Proceedings of the Royal Society of Edinburgh, 150, 1467-1494, 2020
DOI:10.1017/prm.2018.151

Fixed points of multivalued maps under local
Lipschitz conditions and applications

Claudio A. Gallegos and Hernan R. Henriquez
Departamento de Matematica,

Universidad de Santiago de Chile, USACH, Casilla 307, Correo 2,
Santiago, Chile (claudio.gallegos@usach.cl;
hernan.henriquez@usach.cl)

(MS Received 5 August 2018; accepted 20 September 2018)

In this work we are concerned with the existence of fixed points for multivalued
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1. Introduction

In this paper we are concerned with the existence of fixed points of multivalued
maps defined on Banach spaces. We apply our results to establish the existence
of asymptotically almost periodic mild solutions for a class of abstract Cauchy
problem governed by a first-order differential inclusion.

To describe the problem, throughout this work we denote by X a Banach space
provided with a norm || - ||. We assume that A : D(A) C X — X is the infinitesimal
generator of a strongly continuous semigroup of linear operators (T'(¢)):>0 on X.
We will consider the abstract first-order differential inclusion

2/ (t) — Ax(t) € f(t,z(t)), t=0, (1.1)
2(0) = xo € X, (1.2)

where z(t) € X and f is a set valued map defined on [0,00) x X whose properties
will be specified later.
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As a model, we consider a general heat equation described by a first-order
differential inclusion

du(t,§)  *u(t,§)

- ge - € f(bult ) (1.3)
u(t,0) = u(t, 7) = 0, (1.4)
u(0,8) = »(§), (1.5)

for t >0 and & € (0,7). In this system we assume that f is a multivalued map,
and the inclusion indicated in (1.3) will be explained in §4. Moreover, ¢ is an
appropriate function.

Here we briefly discuss the context in which our work is inserted. We do not intend
to make an exhaustive list of references but just mention those most recent and
directly related to the topic of this paper. Differential inclusions are used to describe
many phenomena arising from different fields as physics, chemistry, population
dynamics, etc. For this reason, last years several researchers have studied various
aspects of the theory. We mention here [1,2,6,8,12,13,20, 21,24, 26,29] and
references in these works for the motivations of the theory.

In this paper, we establish a general result of fixed point in scales of Banach
spaces, and we combine this result with the theory of measure of noncompactness
to establish the existence of solutions to the problem (1.1)—(1.2). It is important to
mention here that several authors have studied strongly nonlinear problems, that is,
problems of type (1.1)—(1.2) in which A is a m-dissipative operator. The reader can
see [28,30-32] and the references in these works. However, between those works
and ours there are important differences that we will describe in § 4.

This paper has four sections. In § 2 we develop some properties about the measure
of noncompactness, and multivalued analysis which are needed to establish our
results. In §3 we discuss the existence of fixed points. Finally, in §4 we apply our
results to establish the existence of solutions and the existence of asymptotically
almost periodic solutions to problem (1.1)—(1.2).

2. Preliminaries

In this section we will present the basic concepts and properties of the abstract
Cauchy problem and the theory of multivalued functions on which this work is
based. The terminology and notations that will be used throughout the text are
those generally used in functional analysis. In particular, if (Y, | - |ly) and (Z,] - ||2)
are Banach spaces, we denote by L(Y, Z) the Banach space of bounded linear oper-
ators from Y into Z and, we abbreviate this notation to £(Y) whenever Z =Y.
If y €Y, then B,(y,Y) denotes the closed ball with centre at y and radius r > 0.
When the space Y is clear from the context, we abbreviate this notation to B, (y).
Moreover, for a compact interval J C R, we denote by C(J;Y") the space of con-
tinuous functions from J into Y endowed with the norm of uniform convergence.
Similarly, Cy([0,00);Y") is the space of bounded continuous functions from [0, c0)
into Y provided with the norm of uniform convergence and Cy([0, 00); Y') is the sub-
space of Cy([0, 00); Y") consisting of functions that vanishes at infinite. Furthermore,
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L?(J;Y), 1 < p < oo, denotes the space of p-integrable functions in the Bochner
sense from J into Y.

2.1. The first-order abstract Cauchy problem

In this subsection we collect the main facts concerning the existence of solutions
for first-order abstract differential equations. For the theory of strongly continuous
semigroup of operators we refer to [4,25]. We next only mention a few concepts
and properties relative to the first-order abstract Cauchy problem. Throughout
this paper, A is the infinitesimal generator of a strongly continuous semigroup of
bounded linear operators (T'(t)):>o on the Banach space X. We denote by M > 1
and wy € R some constants such that | T(¢)]| < Me*t for t > 0.

The existence of solutions of the first-order abstract Cauchy problem

2 () = Aa() + (1), >0, (2.1)
where f :[0,00) — X is a locally integrable function, and the existence of solutions

for the semilinear first-order abstract Cauchy have been discussed in many works
[4,25]. We only mention here that the function z(-) given by

z(t) =T (t)xo —|—/0 T(t—s)f(s)ds, t=0, (2.3)

is called mild solution of (2.1)—(2.2).
In §4 we will use the following uniqueness property.

REMARK 2.1. Let f € L'([0,a]; X) be a function that satisfies fot T(t—s)f(s)
ds =0 for all 0 < ¢t < a. Then f(t) =0 a.e. t €]0,a].

2.2. Multivalued maps

In this subsection we recall some facts concerning multivalued analysis, which will
be used later. Let (£2, d) be a metric space. Throughout this paper P(£2) denotes the
collection of all nonempty subsets of Q, P,(€2) (respectively, P.(£2)) stands for the
collection of all bounded (respectively, closed) nonempty subsets of 2, and P, ()
denotes the collection of all closed bounded nonempty subsets of 2. The Hausdorff
metric dy on P, (£2) is given by

dy (A, B) = max{sup d(a, B),supd(b, A)},
a€A beB

where d(a, B) = bin]fg d(a,b).
€

Let F': Q — P(Q) be a multivalued map. A point z € {2 is said to be a fixed
point of F if z € F(x). We denote Fiz(F') the set consisting of fixed points of F.

Let (21, d') be a metric space. A multivalued map F :  — P, (Q') is said to be
k-contraction, where 0 < k < 1, if

dy(Fz,Fy) < kd(z,y), Vz, ye.

The following result relates these concepts and extends the Banach principle to
multivalued mappings [14, theorem 1.2.3.1].
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THEOREM 2.2. Let (Q,d) be a complete metric space and let F : Q — Pyp(Q) be a
k-contraction map. Then F has a fixed point.

We also need to relate the notion of fixed point with the concept of measure of
noncompactness. For this reason, we next recall a few properties of this concept.
For general information the reader can see [3,5,7,15,20]. In this paper, we use
the notion of Hausdorff measure of noncompactness on the corresponding working
space.

DEFINITION 2.3. Let B be a bounded subset of a metric space 2. The Hausdorff
measure of noncompactness of B is defined by

n(B) = inf{e > 0: B has a finite cover by closed balls of radius < e}.

REMARK 2.4. Let B, Bj,Bs C ) be bounded sets. The Hausdorff measure of
noncompactness has the following properties.

(a If Bl C BQ, then n(Bl) (BQ)
(b) n(B) =n(B).

n(B) = 0 if and only if B is totally bounded.
(B U By) = max{n(B1),n(Bz2)}.

)
b)
(c)
(d)
(e) The function 7 : Pey(2) — [0, 00) is dy-continuous.

In what follows, we assume that Y is a normed space. For a set B C Y, we denote
by ¢o(B) the closed convex hull of the set B.

REMARK 2.5. Let B, By, By C Y be bounded sets. The following properties hold.
(a) For A € R, n(AB) = [A\[n(B
(b) n(B1 + B2) < n(B1) + n(Bz), where By + By = {by + by : by € By,by € Bo}.
(e) n(B) = n(co(B)).

For the proof of these properties we refer the reader to the already mentioned
references. Moreover, in these references the reader will find the development of
the abstract concept of measure of noncompactness as well as numerous concrete
examples of measure of noncompactness.

Henceforth we use the notations v(Y') and Kv(Y') to denote the following sets

(s1) v(Y)={D e P(Y):Dis convex }.
(s2) Kv(Y)={D ev(Y):Dis compact}.
Moreover, for a multivalued map F : Q — P(Y'), we denote
FUV) = {we Q: F(w) C V),
FIYV)={weQ:Fw)nV #0}.
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DEFINITION 2.6. Let Q be a metric space. A multivalued map F : Q — P(Y) is said
to be:

(i) Upper semi-continuous (u.s.c. for short) if F=1(V) is an open subset of
for all open set V C Y.

(i1) Closed if its graph Gp = {(w,y) : y € F(w)} is a closed subset of Q x Y.
(iil) Compact if its range F(Q) is relatively compact in'Y.

i\/ L0w€7 Semi-comﬁiHUOus l.S.C. o7 8h07 t Z F [/ Z.s an 0p€n Subset 0 Q [0J}
+
a;ll Open Set [/ - 5 .

DEFINITION 2.7. Let (2, A) be a measurable space and let Y be a Banach space.
A multivalued map F : Q — P(Y) is said to be measurable if F' (V) € A for all
open set' V C Y.

It is clear that if © is a metric space and A is the Borel g-algebra in 2, then
every l.s.c. map F : @ — P(Y) is measurable.

In what follows, we assume that Y is a Banach space and 2 is a closed subset
of Y. We denote by 7 any measure of noncompactness on Y that satisfies the
properties mentioned in remarks 2.4 and 2.5. The following concept is taken from
[20, definition 2.2.6].

DEFINITION 2.8. A multivalued map F : Q — P(Y) is said to be a condensing map
with respect to n (abbreviated, n-condensing) if for every set D C § that is not
relatively compact we have that n(F (D)) % n(D).

The next result is essential for the development of the rest of our work. We point
out that if F': Q — Kov(Y) is u.s.c., then F is closed. This allows us to establish
the following version of the fixed point theorem [20, corollary 3.3.1].

THEOREM 2.9. Let M be a convex closed subset of Y, and let F': M — Kuv(M) be
a u.s.c. n-condensing multivalued map. Then Fiz(F) is a nonempty compact set.

Next we study some properties of the measure of noncompactness on a space of
functions with values in X. To establish some properties, in what follows we denote
by x the Hausdorfl measure of noncompactness in X, and by 3 the Hausdorff
measure of noncompactness in a space of continuous functions with values in X.
We next collect some properties of measure 8 which are needed to establish our
results. Let J = [0, a].

LEMMA 2.10. Let G : J — L(X) be a strongly continuous operator valued map. Let
D C X be a bounded set. Then B({G(-)x : x € D}) < supggi<, |G| x(D).

The proof of this property is an immediate consequence of definition 2.3.
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LEMMA 2.11 ([5]). Let W C C(J; X) be a bounded set. Then x(W(t)) < S(W) for
all t € J. Furthermore, if W is equicontinuous on J, then x(W(-)) is continuous
on J, and

BW) = sup{x(W(¥)) : teJ}.

LEMMA 2.12 ([19, Lemma 2.9]). Let W C C(J; X)) be a bounded set. Then there
exists a countable set Wo C W such that B(Wy) = S(W).

A set W C L'(J; X) is said to be uniformly integrable if there exists a positive
function p € L1(J) such that ||w(t)|| < u(t) a.e. for t € J and all w € W.

LEMMA 2.13. Let G:J — L(X) be a strongly continuous operator valued map
such that G is continuous for the norm of operators on (0,a), and A : L'(J; X)
— C(J;X) be the map defined by

Au)(t) = /0 G(t — s)uls)ds.

Let W C LY(J; X) be a uniformly integrable set. Assume that there is a positive
function q € L*(J) such that x(W(t)) < q(t) for a.e. t € J. Then

BAW) <2 swp (60 [ a0

0<t<a

Proof. Applying lemma 2.10 and [20, theorem 4.2.2], we can affirm that

XAW)(1)) <2 sup HG(lt)II/0 q(s)ds

0<t<a

for every t € J. Moreover, we will prove that A(W) is an equicontinuous set of
continuous functions. Let M > 0 be a constant such that ||G(¢)|| < M for all ¢ € J,
and p € LY(J) such that ||w(t)|| < pu(t) a.e. for t € J and all w € W.

Initially we study the equicontinuity of A(W) at ¢ = 0. For u € W, we estimate

h
O H / Gt — s)u(s)ds

h
<M/ w(s)ds — 0, h—0,
0

independent of u € W, which implies that A(TW) is equicontinuous at ¢ = 0.

We next study the equicontinuity of A(W) at ¢ > 0. Let ¢ > 0. We select 0 < 67 <
t/2. Then G : [d1,a] — L(X) is uniformly continuous for the norm of operators.
Consequently there exists 0 < § < d; such that

IG(E+n) =Gl <e,

https://doi.org/10.1017/prm.2018.151 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.151

Fized points of multivalued maps 1473

for all € € [261,a] and |h| < § such that £+ h < a. To simplify the writing, we
consider h > 0. We have that
t+h

Alu)(t+h) — Au)(t) = ; G(t+h — s)u(s)ds — ; G(t — s)u(s)ds

t t+h
- /0 (Gt +h — 5) — Gt — 8)]u(s)ds + /t Gt + h— s)u(s)ds

t

t—25,
= /0 [G(t+h—s)—G(t—s)|u(s)ds + /f [G(t+h—s)—G(t—s)u(s)ds

—26,

t+h
+ G(t+ h — s)u(s)ds.
t

From this decomposition, we can estimate

t—25, t t+h
[[ACuw)(t 4+ h) — A(u)(t)]| < 6/0 p(s)ds +2M - w(s)ds + M/t wu(s)ds,

which shows that A(u)(t + h) — A(u)(t) — 0 as h — 0 independent of w € W, which
implies that A(W) is equicontinuous at ¢.
Using now lemma 2.11 we obtain the assertion. O

3. Existence of fixed points

Let (Y, || - ||) be a Banach space and let F': Y — P,(Y") be a map. Let Z be a closed
vector subspace of Y which is invariant under F, that is to say, F': Z — Pp(Z). In
this section we establish the existence of fixed points of F' in Z. We assume that F
only satisfies certain local conditions on Y. To represent the idea of local conditions,
we assume that there exists a scale of Banach spaces

n—1,n

ol Do O ) 5 K] llaea) = o (V2 ),

where (Y,,||-||n) are Banach spaces for neN, R,_1,: Y. ) —
(Yo—1, || []n—1) are bounded surjective linear maps, and there exist bounded sur-
jective linear maps R, : (Y, || - ||) = (Ya, || - In), and u.s.c. maps F,, : Y, — Pep(V3)
for all n € N. We assume that F', F},, R,_1,, and R,, are related as follows.

(H1) Uniqueness property. Let y,z € Y such that R,y € F,,(R,z) for all n € N,
then y € F(z).

(H2) Extension property. For every n € N, and for every y € Y,,+1 such that y" =
R, i1y € Fo(y™) there exists z € Fy,1(y) such that Ry, 41y = Ry nyi12.

(H3) Inclusion property. If (y™),, is a sequence such that y™ € Y,,, ¥ = R, ny1y" 1,
and {||y"||» : n» € N} is a bounded set, then there exists y € Y such that
y" = R,y for all n € N.

(H4) Concatenation property. For every n € N,

Rn,n+1Fn+1 g Fan,nJrl'
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REMARK 3.1. It follows from (H4) that if u"*' € Fiz(F,41), then R, 1 1u™™! €
Fix(F,). In fact,

1 1 1
Rn,n+1un+ € Rn,n+1Fn+1un+ g Fan,n+1un+ 9

which shows that R, ,+1u"! € Fiz(F,).

In what follows, to abbreviate the text, we represent by 3 a generic measure
of noncompactness on Y,, that satisfies the properties mentioned in remarks 2.4
and 2.5.

LEMMA 3.2. Assume that F,, : Y, — Kv(Y,), n € N, satisfy the conditions (H1)-
(H4). Assume further that F, is an wu.s.c. (-condensing multivalued map for
all n € N. If y" € Fiz(F,), then there exists y"™ € Fix(F,,1) such that y" =
Rn,n+1yn+1'

Proof. Let Cpt1 ={y € You1 : y" = Ry nt1y}. Since Ry, 41 is a linear bounded
surjective map, we infer that C), 11 is a nonempty closed convex set. We define the
map Gp41 by

Gn+1(y) = {z € Fn+1(y) Yt = Rn,n+1z}7 Yy e Y.

It follows from (H2) that G411y # 0, and Gp41 : Cpy1 — Kv(Chyq) is an us.c.
B-condensing multivalued map. It follows from theorem 2.9 that Fiz(Gp41) is a
nonempty compact set. Therefore, there exists y"*! € G, 1(y"*!). This implies
that "' € Fo 1 (y™*!) and 4™ = Ry p1y™ U

THEOREM 3.3. Assume that F:Y — Py(Y), F,:Y, — Kv(Y,), n €N, satisfy
the conditions (H1)-(H4), and {||z||n : z € Fn(y),y € Yn,n € N} is a bounded set.
Assume further that F, is an u.s.c. 3-condensing multivalued map for all n € N.
Then Fixz(F) is a nonempty set.

Proof. Tt follows from theorem 2.9 that Fiz(F,) is a nonempty compact set. Pro-
ceeding inductively by using lemma 3.2, we can construct a sequence (y™),, such
that y" € Fiz(F,) and y" = Ry, ,+1y" . It follows from our hypotheses that
{lly"|l» : » € N} is a bounded set. Applying condition (H3), we infer that there
exists y € Y such that y" = R,y for all n € N. Since

y" = Rpy € F(Ryy),
for all n € N, using now (H1), we obtain that y € F(y). O

We next maintain the notation y for the fixed point of F' whose existence was
established in theorem 3.3.

COROLLARY 3.4. Assume that F': Y — Py(Y) and F,, : Y,, — Kv(Y,), n € N, sat-
isfy the conditions of theorem 3.3. Let Z be a closed vector subspace of Y such that
F:Z —P.Z). Assume further that F satisfies the local Lipschitz condition

dp(Fxa, Fxq) < L(r,x)||ze — 21|,

forallz €Y, r>0, and x1, x5 € By(x). If there exists ro > 0 such that By, (y) N
Z # 0 and L(ro,y) < 1, then F has a fixed point in Z.

https://doi.org/10.1017/prm.2018.151 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.151

Fized points of multivalued maps 1475
Proof. Let x € B,,(y). Then

d(y, F(z)) < du(F(z), F(y)) < L(ro,y)||lz =yl < llz =y,

which implies that F(x) C By, (y). Consequently, F' : B,,(y) N Z — P.(By,(y) N Z)
and F is a L(rg, y)-contraction. It follows from theorem 2.2 that F has a fixed point
in By, (y) N Z. O

COROLLARY 3.5. Assume that F: Y — Pp(Y) and F,, : Y, — Kv(Y,), n € N, sat-
isfy the conditions of theorem 3.3. Let Z be a closed vector subspace of Y such that
F:Z — P.Z). Assume further that there exists r > 0 such that B,.(y) N Z # 0 and
F: B.(y) — Kv(B(y)) is B-condensing. Then F has a fived point in Z.

Proof. Since F:B.(y)NZ — Kv(B,(y)NZ) is p[-condensing follows from
theorem 2.9 that F' has a fixed point in B,.(y) N Z. O

4. Applications

In this section we establish some results of existence of mild solutions of problem
(1.1)-(1.2). We have mentioned in §1 that some authors have studied differen-
tial inclusions in which the operator A is m-dissipative [28,30-32]. We wish to
emphasize that these works and our work present important differences.

(i) Our aim is to establish the existence of asymptotically almost periodic solu-
tions. For this reason, we need to guarantee the existence of global solutions.
We will use the properties of scale of Banach spaces developed in § 3 to obtain
existence of solutions defined in [0, 00).

(ii) Because in our case A is a linear operator, this allows us to decompose f into
the form f = f; + fo and obtain the existence of solutions under different
conditions in f; and f5. Specifically, we will show that it is sufficient for
f1 to verify a local Lipschitz condition, while fo must verify a compactness
property, established in terms of the measure of noncompactness, of global
type, that is, in [0, c0).

(iii) Our results do not require that the semigroup (7'(¢));>0 to be compact. We
only need the semigroup (7'(t)):>0 to be continuous in the norm of operators
in (0,00). The class of semigroups is very wide, including the differentiable,
analytic and compact semigroups, etc. [11], which are the semigroups that
frequently arise in applications.

Initially we will establish the general framework of conditions under which we will
study this problem. Throughout this section, y denotes the Hausdorff measure of
noncompactness in X and § denotes the Hausdorff measure of noncompactness
in any space C([0,a]; X) for a > 0. We assume that the semigroup (T'(t))i>0 is
uniformly asymptotically stable. That is, there exist constants M > 1 and w > 0
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such that

IT ()] < Me™™", t>0. (4.1)

Moreover, in what follows we assume that f = f; + fo, where f; : [0,00) X X —

X and f5 is a multivalued map from [0,00) x X into v(X). We assume that f;
satisfies the following conditions.

(F1) The function f1(-,z) : [0,00) — X is strongly measurable for each z € X and
the function fi(-,0) is bounded on [0, ).

(F2) For each ¢ > 0, the function fi(¢,-) : X — X is continuous.

(F3) There is a function v € L} ([0, 00)) such that

loc

110t 22) = fu(t, z0) ]| S v(t)||lze — 21, a.e. t >0,

for all zo, 27 € X.

4.1. Existence under compactness conditions

In this subsection we will study the case characterized by fs:[0,00) x X —
Kv(X). We assume that fo satisfies the following properties:

(F4) The function fa(-, ) : [0,00) — Kv(X) admits a strongly measurable selec-
tion for each z € X.

(F5) For each t > 0, the function fi(t,-) : X — Kv(X) is u.s.c.
(F6) For each >0, there is a function g, € L} ([0,00)) such that
¢
sup/ e =), (s)ds < 0o and
0

0
[f2(t, 2)[| := sup{[[v]| : v € folt, 2)} < pr(t), a.e. t >0,
for all x € X with ||z] < r.
(F7) There exists a positive function k € L*([0, 00)) such that
xX(f2(t, ) < k(H)x(€), a.e. t >0,
for all bounded set 2 C X.

REMARK 4.1. Let z(-) € Cp(]0,00); X). From conditions (F4)—(F6), and applying
[20, theorem 1.3.5] we infer that the function fo(-,z(+)):[0,00) — Kv(X), t
fa(t,z(t)), admits a Bochner locally integrable selection. As a consequence, the set

szu‘/t ={ue€ Llloc([oa 00); X) tu(t) € falt, (1)), t € [0700)} #0,

and Sy, , is convex.

Motivated by expression (2.3), we introduce the following concept of mild solution
to problem (1.1)—(1.2).
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DEFINITION 4.2. A function z(-) € Cy([0,00); X) is said to be a mild solution of
problem (1.1)-(1.2) if the integral equation

x(t) =T (t)xo + / Tt —s)f1(s,x(s))ds + / T(t — s)u(s)ds
0 0
is satisfied for uw € Sy, , and all t € [0,00).

Without possibility of confusion, we denote by (L},.([0,00);X),|||-[||) the
Banach space consisting of the equivalence classes of locally integrable functions
t

u: [0,00) — X such that sup/ e “=9)||u(s)||ds < oo, endowed with the norm
>0 Jo

t
el = sup / &= u(s) | ds.
>0 Jo

We introduce now the operator A : L} ([0,00); X) — ([0, 00); X) given by

loc
t
Au(t) = / T(t — s)u(s)ds, t=0. (4.2)
0
It is clear that A is a bounded linear operator. Using A we can construct the
multivalued map A : Cy(]0,00); X) — v(C([0, 00); X)) given by
Az = A(Sy,.0)-

We next define the solution map for problem (1.1)—(1.2) as follows. Let z €
Cp([0,00); X). We define T'(x) to be the set formed by all functions v given by

v(t) =T (t)xo + /0 T(t—s)fi(s,z(s))ds + /0 T(t—s)u(s)ds, t =0,

for u € Sy, 5. It follows from our hypotheses that v € Cy,([0,00); X). Hence, I is a
multivalued map from Cy(]0, 00); X) into P(Cy([0, 00); X)). Furthermore, it is clear
that 2(-) is a mild solution of problem (1.1)—(1.2) if and only if z(-) is a fixed point
of I'.

In order to apply our results of §3, we take Y = Cy(]0,00); X) and Y, =
C([0,n]; X) for n € N. The maps R, : Y — Y, are defined by R,y = yl[,n), and
Rynt1: Yoy — Y, are defined by R, 11y = y|[07n] for n € N. Proceeding as
above, for n € N and = € C([0,n]; X), we define

St ={ue L'([0,n]; X) : u(t) € fo(t,z(t)), t € [0,n]} # 0.
We introduce the operator A,, : L*([0,n]; X) — C(]0,n]; X) given by

Apult) = /0 Tl syu(s)ds, 0<i<n. (4.3)

It is clear that A, is a bounded linear operator. Using A, we can construct the
multivalued map A,, : C([0,n]; X) — v(C([0,n]; X)) given by

]\\;x = ATL(S]T‘LQ,x)'
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Since T'(+) is a strongly continuous operator valued function, the assertion in
[20, lemma 4.2.1] remains valid for A,,. Hence, combining our previous remarks
with [20, corollary 5.1.2, theorem 5.1.2] we have the following property.

LEMMA 4.3. Let f:]0,00) x X — Kv(X) be a multivalued map satisfying condi-
tions (F4)-(F7). Then Ay, is an u.s.c. map with convex compact values.

Proceeding in a similar way, we can establish the following property.

LEMMA 4.4. Let fo:[0,00) x X — Kv(X) be a multivalued map satisfying condi-
tions (F4)-(F7). Then A is an u.s.c. map with convex closed values.

Proof. Following the proof of lemma 4.3 in [20], we note that the assertion is con-
sequence of the fact that S%,  is weakly compact. Since the Lebesgue’s measure of
[0, 00) is o-finite, using a standard diagonal selection process and [10, corollary 2.6]
we conclude that Sy, , is weakly compact. g

For z € C([0,n]; X), we define I';,(x) as the set formed by all functions v given
by

v(t) =T(t)xo + /0 T(t —s)f1(s,z(s))ds + /0 T(t — s)u(s)ds, te][0,n],

for u € S, ..

PROPOSITION  4.5. Assume conditions (F1)-(F7) are satisfied. Then the
scheme (I',Ty, Ry, Rynti1)nen satisfies conditions (H1)-(H4) of §3, and T :
C([0,n); X) — Kv(C([0,n]; X)) is an w.s.c. map.

Proof. (i) To prove (H1), we consider y, z € Cy(]0, 00); X) such that R,y € T';,(R,2)
for all n € N. This means that

y(t) =T(t)zo Jr/o T(t — s)f1(s,2(s))ds Jr/o Tt —s)u™(s)ds, t € [0,n], n €N,

where u" € S, . Applying remark 2.1, we have that u" = u"“\[o)n]. This allows
us to define u(t) = u"(t) for 0 < t < n. Hence,

y(t) = T(t)zo —I—/O T(t —s)fi(s,2(s))ds —1—/0 T(t — s)u(s)ds, t>0.

Moreover, from (F6) it follows that u € (L},,([0,00); X), ||| - [||), and combining this

assertion with the previous expression we conclude that y € I'(z).

https://doi.org/10.1017/prm.2018.151 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.151

Fized points of multivalued maps 1479

(ii) We now consider n € N and y € C([0,n + 1]; X) such that y" = R, n11y €
T, (y™). This implies that

y(t) = T(t)zo + / T(t - 5)fi(s,y(s))ds + / T(t — sy (s)ds, ¢ € [0,m)],

for some u" € S, .. It follows from remark 4.1 that there exists a locally integrable

function @ defined on [0, 00) such that @ € Sy, ;. Defining

we obtain that v() is an extension of u™ such that v € S;Z;yl.
We define z(-) by

2(t) = T(t)xo + /0 T(t—s)f1(s,y(s))ds + /0 T(t —s)v(s)ds, te€0,n+1].

It is clear that z € T',,11(y) and y(¢) = 2(t) for all ¢ € [0, n]. This shows that (H2)
is fulfilled.

(iii) To prove that (H3) hold, we take a sequence (y"),, such that y™ € C([0,n]; X),
y" = Ry np1y™ ", and [|y"| < r for some r > 0 and all n € N. This allows us to
define y(t) = y™(t) for 0 <t < n. It is clear that ||y(¢)|] < r for all ¢ > 0, which
implies that y € Cp([0,00); X) and y™ = R,y for all n € N.

(iv) Condition (H4) arises easily from the construction.

Finally, that T, : C([0,n]; X) — Kv(C([0,n]; X)) is an u.s.c. map is a direct
consequence of lemma 4.3 U

We are now in a position to prove our first result of this section. A strongly con-
tinuous semigroup of bounded linear operators (T'(t)):>o is said to be immediately
norm continuous if the function 7": (0,00) — £(X) is continuous for the norm of
operators in £(X) ([11, definition I1.4.17]).

THEOREM 4.6. Let (T'(t))i>0 be an immediately norm continuous semigroup.
Assume conditions (F1)-(F7) and (4.1) hold. Assume further the following con-
ditions are fulfilled:

¢ t
Msup/ e =) y(s)ds + Mliminfsup/ e_w(t_s)L(S)ds <1, (4.4)
t>0 Jo >0 >0 .Jo r
t o]
M[ sup / e =y (s)ds + 2 k(t)dt] <1 (4.5)
0<t<oo Jo 0

Then there exists a mild solution y(-) of problem (1.1)—(1.2).

Proof. Let n € N. It follows from our hypotheses and proposition 4.5 that I';, is an
u.s.c. multivalued map with convex compact values.
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Using (4.4) we can prove that there exists R > 0 such that I',,(Br(0,Y},)) C
Br(0,Y;,). In fact, it follows from (4.4) that there exists R > 0 large enough such

that
+ t
(b fsup [0 4 sup [ ey
R R >0 >0 Jo
t
+sup/ e*“’(t*S)'uRi(S)ds <L
t=0 Jo R

Let z € Br(0,Y,,) and v € I';,(x). This implies that

v(t) =T(t)zo + /0 T(t—s)fi(s,z(s))ds + /Ol T(t — s)u(s)ds

for u € S¢, . Hence
t t
lo()ll < Me!|zol| + M / o) £y (s, 0)|ds + M / e~(=5)(5)dsR
0

+M/ “t=9) o (s)ds

for all t > 0.

Next we show that I',, is S-condensing on B(0,Y},). Let Q@ C Br(0,Y,,). It follows
from lemma 2.12 that there exists a sequence (vg)y in T',,(©) such that S(T',(Q2)) =
B({vg : k € N}). We can write vy € T'y, () for some zj € Q. Using (4.3) we can
write

ve(t) = T(t)xo + /Ot T(t —s)fi(s,zr(s))ds + Ay (ug)(t), 0<t<n, (4.6)

for uy € S}“‘Q’mk.
Using lemma 2.10, we obtain

B({vr(-) : k € N}) < M max /0 e =)y(s)dsf({xk () : k € N})

otgn
+ B({An(ur)() : k € N}). (4.7)

On the other hand, since wy € S}, ., for t€[0,n] we have that wuy(t) €
f2(t,x(t)) a.e. This implies that {uy, : & € N} is uniformly integrable and, applying
condition (F7), we obtain

Xx({u(t) : k e N}) < k(t)x({z(t) : k € N}), a.e. t € [0,n].

Combining this estimate with lemma 2.13 we infer that

B{An(ur)() - k € N}) < 2MB({ay : k € N}) /On k(t)dt
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Substituting in (4.7), and using (4.5), we obtain

o<t<n

B({vr() : k € N}) < M max / ey (s)dsB({wn(-) : k € N})

+OMB({zy s k € NY) /0 " (bt

t n
< —w(t—s)
<M Lrg?gn /0 (=9 (5)ds + 2 /0 k(t)dt} (%),
which implies that I'), is a S-condensing map.

Finally, taking Z = Cy([0,00); X) and applying theorem 3.3, we infer the
existence of a mild solution y(-) of problem (1.1)—(1.2). O

We point out that the constant R > 0 defined in the proof of theorem 4.6 is
independent of n € N.

COROLLARY 4.7. Assume that X is a reflexive space. Let (T'(t))i>0 be a compact
semigroup. Assume conditions (F1)-(F6), (4.1) and (4.4) hold. Then there ezists a
mild solution y(-) of problem (1.1)—(1.2).

Proof. Using the reflexivity of X and the compactness of A,,, we can establish that
the assertions in lemma 4.3 hold. Let R > 0 be the constant defined in the proof of
theorem 4.6. Using that T'(¢) is a compact operator for all ¢ > 0, we can show that
I (Br(0,Y,)) is a relatively compact set. We conclude the proof arguing as in the
proof of theorem 4.6. O

4.2. Existence under measurability conditions

We can avoid the condition that f; has compact values used in the theorem 4.6
applying the Kuratowski-Ryll-Nardzewski theorem [13, theorem 19.7].

Initially, we recall the concept of Lipschitzian map ([27]). Let (€2, d) be a metric
space.

DEFINITION 4.8. A multivalued map f : Q — P(X) is said to be:
(a) Lipschitzian if there exists L > 0 such that
f(w1) € f(we) + Ld(wr,w2) B1(0, X), (4.8)

for all wy,ws € Q.

(b) Locally Lipschitzian if for every wo € Q there exist € >0 and L >0 such
that (4.8) holds for all wy,ws € Be(wp).

In particular, we can adapt the previous concept for maps defined on product
spaces.

https://doi.org/10.1017/prm.2018.151 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.151

1482 C. A. Gallegos and H. R. Henriquez

DEFINITION 4.9. We say that a multivalued map f :[0,d] x X — P(X) is locally
Lipschitzian if for every (to,zo) € [0,d] x X there exist € >0 and Ly, Ly > 0 such
that

f(ta,z2) C f(t1,21) + (L1|te — t1] + La||z2 — 21]])B1(0, X),

for all |t; —to| < e and ||x; — xol| <€ fori=1,2.

We next denote by m the Lebesgue measure on [0,d]. We say that a function
w: [0,d] — X is m-measurable if it is strongly measurable in the Bochner sense.
The reader can see [17,22] for properties of m-measurable functions.

PROPOSITION 4.10. Assume that X is a separable Banach space. Let fo : [0, d] x
X — P(X) be a locally Lipschitzian map with closed values. Let x : [0,d] — X be a
continuous function. Then there exists a m-measurable function u : [0,d] — X such
that u(t) € fa(t,z(t)) for all t € [0,d].

Proof. Let g :[0,d] — P(X) be given by g(t) = fa(t,z(t)). We first show that g is
Ls.c. In fact, let V C X be an open set and I = {t € [0,d] : g(t) NV # 0}. If ¢p € I,
then there exists ug € g(to) N'V. Since V is an open set, there exists € > 0 such
that B.(ug) C V. Moreover, there exists €1 > 0 such that

ug € fa(to,z(to)) C folt, x(t)) + (Lalt — to| + Lallz(t) — x(to)[) B1(0, X),

for all ¢ such that |t —to] < e and ||2(t) — z(to)|| < e1. We can take £; > 0 small
enough so that (Ly + Lg)e; < €. Since z(-) is continuous, there exists 0 < § < &1
such that ||z(t) — z(to)| < &1 for [t —to| < §. Combining these assertions, if |t —
to| < 8, we infer that there exists u € fo(t, x(t)) that satisfies

ug = u + aB1(0, X),

where 0 < a < €. Consequently, u € B:(up) C V and g(t) NV # (. It follows that
t € I and I is open.

Tt follows from the Kuratowski-Ryll-Nardzewski theorem [13, theorem 19.7] that
there exists a measurable function « : [0,d] — X such that u(t) € fa(t, z(t)) for all
t € [0,d]. Applying now [22, proposition 2.2.6], we infer that u is m-measurable.

We next weaken the concept of u.s.c map.

DEFINITION 4.11. Let Q be a metric space and let Y be a Banach space. A multi-
valued map F : Q — P(Y) is said to be weakly upper semi-continuous (w.u.s.c. for
short) if F=Y(V) is an open subset of Q) for all weakly open set V C Y.

It is clear from definition 4.11 that ' : Q — P(Y) is w.u.s.c. if and only if £ (V)
is a closed subset of Q) for all weakly closed set V' C Y. We use this equivalence in
the proof of the next Proposition.

PROPOSITION 4.12. Assume X is a reflexive space. Let F : X — v(X) be a locally
Lipschitzian map with closed values that takes bounded sets into bounded sets. Then
F is w.u.s.c.

https://doi.org/10.1017/prm.2018.151 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.151

Fized points of multivalued maps 1483

Proof. Let V C X be a weakly closed set and x,, € F_:l(V), n € N, such that x,, —
x as n — oo. Let y, € F(z,) NV. Since {y, : n € N} is a bounded set, there is a
subsequence (yy,,. )k of (yn)., which converges to y weakly. Since

F(zy,) C F(x) + wg

where w, — 0 as k — oo, we can affirm that there exists z, € F(x) such that y,, =
zr +wy and zp — y as k — oo weakly. Since F'(x) is a closed convex set, we infer
that y € F(z). Hence y € F(z) NV, which implies that z € F' (V). O

EXAMPLE 4.13. Let X = L%([0,7]), a,b: R — R, a < b, functions that satisfy the
Lipschitz conditions

for some positive constants ag, by, and all z1,z; € R. Let f: X — v(X) be the
multivalued function given by

fl@) ={ue X :a(x()) <uld) <b(z(E)), 0<E <}
Then f is a w.u.s.c. Lipschitzian map with closed bounded values.

Proof. Tt follows from [23, Chapter 5] that a(z(:)),b(x(-)) € X for all x € X. This
implies that f(z) # (. Moreover, it is easy to see that f(z) is a closed bounded set
in X. Let L = max{ag, by}. Then

f(@2) C f(z1) + Ll|x2 — 21[| B1(0, X),
for all x1, 29 € X. In fact, if u € f(zq), for every £ € [0, 7], we have
u(§) € la(z2(£)), b(z2(£))]

la(21(€)) — aolz2(§) — z1(&), b(21(€)) + bolz2(£) — z1(E)]
[a(z1(£)) — L|z2(£) — z1(&)], b(z1(£)) + Llz2(£) — 21 (§)]]-
We define the sets

By ={£€0,7] :u(§) <a(z1(£)},

Ey ={£€[0,7] : a(z1(§)) < u(§) < b(z1(8))},

Bz ={£€0,7]: b(z1(£)) < u(§)}-

Let v(§) = u(&) + Liza(&) — 21(8)|(xE, — XEs), where g denotes the character-
istic function of E. Let w(&) = L|z2(§) — 21(§)|(xm, — X&,). It follows from this
construction that v € f(z1), w € X, and

™ 1/2
il = ( / |w<s>|2d£) < Lllzs - 2],

which shows that f is a Lipschitzian map.

N 1N m

<u
<

u
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Finally, we infer from proposition 4.12 that f is w.u.s.c. |
We next modify slightly conditions (F6-F7).
(F6") For each r > 0, there is a function u, € L} ([0,00)) such that
1falt, @) = sup{ o] : v € falt,2)} < pr(t), e t >0,
for all x € X with ||z] < r.

(F7’) There exists a positive function k € L?([0,00)) such that

x(f2(t,92)) < k()X (), a.e.t 20,
for all bounded set 2 C X.

The following consequence is immediate.

COROLLARY 4.14. Assume that the hypotheses of proposition 4.10 are fulfilled, and
that condition(F6’) holds. Let u be the function whose existence was established in
proposition 4.10. Then u € L*([0,d]; X).

Next we assume that the hypotheses of corollary 4.14 hold. Proceeding as in the
previous part, for d > 0 and = € C([0,d]; X), we define

5;1273: = {u e L*([0,d]; X) : u(t) € fot,z(t)), t € [0,d]} # 0.

We consider Ay given by (4.3) on L%*([0,d]; X). In a similar way, for z €
Cy([0,00); X) we define

Staa = {u € Line([0,00); X) s u(t) € folt,x(t)), t € [0,00)} # 0.

Without possibility of confusion, in this case we denote by (L2 ([0, 00); X), ||| - [||)
the Banach space consisting of the equivalence classes of locally integrable functions

t
u: [0,00) — X that satisfy the condition sup/ e ||lu(s)||?ds < oo, endowed
20 Jo

t 1/2
lall =sup ([ e utolas)
t>0 \Jo

We introduce now the operator A : L? ([0,00); X) — Cy([0,00); X) given by (4.2).

loc
It is clear that A is a bounded linear operator.

with the norm

REMARK 4.15. The assertion in [20, lemma 5.1.1] remains valid for w.u.s.c. maps.
Specifically, let F': [0,d] x X — v(X) be a map with closed values such that F'(t,-)
is w.u.s.c. for each ¢ € [0,d]. Assume that z,, € C([0,d]; X), x,, — x¢, n — 00, and
Up € S}’lpyrn is a sequence that converges weakly to ug. Then ug € Sj‘fﬂ’mo.

PROPOSITION 4.16. Assume that X is a separable reflexive Banach space and that
(T(t))e=0 is an immediately norm continuous semigroup. Let fo:[0,00) x X —

https://doi.org/10.1017/prm.2018.151 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.151

Fized points of multivalued maps 1485

v(X) be a locally Lipschitzian map with closed values such that (F6’) holds. Then
Ag: C(]0,d); X) — Ko(C(]0,d]; X)) is an u.s.c. map.

Proof. We separate the proof in three steps.

(i) Initially we prove that Ag(z) = (8}2 ) is closed for any = € C([0,d]; X).
Let u, € 8}1271 such that y,, = Ag(u,) — y as n — oo. Since L2([0,d]; X) is a
reflexive space, there exists a subsequence (up, ) that converges weakly to
some function u. Moreover, SJ? » 18 a convex and norm closed set. This implies
that Sd is a weakly closed set and u € S}i . Since A4 is norm continuous,
it is also Weakly continuous, and Ag(un, ) — Ad( )=y as k — oo.

(ii) We now prove that Ay(z) is a relatively compact set. Let (uy, ), be a sequence
in 8?2,30' Proceeding as in (i), there exists a subsequence (uy, ), that con-
verges weakly to some function u and Ag(un,) — Ad(u) as k — oo weakly
in C([0,d]; X). This implies that Ag(uy,)(t) — Ag(uw)(t) as k — oo for all
t € [0,d]. Moreover, proceeding as in the proof of lemma 2.13 we obtain that
{A4(uy) : n € N} is an equicontinuous set.

(iii) We can argue as in [20, corollary 5.1.2] to conclude that Ay is ws.c.
Specifically, let V be a closed subset of

C([0,d]; X) and z,, € C([0,d]; X) such that ,, — x as n — oo and Ag(z,) NV # 0.
We take y,, € Kd(xn) NV and u, € 8?2,% such that y,, = Ag(uy). Since {u, :n €
N} is a bounded set in L?([0, d]; X ), there exists a subsequence (uy,, ) that converges
weakly to some function w. This implies that vy, — y = Aq(u ) k — oo, weakly.
Furthermore, proceeding as in (i), we can see that the set U Ag(x,) is relatively
compact. Therefore, there is a subsequence of (y,, )r which converges uniformly.
This implies that y € V. Using now remark 4.15 we obtain that u € S, ,, which in

turn implies that y € Aq(x). O

Using proposition 4.16 in the space C([0,n]; X) for n € N, we can argue as in
the proofs carried out in proposition 4.5 and theorem 4.6 in order to establish the
following property.

THEOREM 4.17. Assume that X is a separable reflexive Banach space and that
(T'(t))i=0 is an immediately norm continuous semigroup. Let f1 :[0,00) x X — X
be a function that satisfies (F1)-(F3), and let f :[0,00) x X — v(X) be a locally
Lipschitzian map with closed values such that conditions (F6’)—(F7’) are fulfilled.
Assume further that conditions (4.1), (4.4) and (4.5) hold. Then there exists a mild
solution y(-) of problem (1.1)—(1.2).

In similar way, modifying slightly the proof of corollary 4.7, by using theorem 4.17
instead of theorem 4.6, we obtain the property.

COROLLARY 4.18. Assume that X is a separable reflexive Banach space and that
(T'(t))t=0 is a compact semigroup. Let f1 :[0,00) x X — X be a function that sat-
isfies (F1)—(F3), and let fa : [0,00) x X — v(X) be a locally Lipschitzian map with
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closed wvalues such that the condition (F6°) is fulfilled. Assume further that con-
ditions (4.1) and (4.4) hold. Then there exists a mild solution y(-) of problem
(1.1)—(1.2).

In what follows, we will reserve the notation y(-) to denote the solution of problem
(1.1)—(1.2) established in any of theorems 4.6, 4.17, corollaries 4.7 or 4.18. It follows
from theorem 3.3 and its corollary that ||y|/sc < R. From the definition of solutions
we have that

t t
y(t) =T (t)xo + / T(t—s)f1(s,y(s))ds + / T(t—s)u(s)ds, 0<t< oo,

’ ’ (4.9)
for some u € Sy, ,,. Moreover, combining with remark 2.1 we can affirm that there
is a unique u € Sy, , that verifies (4.9).

We next study the existence of asymptotically almost periodic solutions of (1.1)—
(1.2). For general properties of almost periodic and asymptotically almost periodic
functions with values in abstract spaces we refer the reader to [9,16,33]. We only
recall here the basic definitions. In the first place, we remember that a set P is
called relatively dense in R (respectively, in [0, 00)) if there exists L > 0 so that for
any interval I C R (respectively, I C [0,00)) with length greater than or equal to
L we have I NP # ().

DEFINITION 4.19. A function x € C(R; X) is called almost periodic (in short, a.p.)
if for every € > 0 there exists a relatively dense subset P. of R such that

lz(t+7)—a@)|| <e, teR, 7€P..

DEFINITION 4.20. A function z € Cy([0,00); X) is called asymptotically almost peri-
odic (abbreviated, a.a.p.) if there exists w € Cy([0,00); X) and an almost periodic
function x(-) such that z(t) = x(t) +w(t) for allt > 0.

REMARK 4.21 ([33, Theorem 5.5]). A function f € C(]0,00); X) is asymptotically
almost periodic if and only if for every € > 0 there exists t. > 0 and a relatively
dense subset P. of [0,00) such that

£+ — fO <e,
forall t > t. and £ € P-..

In this paper, AP(X) and AAP(X) denote the spaces consisting of a.p. (respec-
tively, a.a.p.) functions endowed with the norm of the uniform convergence. The
following property is well known ([18, lemma 3.1]).

LEMMA 4.22. Let (T'(t))i>0 be a uniformly asymptotically stable Cy-semigroup on
X, and let u : [0,00) — X be an a.a.p. function. Then the function v : [0,00) — X
given by

v(t) = /0 T(t—s)u(s)ds, t=>0,

also is a.a.p.
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DEFINITION 4.23. A function f € C([0,00) x X; X) is called uniformly asymptoti-
cally almost periodic (abbreviated, u.a.a.p.) on compact sets if for every e > 0 and
every compact K C X there exists a relatively dense subset Pk . in [0,00) and
txe > 0 such that

[f(t+72) = f(t,2)]| <& t >tke, (T,0) € Pre X K.

To establish our results we need some properties of a.a.p. functions. We begin
with the following remark.

REMARK 4.24.
(a) Assume that (T'(t))s>0 is a uniformly asymptotically stable Cp-semigroup on

(
X. Let f1 € C([0,00) x X; X) be a function that satisfies (F3) and f1(-,0) is
bounded on [0, 00). Let K C X be a compact set. Then

t
/ T(s)f1(t —s,2)ds — 0, a— oo,
uniformly for ¢ > a and z € K.

Proof. We can assume that (T'(t));>o satisfies (4.1). This implies that

/ T(s)f1(t —s,z)ds

t t
< M/ e_“’su(t—s)Hszs—i—M/ || fo(t — 5,0 ds

(oo}

M
<Mzl [ v(§)dEe ™ + — sup || fi(t, 0)[le™*
W t>0

uniformly for z € K and t > a. O

(b) Let x: [0,00) — X be an a.a.p. function. Then the range of z(-) is a relatively
compact set in X.

This is a consequence of the fact that both the range of an a.p. function, and the
range of a function that vanishes at infinity are relatively compact sets. The reader
can see [9, proposition 3.9] or [33, proposition 5.3].

Using remark 4.24 we can establish an important property of a.a.p. functions.

LEMMA 4.25. Let f1 € C([0,00) x X; X) be a uniformly asymptotically almost peri-
odic on compact sets function that satisfies condition (F8). Let x : [0,00) — X be
an a.a.p. function. Then the function v : [0,00) — X given by

v(t):/o T(t— 5)fr(s,2(s))ds, ¢ 30,

also is a.a.p.

https://doi.org/10.1017/prm.2018.151 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.151

1488 C. A. Gallegos and H. R. Henriquez

Proof. Since the range I'm(z) of z(-) is a relatively compact set, for every e > 0
there exist a set P relatively dense in [0, 00) and t! > 0 such that

[t +7) =zl <e, (4.10)
[f1(t+7,2) = [t 2)] <, (4.11)
forall 7 € P, t >t and 2 € K = I'm(x).
Let a. > 0. For t > a., we can write
v(t+71)—0(t :/ s)fit+7—s,z(t+7—35))— filt+7—s,2(t —s))]ds

—|—/ T(S)[fit+7—s,2(t—3))— fr(t—s,x(t—s))]ds

t+7
—|—/ Ts)fit+7—s,xz(t+7—35))ds

€

—/)ﬂ@ﬁU—&x@—QM&

Now we estimate each term on the right-hand side of the above expression sep-
arately. We select a. > 0 appropriately as follows. For the third and fourth terms,

using remark 4.24 we can assume that
t+1
/ T(s)fit+7—s,z(t+7—s))ds

‘ €

for all t > a. and 7 € P. Let t. = t! + a.. For t > t., using (4.10) we can estimate
the first term as

‘A%T@mﬁu+7—&xu+7—g)—ﬁu+7—&xu—@nm

Se,

<e,

/VU@ﬁu—&x@—@ms

M/ e ut+T1—9)lz(t+7—35)—x(t—s)|ds

M/ &)dEe.

Proceeding in similar way, using (4.11) instead of (4.10), the second term yields

Qe

T(s)[fi(t+7—s,2(t—3)) — fr(t —s,z(t —s))]ds

0
ae

< M/ e “Ydse < —
0

Combining these estimates, we obtain that

lo(t +7) — v(2)| (2+A@/ £)de + )
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for all 7 € P, ¢t > t.. Using remark 4.21 we can affirm that v(-) is an a.a.p. function.
O

In the following statement, assuming that the hypotheses of theorems 4.6, 4.17,
corollaries 4.7 or 4.18 are fulfilled, we denote

t
r= Msup/ e ) u(s)R + pg(s)]ds.
>0 Jo

THEOREM 4.26. Assume the hypotheses of theorems 4.6, 4.17, corollaries 4.7 or 4.18
hold. Assume further that the following conditions are satisfied:

(i) The function f1 is uniformly asymptotically almost periodic on compact sets.

(i1) For every 6 > 0 there exists a measurable function os :[0,00) — [0,00) such
that o5, < 05, for 61 < d2 and having the following property: for every x1,x2 €
Cy([0,00); X) with ||xg — x1|leo < 0, for every us € Sy, ,, there exists uy €
Sty 2, such that

[uz(t) — ()| < o5(t)]|w2(t) — 21 ()], £ = 0.
(iii) For every x € AAP(X) the set g‘fwc =S8p, NAAP(X) # 0.
If

t
Msup/ e (s) + oap(s)]ds < 1, (4.12)
t>0Jo

then there exists an a.a.p. mild solution of problem (1.1)—(1.2).

Proof. As was previously explained in this section, there is a fixed point y of I" with

[Ylloe < R.
On the other hand, for x € AAP(X), we define I'(x) as the set formed by all
functions v given by

v(t) =T (t)xo + /0 T(t—s)fi(s,z(s))ds + /0 T(t—s)u(s)ds, t =0,

with u € gfz,:v~

Since T' is a restriction of I' on AAP(X), we infer that I : AAP(X) —
Ko(Cy([0,00), X)). Moreover, [(AAP(X)) C Kv(AAP(X)). In fact, this is an
immediate consequence of lemmas 4.22 and 4.25. As a consequence, we can affirm
that D(AAP(X) N B(0)) € Kv(AAP(X) N Br(0)).
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We next estimate d(y, AAP(X)). Using (4.9) we have that

y(t) =T(t)xo + /0 T(t—s)f1(s,y(s))ds + /0 T(t — s)u(s)ds

:T(t):vo—i—/o T(t—s)[fl(s,y(s))—fl(s,O)]ds+/O T(t — 5)fi(s,0)ds

t
—|—/ T(t — s)u(s)ds
0
for u € Sy, . Since the function z(-) given by
t
2(t) =T (t)xo + / T(t—s)f1(s,0)ds, t >0,
0
is a.a.p., we obtain that

d(y, AAP(X)) < ’ /0 T(t—s)[f1(s,y(s)) — f1(s,0)]ds +/0 T(t — s)u(s)ds

(oo}

< Msup / e[ (s) y(5)| + pur(s))ds

20

¢
< Msup/ e ) u(s)R + pgr(s)ds
0

t>0

Consequently, AAP(X) N B,(y) is a nonempty closed set.

Let z; € AAP(X) N By(y), i = 1,2. We now estimate dg (I'(22),[(21)). Let 2 €

I'(z2) and ug € Sy, 4, be such that

t t
zo(t) =T (t)xo + / T(t —s)f1(s,z2(s))ds + / T(t — s)uz(s)ds, t=0.
0 0
Using (ii), we can take u; € Sy, 5, such that

[ua(t) — ur ()] < o2 (b)[[22(t) — 21 (1), ¢ =0,

and define z1(-) by

(1) = Ttz + /0 T(t — 5) fr (s, 21(s))ds + /0 Tt — s)ur(s)ds, &30,
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We obtain

la(t) — 21 ()] < M / =) () o () — 21(s) | ds
M / ) us(s) — ur (s)]|ds
<M / §)ll22(s) — 21 (s) s

M / Vg ()| z2(s) — 1 (s) s

SRR

< M/ =) [1(s) + oo (s s)lds max [w2(s) — a1 (s)l|

for ¢ > 0. This implies that
¢
d(z2,T(z1)) < Msup/ e w(t=s) [v(8) + o2r(s)]ds||z2 — 21 ||0o-
t>0 Jo

Since the right-hand side of the above inequality only depends on x; and xo, we
conclude that

dir(F(2), T(21)) < M sup / =) [u(s) + oar(s)]dsl|z2 — 71 oc.

t>0

In addition, D(AAP(X) N B,.(y)) C AAP(X) N B,(y). In fact, if 2 € AAP(X)N
B, (y) and z € I'(z), using (4.9) and proceeding as above, we have that

t
12 = Ylloo < Msup/ e [y (s) + o (s)]ds|l2 — yllo
t>0 Jo

t
< Msup/ e =y (s) + o9y (s)]dsr
0

t>0
<r

which shows that z € B, (y).

Combining (4.12) and theorem 2.2 we infer that ' has a fixed point z in
AAP(X)N B,(y). It is clear that x(-) is an a.a.p. mild solution of (1.1)—(1.2). O

Next we use our previous results to study the existence of solutions of problem
(1.3)—(1.5). To model this problem in the abstract form (1.1)-1.2, we consider the
space X = L?([0,7]). We define the operator A : D(A) € X — X by

Az(§) =2"(§), 0<gE<m,
on D(A)={z€ X :2" € X,2(0) =z(m) =0}. It is well known that A is the

infinitesimal generator of a compact semigroup (7'(t)):>o that satisfies the estimate
(4.1) with M = w = 1. We assume that ¢ € X.
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EXAMPLE 4.27. Let f;:[0,00) x X — X be a function given by fi(t,z)(&) =
fi(t,x(§)) for 0 < & < m, where f1 : [0,00) x R — R is a function that satisfies the
Caratheédory conditions [23] and

|f1(t,wa) — fi(t,wy)| S v(t)|wa —wi|, =0, wy,wy€R,

where v € L}, ([0, 00)).

loc

This implies that f; satisfies conditions (F1)—(F3). Let fo : X — v(X) be the
map given by

fa(w) = {u e X :a(z(§)) <u§) <b(x(E)), 0<E <7

where a, b are functions that satisfy the conditions considered in example 4.13.
Under these conditions, problem (1.3)—(1.4) is modelled as (1.1)—(1.2) with z¢ =
. Moreover, for u € fa(x) we obtain

[ull < co + ezl

where ¢y = /7 max{]a(0)|,]6(0)|} and c¢; = max{ag,bp}. Which shows that f,
satisfies (F6’) with p,.(t) = c17 + co.
We assume that
t
sup/ e )y (s)ds + ¢ < 1. (4.13)
t>0 Jo
Consequently, it follows from corollary 4.18 that there exists a mild solution w(-) of
problem (1.3)—(1.5). B
We assume further that f; satisfies the condition

\filt,x) = fi(s, @) < lq(t) — q(s)]|z], s,t >0, z €R, (4.14)

where ¢ : [0,00) — R is an a.a.p. function. Hence we infer that f; is uniformly a.a.p.
on compact sets, which implies that condition (i) of theorem 4.26 is fulfilled.

On the other hand, for every x1,z2 € Cp([0,00); X) and us € Sy, 4,, proceeding
as in the proof of example 4.13 we can select u; € Sy, , such that

lug(t,€) = ur(t, ) < crlwa(t, &) —aa(t,6) £ =0, € € [0,7),

which implies that condition (ii) of theorem 4.26 is satisfied with o5 = ¢;.

Finally, as the function a(-) satisfies a Lipschitz condition, for every € AAP(X)
the function a : [0,00) — X given by a(t)(§) = a(x(t,£)) also is a.a.p., which shows
that Sy, » N AAP(X) # (. Combining with (4.13), and applying theorem 4.26, we
infer that there exists an a.a.p. mild solution u(-) of problem (1.3)—(1.5).

EXAMPLE 4.28. Let f1 : [0,00) x X — X be a function as in example 4.27, and let
fo : X — X be the map given by

fa(@)(€) = a(2(€)), 0<E<m,

where a is a function that satisfies the conditions considered in example 4.13, and
for every so € R there exist §, k > 0 such that

la(s) — a(so)| = ks — so (4.15)

for all s € R such that |s — sg| < 6.
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For fixed € > 0, we define

fa(@) = fa(a + C=(0) = {fa(x +2) : 2 € C-(0)},

where C.(0) = {z € X : |2(§)] <&, a.e. 0 < & < 7}. It is clear that C.(0) is a closed
convex subset of X. Under these conditions, problem (1.3)—(1.4) is modelled as
(1.1)=(1.2) with o = .

As a consequence of the intermediate value theorem, the map f> has convex val-
ues. Moreover, it follows from (4.15) that fo(z) is closed for all z € X. In addition,
for u € fo(x) we obtain

lull < co+ ezl

where ¢y = /7|a(0)| + ape and c¢; = ap. This shows that f, satisfies (F6’) with
pr(t) = c1r + co. We assume that (4.13) holds. It is also clear that f; is a Lipschitz
continuous map. Collecting these assertions, we can apply again corollary 4.18 to
conclude that there exists a mild solution u(-) of problem (1.3)—(1.5).

On the other hand, assume further that f; satisfies (4.14). In a similar way, using
that a(-) is Lipschitz continuous, we obtain that condition (ii) of theorem 4.26 is
satisfied with o5 = ¢1, and proceeding as in example 4.27, we infer that Sz, . N
AAP(X) # (). Combining with (4.13), and applying theorem 4.26, we infer that
there exists an a.a.p. mild solution u(-) of problem (1.3)—(1.5).
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