — (s/r — Dk
= (s/r)(c1+h/(q—1)) — (s/r— Dk
>0
for any s € [r, qr]. It follows that Uj41 is invertible over RXI’{qr]. Furthermore, we have
w(De(X)D™Y) = w, (D) + w,(@(X)) + w, (D7)
= wgr(X)) — h
zq(cr+h/(g—1)—(g—Dk—nh
=qci+h/(g—1) —(g— Dk
1 1

>+ §c+h/(q— 1)+ <26'— (g— l)k)

> (’;2)c+h/<q—1>

since ¢; > c. Note that
FiaD™' — I, = (I, + X) " D', + De(XpD™ 1) — I,
= (U +X) P FDT = 1) + U + X)) EDHDeX)D .
Since wo(F;D~ Y = w, (I, + X))~ Y = 0, for i < k, we have
Vir((In + X))~ (FD"HDe(X)D ™) = w(Dp(X)D ™)

(+2)

>
2

c+h/(g—1).
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Write
I+ X) Y FED™ — 1 = (4, + X) Y FEDT — 1, — X))
o0
=Y (—XYFED — 1, - X)).
j=0
By the definition of X;, we have vi(FiD™Y — I, — X;) = 00 for i < k and
wr(FID™Y — I, = X)) > w,(F, D™ — 1) > c 4+ h/(g — 1).
Thus v,‘,r(FlD_1 — I, — Xj) = oo for i <k, and for j > 1 and i < k, we have
Vi (XY (FID™Y — I, — X)) = w(=X)Y (FiD™Y — I, — Xp))
> jwr(X) +c+h/(g—1)
=jlci+h/(g—1) +c+h/(g—1)
ZcHc+2h/(g—1)

142
5 c+h/(g—1).

Putting all of these together, we get

_ [+2
Vi (FiaD™t = 1,) > c+h/(g—1)

2

for any i < k and w,(FlJrlD_1 —1I,) > c+ h/(g — 1); this yields ¢;41 > #c. The induction
step is finished.

Now since wg(X)) = (s/r)(c;+h/(g—1))—(s/r—1)k for s € [r, qr], and ¢; — 00 as [ — o0,
the sequence U; converges to a limit U, which is an invertible n x n matrix over R/[{,’(qr]
satisfying w (U Fo(U)D™Y = 1,) > c + h/(q — 1). Furthermore, we have

vi (U Fo(U)D™! — 1) = lim v; (U FoUDD™ — 1) = lim v; ,(Fii1D™! — 1) = 00
[—00 l—>o00
for any i < k. Therefore U_ngo(U)D_1 — I, has entries in nkRE:‘r. U

Lemma 2.2.7. For any free ¢-modules N1, N2 over ng’ the natural map

Ext,, gua (V1. N2) — Exty p, (N1@rpaRax. N2®pia Rar)

is surjective. Here Exti) Rbd and Extglo Ray denote the set of extensions in the category of
) AK ’
@-modules over Rlzg and Ray respectively.
Proof. Let M be any extension of N2®deRAK by N1®R§dRAK in the category of
K K
p-modules over Rg,. We pick an Rg,-basis e = {e1,ea,..., ey 4n,} of M such that
{e1,e2,...,e,} is a basis of N1 and {en,+1, €n 42, - - -, €ny+4no ) is a lift of a basis of Na.
The matrix of ¢ under e is then of the form

F F
po (i P2 ’
0 Foo
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where F11 is the matrix of ¢ under {e1, e2, ..., e, } and Fag is the matrix of ¢ under the
image of {en,+1, €ny+2, - - - » €ny+no}- It is clear that for any A € K, the matrix of ¢ under
{e]., 625 ceey enl’ )"en1+11 ey )Len1+n2} iS

F11 P(M)F12
0 (p(W)/MFa2 )’

Suppose that F is invertible over R} for some 0 <r <ry/q. Put

Fi1 0
D= s
< 0 ((P()»)//\)Fm)

and h = —w,(D) — w,(D~1) which is independent of A. We choose a positive integer k and
X such that

wr(FD™Y = Iy, 4ny) = Wy (AF12F55 ) > 2k(q — 1) + h/(g — 1).

Then applying Lemma 2.2.6, we obtain an (n1 + n2) X (ny + ng) invertible matrix U over
RX;{qr] such that U= Fo(U)D™! — I, 4, lies in nkRX;:’r and

wr (U Y Fo(U)D ™ = Iy yny) = 2k(g — 1) + h/(g — 1) > 0.

This implies that U~1Fg(U)D~!, which is the matrix of ¢ under eU, is invertible over
Rgg’r. It follows from Lemma 2.2.4 that eU extends to a basis of M. Moreover, following
the construction of U given in Lemma 2.2.6, we see that each Uj is of the form

1, *
U= " .
0 I,

Hence so is U. Therefore the model N of M generated by eU is an extension of N2 by
Ni. O

Proposition 2.2.8. Every ¢-module over Rx admits a good model.

Proof. Each pure ¢-module over Rx has a unique good model. The general case then
follows from Theorem 1.2.20, Lemma 2.2.7 and Corollary 1.6.5. O

Proposition 2.2.9. Let My be a family of ¢-modules over Ra,. Then for any x € M(A)
and a model Ny of My, there exists a Weierstrass subdomain M(B) containing x such
that Mp :MA®RAKRBK admits a finite free model Np which lifts Ny. Furthermore, if
k(x) CA, we can choose M(B) such that Ny has constant generic HN-polygons for any
yeM(B).

Proof. Let e, be a basis of Ny. By Lemma 2.2.5, after shrinking M(A), we may lift e,
to a basis eq of Mf[‘r/q’r] for some 0 < r < r,. Let F be the matrix of ¢ under es. Then
RXéq’r/q]. Since F(x) is the matrix of ¢ under ey, we get that it is
invertible over k(x)®QpRIb(d’r/ 1. By Corollary 2.2.3, we may lift F ()~ to an invertible

matrix F’ over Rz)ﬁ’r/ 1 by shrinking M(A). Put

F is invertible over

1

h= _Wr/q(F/) - Wr/q((F/)_ ).
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Since FF' — I vanishes at x, by Proposition 2.2.2, we choose a positive integer k and a
Weierstrass subdomain M (B) containing x such that

wryg(FF' —1) > 2k(g — 1) + h/(qg = 1)

in R/ Put W= —wpg(F) = wyyg((F) Y in RY/79 then W < h. Let ¢ =
wy1g(FF'—1)—h'/(g—1); then ¢ > 2k(g —1). We therefore deduce from Lemma 2.2.6 that
there exists an invertible matrix U over Rgliq,r] such that U~1Fo(U)F' — I, has entries
in nkn};ﬁ”/" and satisfies wy/, (U~ Fo(U)F' — I,) > 0. This implies that U™ Fo(U)F’ is
invertible over Rgif’r/ 9 yielding that U~1Fg(U), which is the matrix of ¢ under the basis

eaU, is invertible over Rg?’r/ 9Tt therefore follows from Lemma 2.2.4 that e4U extends
to a basis of Mp. Furthermore, following the construction of U given in Lemma 2.2.6,
we have X;(x) =0, U;(x) = I for each [. Hence U(x) = I. Therefore the RBS—Submodule Np
generated by this basis is a finite free model of Mp lifting Ny.

Finally, suppose that k(x) C A. By Corollary 1.6.12, if we further shrink M(B) such
that |U~1Fe(U) — F(x)| is sufficiently small in Epy, then the generic HN-polygon of Ny is
the same as the generic HN-polygon of N, for any y € M(B). (]

Corollary 2.2.10. Let M4 be a family of ¢-modules over Ra,, and let x € M(A). Then
there exists a Weierstrass subdomain M(B) containing x such that the vector bundle
Mp = MA@RAK Ry s freely generated over Rp, .

Proof. This follows immediately from Proposition 2.2.8 and the first part of
Proposition 2.2.9. (]

Proposition 2.2.11. Let My be a global pure family of ¢-modules over Ray. If Ny and
N} are two finite free pure models of My, then they generate the same finite free good
model of My.

Proof. Let Li,...,L, be the residue fields of the generic points of Ag; then the
natural map Ak - L=1L; x --- x L, is a closed embedding (see [3] for more details
about generic points of affinoid algebras and the embedding). Let U be the matrix
of transformation between some bases of Nj and N). Note that the base changes
NA®RX;:RiLnt and NX(X)RX};RiLHt are pure models of My®p, Ri. We therefore deduce

from Proposition 1.2.21 that U is invertible over R}"d. Hence U is invertible over
RE’d NRax = R]Zg, yielding the proposition. O

Theorem 2.2.12. Let My be o family of ¢-modules over Ry, . Suppose that My is pure
of slope s for some x € M(A) with k(x) C A ; then there exists a Weierstrass subdomain
M(B) containing x such that Mp = MA®RAKRBK admits a finite free (c, d)-pure model Np
where d > 0, (¢,d) =1 and c¢/d = s. In particular, Mp is globally pure of slope s.

Proof. We first prove the proposition for M as a ¢%module. By tensoring with
Rag(—c), we may assume that s =0. Let N, be an étale model of My, and let e, be
a basis of Ny. By Proposition 2.2.9, for some Weierstrass subdomain M(B) containing x,
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we can lift €, to a basis eg of Mp which generates a finite free good model of Mp. Let
F be the matrix of ¢ under eg. Note that F(x), which is the matrix of ¢ under ey,

is invertible over k()c)(X)QpR%lt !

for some r > 0. We may suppose that F is invertible
over RBd by shrinking r. By Proposition 2.2.2, we may further shrink M(B) such that
min{w(F — F(x)), w(F~L — (Fx))"H} > 0 over RBK . This implies F, F~ 1 € ’Rgl]: ". Hence

the Rmt—submodule Np of Mg generated by ep is a finite free étale model of Mp.

Note that if Np is a finite free pure (c, d)-model of Mp as a ¢%module, so is ¢*Ng.
Thus Ng and ¢*Np generate the same finite free good model of Mg by Proposition 2.2.11,
yielding that this model is stable under ¢. This implies that Np is a finite free pure
(¢, d)-model of Mg as a p-module. O

2.3. Global slope filtration

We set L and R (resp. Rint Rbd g ) separately in the following two cases.

(AF) (the absolute Frobenius case) If K is an unramified extension of Q, in Q, and
@ is a g-power absolute Frobenius lift, let L = “r, and let R, RI™t, RPd &
denote ﬁiig, U0 K(O’r], ]~37, B respectively. (See [6] for more details about the

constructions of ]A?;Iig, K(O”], B and ]§) The latter can be identified with F;&,gcon,

FCOI,%, F&}%[n—l] and I'28[x 1] respectively. (See [1, §1.1] for more explanations
about these identifications.) Here the latter are different kinds of basic rings

—

associated with the residue field I, ((u))‘r’llg (where the completion is taken for the
u-adic topology) introduced by Kedlaya in [14, §2]. On the other hand, RL, Rmt

R]i’d, & are basic rings associated with F, ((u?)). By [12, Theorem 8], F, ((u))alg is
a proper closed subfield of ]F ((uQ)). This leads to natural embeddings B rlg C RL,
U0 A0 ¢ R‘Lnt, Bf c REd, BC EL, which respect Frobenius actions, following
14, §2).

(RF) (the relative Frobenius case) For general K, let L be some admissible extension of
K with strongly difference-closed residue field k7, and let R, Ri" RP4 £ denote

R Rmt Ed,gL respectively.
Remark 2.3.1. In both cases, L are admissible extensions of K with strongly
difference-closed residue fields. In the AF case, Rk, de, &k are the basic rings
associated with k((7)) ([14, §2.3]), and the g-equivariant embeddings Rk — Ry,

Rbd — Rbd &k — &L given in Remark 1.4.10 are 1nduced by the natural embedding
k(7)) — F, ((uQ)) defined as Y, aiT' Y, a;u'; this embedding factors through

F, (())™8. Thus the embeddings Rg — 751‘, R%d — ﬁ?d, Ex — & factor through ﬁ,
RPd £ respectively.

1>—00

Remark 2.3.2. In the AF case, the slope theory for p-modules over R ’Rbd & has the
same properties as the slope theory for ¢-modules over RL7 RL , SL In fact, all the
results of §§ 1.5-1.7 for g-modules over the extended base rings are motivated by their
counterparts for g-modules over ﬁ, ﬁbd, g developed in [14].
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Definition 2.3.3. Let My (resp. Na) be a family of g-modules over Ry, (resp. R}jg)
For any x e M(A), we set

M, =Ms®R, < (k(X)®Q,,7€) (resp. Ny = NA®R§;{1 (k(X)®QP7§bd))
which is a g-module over k(x)®Qp7€bd (resp. k(x)®Qp7€).

Proposition 2.3.4. Let My (resp. Na) be a family of ¢-modules over Ra, (resp. R}Xg),
and let x € M(A). Suppose that

k(x)®QpL = @?:1141'
where each L; is a finite field extension of L. Then the following are true.

(1) The residue field kg, of L; is strongly difference-closed for each 1 <i < n.
(2) Let My; = x®k(x)®@p'RK(Li®Lﬁ) (resp. Ny :Nx®k(x)®@p722d (Li®RPY)) for 1<i <

n. Then the HN-polygon of each Mx,i (resp. generic HN-polygon of each K’x,i) 1s the
same as that of M (resp. that of Ny).

Proof. By Proposition 2.1.17(1), the g-action on each L; is an automorphism. Hence the
residue field kg, is inversive. For the rest of (1), it reduces to showing that any dualizable
difference module P over k, is trivial. Since k7, is inversive, the g-action on P is therefore
bijective. Hence P is also dualizable as a difference module over k. This implies that P
a @-invariant basis over k. Hence it admits a g-invariant basis over kz,. For (2), it is
clear that each M,; (resp. Ny;) is a base change of some component of M, (resp. Ny).
Hence the HN-polygon of 1\~4x,,‘ (resp. generic HN-polygon of ]Vx,,-) is the same as that of
M, (resp. that of Ny) by Proposition 1.5.6 (for the RF case) and [14, Theorem 6.4.1] (for
the AF case) (resp. Proposition 1.6.1 (for the RF case) and [14, Proposition 5.3.1] (for
the AF case)), yielding the proposition. O

In the situation of Proposition 2.3.4, it is clear that M, (resp. IT/X) is isomorphic to the
direct sum of all ]l~4x,,- (resp. IA\i’x,i). We call each Mx,i (resp. X’x,i) a component of My. We
set the slopes and HN-polygon of M, (resp. generic slopes and generic HN-polygon of ]Vx)
as the slopes and HN-polygon of AN/IX,,‘ (resp. generic slopes and generic HN-polygon of
Nx,i). We set the HN filtration of M, (resp. generic HN filtration of K’x) as the direct sum

of the HN filtrations of all M, ; (generic HN filtrations of all N, ;).

Lemma 2.3.5. Consider the Frobenius equation

0(B) — 7" = a. (2.3.5.1)
(1) Let @ € A@@pg. If n#0, then (2.3.5.1) admits a unique solution B € A@Q})g which
18
o
p=—Y @ " @) (2.3.5.2)
m=0
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if n<0, or

B=> & Ry ) (2.3.5.3)

m=0

if n> 0. Furthermore, if n> 0, then w(B) = w(x), and zi n <0, then w(B) =
w(a) —n. If n=0, then (2.3.5.1) admits a solution B eA@QpS with w(B) = w(a).

(2) Let « EA@Qpﬁbd”. If n>0, then (2.3.5.3) provides the unique solution B €
A@Qpﬁbd of (2.5.5.1). Furthermore, we have B eA@)@pﬁbd’qr, w(B) = w(a) and
wr(B) = min{w(a), wy(a)}. If n=0, then (2.5.5.1) admits a solution 8 EA@)@pﬁbd’q’
with w(B) = w(a) and w,(B) = w(a).

Let a € A@Qpﬁbd”, and write a = Zie@ aj' as an element of ﬁkzj’r. If n <0, then

(2.3.5.1) admits at most one solution B eA@Qpﬁ, and it has a solution if and only
if

—
w
~~

3 @ M agym) = 0 (2.3.5.4)

meZ

for every i < 0. Furthermore, if B is a solution of (2.3.5.1), then it belongs to
A@Qpﬁbd’q’ and satisfies w(B) = w(a) —n, w.(8) = w,(a) — C(q, r, n) where C(q, r, n)
is some constant which only depends on q,r,n. As a consequence of (1), we see that
B is given by (2.3.5.2).

Proof. The uniqueness parts of (1) and (2) follow from the fact that w is preserved
by ¢. By Lemma 2.1.4, A admits an orthogonal basis over Q. Since ¢ acts trivially on A,
using an orthogonal basis, the rest of (1) and (2) reduces to the case A = Q). For (1), if
n#0, it is clear that the series (2.3.5.2) and (2.3.5.3) converge in £, and give a solution
of (2.3.5.1). For n =0, we apply Lemma 1.3.2. For (2), it follows from Lemma 1.5.10(2)
(for the RF case), [14, Proposition 3.3.7(c)] (for the AF case and n > 0) and [17, Lemma
5.1] (for the AF case and n = 0).

For (3), suppose that g = Eie(@ bi' € A@)@pﬁ is a solution of (2.3.5.1). Comparing the
coefficients of both sides of (2.3.5.1), we get @(bi/y) — n"b; = a; for every i € Q; hence
bi =n""¢(bijq) — m"a;. Since n < 0 and {a;};¢q is bounded, we get

o
—n(m+1}
bi=—Y @ " "y (2.3.5.5)

m=0
by iteration. Thus B is uniquely determined by « and belongs to 7%5;1

follows that there exist C € R and s > 0 such that

v <Z (n,fn){m-ﬁ—l} (pm(aiqm)> 2 C _ Si

m=0

. Furthermore, it
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k
for any i € Q. Since ((r—mylm+Y) (p’"(aiqu)){ Z (r—mylmHid) <p’”+k(aqu)) for any k € Z, it
follows that

(E:m”WMWW%WWW>=§]N%WHWW%HJ

m=—k m=0

- m+1)
—n\{m+
=2 @ gy

m=0
Hence
> 1 > 1
v ( S @it }(pm(aiq—m)> —v (Z (r—mtmT }gom(a(iqk)qm)> + 1k > C — sig* + nk.
m=—k m=0

Therefore, if i <0, then v(> o, (nfn){mﬂ}(pm(aiqu)) — 400 as k — 400, yielding
Y mez. (n_"){m+1} @"(ajg-n) = 0. This proves the ‘only if’ part of (3).
To prove the ‘if’ part, for any f = Zie(@ aju' € R, and ¢ € R, we set
wo T (f) = min{v(a;) + ri}.
i<c
It is clear that wi~(f) - oo as ¢ — —oo. Now suppose that > _, (n_”){m+1}
¢"(ajg-m) =0 for every i < 0. If i < —1, then for each m < —1,

v((mr ™)

U o @i m)) = (Waggm) + rig™) — rig™™ — n(m + 1)

> wi’_(a) —rig7™ —n(m+1)
> W (@) — ri) — C1(q. r. n)
for some constant C1(q, r, n). Hence

Wy <<Z (n—n){erl} (pm(aiq’")> ui) =y (_ Z (n—n){m+1} (pm(aiqm)> + rl-

m=0 m=—1
> wi'_(oz) — Ci1(q, r,n) (2.3.5.6)
fori < —1.1If i > —1, then for any m > 0,
v((n_"){m+1}
for some constant Ca(q, r, n), yielding

Wy ((Z (ﬂ*n){m+1} gom(aiqm)> ui> > we(a) — Ca(q, r,n). (2.3.5.7)

m=0

" (ajg-n)) = wr(a) —rig”"™ —n(m + 1) = (wy(a) — ri) — Ca(q, r, n)

Now suppose that B is given by (1.5.10.1). Since the series is convergent in A@@pg’

(hence in gAL), a short computation shows that the ith coefficient of g is just b; given
by (2.3.5.5). Hence

p=-> (Z (i so’”(aiqm)> ', (2.3.5.8)

i€Q \m=0
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We claim that B € ﬁgf’r. Since B eA@QPg, it satisfies (1) of Definition 1.4.1. By

(2.3.5.6) and (2.3.5.7), we see that B satisfies (2) of Definition 1.4.1; hence B € ﬁg?’r,
and it satisfies w,(8) = w,(ax) — C(q, r, n) for

C(q, r,n) =max{Ci(q, r,n), C2(q, r, n)}.

Furthermore, p(B8) =a+n"B € ﬁlzf’r implies B € ﬁk?’qr. Since €. , which is complete with

respect to w, is a closed subspace of gL, and € N ﬁ?d’qr = ﬁbd'q’, we deduce that
B e Ry N (ABq,E) = ABg, RV
by Lemma 2.1.8. g

In the situation of Lemma 2.3.5(3), we call the ideal of A; generated by the left-hand
side of (2.3.5.4) for all i < 0 the obstruction of the (2.3.5.1).

Lemma 2.3.6. Let L' be a p-adic field, and let a € Ap,. Then the set
{xe M(A)la(x) =0}
18 a Zariski closed subset of M(A).

Proof. Let {e;};c; be an orthogonal basis of L' over Q,, and write a =), ;a;e; with
a; € A. Tt is then clear that a(x) = 0 if and only if a;(x) = 0 for all i € I. This yields the
lemma. O

Lemma 2.3.7. Keep the notation as in Lemma 2.5.5(3). Then the set S of x € M(A)
for which the specialization of (2.3.5.1) admits a solution in k(x)®(@p7€bd forms a
Zariski closed subset M(B) of M(A). Furthermore, (2.3.5.1) admits a unique solution
in B®g, RP4.

Proof. By Lemma 2.3.5(3), we see that S is just the set of points for which the image of
the obstruction in k(x)®q,L is the zero ideal. Hence S is a Zariski closed subset M(B) of
M(A) by Lemma 2.3.6. Furthermore, since the obstruction vanishes in By, we get the rest
of the lemma by Lemma 2.3.5(3) again. d

The following lemma is based on [14, Proposition 5.4.5].

Lemma 2.3.8. Let D be an n x n diagonal matriz with entries D; = % satisfying
a > --->=a,, and let F € GLn(AQAZ)Qpﬁbd”) for some r > 0. If w(FD™1 —1,) >0
and wr(FD™Y — I,) > 0, then there exists U € A@Qpﬁbd’q’ with w(U — I,) > 0 and
w(U —I,,) > 0, such that U_ngo(U)D_1 — I, is upper triangular nilpotent.

Proof. Put o = min{w(FD™! — I,), w,(FD™' — I,)} and Uy =1I,. We will inductively
construct a sequence U1, Uz --- € GLn(A@)QPRbd"”) satisfying

min{w(U; ' Fo(UpD™ — 1,), w,(U; ' Fop(UD™Y — 1)} = co,
w(U; —I,) = co, min{w(Uj31 — Up), wgr(Uip1 — Up} = (14 D)co,
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and the lower triangular part of Ulega(Ul)D’1 — I, has both w and w, valuations
> (I4+ 1)co for I > 1. Given U, put F; = Ul_ngo(Ul), and write F;D~! — I, = B;+ C; where
B; is upper triangular nilpotent and Cj is lower triangular. Then min{w(C;), w,(C))} >
(I + 1)co. We claim that there exists an n x n lower triangular matrix X; over A@)Qpﬁbd*q’
satisfying C; + X; = D(p(X[)D_1 and

min{w (X)), wDp(XDD ™), war (X, wr (Xp), w,Dp(XDD™ )} = (1 + Deo.
In fact, since a; > aj as i <j, this amounts to solving a system of equations of the form
c+x=1"px),  ceABg,R" m<0. (2.3.8.1)

By Lemma 2.3.5(2), (2.3.8.1) has a solution x eA@Qpﬁbd’q’ with w(x) > w(c) and
wp(x) = min{w(c), w,(c)}. Hence w(zx™¢(x)) > min{w(c), w(x)} > w(c) and

War(®) = w (@) = wy(m"(x)) = min{w,(c), w,(x)} = min{w(c), w,(c)}.
This yields the claim. Put U;41 = U;(I,, — X)); then

w(Ui31 — Ip) = co, qu(Ul+1 -Up= qu(Xl) = (I + 1)co,
w(Up1 — Up) = w(Xp) = (I + Dco.

We have
U FoUe)D™ = Iy = Ly + Xi + -+ )y + B + C) Uy — Do(X)D™Y) — I,.
It follows that
min{w(UZ  Fo(U1)D™' — L), we (U Fo(Uip1)D™ ! — 1)} > co
and
min{w(U, } Fo(U1)D™! — I, — B), w, (U Fo(Uip1)D ™" — I, — B)} = (1 + D)co.

This yields the inductive step. Then U = lim;_, o U; satisfies the desired property. O

Proposition 2.3.9. Let My be a family of ¢-modules over Ra, of rank n, and let
x € M(A). Let Ny be a model of My. Suppose that the generic slopes (counted with
multiplicity) of Ny are

ai/az--- 2 ayfa
where a is a positive integer and a; € Z for 1 <i < n. Then there exists a Weierstrass
subdomain M(B) containing x such that Mp ZMA®RAK (B@QPR) is finite free over
(B@Qpﬁ), and admits a basis under which the matriz of % is an upper triangular

matriz F over B@)prébd with diagonal entries Fy = w~%+1-i,

Proof. It suffices to treat the case where a = 1 by replacing ¢ with ¢?. We claim that
K/x admits a filtration such that the ith successive quotient is isomorphic to Vw1 1-
For the RF case, the claim follows from Propositions 1.6.4 and 1.6.9 and Lemma 1.6.10.
For the AF case, the claim follows from [16, Theorem 14.6.3], [14, Theorem 6.3.3(b)] and
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Lemma 1.6.10. It thus follows that Nx admits a basis e, under which the matrix Fy of ¢ is
upper triangular with diagonal entries (Fy);; = & ~%+1-1,

By Proposition 2.2.9, after shrinking M(A), we may suppose that M4 admits a finite
free model N4y with a basis e4. Let U, be the square matrix satisfying p(eq)Uy = €.
Then U, is invertible over RP4" for some r > 0. By Corollary 2.2.3, after shrinking
M(A), we lift U, to an invertible matrix U over A@)@pﬁbd”. Let F EA(/X\)Qpﬁbd”/
be the matrix of ¢ under the base e =eqU, and let D be a lift of Fy over
RPA7 guch that D is upper triangular and Dj = n%. Note that (FD~1)(x) =I,. By
Proposition 2.2.2, we choose a Weierstrass subdomain M(B) containing x such that
min{w(FD~1 — 1), w.(FD™! — I,)} > 0 over B@@pﬁbd”/. Then by Lemma 2.3.8, there
exists a matrix V over B@Qpﬁbd’q’ such that V‘lF(p(V)D_1 — I, is upper triangular
nilpotent. It follows that the basis eV satisfies the desired property. O

Theorem 2.3.10. Let M4 be a family of ¢-modules over Ra,. Then for any x € M(A),
there is a Weierstrass subdomain M(B) containing x such that the HN-polygon of M, lies
above the HN-polygon of M, with the same endpoint for any y € M(B).

Proof. By Proposition 2.2.8, we choose a good model N, of M,. We apply
Proposition 2.3.9 to N,. It then follows from Corollary 1.6.5 that for any y € M(B),
the generic HN-polygon of N, is the same as the generic HN-polygon of N,; hence it
is the same as the HN-polygon of M,. We thus deduce that the HN-polygon of M, lies
above the HN-polygon of M, with the same endpoint by Proposition 1.7.2. ]

Definition 2.3.11. Let ]\~4A be a ¢-module over A@)Qpﬁ. For ¢,d € 7Z with d > 0, a
(c, d)-pure model of 1\~4A is a finite free A@Qpﬁmt—submodule NA with

N B, Rint (A®qQ,R) = My

and so Ni® A8g ﬁint(A@)@pﬁbd) is stable under ¢ and the ¢-action induces an
p

isomorphism ¢ ((pd)*ﬁA = Ny. For s e Q, we say that My is pure of slope s if My
admits a (¢, d)-pure model for some (and hence any) ¢, d € Z with d > 0 and s =¢/d. If
s =0, we also say that M, is étale, and a (0, 1)-pure model is also called an étale model.
By a slope filtration of M, we mean a finite filtration of @-submodules of My such that
the successive quotients are pure g-modules over A@Qpﬁ with decreasing slopes.

Proposition 2.3.12. Any ¢-module over A@Q],ﬁ admits at most one slope filtration.

Proof. It suffices to show that for any two pure ¢g-modules My and 1\712‘ over A@Qpﬁ, if
the slope of My is bigger than the slope of M, then there is no non-trivial morphism
from My to M),. For this, by replacing ¢ with a suitable power of it, and by identifying
Hom (M,, 1\712‘) with (MX ®A~42)(p=1, it suffices to show that any étale @-module
over A®Q,R does not have a rank 1 pure g-submodule with positive integral slope.
If the contrary is true, then there exists a non-zero column vector v over A@)@pﬁ’ , an
invertible matrix W over A@@pﬁint" (in the AF case, set RINET t0 be 7&(0”]) and some
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negative integer n such that We(v) = n”v. By Proposition 2.1.2 and Lemma 2.1.6, we
may suppose that wg(W) > n for any 0 < s < r by shrinking r. It therefore follows that

Ws/q(U) = wyq(We(0)) —n 2 wy/q(W) + ws(v) —n > wg(v)

for any 0 < s < r. This implies that wy/(v) > ws(v) for any n > 1. We claim that v is
over A®Qprd. In fact, if a; is the ith coefficient of some entry of v, we then have

v(a;) + 2 Wy/q(V) > wy(v)

for any n > 1. Hence v(a;) > wg(v); thus v is over A®@ RPA and satisfies w(v) > wg(v).
It then follows that w(@w) = w(e@)W) — n > w(p®)) + w(W) > w(), yielding a
contradiction. O

Lemma 2.3.13. Let L' be an extension of K with strongly difference-closed residue field.
Let M be a ¢-module over Rys. Suppose that the maximal slope m of M is integral. Then

for any s € Q, m > s if and only if M admits a non-zero eigenvector of ¢ with eigenvalue
[—s]
b AR

Proof. If ¢(v) = n!=*ly for some non-zero v € M, it follows that m > —[—s] >

Conversely, suppose that m > s. Using Theorem 1.5.8, let V, 4 with A € L’ be in a
Dieudonné-Manin decomposition of the first step of the HN filtration of M. Since
v(A)/d = —m is an integer, by Lemma 1.6.10, we deduce that V, 4 admits a non-zero
p-eigenvector v with eigenvalue w ™. If —m = [—s], then we are done. Otherwise, let

n = [—s] + m, and put
=y @t
i€eZ
Since n > 0, it is clear that f is a well-defined element of 7EL/7 and satisfies ¢(f) = 7n"f. It
follows that fv is a non-zero g-eigenvector of M with eigenvalue 7 =" = 7 [=51, O

Remark 2.3.14. Let M be a family of g-modules over Ra,. It is clear that if
My = MA®R,, (A®Qp R) is a g-module over A®@ R admitting a slope filtration, the
HN-polygons of M, are constant over M(A). In §2.4, we will construct a family of
p-modules such that its HN-polygons are not even locally constant over the base. Thus
this family does not admit a slope filtration over the extended Robba ring.

Theorem 2.3.15. Let M4 be a family of ¢-modules over Ray, and let x € M(A). Then
there exists a Weierstrass subdomain M(B) containing x such that the set of y € M(B)
where the HN-polygon of My coincides with the HN-polygon of My forms a Zariski closed
subset M(C) of M(B), and

Mc =Ms®R, (C&,R)

admits a unique slope filtration which lifts the HN filtration of M.
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Proof. Let d’ be the least common multiple of the denominators of the slopes of M.
Let a = a'(2")! where n is the rank of M. We view M as a g“-module. Suppose that the
slopes of M, are s1 > --- > s; where each s; has multiplicity d;. Then all s; are integers.
By Proposition 2.3.9, there exists a Weierstrass subdomain M(B) containing x and a
basis ¢ of Mg = MA®RAK (B@)Qpﬁ) such that the matrix F of ¢? under €g is n x n upper
triangular over B@Qpﬁbd" for some r > 0 with diagonal entries F;; = 7™ where m; = —s;
ifdj+---+dip1<i<di+---+d.

As explained in the proof of Theorem 2.3.10, the HN-polygon of M, lies above the
HN-polygon of M, for any y € M(B). Therefore the HN-polygon of M, coincides with the
HN-polygon of M, if and only if the former lies below the latter. Since HN-polygons
are convex, by Proposition 1.2.22, we deduce that the HN-polygon of M, lies above
the HN-polygon of M, if and only if the maximal slope of /\d1+"'+dfMy is no less
than 2{21 sid; for each 1 <j <[ By Proposition 2.3.4(2), M, and My have the same
HN-polygons. Let n; be the rank of A4 then n; < 2". By the construction of
a, we see that all the slopes of A%+ +4 M are integral. Hence by Proposition 2.3.4(1),
Lemma 2.3.13 (for the RF case) and [14, Proposition 3.3.2] (for the AF case), we
conclude that the HN-polygon of M, lies below the HN-polygon of M, if and only
if each component of Ad1+"'+d/'1\~/1y admits a non-zero ¢%-eigenvector with eigenvalue
g1 = =sidi for ] <j < Let §; be the set of y € M(B) which satisfies this condition
for j. Therefore, to prove the first part of the theorem, it suffices to show that each S; is a
Zariski closed subset of M(B).

Note that under the basis A9+ Hdigg of At Hipfp the matrix G for ¢? is upper
triangular, and its diagonal entries are of the forms m = where m goes through
all the sums of di + --- + d; elements of the slope multiset of M,. In particular,
Gy = g st =5d; s the smallest power of m among diagonal entries. Using the
basis A9 +4gp and matrix G, a short computation shows that finding ¢%eigenvectors
with eigenvalues 7 =191~ =54 amounts to solving a series of equations ¢(B;) — hifli = «;
for 1 <i < nj, where

—s1d1—---—s;d;
hi =g 14 J //an+17i,n_,'+lfi,
and

@i =Gy b1 i i1-iGur1—im@(B1) + - Gyt —imyr2-i9 (Bi=1)).

Note that h1 = 1,a1 = 0, and that h; is a negative power of m for each i > 2. Let
L' = L*=1; it follows that B1 € (B@)Qpﬁbd)w = Bp/. Furthermore, by Lemma 2.3.5(3), for
any initial value 81 € By, this series of equation admits at most one solution. By its
definition, we see that S; is just the set y € M(B) for which the specialization of this series
of equations admits a solution for the initial value 1 (and hence for any initial value)
in k(y)®q,L". Applying Lemmas 2.3.5 and 2.3.7 inductively, we thus deduce that S; is a
Zariski closed subset of M(B), yielding the first part of the theorem.

To show the rest of the theorem, we may suppose that B = C. Using the basis eg and

matrix F, a short computation shows that finding ¢%-eigenvectors with eigenvalues 7 ~5!
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in Mp amounts to solving a series of equations ¢(8;) — h;8; = «; for 1 <i < n, where
hi =" [Fpi1—in+1—is

and

F;+1 intl—iEnt1-in@(B1) + -+ Fup1—iny2-i9(Bi-1)).

Note that h; = =hg, = 1,01 =0, and h; is a negative power of m for each
d1+1 < i< n. Note that for o € B®QPRbd any two solutions of the equation ¢(8)—8 =«
differ by an element of By;. We therefore deduce from Lemma 2.3.5(2) that 1, ..., B4,
are of the forms

B1=c1
B2 =c1B21 +c2

Bay = c1Ba1 + c2Ba2 + -+ cay

where g;; are fixed elements of B@Q RPd determined by the coefficients of F,_. —q for
0<ce<di —1land 0<d<dy —2andcy,...,cq; €Bp. Furthermore, by Lemma 2.3.5,
we see that for any initial values ci,...,cq, both this series of equations and its
specialization at any y € M(B) admit at most one solution. On the other hand, by
Theorem 1.5.8 (for the RF case), [14, Proposition 4.2.5] (for the AF case) and
Lemma 1.6.10, we see that the set of ¢“%-eigenvectors with eigenvalue w 5! in ]l~4y is
a free k(y)®QpL’-module of rank di. We therefore deduce that the specialization of
this series of equations at y admits a unique solution in k@)@@pﬁbd with the initial
values ¢1(y), ..., cq; (). Hence by Lemmas 2.3.5 and 2.3.7, we conclude that this series
of equations admits a unique solution in B@@pﬁbd for any initial values c1,...,cq.
As a consequence, the set of p?-eigenvectors with eigenvalue 771 is a free By/-module
generated by v; = (0, . . )" where the first 1 lies in the ith entry for 1 <i < dj.
Set MB as the ¢ submodule of Mg generated by v; for all 1 <i<dj.

It is clear that MB is free of rank di and MB/MB is free of rank n — di. Furthermore,
MB is pure of slope 51 as a ¢*-module. Thus by induction on MB/MB, we deduce that as a
p%module, Mp admits a slope filtration

0CMjC---CMy=Msp. (2.3.15.1)

Note that the g-pullback of (2.3.15.1) is also the slope filtration of Mp. Hence (2.3.15.1)
is stable under ¢* by Proposition 2.3.12, yielding that each Mfg is also a @-submodule
of Mg. It remains to show that the successive quotients are pure as @-modules. By
induction, we only need to show this for I\N/Il% Since kg is strongly difference-closed, by
[16, Lemma 14.3.3], we choose some A € L* such that ¢?(A)/A = @(®)/7%. A short
computation shows that if v is a p?-eigenvector with eigenvalues = %, so is Ap(v). Hence
the free By;-module generated by {v;}1<;<y4, is stable under ¢. This implies that the finite
free good model of 1\711_113 generated by {v;}1 <4, is stable under ¢, yielding that 1\711_,13 is pure
of slope s1 as a gp-module. We therefore conclude that (2.3.15.1) is the slope filtration of
Mg as a @-module over B®Q R. O
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2.4. An example

In this subsection we construct a family of ¢-modules with non-constant HN-polygons.
Our construction is inspired by the computation of H! of rank 1 (¢, I")-modules in [7].
Let I' = Gal(Qp(up>)/Qp). We set the ¢, I'-actions on Rk as

Yy =fA+D*P 1), oM =fA+T)F -1, yel f(T)eRk,
where x is the p-adic cyclotomic character. Set the ‘p-adic 27i’ t =log(1 + T) which
satisfies (f) = pr and y (t) = x (y)t.

Definition 2.4.1. By a (¢, I')-module over Rg we mean a ¢-module over Rg equipped
with a continuous semilinear I"-action which commutes with the g-action.

Definition 2.4.2. For any continuous character § : Q;f — K*, define the rank 1
(¢, I')-module Rk (§) by setting the ¢, I'-action as

p(av) =8(p)g(a)v, y(av) =58(x(y))y(@v, aecRg (24.2.1)

for some Rg-basis v. For §(x) = x™" for some n € Z, we denote Rg(8) by Rg(n). For any
(¢, I')-module M over Rk, set the (¢, I')-module M(§) = MR, Rk (5).

Remark 2.4.3. We set Rg(n) as Rg(x™") in order to match our sign convention of
slopes. We caution that our sign convention is opposite to the one used in [7].

If p > 2, then I' is topologically procyclic. We fix a topological generator y of I".

Definition 2.4.4. Suppose that p > 2. For a (¢, I')-module M over Rk, set the complex
C(;’y(M) as
di do
0O—M-—>Me&M-—>M-—0

with d1(x) = ((y — Dx, (¢ — Dx) and da(x,y) = (¢ — )x — (y — 1)y. Let H*(M) denote
cohomology groups of this complex.

It is straightforward to see that H'(M) classifies the extension of the trivial
(¢, I')-module Rg by M.

Remark 2.4.5. If p =2, I is no longer topologically procyclic; we need to modify the
definition of Cy., (M). See [20, §2.1] for more details.

Lemma 2.4.6. For a (¢, I')-module M over Rk, the slope filtration of M is a filtration
of (¢, I')-submodules.

Proof. Since the slope filtration of M is unique and ¢, I'-actions commute, it is stable
under the I'-action. This yields the lemma. O

Lemma 2.4.7. If M is a (¢, I')-module over R satisfying the exact sequence
0— Rg(—1) — M — Rg(1) — 0.

then M is étale if and only if the exact sequence is non-split.
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Proof. The ‘only if’ part is trivial. Suppose that the exact sequence is non-split.
We first have deg(M) = 0. If M is not étale, by Lemma 2.4.6, it has a rank 1
(¢, I')-submodule N with positive slope. Since Rg(—1) is a saturated (¢, I")-submodule
of M with negative slope, we have N N Rg(—1) = 0 by Corollary 1.2.12. This implies
that N maps isomorphically to a (¢, I')-submodule of Rg(1). The (¢, I")-submodules of
R (1) are of the forms *Rx (1) for k € N (see [7, Lemme 3.2, Remarque 3.3] for a proof
(the proof works for our general K)). Hence N = *Rg (1) for some k > 1 as the exact
sequence is non-split. It therefore follows that deg(N) < 0, yielding a contradiction. O

Lemma 2.4.8. Suppose that p > 2. Then the natural map Hl(RQp(c‘S)) — HYRL(5)) is
injective for any continuous character § : Q[f — Q[f such that 8§(p) #p~" for any n € N.

Proof. Suppose that (a, b) represents an element in the kernel of this map; then

a=@(x)y —Df, b=@Pe—Df

for some f =", a;T' € Ry. We claim that f belongs to Rq,- We proceed by induction
on j to show that a_j,a; € Q, for each j € N. The constant term of (§(p)p — 1)f is
(8(p) —Dag. Since §(p) # 1, we get ag € Q,. Now suppose that a1_;,...,a0,...,a;-1 €Q,
for some j > 1. Note that the coefficient of 77 in (8(p)¢ — 1)f is the sum of (8(p)p/ — Da;
and a Q)-linear combination of ay, ..., aj1. Since S(p)p) —1#0, we get aj € Qp. Note
that for any positive integer k, we have

€ ——— L2
B A e e SR N '

Hence the coefficient of T in (8(p)g — 1)f is the sum of (8(p) — a_; and a linear
combination of a1, ..., a—jt1, ylelding a_j € Qp. Hence f € Rg,. This yields (a, b)) =0 in
HY(Rg, (8)). O

Example 2.4.9. Let A = Q,(x). By [7, Theorem 2.9], Hl(RQp(—Q)) is a one-dimensional
Qp-vector space. Choose a representative (a, b) of a non-zero element of H! (R, (—2)).
Let My be the rank 2 g-module over Ray = Ry such that the g-action is defined by

the matrix
p2 xb
0 1

for some basis. Using the same basis, we equip a I'-action on M4 by the matrix

x2(y) xa
0 1

for any y € I'. It is clear that at each y € M(A), My is an extension of k(y)®q, Rk by
k(y)®q, Rk(—2) defined by (x(y)a, x(y)b). It follows from Lemmas 2.4.8 and 2.4.7 that
My(1) is étale if and only if y is not the origin. Hence the HN-polygons of M, are not
locally constant around the origin.
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