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Abstract. Given an « > 1 and a 6 with unbounded continued fraction entries, we
characterize new relations between Sturmian subshifts with slope 6 with respect to (i)
an o-Holder regularity condition of a spectral metric, (ii) level sets defined in terms
of the Diophantine properties of 6, and (iii) complexity notions which we call «-
repetitiveness, a-repulsiveness and «-finiteness—generalizations of the properties known
as linear repetitiveness, repulsiveness and power freeness, respectively. We show that the
level sets relate naturally to (exact) Jarnik sets and prove that their Hausdorff dimension is
2/(x + 1).

1. Introduction and outline

1.1. Introduction. Links between regularity of spectral metrics built from non-
commutative representations (spectral triples) and aperiodic behaviour of Sturmian
subshifts, in the case where the continued fraction entries of the slope are bounded, were
first observed in [39]. We show new relations between regularity properties of spectral
metrics of Sturmian subshifts (where the continued fraction entries of the slopes are
unbounded), fractal level sets (defined in terms of the Diophantine properties of 6) and

https://doi.org/10.1017/etds.2018.7 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2018.7

3032 M. Groger et al

related complexity properties (which generalize and extend known notions of aperiodic
behaviour) of Sturmian subshifts. Here, the non-trivial and challenging task was to
determine the exact Diophantine condition on 6 and the optimal regularity on the spectral
metrics, namely well approximability of a-type (Definition 2.1) and sequential Holder
regularity (Definitions 2.16 and 2.17), respectively. In defining the fractal level sets the
so-called Jarnik sets surface in a very natural way, and, as such, our findings provide a nice
application of this prominent class of number-theoretic sets to aperiodic order.

The full shift over a finite alphabet o is the N-action given by the left-shift o on the
set of infinite .«/-valued sequences. A subshift X is the restriction of this dynamical
system to a closed o-invariant subspace (see §2.2); of particular interest are minimal
aperiodic subshifts, the prototypes being Sturmian subshifts. Properties of such subshifts
are encoded in the C*-algebras C(X) X, Z and C(X).

The central object in Connes’ theory of non-commutative geometry is that of a spectral
triple, for which one of the predominant motivations is to analyse geometric spaces, or
dynamical systems, using operator algebras, particularly C*-algebras. This idea first
appeared in the work of Gelfand and Nafmark [29], where it was shown that a C*-algebra
can be seen as a generalization of the ring of complex-valued continuous functions on a
locally compact space. In [17, 19], Connes formalized the notion of non-commutative
geometry and, in doing so, showed that the tools of Riemannian geometry can be extended
to non-Hausdorff spaces known as ‘bad quotients’ and to spaces of a ‘fractal’ nature. In
particular, Connes proposed the concept of a spectral triple (A, H, D). The C*-algebra A
acts faithfully on the Hilbert space H together with an (essentially) self-adjoint operator
D, called the Dirac operator, which has compact resolvent and bounded commutator with
the elements of a dense sub-x-algebra of A. Additionally, Connes defined a pseudo-metric
on the state space S(A) of A analogous to how the Monge—Kantorovitch metric is defined
on the space of Borel probability measures supported on a given compact metric space.

Subsequently, Rieffel [S3] and Pavlovi¢ [52] established conditions under which
Connes’ pseudo-metric is a metric and conditions under which the topology of Connes’
pseudo-metric is equivalent to the weak-*-topology (see Proposition 2.14 for a counter-
part to the metric results of [52, 53] in our setting).

While spectral triples for cross product algebras of the form C(X) X, Z seem difficult
to set up (see, for instance, [11, 18, 54] and references therein), there has been a lot of
activity in constructing spectral triples for commutative C*-algebras C(Y), where Y does
not carry an obvious differential structure. A series of works has been devoted to general
metric spaces [5, 52-54] and especially to sets of a fractal nature [4, 6, 10, 19, 26, 32, 33,
36, 39, 40, 42, 43, 56].

Kellendonk and Savinien [39] proposed a modification of the spectral triple and spectral
metric pioneered by Bellissard and Pearson [10], which in turn stems from the work of
Connes [19] and Guido and Isola [32, 33], that can be used to analyse Sturmian subshifts;
this construction was later generalized to minimal subshifts over a finite alphabet in [38].
It is with the spectral triple and spectral metric of [39] that we will work. As is often
the case, once one is led to consider certain objects by an abstract theory (here spectral
triples) and these objects turn out to be useful in another field (here aperiodic order) one
finds that they can be defined ad hoc, that is, without any knowledge of the abstract theory.
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This is the case here, and so, in what follows we work with the combinatorial version of
the spectral metric given in [39].

The essential ingredients in the construction of [39] are an infinite weighted graph
(augmented weighted tree, as introduced by Kaimanovich [37]), whose (hyperbolic)
boundary is homeomorphic to the given Sturmian subshift, and the notion of a choice
function, which can be seen as the non-commutative analogue of a vector in the tangent
space of a Riemannian manifold. The main result of [39] showed that the spectral metric
is Lipschitz equivalent to the underlying ultrametric if and only if the continued fraction
entries of the slope of the Sturmian subshift are bounded, which in turn is equivalent to
several known notions of aperiodic behaviour, as we will shortly explain in further detail.
The typical choice of weightings used in [39] to define the spectral triple (in particular,
the Dirac operator) is suggested to be 8, = In(n)n~", where ¢ > 0, and investigations of
spectral metrics when 6, = n~! have recently been carried out in [36]. Thus our choice
of the weightings 8, =n~’, for ¢ > 0, is natural, generalizing and extending this line of
research.

In the case of a Sturmian subshift of slope 6 having unbounded continued fraction
entries, in Theorems 3.1 and 3.2 and Corollary 3.3 we give necessary and sufficient
conditions (well approximability of «-type; see Definition 2.1) on the Diophantine
properties of 6 for when the spectral metric, proposed in [39], is sequentially Holder
regular to the underlying ultrametric. Moreover, we show that the sequential Holder
regularity cannot be strengthened to Holder equivalence (see Remark 3.6). Additionally,
in Theorem 3.7 we compute the Hausdorff dimension of the set ®, of #s which are well
approximable of a-type, by relating ®, to Jarnik and exact Jarnik sets and by using the
results of [15, 16, 20, 41].

The theory of aperiodic order is a relatively young field of mathematics which has
attracted considerable attention in recent years (see, for instance, [7-9, 27, 28, 38, 39, 49—
51, 55]). It has grown rapidly over the past three decades: on the one hand, due to
the experimental discovery of physical substances, called quasicrystals, exhibiting such
features [35, 57]; and on the other hand, due to intrinsic mathematical interest in describing
the very border between crystallinity and aperiodicity. Here, of particular interest are point
sets, such as Delone sets, of which Sturmian subshifts are the quintessential examples.
While there is no axiomatic framework for aperiodic order, various types of order
conditions, in terms of complexity, have been studied (see [7, 8, 27, 28, 34, 39, 44-46, 50]
and references therein). Such order conditions include linear repetitiveness, repulsiveness
and power freeness. Here, we introduce generalizations and extensions of these notions
(Definitions 2.9, 2.10 and 2.13) and show the exact impact these new notions have on the
Diophantine properties of 6 (see Theorem 3.4). This generalizes and extends the well-
known result [24, 27, 39, 50] that the following are equivalent.

(1) A Sturmian subshift is linearly repetitive.

(2) A Sturmian subshift is repulsive.

(3) A Sturmian subshift is power free.

(4) The continued fraction entries of 6§ are bounded.

Such notions of complexity, and the associated implications on the Diophantine properties
of 0, correspond to properties of the dynamical system and hence of the C*-algebras
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C(X) %o Z and C(X). Therefore, it is natural to consider spectral triples with these
algebras and to compare how these can be used to classify Sturmian subshifts in terms
of the Diophantine properties of 6. Indeed, we show precisely how our new notions are
related to each other (Theorem 3.4) and to the sequentially Holder regularity of the spectral
metric (Theorems 3.1 and 3.2 and Corollary 3.3). Note that in [38, 55] the equivalence of
(2) and the Lipschitz equivalence of the ultrametric and spectral metric was generalized to
minimal aperiodic subshifts over a finite alphabet and tilings.

Extending our results concerning the sequential Holder regularity of the spectral metric
and the new complexity concepts we introduce (Definitions 2.9, 2.10 and 2.13) to suitable
S-adic subshifts would be a worthwhile and fruitful venture. Such suitable S-adic
subshifts should consist of those which allow their letter frequencies to be described by
a multidimensional continued fraction algorithm, for example Arnoux—Rauzy, Brun and
Jacobi—Perron subshifts (see [2, 3] and references therein for further details). That such an
extension is feasible can in principle be seen in the work of [38]. Further, we remark
that a class of S-adic subshifts, referred to as (generalized) Grigorchuk subshifts, has
been investigated in this context in a sequel to this paper [23]. The construction of these
subshifts was inspired by Lysenok’s [48] presentation of the Grigorchuk group G (the first
known finitely generated group to exhibit intermediate growth), and they have been shown
to exhibit a rich variety of behaviours (see, for instance, [23, 30, 31]).

1.2. Outline. In the following section, we present all of the necessary notation and
definitions required to state our main results. This section is broken down into three
parts: definitions concerning continued fraction expansions (§2.1), definitions concerning
Sturmian subshifts and aperiodic order (§2.2) and definitions concerning spectral metrics
(§2.3). In §3 we present our main results: Theorems 3.1, 3.2, 3.4 and 3.7, and Corollary
3.3. We then give several preliminaries on Sturmian subshifts (§4.1) and spectral metrics
(§4.2). In §5.1 we present the proofs of Propositions 2.11, 2.14 and 2.15: Proposition 2.11
demonstrates why our new notions of complexity are generalizations and extensions of
existing forms of complexity; Proposition 2.14 gives a condition for when the spectral
metric is not a metric; and Proposition 2.15 justifies the limit superior in the definition
of sequential Holder regularity. In §5.2 the proofs of Theorems 3.1 and 3.2 are given, in
§5.3 we present the proof of §3.4, and we conclude with the proof of Theorem 3.7 on the
Hausdorff dimension of the set ® in §5.4.

2. Notation and definitions
2.1. Continued fractions. Here, we review the definition of continued fraction
expansions and introduce the new concept of well approximability of a-type.

Let 6 €[0, 1] denote an irrational number. For a natural number n > 1, set
an = a,(0) € N to be the nth continued fraction entry of 6, that is,

1
1

a+---

0 =10;ay,a,...]=
ay +

We let go = qo(0) =1, q1 = q1(0) = a1, po = po(0) =0, and p; = p1(0) =1, and, for
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a given integer n > 2, we set

qn =qn(0) = anqn-1+qn—2 and p, = p,(0) =aypp—1+ pn-2.

It is known that gcd(py,,, ¢») = 1 and that p, /g, = [0; ay, . .., a,], for all n € N (see, for
instance, [20, 41]). We observe that if a; = 1, then

0=1[0;1,ar,a3,...1>1/2, 1—-60=[0;a,+1,a3,...] and ¢,(0) =q,—1(1 —6).
(L

Definition 2.1. For o >1 and an irrational number 6 € [0, 1], set Ay(0) =
lim sup, _, o anq;:‘f‘ and define

O, ={0€[0,11:0< Ag(0)}, On :=1{0 €0, 1]: Ag(6) <0}, B4 =0, N BO,.

Further, we say that 6 is:

(1)  well approximable of a-type if Aq(0) < 00;

(2)  well approximable of a-type if Ay(0) > 0;

(3)  well approximable of a-type if 0 < Ay (0) < 0.

Notice that any irrational 6 € [0, 1] is well approximable of 1-type. Further, the
condition that an irrational @ € [0, 1] is well approximable of 1-type, and hence of 1-type,
is equivalent to the continued fraction entries of 6 being bounded.

PROPOSITION 2.2. For an irrational 6, we have that

(1) 6 is well approximable of a-type if and only if 1 — 6 is well approximable of «-type;
and

(2) 6 is well approximable of a-type if and only if 1 — 0 is well approximable of a-type.

Proof. This is a consequence of (1) and Definition 2.1. O

2.2. Sturmian subshifts and aperiodic order. Here, we review the key definitions
of subshifts and introduce three new concepts of complexity: «-repetitiveness, o-
repulsiveness and «-finiteness for a given o > 1.

For n € N we define {0, 1}" to be the set of all finite words in the alphabet {0, 1} of
length n, and set

0,1y = [J o, 1y,

nENo

where by convention {0, 1}° is the set containing only the empty word . We denote by
{0, 1}N the set of all infinite words and equip it with the discrete product topology. The
continuous map o : {0, 1}N — {0, 1}N defined by o (x1, x2, .. .) == (x2, x3, .. .) is called
the left-shift. A closed set Y C {0, 1}N which is left-shift invariant (that is, o (Y) =7Y)
is called a subshift. On every subshift ¥ we can define a metric inducing the product
topology: let § = (8,)nen be a strictly decreasing null sequence of positive real numbers
and define ds: ¥ x ¥ — Rviads(v, w) := §|yvw|. Here, |v V w]| denotes the length of the
longest prefix which v and w have in common, and if there is no such prefix, then we set
v v w|=1. (Recall that a finite word u is called a prefix of a finite or infinite word v if

https://doi.org/10.1017/etds.2018.7 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2018.7

3036 M. Groger et al

there exists a word u’ such that v = uu’. Similarly, a finite word u is called a suffix of a
finite word v if there exists a finite word v’ such that v = v'u.)

There are plenty of ways to introduce Sturmian subshifts. For example, they can be
defined via a cut and project scheme [8], as extensions of circle rotations [27], using a
substitution sequence [50] or, as in the definition below, via so-called mechanical (infinite)
words, also known as rotation sequences (see, for instance, [27, 47]).

Definition 2.3. Let 6 € [0, 1] be an irrational number and define the rotation sequence
X = (xp)nen for 6 by x,, ;= [6(n + 1)] — [6n]. The set

Qx) == {ok(x1, x2,...): k e Ny}

is called the Sturmian subshift of slope 6.

THEOREM 2.4. [27] A Sturmian subshift is aperiodic and minimal with respect to the

left-shift o.
For w=(wy, wy,...,wr) and v=(vy,vy,...,v,) €{0,1}*, we denote the
concatenation of w and v by wv := (wy, wy, ..., wg, v, V2, ..., V,). Note that {0, 1}*

together with the operation of concatenation defines a semigroup. The length of v is
the integer n and is denoted by |v|. We set v|,:= (vi, v2, ..., vy) for all integers
0 <m < n = |v|. Further, we say that a word u € {0, 1}* is a factor of v if there exists
an integer j with u = o/ (v)|ju|- We use the same notation when v is an infinite word. The
language L(Y) of a subshift Y is the set of all factors of the elements of Y. Following
convention, the empty word ¢ is assumed to be contained in the language £(Y). We call
w € L(Y) a right special word if both w(0) and w(1) belong to £L(Y). We denote the set
of right special words by Lr(Y); following convention, we assume ) € Lr(Y).

Remark 2.5. Let n: {0, }N — {0, 1}V denote the involution on {0, 1}N given by
n(wy, wa, ...) = (e(wy), e(wz), ...) with e(0) :=1 and e(1) := 0. Let x be the rotation
sequence for 6 and y be the rotation sequence for 1 — 6. By a result of [27], it follows that
Qx) =QMm(y).

Remark 2.6. A known characterization of (epi-)Sturmian subshifts (over a finite alphabet)
is that £(X) contains a unique right special word per length (see, for instance, [27]).
Further, if w € Lr(X), then o*(w) is a right special word for all k € {1, 2, ..., |w|}.

Definition 2.7. The repetitive function R: N — N of a subshift Y assigns to » the smallest
r’ such that any element of £(Y) with length r’ contains (as factors) all elements of £(Y)
with length .

THEOREM 2.8. [50] For X a Sturmian subshift of slope 0 € [0, 1], that

Rin—1D+1  ifneN\{gilen,

R(n) =
qk+1 +2qr — 1 if n = qyi for some k € N.

Definition 2.9. Let o > 1 be given and set

R
R, = lim sup (n)-

n—oo N

A subshift Y is called a-repetitive if Ry, is finite and non-zero.
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The notion of 1-repetitiveness implies linear recurrence and in the case of a Sturmian
subshift these notions coincide. Also, if 1 <a < B and 0 < Rg < o0, then Ry = o0.
Similarly, if 0 < Ry < oo, then Rg =0.

After the completion of this paper the authors learned that the term «-repetitive has been
used before (see, for instance, [22]). However, the definition given above and that given
in [22], although related, record different information. We refrain from giving the precise
definition of [22] here as we believe it would not provide further insight to the reader.

Definition 2.10. For o > 1 and for a subshift Y, set £, :=liminf,_, o Aq, Where, for
n > 2 an integer,

W —|wl

Agn = inf{ e w, W e L(Y), wis a prefix and
w

suffix of W, |[W|=nand W #= w 75@}.

If £, is finite and non-zero, then we say that Y is «-repulsive.

We recall that a subshift Y is called repulsive if the value

L= inf{w: w, W e L(Y), wis a prefix and suffix of W, and W # w # ﬂ}
is non-zero. The following proposition, which is proven in §5.1, relates the notions of
1-repulsiveness and repulsiveness. In fact, in a sequel to this article [23], this result is
shown to hold for general subshifts over finite alphabets. In particular, it was shown in [38]
that power freeness and repulsiveness are equivalent and, as we will shortly see, we have
that power freeness and 1-finiteness (Definition 2.13) are equivalent. The general result
follows, by combining these observations with [23, Theorem 3.1] where it is shown that
1-repulsiveness and 1-finiteness are equivalent.

PROPOSITION 2.11. A Sturmian subshift is 1-repulsive if and only if it is repulsive.

Remark 2.12. If 1 <a < B and if 0 < £g < oo, then £, =0. To see this, suppose that
0 < £g < oo. Thus, for n € N sufficiently large, there exist words w, W € L(Y) with w a
prefix and suffix of W, |[W|=n and W # w # @, so that

g _ IWI]—|wl
L T <y,
2= qwE =77

Hence, |w| > n(2¢5 + 1)~! and

R LA _
B < o §2£ﬂ|w|l/ﬂ /e
2 |w]

Therefore, we have that £, = 0.

The next definition is a generalization of the notion of a subshift being power free.
Indeed, one sees that if &« = 1, then 1-finiteness is equivalent to the (asymptotic) index
being finite, which in turn is equivalent to the property of being power free. For further
details on the index of Sturmian subshifts, see, for instance, [1, 21].
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Definition 2.13. For a subshift Y we define Q: N — N U {400} by
Q(n) := sup{p € N: there exists W € L(Y) with |W| =n and W? € L(Y)}.

Let o > 1 be given. We say that the subshift Y is «-finite if the value
Q(n)

a—1

Qy :=lim sup
n—oo N

is non-zero and finite.

2.3. Spectral metric. Here, we give the definition of a spectral metric as introduced
in [39]; we also define sequential Holder regularity of metrics.

As is often the case, once one is led to consider certain objects by an abstract theory
(here spectral triples) and these objects turn out to be useful in another field (here aperiodic
order) one finds that they can also be defined ad hoc, that is, without any knowledge of
the abstract theory. This is the case here, and so we present a combinatorial version of the
spectral metric as introduced in [39] and refer to [38, 39] for the definition of the spectral
triple used to defined the spectral metric.

Let X denote a Sturmian subshift and let § = (§,), <N denote a strictly decreasing null
sequence of positive real numbers. The spectral metric d; s: X x X — R is defined by

dys, W) =8pvui+ D ba@Sy+ Y bu(w)dy, )
n>|vvw| n>vvw|

forall v, w € X. Here, forn e Nand z = (21, z2, . . .) € X, we set

3 @ 1 if (z1, z2, . . ., zp) is a right special word,
Z) =
" 0 otherwise.

Setting §, = n~’, for n € N, the following result gives a necessary condition for when the
spectral metric dy s is not bounded, complementing [39, Theorem 4.14]. The proof is
presented in §5.1.

PROPOSITION 2.14. Let a > 1 and let X be a Sturmian subshift of slope 0 € ®,. For
t € (0, 1 —1/al, setting 8, :=n"", for n € N, the spectral metric ds 5 is not a metric and
fort > 1 —1/a, the spectral metric ds s is a metric.

To define sequentially Holder regularity, we set for w € X and r > 0,

. dgs(w, v)

r) .= lim sup ———

Yulr) VS s, vy
ds

and Y (r) =sup{y,(): we X}.

For all r € (0, 1), we observe that by replacing the limit superior with limit inferior in the
definition of i, (r), we have ¥ (r) = 0 (compare with Theorems 3.1 and 3.2). The proof
is presented in §5.1.

PROPOSITION 2.15. Fora > 1 andr € (0, 1),

. . ds,8(wv v)
liminf ——— =
L ds(w, v)”
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Definition 2.16. Let r, € > 0 be given.

(1) The metric d; s is sequentially 7-Holder regular to ds if ¥ (r) < oo.

(2) The metric d; s is sequentially r-Holder regular to ds if ¥ (r) > 0.

(3) The metric d; s is sequentially r-Holder regular to ds if 0 < ¥ (r) < oc.

We will also require the following weaker notion of sequentially Holder regularity.

Definition 2.17. Letr, € > 0 be given.

(1)  The metric dg s is critically sequentially 7-Holder regular to ds if ¥ (r — €) =0, for
all0<e<r.

(2) The metric dj s is critically sequentially r-Holder regular to ds if ¥ (r 4+ €) = oo, for
alle > 0.

(3) The metric d; s is critically sequentially r-Holder regular to ds if ds s is critically
sequentially 7- and r-Holder regular to ds.

For a given r € (0, 1], if the metric d s is sequentially 7-Holder (respectively, r-Holder)
regular to ds, then dj s is critically sequentially 7-Holder (respectively, r-Holder) regular
to ds.

3. Main results
For « > 1, define the continuous function g, : R — R by

0 ifr<1-1/a,
o) =31 —(a@—1)/(at) ifl—1/a<t<]1,
1/ ift > 1.

Notice that g4 is concave on [1 — 1/a, 00), and strictly increasing on the interval (1 —
1/a, 1) (see Figure 1). Also, fort <1 — 1/, we have that 1 — (¢ — 1) /(at) <0.

THEOREM 3.1. Let X be a Sturmian subshift of slope 0, let @ > 1 be given, set § =

(n Dpenyandfixt € (1 —1/a, 1).

(1) The metric ds 5 is sequentially 04 (1)-Hélder regular to the metric ds if and only if
0 € O,.

(2) The metric ds s is sequentially oy (t)-Holder regular to the metric ds if and only if
€0, -

Hence, ds s is sequentially o, (t)-Holder regular to ds if and only if 0 € ©.
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THEOREM 3.2. Let X be a Sturmian subshift of slope 0, let @ > 1 be given, and set § .=
(n_t)nEI\L
(1) Ift =1, then we have the following.
(@) Ifd; s is sequentially m—HO‘lder regular to ds, then 0 € O.
(b) If6 € Oy, then dy s is critically sequentially M—H@'lder regular to dj.
(c) If0 e®,, thend s is critically sequentially o4 (t)-Holder regular to ds.
(2) Ift > 1, then we have the following. o
(@) If6 € Oy, then ds 5 is sequentially M—Hi)’lder regular to ds.
(b) If0 € ©,, then d; s is sequentially 94 (t)-Héblder regular to ds.
3) (@ Ifte(,af/(a—1))andifdss issequentially 0u (1)-Hélder regular to ds, then
0 € O,.
(b) Ift>oa/(a —1), thendss is 04(t)-Holder continuous with respect to ds.

COROLLARY 3.3. Let X be a Sturmian subshift of slope 0, let o > 1 be given, set § :=
(" Dpen and fix t > 1 — 1/a. If 0 € Oy, then the metric ds s is critically sequentially
0« (t)-Holder regular to ds.

We conjecture that Theorems 3.1 and 3.2 hold true for §, = £(n)n~", where £ is a slowly
varying function. See [14] for further details on slowly varying functions.

THEOREM 3.4. Fora > 1 and 0 € [0, 1] irrational, the following are equivalent.
(1)  The Sturmian subshift of slope 0 is a-repetitive.

(2)  The Sturmian subshift of slope 0 is a-repulsive.

(3) The Sturmian subshift of slope 0 is o-finite.

(4) The slope 0 is well approximable of a-type.

Remark 3.5. An analogue of Theorems 3.1 and 3.4 also holds for the case where o = 1
(see [39] and [24], respectively). In this case, sequentially Holder regularity is replaced
by Lipschitz equivalence and the following conditions are required on the sequence § =
(6n)neN- The sequence § = (8,),eN is a strictly decreasing null sequence, and there exist
constants ¢, ¢, such that ¢§, < 87, and §,,, <<¢6,0;, for all n, m € N. Indeed, in [39]
the typical choice for such a sequence is suggested to be 8, =In(n)n~’, where ¢t > 0,
and investigations of spectral metrics when §, = n~! are carried out in [36]. Thus our
choice of the sequence §, is a natural choice. Further, it has been shown in [39] that if
the sequence §,, is exponentially decreasing, then the metric d; s is Lipschitz equivalent to
ds, independent of the Sturmian subshift. The latter part of Theorem 3.2 (3)(b) gives the
counterpart condition to conclude Holder continuity, independent of the Sturmian subshift.

Remark 3.6. Propositions 4.5 and 4.7 give a clear indication that the sequentially Holder
regularity in Theorems 3.1 and 3.2 cannot be strengthened to Holder equivalence.

A very natural question is if the three combinatorial properties («-repetitiveness, o-
repulsiveness and «-finiteness) are equivalent outside of the setting of Sturmian sequences.
This was one of the main motivations of the sequel to this paper [23], where in
Theorem 3.1 it is shown that in general a-repulsiveness and a-finiteness are equivalent.
Moreover, examples are given which demonstrate that the notions of a-repetitiveness and
a-repulsiveness are in fact different.
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THEOREM 3.7. For a>1 we have that dimy(Qy) =dimy(®,) =2/(a + 1) and
A(©y)=1. (Here, dimy denotes the Hausdorff dimension and A denotes the one-
dimensional Lebesgue measure.)

To obtain that dimy (®y) =2/(x + 1), we show that ®, is contained in a countable
union of Jarnik sets each with the same Hausdorff dimension, namely 2/(« 4+ 1). We also
show that the exact Jarnik set Exact(o + 1) is contained in ®,. Jarnik sets and exact Jarnik
sets are defined directly below. From these observations and the results of [15, 16], one
may conclude that dimy (®y) =2/(x + 1).

Definition 3.8. Given a strictly positive monotonically decreasing function ¢ : R — R,
the set

p
x__
q

Ty = {x e [0, 1]:

< ¥ (g) for infinitely many p, g € N}

is called the v -Jarnik set. When y(y) = cy™#, where B > 2 and ¢ > 0, we denote the set
Jy by jﬂc and define

Exact(ﬁ);:jf}\ U jg/(nﬂ)

n>2, neN
to be the set of real numbers that are approximable to rational numbers p/g to order ¢?
but no better.
THEOREM 3.9. [12, 13, 15, 16] For B > 2 and ¢ > 0, we have
dimq.[((fg) = dimy (Exact(B)) =2/8.
Notice that, by Proposition 2.2 and Remark 2.5, it is sufficient to prove the above results

(Theorems 3.1, 3.2, 3.4 and 3.7) for 8 € [0, 1/2], and so, from here on, we assume that
0=[0;a;+1,a,...1€[0,1/2] witha, e Nandn € N.

4. Preliminaries
4.1. Aperiodic order. In the following, let T and p denote the semigroup homomorphi-
sms on {0, 1}* determined by t(0) := (0), 7(1) :=(1,0), p(0):=(0, 1) and p(1):=
(1). For 6 =[0; a; + 1, az, ...] €[0, 1/2] irrational, we set Rg = Ry (@) := (0), Lo =
Lo(0) := (1) and, for k € N,

Ri = Ri(0) =t pT2gBp% ... g92%-1p%2%((),

Ly = Lp(0) =t pP7®Bp ... g9%k=1p%k(]),
THEOREM 4.1. [7] Let X denote a Sturmian subshift of slope 6. Let x, y denote the unique

infinite words with x|\r,|= R and y|,c, 1= Lk, for all k € N. The words x and y belong
to X, and hence, by the minimality of a Sturmian subshift, X = Q(x) = Q(y).

PROPOSITION 4.2. Let 8 =[0; a1 + 1, az, ...] €[0, 1/2] be an irrational number. For
allk e N,

|Ri| = g2, |Lk| = qor—1,
Ri=Ri1Lr... Lk, Li=Lr—1Rp—1...Rp—1.
——— —_——

az azk—1
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Proof. An inductive argument together with the definitions of Ry and L; yields the
required result. O

COROLLARY 4.3. Let 0 =[0;a;+1,a2,...1€[0, 1/2] be irrational, k €Ny, ne
{0,1,..., a2¢k41) — 1}andm € {0, 1, .. ., ar(e41)—1 — 1}. The words

Rk Ek_H ...ﬁk_H and £k+1 Rk...Rk
S——— S——

n m

are right special.

Proof. An application of Proposition 4.2 and Theorem 4.1 yields that Ry and Li41

are right special words for all k € Ng. For all nefl,...,ax+1) — 1} and m €
{1, ..., a2¢k+1)—1 — 1}, we observe that
O—|£k|+“2(k+1)—l|Rk|+(02(k+l)—(n+l))|£k+l|(Rk+l) =Ry Lit1 .- Litl,
n
0-|Rk—l|+a2k‘£k|+(02(k+l)—1*(m+]))|Rk‘(£k+1) =Ly Ri.. . Ri.
_f——/
m
The above in tandem with Remark 2.6 and Proposition 4.2 yields the result. O

COROLLARY 4.4. Let 6 =[0; a1+ 1, an,...1€[0, 1/2] and let X denote a Sturmian
subshift of slope 0. If x, y € X are the unique infinite words such that x|\R,,|= R and
Y= Lm, for all m € N, then

€))] En(x) =1 if and only if n=jqu—1+ qak—2, for some k€N and some

jel{0,1,...,axy —1}; and
Q) bm(y)=1 if and only if m=iqy+qu_1, for some [€N and some
ie{0,1,...,au+1 — 1}

Proof. Corollary 4.3 gives the reverse implication: if n = jgy—1 + g2x—>, for some
ke N and some j €{0, 1, ..., ax — 1}, then bp(x) =1, and if m = iqa + q21—1, for
somel/ eNandie€{0,1,...,ayy; — 1}, then l_Jm(y) =1.

For the forward implication, we show the result for b, (x) and b,,(y) where n < |R{| =
q» and where m < |L;| = g3, after which we proceed by induction to obtain the general
result.

By Remark 2.6 and Corollary 4.3 it follows that by (x) = 1 and, form € {1, 2, ..., g¢1 —
1}, that by, (y) = 0. Consider the word Ry = x|jg,|= xlg,. Let n =kq1 + (j + 1)qo, for

someke{0,1,...,ay— 1}and some j € {1, 2,...,a;}. Fork =0,
xlp=TRi1ln=1(0,1,0,0,...,0).
—_——
j—1

By Proposition 4.2 and Corollary 4.3,

L£1=(1,0,0,...,0)
[ —

ap
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is a right special word and thus, by Remark 2.6, the set of all right special words of length
atmost |[L{|=aj; + 11is

{(1,0,0,...,0),(0,0,...,0),(0,0,...,0),...,(0,0), (0)}.

aj aip a;—1

Since there exists a unique right special word per length, it follows that b, (x) = 0. In the
casethatk e {1,...,ay — 1},

o"11l(x],) =(0,0,...,0,1,0,0,...,0),

a—(j-1 J—1

where we recall that a; — (j — 1) > 1. Since there exists a unique right special word per
length, and since

lo" il (x],)| = lo"1E1l0,0,...,0,1,0,0,...,0) =]|L1],

a—(j=1) j—1

it follows that b,(x) = 0. An application of Corollary 4.3 completes the proof for n <
IRil = qo.
Consider the word L3 = y||z,|= ylq;- Let

m=Ilgp+1+ G+ Dg =1Ri|+ 14+ G+ DI|Ly],
forsome/e€{0,1,...,a3 —1}andi €{0, 1, ..., ap — 1}. By Proposition 4.2 we have

01|R1‘+1(y|m) :a”R'|+1(£2|m) =0 (LiRoL1Ly...L1)=RoRo...RoLi1Ly...L4
i a+1=q1=|£4| i

and hence |o/R11T1(y],,)| = (i + 1)|£1]| = (i + 1)g1. By Remark 2.6 and Corollary 4.3,
01+(az—(i+1))|£1\(x|q2) = g1 H@=G+D)q (xlgy) = o T @—=G+1)q (R)=L1Ly ... Ly
D

i+1

is a right special word of length (i + 1)|£1] = (i + 1)g;. Since there is a unique right
special word per length, and since

RoRo... RoLiLy... L1 #ELILy... Ly,

ar+1=q1=|L1 | i i+1

it follows that b, (y) =0. An application of Corollary 4.3 yields the result for
m < |La] = g3.

Assume there is r € N so that the result holds for all natural numbers n < g, and m <
q2r+1, namely,

@) En(x)zl if and only if n= jgu—_1+ qu—2, for ke{l,2,...,r} and j €
{0,1,...,ay — 1}; and

(i) Em(y):l if and only if m=iqgy+qy—1, for 1€{l,2,...,r} and i€
{O, 1, e, 4 — 1}.
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The proof of (i) and (ii) for 4 1 follows in the same manner; thus below we provide the
proof of (i) for » + 1 and leave the proof of (ii) to the reader. To this end, consider the
word

YR 1= Rev1 =Ry Lrg1Lrgr - Loy

ax(r+1)

By way of contradiction, suppose there exists an integer n with |R,| <n < |R,4+1[, n is
not of the form stated in part (1) and b, (x) = 1. For if not, the result is a consequence of
Corollary 4.3. By our hypothesis, we have

n=|R;|+ (@¢t1) — 1 = DILr 11| + 1L/ + (@2¢41)-1 — DRI,
where a € {1, 2, . ag(rJr]),]} and b € {0, L..., arir+1) — 1}. Set

V= Rr £r+]£r+1 N £r+1 Er RrRr N Rr, w = RrRr e Rr [/,-+1Lr+1 e £r+17

a1 —1=b DQr+)-1—4a a b

so that [u|=n, |wl=IRrs1l=n, xR, ;| =Rrr1=vw and |o"/(R,s1)|=vl.
Corollary 4.3 implies that a|w|(x||7gr )= o"I(R, 1) is a right special word. Since we
have assumed that b, (x) = 1 and since there exists a unique right special word per length
(Remark 2.6) it follows that ¢ ”!|(R,1) = v. If a = 1, then

0'lw‘(lRfr+l) = UerH_blErHl(Rr £r+1£r+l cee £r+1) = £r+1£r+1 cee £r+1 .

ax(r+1) arr41)—b

This is in contradiction to the assumption b, (x) = 1; since if this were the case we would
have that o (Ryr+1) = v, but the first letter of v is 0 and the first letter of o lw] (Ryry1)is 1.
Hence, a > 2, and so

" (R 41)
= GaerHblLrHl(Rr £r+1£r+1 cee £r+1)
a(r+1)
=@ VIR RRy ... Ry Log1 Lyt - Lril)
az(r+1)—1 ay4+1)—b—1
= o RIEN R, R, . Ry Lot Lt - Lrg1)
a+1)-1—(@—2) ar+1)—b—1
=@ DR (R, L, L Ly ReRy .. Ry L1 Lyt - .. Lri)
azr ayr+1)—1—(a—2)—1 ay+1y—b—1

=L, ReRy oo Ry Lyt Lrat -+ - Lri1),

ar+n-1—@=2)—1 a4 —b—1

where we observe that a4y —(@—2)—1>1 and ay;41)—b—1=0. This
contradicts the assumption b, (x) =1; since if this were the case we would have
o!WI(R,11) = v, but the first letter of v is 0 and the first letter of o!(R, 1) is 1. O
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4.2. Spectral metrics. Let 0 =[0;a;+1,a2,...1€ ®, N[0, 1/2], let X denote a
Sturmian subshift of slope 6 and let x, y € X denote the unique infinite words such that
x|ir, )= Rn and y| |z, 1= Ly, for all n € N. By Proposition 4.2, we have, for all n € N, that

dEl W Rye1 = Ra), o B2, 141 = Lagr (D),

3)
ds(x, V51 (3)) = 8, ds(@ ™\ (x), ¥) = 8gs01) 1
Combining Corollary 4.4 and (2), we obtain that
o0 Af+1
dos(, o) =D 8 geg— 22,1
k=2n j=1 4
00 Ak+1 ( )
dos@ ™) )= Y D St L @nt D)z
k=2n+1 j=1

where 1,7 denotes the characteristic function on the group 27Z of even integers. For r > 0,
we set

dy,5(x, o1 (y)) dy,5(0™l(x), y)
ds(x, olLnl(y))” ds(o1Rnl(x), y)r~
Notice that lim sup,,_, oo YVz.2(r) < Y. (r) < ¥ (r) for z € {x, y}.

1/fx,n(r) = and w)',n(r) =

PROPOSITION 4.5. Let @ > 1 and let X denote a Sturmian subshift of slope 6 € [0, 1/2].
Lett >1—1/a and set § .= (n™"),en.
() (@ Ifte(l—1/a,1)and Ay(0) < o0, then

sup lim sup ¥ ,(r)

ze{x,y} n—>00

=0 if0<r<a—(x—1/t,
<0 ifr=a—(x—1)/t.

(b) Ifte (1 —1/a, 1) and Ag®) > 0, then

. =00 ifr>a—(x—1)/t,
sup lim sup v ,(r)
zelx,y} n—oo >0 ifr=a—(a—1)/t.

2) (@ Ift=1,A,0)<ooandr e (0,1), then
sup lim sup ¥, ,(r) =0.

ze{x,y} n—>o0

(b) Ift=1andifr > 1, then

sup lim sup ¥, ,(r) = oo.
Ze{x,y} n—oo

3) (@) Ift>1,then

sup limsup v ,(r)

zefx,y} n—>00

b)) Ifte(d —1/a,l), then

=0 if0<r<l,
<oo ifr=1.

sup lim sup v ,(r)

ze{x,y} n—>o0

=00 ifr>1,
>0 ifr=1.
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Remark 4.6. In the proof of all three parts of Proposition 4.5, we will use the following
observation. From the iterative definition of the sequence (gi)ren and using an inductive
argument, we have that gg1; > fjyr1qx, for all k € N and j > 0. Here, f; denotes the
kth Fibonacci number, that is, f1 =1, fp =1 and fi+1 = fk + fk—1. Setting y == (1 +
\/5)/2, it is known that fj = (yk — (—y)_k)/\/g and so f > yk/(2\/§). Thus, we have
Qitj > qey’ /(24/5), for k € Nand j > 0.

Proof of Proposition 4.5 (1)(a). Since Ay(0) < oo, there exists a constant ¢ > 1 with
aqu,:*“ < ¢, for all sufficiently large k € N. This, together with Remark 4.6 and the
factthatr € (1 — 1/a, 1), yields

o0 Ak+41 1

11m supq Z Z

k=m j=1

Uak + qi—1 — Loz (k — m)qm—1)"

Aak+1

<lim sup ¢/ Z Z

m— 00

1 t 0 1—t

) 2 )
< lim sup T q,’an ';

m—00 — di

_ i 1+2 apn )1
= Hmsup === qm a1 T—a(1-1)
i

o0

(1+ 2’)c1—f " 1
m 1—a(l-1)
k=m 1k

< lim sup
m—>00 1—1¢

(1+2t)(2f)1 a(l— t) 1—1
<lim su

m—>oo 1—1t
= lim sup (1+29 (Zf)l U0 tr I+a(l-1)
mooo (1 —1)(1 — —(1 a(l— t)))

This latter value is equal to zero if 0 < r <« — (o — 1) /¢, and finite if r = o — (@ — 1) /1.
This, together with (3) and (4), yields that, forr € (0, « — (¢ — 1) /1),

]

Im Z l —a(l— t)yj(l a(1—1))

®)

sup limsup ¢, ,(@ — (¢ —1)/t) <oco and  sup limsup ¢, ,(r) =0

ze{x,y} n—oQ Ze{x’y} n—oo
This completes the proof. O
Proof of Proposition 4.5 (1)(b). Since Ay (0) >0 and since (g,)nen is an unbounded

monotonic sequence, there exists a sequence of natural numbers (nx)reny such that
ankq,{k’ %> Ay (0)/2, for all k € N. Hence, we have the following chain of inequalities:

Am+1 Am+1
lim sup g/ - > hm n SUp g Z —
m—00 =1 (Jgm)
1 —t
a 1
> hm Sup q IL
m—00 1 —1t
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1—t
2( Ax(0) ) lim sup g ~H(1=D@=D)
2—n) ROy

This latter term is positive and finite if r = ¢ — (¢ — 1)/t and is infinite if r > ¢ — (o —
1)/t. Combining this with (3) and (4) yields the result. O

Proof of Proposition 4.5 (2)(a). Since A, (0) < oo, there exists a constant ¢ > 1 so that
QAp+1 q,: ~® < ¢, for all k € N. We recall that the sequence (g )ken is strictly increasing and
notice, for x > e!, that the function x — In(x)/x is strictly decreasing. Combining these
observations with Remark 4.6 yields the following chain of inequalities:

00 Ak+1

l1m sup q, Z Z !

i i Jaqk + qi—1 — Loz (k — m)gm—1

Ak+1

<limsup g,, Z Z -

m— 00

In 1
< llm Sup qm Z M

m—00 —m qk

In(c) + (¢ — 1) In(gp) + 1

o
< lim sup q,’n_l(ln(c) + (o — 1) In(gm) + 1) +q,, Z

o k=m+1 qk
<limsup g,, “In(e) + (@ — 1) In(gm) + 1)
t2vEg Y e o DjinG) — @ =D In(2v/3) + 1

j=1 v!

For r € (0, 1) this latter value is zero, and thus, by (3) and (4), we have
sup limsup ¥ ,(r) =0
z€{x,y} n—>00

This completes the proof. O

Proof of Proposition 4.5 (2)(b). If r > 1, then we have that
am+1 Am+41 Am+41

lim su _—> 11rn su -1 — > lim su — > lim sup In(a,;,4.1).

Since Ay (0) > O, the continued fraction entries of 6 are unbounded and so this latter value
is infinite. Combining this with (3) and (4) gives the required result. O

Proof of Proposition 4.5 (3)(a). Using Remark 4.6 and the assumption that t > 1, we
conclude the following chain of inequalities:

o0 Ak+1 ak+1

lim sup g/ ZZ : < lim sup g, Z Z_
koj=1

m—00 k=1 gk + qr—1 — Lyztk —m))' = m-oo

> t

<lim su
= mmpq ~ (1~ gl
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21

<11msup q’Z—l
24/5)!
< lim sup (\/—)

mooo t—1" ) C],tn)/jt
(2«/—)’ t(r—1)
=limsup ————"%
m—oo (=11 —y™")
For r € (0, 1) we observe that this latter value is zero and for » = 1 that it is finite. This in

tandem with (3) and (4) yields that, for r € (0, 1),

sup limsup ¢, ,(1) <oco and sup limsup ¢, ,(r) =0

zef{x,y} n—00 ze{x,y} n—oo

This completes the proof. O

Proof of Proposition 4.5 (3)(b). Observe that

Am+1 1 am+1 1
lim sup ¢! , > 11m sup gl b —
m—00 " ZZ; (](/Im) Z:: it
. 1—t
> lim sup qt(r 1) @nt1+1)
m—00 t—1
1—2!
> ——— limsup q’(’ D,
t - m-—00

This with (3) and (4) yields, for r > 1,

sup limsup v, ,(1) >0 and  sup limsup y;,(r) =00

z€{x,y} n—00 ze{x,y} n—o00
This completes the proof. O
For our next proposition we require the following notation. As above, let X denote

a Sturmian subshift of slope 8 =[0; a; + 1, a», .. .] and let x, y € X denote the unique
infinite words with x|z, ;=R and y|z, = Ly, for all n € N. By Proposition 4.2, we

have
X\ R4 j1 L1 +1= R Lut1 - Lyg1 (1),
J
YL+ R +1=Ln R - .. Ry (0),
" ©)
o o= () i, 1= R Lng - - Lag1 0),
—_——
J
o o=Vl () iR, 1= Lo R - R (D),
—
1
forallneN, je{l,2,...,ausntandi €{l,2, ..., arpt1)-1}-

The words a(“2<"+1>+1)|5"+1|(y) and J‘E"‘(y) are distinct and, as we will shortly see,
although the ultrametric distances between these words and x are equal, the respective
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spectral distances are not equal; the same holds for U(“Z("“)*l“)m"'(x) and o'R"|(x) and
their ultrametric distance (respectively, their spectral distance) to y.
Forn e N,j S {1, 2, ey az(n+1)} and i € {1, 2, ey az(n_H)_l}, we have

a —i+DIL —
ds(x, o @er0 =i DILatil(yy) = 8 jqmst-1+q2n

dg(a(“z("*")"_i"'l)lR"‘(x), y) = 81'612n+42n71v

(7

and combining Corollary 4.4 and (2), we obtain that

d, S(X’o-(ﬂz(n+1)*j+1)|ﬁn+1 | ()

az(n+1)

= E : 81‘]2(n+])—|+q2n

I>j

o0 Af+1

+ Z Z 81qk+qk—l_1ZZ(k_2(”+1))(‘12(n+1)_j+1)qZ(n+1)—1’ 3)
k=2(n+1) I=1

d, 8(y’g(az(n+1)71—i+1)|73n|(x))

A2n+1)—1

= Z S1q2m+qan-1

[>i

[ee} Af+1

+ Z Z81%4‘%—1*]IZZ(k*(z("H‘l)*1))(112(n+1)—l*i+1)¢12n' )
k=2(m+1)—1 I=1

ForneN,je({l,2,...,a2u+n}, i €{l,2,...,axys1}andr > 0, set
dy 5(x, o @ar) =i TDILus1l (y)
ds(x, U(az(;z+1)*j+1)|ﬁn+1I(y))r ’
d, 8(0(02(n+|>—1—i+1)|7€n\(x)7 y)
T ds (o @1~ DIRal () yyr

Y (r) =

Notice that lim sup,,_, II/Z(J,,) (r) <Y (r) <Y (r) for z € {x, y}.
PROPOSITION 4.7. Leta > 1, lett > 1 — 1/a and set § = (n™"),en.
(1) If A(6) < 0o, then

sup limsup sup (Y (1): j € (L, ..., apin-1,0))

ze{x)y} n—o00
=0 if0<r<l—(x—1)/(at),
<00 ifr=1—(ax—1)/(at).
2) IfAy(0) >0, then

sup limsup sup (Y (1) j € ll, ..., axprn-1,0))

ze{x,y} n—>00

=00 ifr>1—(x—1)/(at),
>0 ifr=1—(x—1)/(at).
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We divide the proof of each part of the above proposition into three cases: the first case
when t € (1 — 1/«, 1), the second case when ¢ = 1 and the third case when ¢ > 1. We will
also use the following lemma and remark in the proof.

LEMMA 4.8. Let o > 1 and let t > 1 — 1/a. Let X denote a Sturmian subshift of slope
0 €10, 1/2] where Ay(0) < 0o. Given r € (0, min{l, @ — (o — 1)/t}) and given € > 0,
there exists M = M, , € N such that, forallm > M and j € {1, 2, ..., am42},

00 k41 1

(Jgm+1 +qm)" .
St k:% ,; Ui+ g1 — Doz (k — (m + D) (@mt2 —  + Dams 1)

belongs to the open interval (0, €).

Proof of Lemma 4.8. The lower bound follows trivially since the quantities involved are
non-negative. Since Ay(f) < oo there exists a constant ¢ > 1 so that a,4+1 < cq;’,‘fl,
for all m € N, and hence, for all j € {1, 2, ..., ay+2}, we have the following chain of

inequalities, where I, denotes the interval (—1/c«, 1):

00 Gk+1 1

(am+1 + qm)"” :
e kzmzﬂ ,:ZI (I4k + gr-1 = Loz.(k — (m +2)(@n+2 = j + Dgm+1)’

1+2 — it
+ 0 (Ar+19k + gr—1) el
I=t k=m+2 U
- Irl(ak 19k + gk—1)
< 134, - - ifr=1,
= m+2 kzé;rz gk
L+2 (Ggner +an)' ™ 5 w'\ o
t — 1 q ) qm+2 6]k ’
mt k=m-+3
R - 1 .
T-.¢ A “wi—@-D ift € Iy,
k=m-+2 qy
o
In(2c) + o In(gy)
< {3aq, _— ifr=1,
= m+2 k:%;_Z P
1+2 /. _ — 1 .
—1 ((]qm-H +Qm)t(r b +6],t,,r+2 Z _t) ifr>1,
k=m+3 Tk
(14291721725 | iiemt) 1 el
— m+2 (1 —(a—1)) @
1—1¢ pard yilar—(a
o0
_ In(2c) + 1 + «i In(y) .
< 16v5q, .5 In(gni2) ) ” ift=1,
i=0
142 - IR | .
P ((CIerl +gn)' Y —I—Z«/gqfn(iQ ) it ifr>1.
i=1

In the last inequality we have used the result given in Remark 4.6 and the fact, for x > e!,

that the function x +— In(x)/x is strictly decreasing. Since r € (0, min{l, o — (o — 1)/¢}),
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y > 1,t > 1 — 1/« and the sequence (g,),eN is unbounded and monotonically increasing,

the result follows. O
Givenm eN, je{l,2,...,au42},r>0andt > 0, set
Am+2 1
$m, j,r, 1) = (jgmi1 +qm)'" Y, ———. (10)

Iy (Igm+1 + gm)"

By (7)—(9) and Lemma 4.8, to prove Proposition 4.7, it is sufficient to show, if Ay (0) < oo,
then

=0 if0<r<l1—(x—1)/(at),
<oo ifr=1—(ax—1)/(at),

m— 00

lim sup sup{ep(m, j, r,t): je{l,2,..., ant2}} {
and if A, (0) > 0, then

limsup sup{¢p(m, j, r,t): je{l,2,...,

m—00

PR =00 ifr>1—(x—1)/(at),
"IN 0 e =1—(a = 1)/

Proof of Proposition 4.7 (1). Case t € (1 —1/a, 1). Since Ay(f) < oo, there exists a
constant ¢ > 1 so that a;,4+1 < cqf,‘l_l, for all m € N. With this at hand, for 0 <r <
1 — (@ — 1)/(at), we may deduce the following chain of inequalities:

am+2
1
limsup sup ¢(m, j,rt) < hm supq —
Mm—=>00 1< j<amty m+2 Z (gm+1 + gm)'
1+ zt rt (@m+1gm+1 + Qm)l_t
< lim sup qm+2
m—soo 1 — dm+1
t
. (7]
< lim su rt ZmtZ
m—)oop 1 —1t m+2 dm+1
2[
< lim sup —— (2¢) 111~ nge T A
m—>00 —1

This, in tandem with the fact that 1 — (¢ — 1)/(at) <« — (@« — 1)/t if and only if t >
1 — 1/« and that (g, )N is an unbounded monotonic sequence, yields the result.

Case t =1. Since Ay(f) < oo, there exists a constant ¢ > 1 so that a,,41 < cqp~ 1
for all m € N, and since, for r > 0, the function x — x” (In(a;,+2) — In(x)), with domain

[0, 00), is maximized at x = am+ze_1/r, we have
Am+2
limsup sup ¢(m, j,r,¢) <limsup sup gl " m+1] Z 7
m—0o0 1§j§am+2 m— 00 15j§”)11+2 1= ]+]

<limsup sup g ' +27q,." j" (In(@ni2) — In(j))

m—00 1<j<apis

b 2e
r— r—
<lim Sup g, + — 4m+19 m+2
m—0o0
—1
. _ re~ler
<limsup g’ + qf"llll,

m— o0
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for 0 <r <1—(a¢—1)/(at) =1/a. This, in tandem with the fact that (g,),en 1S a
monotonic unbounded sequence, yields the result.

Case t > 1. Since Ay (0) < oo, there is a constant ¢ > 1 with a1 < qu:l—l’ for all
m € N. Further, since 0 <r <1 — (¢ — 1)/(«t) and since (g,)neN is an unbounded
monotonic sequence, we may deduce the following chain of inequalities:

limsup sup ¢(m, j, r 1)
m— 00 1§j§am+2
am+2
<limsup sup qr[n(r_l) + 2trqun(:_ 1)Jtr Z —
m—>00 1<j<am42 = j+1
<limsup  sup qt(r 1)+ qt(r l)Jt(r D+1
T m—oo 1<j<am+2 -1 e
lim sup ¢/ "—D + qz(;ll)
m— o0 1 m
=
t(r—1) t(r—1) t(r—1+1
lim $Up g, + 1 G
lim sup g}~V + ——q, 1"
< m— o0 l
- 2trct(r—l)+1
: t(r—1) t(r=1 _(a=D@(r—1)+1)
lim $Up g, + — D1 It
lim sup ¢~V +to ,t,,(jrll)
m—o00 -1
2trct(r—l)+1 1 1
< Mim sup ¢'¢—D (a—D+at(r—1)
o m—>oop Dm + r—1 m+1
2trct(r—l)+1
limsup ¢/ + = ——
m—00 t—1

ifr<1-—1/1,

ifl =1/t <rand
r=l—(az—1/(a),

ifr<1-—1/t,

ifl—1/t <rand
r=l—(a—1/(at),

ifr<1-—1/t,

ifl =1/t <rand
r=l—(ax—1/(ar),

ifr=1—(ax—1)/(at).

This, in tandem with the fact that (g, ), N is an unbounded monotonic sequence, yields the

result.

Proof of Proposition 4.7 (2). Case te€ (1 —1/a,1).
increasing sequence of integers {ni}ren With 2a,, 12 > Ag (Q)qn 1> 18.

Since Agy (9) >0,

O

there is an
Combing

this with the fact that (g,),cN is an unbounded monotonic sequence, and setting j,, =

[an,,+2/21], we have

limsup ¢y, jm, 7, 1)

m—0Q

> lim sup ([an,,+2/21Gn,+1 + qn,)"

m—00

1—t
qnm+2

- (ranm+2/214n;;1+1 + qnm)lit

1—t(1-r)

1—@2/3)'"4q,, 1>

> lim sup

m—soo 2M(1 —1) qn,,+1
. —2/3)!T )AL 0)
- lrflllsolip 22tr+17t(1 —t

) nm+1
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This, in tandem with the fact that (g, ), is an unbounded monotonic sequence, yields the
results.

Case t =1. Since Ay (0) > 0, there exists an increasing sequence of non-negative
integers {ny}ren so that 2a,, 17 > A, (Q)qn > 18. Setting j,, = [an,,+2/27, we have

that
lim sup ¢ (m, jy, 1, t)
m—0oQ0
. Unm@nm+1 + )" )
2 hm Sup S+ n (ln(qﬂprz+2) - ln(Jnm qnm+1 + qnm))
m—00 q"m+1
149, 2
> limsup — i t2 <ln(qnm+2) — ln<M>>
m—oo 2" Qny+1 3
> limsup 27" In(3/2)a;, 4},
m— o0
> limsup 27 In(3/2)Aq () g%~}
m— 00
This, in tandem with the fact that (g, ), is an unbounded monotonic sequence, yields the
results.

Case t > 1. Since Ay (0) > 0, there exists an increasing sequence of natural numbers
{ni}ken so that 2a,, 12 > Ay (G)anJrl > 18. Setting j,, = [an,,+2/2], we have
limsup ¢y, jm, 7, 1)
m—00
. (Tan,+2/21dnn+1 + an)' ™ —ap ",
> 1im sup ([an, +2/21Gn, 41 + Gn,)" nt

m—00 (t— 1)Qnm+1
1—t(1-r)
2/ —1q
> lim Sup( /3) 42

m—oo 2Nt —=1)  qn,+1

(@) = DA s
22tr+1 t(l 1) qan

> lim sup
m-—0o0

This, in tandem with the fact that (g, ), <N is an unbounded monotonic sequence, yields the
results. O

PROPOSITION 4.9. Let o > 1 and let X denote a Sturmian subshift of slope 6 € [0, 1/2].
Lett > 1 —1/a and set § = (8,)nen With 8, =n~". If Ay(0) < 00, that is, there exists
¢ > 0so that a4 < cqf,;_l,for allm €N, then, forr > 0,

lﬁw(r)
<2(c+2)" sup limsup sup{y ) (r): k{1, ..., @ui1)-1, )} U (Vo ar)}.

z€fx,y} n—>00
Proof. Let w = (w1, wa, ...) € X be fixed and let n > 2 denote a natural number with
by(w)=1. Set k;(n) =sup{l € {1, 2,...n}: by(z) =1}, where z € {x, y}. (Note that
ky(m(n)) # ky(m(n)) as there exists a unique right special word per length.) By definition
we have Ekz(n)(z) =1, and so, by Corollary 4.4, there exist I(n),!'(n) €N, p(n) €
{L,2, ..., ¢2qm+n} and p'(n) € {1, 2, ..., a2q@m)+1)—1}, With

Xk = Rim) Limy+1 - - - Liy+1  and Yle,i)=Lrm) Re@my - - - Ry -
_\/_J

pn) p'(n)
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An application of Remark 2.6 and Proposition 4.2 yields that

IRyl = @2 @)

[Limy+1] = Qarmy+1

if w,41=1and
p(n) # axi+,
if wy+1 =0and
P'(n) # arq (ny+1)—1-

inf{l e N: by (w) =1} > . (12)
c = if wy41 =1 and
(RIZ A p = ariy),
R = if w,+1 =0and
U'(n)+11 = 42’ (n)+1) p/(n) = A (1)1
Thus, since 8; = k', we have that
Yobhwd < Y )&+ Y B0 (13)

k>n k>ky(n)

k=ky(n)

Let w € X be fixed. Set m(0) :=0, define m(n) :=min{k > m(n — 1): Em(n)(w) =1}
and let (w™),en denote a sequence in X such that w lm(ny= Wln) and w® Im(n)+17
W|m(n)+1. Combining the above with (2), (3), (6) and (13), we conclude that

ds,s(w,w“”)sz( Yo s+ Y

k=ky (m(n)) k=ky(m(n))

IA

2dy,5(x, o Ermensil (y))

2d, 5 (o Rrmon| (x), y)

On the other hand, by (3), (7) and (12), for r € (0,

ds(w, w™)™" =81 = (m(n))"

m@n) —

2"IRienny) Liommy+1 - - - Limmp+11""

p(m(n))
2" Lirimmny) Rirammy) - - - Rirammy!”™”!

p(m(n))

A

IRim(m))+1L1ammy)+21"

|L1 ) +1 R mnyy+11"
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2d, 5(x, G(tlz(z(m<n))+1)—P(m(n))+1)lﬁz(m(n>)+1I(y))

2d, 8(0(‘12/’(m<n)>+|*I’/(m(”))+1)|7z1’(m<n))\(x), ¥)

Ek()’)5k>

if ky (m(n)) < ky(m(n)) and
p(m(n)) # a2imm)+1)s

if ky(m(n)) > ky(m(n)) and
p'(m(n)) # ar@ mmy)+1)—1s
if ky(m(n)) < ky(m(n)) and
p(m(n)) = axqon(ny)+1)»

if ky(m(n)) > ky(m(n)) and
p'(m(n)) = axq'mmy)+1)-1-

1), we have that

if ky(m(n)) < ky(m(n)) and
p(m(n)) # a2qm@n)+1)s

if ky(m(n)) > ky(m(n)) and
p'(m(n)) # ar@mmy)+1)1s
if ky(m(n)) < ky(m(n)) and
p(mn)) = a2qmmn))+1)>

if ky (m(n)) > ky (m(n)) and
P (m(n) = axq'mmy)+1)-1,
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if ky(m(n)) < ky(m(n)) and
p(m(n)) # aximmy+1)>

if ky(m(n)) > ky(m(n)) and
p'(m(n) # @@ mmy+1)-1>

if ky(m(n)) < ky(m(n)) and
p(m(n)) = az(i(mmy)+1)»

if ky(m(n)) > ky(m(n)) and
p'(m(n)) = axq'm(ny)+1)-1-
We now observe that, since ds induces the discrete product topology on X, any sequence
in X\{w} converging to w with respect to ds is a subsequence of a sequence of the form
(w™),en, and hence

2 ds(x, o (@2 nmy)+1 =P M) +DILinmy)+1] )

2 dy(o (@1 minyy41 =P ) FDI Ry ()| x), "

A

(c +2)"ds (x, o1 F1omml(y))=er

(c +2)"dy(o™rmm | (), y)=er

. ds,s(w, v)
Yy (r) = lim sup sup S—r: vV EX, Vnm)= Wlnw) and vlum)+17 Wln@m)+1 (-
n—00 ds(w, v)
This completes the proof. O

5. Proofs
5.1.  Proof of Proposition 2.11, 2.14 and 2.15.

Proof of Proposition 2.11. Let 6 =[0; a1 + 1, az, ...], let X be a repulsive Sturmian
subshift of slope & and observe that 0 < £ < £;. Recall that repulsiveness implies that
the continued fraction entries of § are bounded. Suppose that a; # 1 infinitely often. By
Proposition 4.2, for all k € N, we have that
W=2Lr...Lx, w=Lr...Lx, W =Ri_1...Ric1, w =Ri_1...Ri_1
- — N — e’

—_——— —_——— —_———
a arn—1 az—1 agk—1—1

(14)
all belong to £(X). Hence, letting k, denote the integers with a;, # 1, we have
A“»akn(Ikn—l < (ax, — 1)_1, and so

¢; =liminf Ay, <liminf(a,, —1)~' < 1.
n— o0 n—od
Suppose we do not have that a; # 1 infinitely often, that is, that there exists N € N
such that ay,; =1, for all j € N. In this case the continued fraction entries of 6 are
bounded and so the sequence (gx+1/qx) is convergent, with a non-zero and finite limit

L. Setting W:=Lnij12=LNyjr1 RN+ LN+j+1, Wi=LNtjsl, W = RN+j2=
Rn+j+1LN+j+1RN+j+1 and w' = RN+ j+1, by Proposition 4.2, we have

¢ =liminf A, <1+ lim &L
n—00 n—00 qn

=14L.

For the forward implication, we show the contrapositive. Recall that a Sturmian subshift
X of slope 8 = [0; a1 + 1, aa, . . .] is repulsive if and only if the continued fraction entries
of 6 are bounded. Therefore, if X is not repulsive the continued fraction entries of 6 are
unbounded. Letting W, w, W', w’ be as in (14), Proposition 4.2 implies, for all integers
k > 2 with ag # 1, that A 4., , < (@ — )7, and so

¢; =liminf Ay, <liminf(a;, — 1)~' =0,
n—od n—o0

yielding that X is not 1-repulsive. O
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Proof of Proposition 2.14. For the first part of the result let 8 =[0; a; + 1, a2, .. .]
belong to [0, 1/2]. Since @ > 1/(1 —t), Ax(0) # 0 and since (gx)kren is an unbounded
monotonic sequence, there exists a sequence of natural numbers (m;);enN, so that

Ay (0) 1-1/(1-1)
2

} < ami+16]m, = dm;i+19m;

O<min{l, and a,, >4,

and thus, for all n € N,

00 Ak+1

o0
Z Z 8jqrtauo1—Laz(k—n)gu_y = Z

k=n j=1 k=n j=1
oo

ak+1

Gk + qr—1)"

o0

1-2! /(=) 1—¢
T Z}%H%, )

LJFI“ L A@)
> —_ =
> g Z<mm{ el }) .
I=n
The result follows from (4).

For the second part of the result, in [39] it has already been shown that d s is a pseudo-

metric; and thus, it remains to show that ds s(w, v) < oo, for all w, v € X. However, this
follows directly from Propositions 4.5, 4.7 and 4.9. O

Proof of Proposition 2.15. The result follows from an application of (7)-(9) and
Lemma 4.8, in tandem with the observation that

liminf ¢ (m, am42, 1, 1) = 11m lnf(am+26]m+1 + gm)' "V =1lim qu 1 1) =0,
n—0o0 n—
where ¢ (m, a2, 1, t) is as defined in (10). 0O

5.2. Proof of Theorems 3.1 and 3.2.

Proof of Theorem 3.1 (1). Suppose that there is a ¢t € (1 — 1/e, 1) so that the metric d; s
is sequentially 0o (1)-Holder regular to ds, in which case ¥x(p,(?)) is finite. Let ¢ be
fixed as such. By this hypothesis we know that the metrics d s and ds are not Lipschitz
equivalent and so, by Remark 3.5, the continued fraction entries of 8 are not bounded. Let
ay,, denote the mth continued fraction entry of 6, such that a,,, 12 > 8. Since (¢ )men is a
monotonically increasing unbounded sequence, we notice that
Aq(0) = lim sup dp, g, *
m—00

and

anm+2 z(anm+2qnm+l + qnm) 2qnm+2
qnm+] + qnm — = .

2 3 T3
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Setting r = 04 (1) =1 — (0 — 1)/(at), we have that
Yx(r) = sup ¥x . (r)
z€{x,y}

>limsup sup ¢(n, j, 1 t)

m—00 1<j<ap,, 2

Apyy 42

> lim sup ([, +2/21Gn,+1 + 4n,)" Y

meoee I=[dyyy +2/2]

1—t 1—t
. q mt2 (|—anm+2/2—|CInm+1 + Qnm)
> 1im Sup([an,, +2/21Gn,+1 + Gn, )" =2

. 1=t(1-r)
-2/ g
Z]im sup ( / ) nm+2

m—oo 21"(1 —1) qn,+1
1— /3 1(A=r) /(=1 (1=r))\ 1=t (1=7)
EEED o] )
11—/ l—a \l/a
- 2t—(a—l)/a(1 —1) hmnl)solip(anw"zqnnﬁl)
1=
- 2t—(a—1)/a(1 —1)
Hence, it follows that A, (@) is finite.
The reverse implication is a consequence of Propositions 4.5, 4.7 and 4.9. O

1
(lCInerl + qn,, )!

AqgO)'°. (15)

Proof of Theorem 3.1 (2). For the forward implication, we prove the contrapositive,
namely, that if Ay(#) =0, then ¥x(1 — (¢ —1)/(wt)) =0. Using Lemma 4.8 and
Proposition 4.9, it is sufficient to show that

@/ o N 1
hm sup qt a—la= D/t - =0,
,(2’;1 2; (arx + qr—1 — Laz(k —m)gm—1)'
J
am+2 1
imsup  sup  (jgmer + ) V@S 9
m—00 1<j<ani2 " Z (gm+1 + gm)’

Using an identical argument to that presented in (5) yields the first equality; and using an
identical argument to that presented in (11) yields the second equality.
The reverse implication is shown by an identical argument to that given in (15). O

Proof of Theorem 3.2 (1)(a). By the hypothesis we know that the metrics ds s and ds are
not Lipschitz equivalent and so, by Remark 3.5, the continued fraction entries of 6 are not
bounded. Let a,,, denote the mth continued fraction entry of 8, such that a,,, y» > 8. Thus,
since (¢ )meN 1s @ monotonically increasing unbounded sequence, we have
Aq(6) = lim sup a,, g~
m—0o0

and

anm+2 z(anm+2qnm+1 + qnm) 2qnm+2
qnm+] + qnm — = .

2 3 T3
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Using (7)—(9) and Lemma 4.8 and setting j,,, = [ay,,+2/2] and r = g4 (t) = 1/, we notice
that

Yx(r) = sup ¥x . (r)
ze{x,y}

> lim sup ¢ (ny, jm, 7, t)
m—0Q

. In m —In([a m 2 m + m
> lim sup([an,,+2/21qn,, +1 +Qnm)r Grs2) (an +2/ 2Vt + )

m—>00 dny+1

M 1 qr}‘ﬂ 2
> lim sup — —"= (In(gn,,+2) — In(2qn,, +2/3))

m—>00 9npy+1
In(3/2
> n3/ )lim sup
2r m— 00
In(3/2) .. _
> —— lim sup(anm+2q’i %)
2 m—00 "
- In(3/2)

T

1/a 1/a—1
anm +2qnm +1

1/a

Ag (02,

This yields the required results. O

Proof of Theorem 3.2 (1)(b), (1)(c), (2)(a) and (2)(b). See Propositions 4.5, 4.7 and 4.9.
O

Proof of Theorem 3.2 (3)(a). By the hypothesis we know that the metrics d; s and ds are
not Lipschitz equivalent and so, by Remark 3.5, the continued fraction entries of 6 are not
bounded. Let a,,, denote the mth continued fraction entry of 6, such that a,, y» > 8. Thus,
since (¢, )meN 1s @ monotonically increasing unbounded sequence, we have
Aq(0) =lim sup ay,, q,i’;"‘
m— o0

and

2 3 T3

Set jp = [an,+2/21 and r = 04 (t), and let ¢(m, j, r, t) be as in (10). Using (7)—(9),
notice that

An,, +2 2(“n,,,+2‘1n,,,+1 + Qnm) 26]nm+2
dny,+1 1 qn, = = .

Yx (r) = limsup ¢y, jm, 71, 1)
m—0o0
. (raﬂm+2/2-|qnm+1 + qnm)l_t - qlit 2
> lim sup([an,,+2/21Gn,+1 + qny)"" it

m—00 (t— 1)qnm+1
B 1—t(1—r)
2/ 149
> lim Sup( /3) )

m—ooo 27t —1)  gn,+1
/3= -1 l—t(1=r) —t(1—r)
TSR R
—t(l—r)/(l—t(l—r)))]7t(lfr)

@/ -1
2 oy e 2

https://doi.org/10.1017/etds.2018.7 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2018.7

Aperiodic order, spectral metrics and Jarnik sets 3059

@/ —1 1—a/(a—t(@—1))\ (a—t(@—1))/a
> Sy (a2, 1)
2/3)!" -1 (@—t(a—1))/a
> mA(a—r(a—l))(e) ,
where the last inequality holds since ¢ € (1, o/(o — 1)) and hence (o — (o — 1))/ > 0.
Thus, Aa/(a_t(a_l))(e) < OQ. O

Proof of Theorem 3.2 (3)(b). This is a consequence of (2) and the fact that, for all m € N,
o0
1 1 1 1
B L /LIPSy Ay V1)
Z a1 t—l(m ) _t—l(m )
n=m+1

This completes the proof. O

5.3. Proof of Theorem 3.4. We divide the proof of Theorem 3.4 into five parts, namely,
we show the following implications: (1) = (2) = (4), (4) = (1), (4) = (3) and (3) = (2).

Proof of Theorem 3.4. (1) = (2). Assume that the statement is false, in which case either
£y =0 or £, = oo. First we consider the case £, =0. By definition of £, there exist
words W, w € L(X) such that w is a prefix and suffix of W, W # w # @ and

|w|1/0£ o
< [W]—|w|= pew—yrl and R(n) <2Ryn”, (16)
21/aR,
for all n > |w|. Further, foralli € {1, 2, ..., |w|}, we have that
w; = W; = Wi jwi—w|, (17)

where we recall that w; and Wy respectively denote the kth letter of w and W. By the
property of a-repetitiveness, for all words u € £(X) with

= | 20
= 21/0{ R(i/a ’
we have that u is a factor of w. In particular, letting £ € X and k € N, the factor

(& Exr1s - - - Skww'./az_l/a,g;l/aj)

of & is a factor of w. This, together with (16) and (17), yields that & = &1 |w|— || for
all k e N, and thus & is periodic. This contradicts the aperiodicity and minimality of X.
Therefore, if X is a-repetitive and not a-repulsive, then ¢, = co. For easy of notation, set
By =inf{Ay n: n > argir—1}. By Proposition 4.2, for all k € N, we have that

W=Lr...Lr, w=Ly...Ly, W’Z:’kal...kal, w/ZZ'Rk71...Rk71
\— — N — — \—/_J N——
axk ar,—1 azk—1 axe—1—1
(18)
all belong to the language £(X), that
1-1
L e
w7~ (az = DV~ (aze — D
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provided that ay; # 1, and that

_ 1-1/a
W/ —|w'|  [Reg'V  agypy
Jw’| 1/« axy—1 —1 (azk—1 — D1/
provided that ap;—1 # 1. Hence, for k € N with a; # 1,
1-1 _
Be<q,_," (@ — D7V, (19)

Thus, since by assumption £, = 00, since By < By, forall k € N, and since (g )xen is an
unbounded monotonic sequence, given N € N there exists M € N so that a ;g 11:‘1" < N7¢
for all j > M. For all n € N, let m,) be the largest natural number so that Gmy <. By
Theorem 2.8, for all n € N, so that m,) > M,
R(n) < Amy+1 + 2qmey = 1+ Gmgy+1 = g
n% - n%

- zam(,,)—HCIm(,,) + 2‘]m(,1)—1 + qm < i i ZQm(,,)—l i %

B Dy o N Dy Dty
Hence, Ry, < N~%. However, N was chosen arbitrarily and so R, = 0, which contradicts
the initial assumption that X is a-repetitive.

(2) = (4). Let [0; a1 + 1, aa, . . .] denote the continued fraction expansion of . Since
the Sturmian subshift X is a-repulsive and « > 1, by Proposition 2.11 and Remarks 2.12
and 3.5, we have that the continued fraction entries of 6 are unbounded. In particular,
infinitely often we have that a, # 1. Setting By =inf{Ay ,: n > arqr—1}, as in (19), we
have that By < g._,/*(ay — 1)""/%, for all k € N with a # 1. Since By < B4, there
exists N € N so that 2¢/¢% > (a, — l)ql_“ for all n > N with a,, # 1. Hence, since the

n—1°
sequence (g,)neN 1s an unbounded monotonic sequence and since X is c-repulsive,

o
o

Ay (0) =lim sup anqi:l <
n— 00 Eg

It remains is to show that A, (0) > 0. We have observed that if the Sturmian subshift X is
a-repulsive, then the continued fraction entries of 8 are unbounded. In particular, infinitely
often we have that a, # 1. Thus, letting W, w, W/, w’ be as in (18), if A,(6) =0, then
By =0, for all k € N, and hence ¢, = 0. This contradicts the assumption that X is a-

repulsive. Hence, if the Sturmian subshift X is a-repulsive, then Ay (6) > 0.
(4) = (1). Let m(,) denote the largest integer so that gy, <n. Since Ay(0) < 00,
there exists a constant ¢ > 1 so that a;;,+1 < cqufl, for all m € N. By Theorem 2.8 and the

recursive definition of the sequence (g;,),eN, We have that, for all n € N,
R(}’l) S R(Qm<n)) + aM(n)+1 Qm(,,)

= 2am(,,)+161m(n) + qM(n)—l + ZCIm(,,) -1

= 2¢qp,, + qmy-1 + 24mq,)

< (2c + 3)n“.
In particular, we have that if 6 is well approximable of «-type, then R, is finite. Further,
by Theorem 2.8, the recursive definition of the sequence (g;,),eN and the assumption that
Aq(0) > 0, we have that

. . +2qr — 1 .
R, > lim sup ) = lim sup Gh 1l oGk — 2 > lim sup ak+;q]( =A,00) > 0.

keN qx keN q,‘é‘ keN qdx
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That is, if 6 is well approximable of a-type, then 0 < Ry.
(4) = (3). By Proposition 4.2 and the definition of Q(n), we have Q(gq,) > a,+1 and
SO

Oy = lim sup O 1) > lim sup Q(q”) > lim sup antll =Ay(0) > 0.
n—soo n% n—00 qn n—00 qff

Thus, if 8 is well approximable of «a-type and X was not a-finite, then Q, would be
infinite. By way of contradiction, assume that 6 is well approximable of «a-type and that
0, = oo. This means there exists a sequence of tuples ((ng, pr))ren of natural numbers
such that

e the sequences (ny)ren and (pi)keN are strictly increasing and limy,—, oo pih ,1(*"‘ = 00,
e for each k € N there exists a word W) € L(X) with |W| = ni and

WiyWw -+ - Wy € L(X).
—_—

Pk
For a fixed k € N, setting

W=WiWae - We and w=WeyWe - We,
—_— — —_— ——

Pk pr—1
we have

l 1 —
W=l om0 e TN e e )
lwl/e  (pe =DV \pr =1 px pi— 1 K '

This latter value converges to zero as k increases to infinity. Therefore, £, = 0 and so X is
not a-repulsive. This is a contradiction as we have already seen that 6 is well approximable
of a-type if and only if X is «-repulsive.

(3) = (2): Suppose that Q, is non-zero and finite. This means there is a sequence of
tuples ((nk, pr))keN so that the sequence (1 )ien is strictly monotonically increasing with
0 < limg_ o0 pkn,i_“ = Qqu < 00, and for each k € N there exists a word W) € L(X) with
W) | = ng and

W(k) W(k) s W(k) € ﬁ(X)
— —

Pk
For a fixed k € N, setting

W=WuWw - We and w=WgWe - - Wa,
—_— —_—

Pk pk—1
we have that
1-1 _
Wi —lwl _ =< pe g ‘)‘/“
w1/ (pr —DVe \pr—1 pi

This latter value converges to Q, 1/ “ and so we have that £, is finite.

By way of contradiction, suppose €, = 0. This implies there is a strictly increasing
sequence of integers (n,,)meN, SO that there exist W,,), Wa,,) € L(X) with W, #
Wn,)s | W) | = ims Wen,,) 18 a prefix and suffix of W, ) and

|W(nm)| — |w(nm)| < 1
W, 1/ m
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This means the two occurrences of w,,) in W(,,,) overlap. Thus, there exist p = p,,, € N

so that
w=uu---uv and W=uwuu --- uv,
—— ——
p—1 p
where u =u,), vV ="0@,) € L(X) with 0 < |v| <|u]. Combing the above gives
plu|'=® > m*, and so Qy = oo, contradicting the assumption that Qy is finite. O

5.4. Proof of Theorem 3.7.

Proof of Theorem 3.7. For 6 =[0; ay, aa, . . .], it is known that

1 1 ‘ Pn + Pn+1 Pn
7 = = -
(@ny1 +2)q; qn(gn + qn+1) qn + qn+1 4n
g V) - SN S Y
qn qn qn+1 an+19y

(see, for instance, [41]). Also, considering sequences of approximations (p,(x)/qn
(x))nen of an irrational number x = [0; ay, a2, . . .] € [0, 1], we have that jalfl contains
the set

Pn(X)
qn(x)
(for further details, see [41]). Thus, by the lower bound in (20), if lim sup,,_, o, dn+1

_ . 1/c
ql=% > ¢, for some given ¢ > 0, then 6 € JaJ/:l.

{x:[O;al,...]e[O, 1]: ‘x—

< ¢ g, (x)™*~! for infinitely many n € N}

Therefore,

Oy €O, S{O€[0, 1]: Ag(0) >0y < | ) 74,
neN
and so, by monotonicity and countable stability of the Hausdorff dimension (see, for
instance, [25]) and Theorem 3.9, we have that

dimy;(®y) < dimy;(O,) <2/(a + 1). ey

To prove that 2/(c + 1) is a lower bound for dimy(®,) and dimy(®y) we first show
that Exact(a + 1) is a subset of ®(«) and O () and hence a subset of O(w). By [41,
Theorem 15] every best (reduced) rational approximation (of the first kind) p/q to
0 =[0; ay, az, .. .], namely |0 — p’/q’'| > |0 — p/q|, for all p’, ¢’ € N with ¢’ <gq, is
necessarily of the form p(’")/q(m) =[0;ay,ay,...,a,—1,m], for some n e N and 1 <
m < ay. In fact, a, /2 <m < a,, since if m < a, /2, then, by (20),

p™ pnt| _ | Pt p™ P
— — |0 — > — —2|0 — ——
61(’") qn—1 qn—1 61(’") dn—1
(m)
S|Pt P 2
qn—1 q(m) gndn—1
1 2

T ™G gngn—t
(an - zm)CIn—l —4n-2
> >

0.
4™ qngn-1
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Hence, p™ /q™ is not a best approximation (of the first kind). From this, we conclude
that 1/2<¢™ /g, <1, for a,/2 <m <a,. Hence, for every reduced fraction p/g
with |60 — p/q| < ¢~ '~%, we may assume without loss of generality that p/g is a best
approximation (of the first kind), and hence we find n € N such that

oI 4
dn q
Using the lower bound in (20) gives, for every 6 € Exact(a + 1), that lim sup an+1q,{_“ >
2=(@+D and thus that Exact(a 4+ 1) C ©(«). Further, assume that |§ — p/q| > dg~©@*D
for some d < 1 and all but finitely many rationals p/q. This together with the upper bound
in (20) yields that lim sup a,,_Hq,{ ~* < d~!. In this way we have verified that Exact(a +
1) C ®(w). The statement on the Hausdorff dimension of 0, and ©, now follows from
an application of Theorem 3.9, the monotonicity of the Hausdorff dimension (see, for
instance, [25]) and (21).
To complete the proof, we show that A(@a) = 1. Notice that, if 8 € [0, 1]\ jal 1
using the upper bound given in (20), we have an+1qg_"‘ < 1, for all but finitely many
n € N, and thus, A, (@) < 1. In particular, we have ©®, 210, 1] \];H. This, together

with Theorem 3.9, yields A(@a) > A([0, 1]\ ‘703—1-1) =1. O

<

9 — —(a+1) S 2a+1qn—(ﬂt+l).

=q
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