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We study the expected value of the length L, of the minimum spanning tree of the complete
graph K, when each edge e is given an independent uniform [0, 1] edge weight. We sharpen
the result of Frieze [6] that lim,_ E(L,) = {(3) and show that

¢ +o(1)

e
E(Ly) = () + S+ e,

where ¢y, ¢, are explicitly defined constants.
2010 Mathematics subject classification: Primary 05C80
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1. Introduction

We study the expected value of the length L, of the minimum spanning tree of the
complete graph K, when each edge e is given an independent uniform [0, 1] edge weight
X.,. Frieze [6] showed that

lim E(L,) = {(3) = Zi =1.202.... (1.1)

n—oo
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Since then there have been several generalizations and improvements. Steele [27] extended
the applicability of (1.1) distribution-wise. Janson [11] proved a central limit theorem
for L,. Penrose [23], Frieze and McDiarmid [7], Beveridge, Frieze and McDiarmid [2]
and Frieze, Ruszinkoé and Thoma [8] analysed L, for graphs other than the complete
graph. Steele [28] and Fill and Steele [4] used the Tutte polynomial to compute E(L,)
exactly for small values. Nishikawa, Otto and Starr [21] studied the coefficients of a
polynomial derived from the formula in [28]. Gamarnik [9] computed Ec,(L,) exactly
up to n < 45 using a more efficient algorithm, where Ec.p(L,) is the expectation when the
distribution of the X, is exponential with mean one. Li and Zhang [18] consider more
general distributions and prove in particular that

2
Bap(L) = B(L) = “ + 0 5"). (1)
Flaxman [5] gives an upper bound on the lower tail of L,.

Equation (1.1) says that E(L,) = {(3) + o(1) as n — oo. Ideally, one would like to have
an exact expansion for E(L,) as there is for the assignment problem; see Wastlund [29]
and the references therein. Such an expansion has proved elusive. In this work we improve
the asymptotics of E[L,] by giving the secondary and tertiary terms.

Theorem 1.1.

+o(1
B(L) = () + &+ 22D,
n n
where
c=—-1-(3)— % / log(l —(1+ x)e*") dx
x=0
and

*© 3 s 1
= / <x‘31p(x3/2)e_x 4 _x73 \/7x_3/2 - ) dx
x=0 8 2
2 * 2 2 T 1
_ = - L T L B R VA
3 /y=o <y p(y)e y \/gy 2>y Vs

with v defined in (1.3) below.

The two integral expressions defining ¢, are equal by the change of variable x = y%/3.

A numerical integration (with Maple) yields ¢; = 0.0384956.... This shows that the rate
of convergence to {(3) is order 1/n and is from above. Further numerical computations
show that ¢; & —1.7295, and these are explained in the Appendix.

To define y, we let the random variable B, = fb 1=0 Bex(s)ds be the area under a
normalized Brownian excursion; we then let

(1) =Ee'Pe, (1.3)

the moment generating function y of Be. The Brownian excursion area B¢ and its
moments E B, and moment generating function y have been studied by several authors;
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see Louchard [19, 20], for example, and the survey by Janson [12], where further references
are given. From these results, we derive an expression (see (1.7)) that will show that ¢; is
well-defined. Note that y(t) is finite for all t > 0 (and thus (1.3) holds for all complex ¢).
Indeed, it is well known that

EB., ~ 18/ (12e)/2¢'? as / — (1.4)
(see [12, (53)] and the references there), and thus [13, Lemma 4.1(i1)] implies that
w(t) ~ 12" ast - 4o (1.5)

(cf. [13, Remarks 3.1 and 4.9], where & = 2/5,). More precisely, Janson and Louchard
[15] show that the density fex of Bex satisfies

fex(x) = nffxze—w (1+0(x7%), x>0, (1.6)

from which routine calculations show that

0 t2

w(t) = / Sl dx = TP (1+0(), 1> 0. (1.7)
x=0

Hence the integrand in the second integral defining ¢, in Theorem 1.1 is O(y~*?3) as

y — 0. Moreover, p(0) =1 and y'(0) = EB = +/n/8, and thus a Taylor expansion

shows that the integrand is O(y~'/3) as y — 0. (Similarly, the integrand in the first integral

is O(x~3/?) and 0(1).) Consequently, the integrals defining ¢, converge absolutely.

2. Proof of Theorem 1.1

We prove the theorem by using the expression

1
Mum/mmmwm@—l (2.1)
)4

(see Janson [11] and a related expression in Frieze and McDiarmid [7, equation (7)]).
Here k(G,p) is the (random) number of components in the random graph G, .

To evaluate (2.1), we let k(k, j, p) = x(k, j, p) denote the number of components of G,
with k vertices and k + j edges in G,,. The components split neatly into three categories:

trees (j = —1), unicyclic (j = 0), and complex (j > 1) components. These are evaluated

separately.

Lemma 2.1.

(a)

1
3(0(2) =3
[ > Bttt pdp = 3+ 2 5ED
p=0>1 n
1 * -3 —x3/24 —4/3
—W/:x 1—e )dx 4+ o(n~'7).
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1 0
szﬁmkwww=;@m—xm—lI%U—U+W”MQ

=0 k>3 =0

o0
_ V8 / X321 = e Y dx + o(n*).
x=0

ni/3

(c) With py(x) = p(x) — 1 —/7/2 x,

1 B g 1
/ ZZE k(k, j,p)dp =1 — v O(x Spa(x3)e /2 — 2) dx

=0 1>1 j>1 X=
+o(n3).

Remark 1. Tree components contribute the main {(3) term. Unicyclic components con-
tribute a secondary O(1/n) addend. Roughly speaking there are no complex components
for p < 1/n and precisely one complex component (the famous ‘giant component’) for

> 1/n. Were this to be precisely the case, the contribution of complex components would
be 1 — 1/n. The additional ®(n~*3) term in Lemma 2.1(c) comes from the behaviour of
complex components in the critical window p = 1/n + in=*/3,

Remark 2. The coefficients of n™#3 in Lemma 2.1(a,b) are easily evaluated as —$37/
I'(1/3) and —337Y6 /wI(5/6), respectively; see the Appendix. The coefficient in
Lemma 2.1(c) is expressed as an infinite sum and evaluated numerically in the Appendix.

Proof. In the proof we assume tacitly that n is large enough when necessary. We let
Cy,... denote some unimportant universal constants.

Let C(k,/) be the number of connected graphs on a vertex set [k] with / edges. We
begin by noting the standard formula

EM&LM=<DC&k+ﬁﬁ”U—mwk”@kf- (22)

By Cayley’s formula, C(k,k — 1) = k¥~2. Moreover, Wright [30] proved that, for every
fixed j > —

Ck,k 4 j) ~ wjp k3927120 as k — oo, (2.3)

for some constants w, > 0. (See also [14, §8] and the references there. In the notation of

[30], wjt+1 = pj.) We have wy = 1 and w; = /n/8. Spencer [26] showed that

E B.,
/e

where B,y is the Brownian excursion area defined above. See further Janson [12]. Hence,

o0
p(t) =EeP = wit, (2.5)
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Let

1
C(k,k +j)/ P _p)k(nfk)-ﬁ-(’;)fk,j dp

— <n)C(k k+j)(k+j)!(k(n_k)+ () =k — )1
k

(k(n—k)+ (&) + D!
_ ) Bk + ) (2.6)

where, provided k < n and k + j < (g) (as in our case),

n!  (kn—k)+ () —k—j)!
(=K (k(n—k)+ (5) + 1)!
L [T (1= 3)

nj+1kk+j+1 Hkio](l - 1<2i1 _ 1](_71)

o0 k+j . m k—1
1 1 k+1  i—1
:WGXP{ZW(ZO<2+k) B 01)}

m=1

1 ()
= W exp{z mnm . (2.7)

m=1

B(k,k + j) =

Observe that as

for / = k 4 j we have

2 . k—1
k1 i—1)" k1 —1\"  (k— 1y
twlle, j) = (+ + ) - i’"<(/+1)( 1, ) _ k=™

—\ 2 k pr 2 k m+1
(2.8)
This implies that, as is easily verified,
tm(k,j) <0if m > 2 and j € {0,—1} and k > 100. (2.9)

Case (a): 1 <k <n, j=—1 (trec components). Now we have by (2.7)
k—1

k—1
1 1 k+1 i—1 1 .
0 i=0

i=

k—1 . 2 k—1
1 k+1 i1 P =
+2nz§<z g ) T +5}

https://doi.org/10.1017/50963548315000024 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548315000024

94 C. Cooper, A. Frieze, N. Ince, S. Janson and J. Spencer

where, using (2.9),

© 102m+1
1<) — =00, 1<k <100, (2.10)
m=3
© Lt k4 .
0>¢>— T > = k> 100, 2.11)

and hence, for all k < n
E=o0(k*/n). (2.12)

This implies, after some calculation, that for 1 <k < n,

1 3k—1) K k* Kk
B(k,k—l)zkkexp{ P —247124—0(”24-”3

and then, by (2.6),

kk 2
> A(kk—1) = — Blk—1)
k=1
0
RN 3k—1) K k2 Kk
s Xp{ o Ot
7 k3 /24n? 2 4
e 3(k — 1) k2 k
= 1 —+—=1).
— K ( + 2n +0<n2+n3>)

Now, by simple estimates,

0.7

n k3 )24 (kz k4)
e
- — 4+ =) =0m"? (2.13)
3 2 3
— k n n
and
n?31nn 3 1na,2
1— —k /24n? 3k —1 3 1— e—k /24n
Ej( )(1+ (2n )>=o(n B+ D (1673) (2.14)
k=n?/3/1nn
= o(n —4/3)+W/ X731 — e /) dx.
=0
Thus

nO,7
> Alk,k —1)
k=1
n07

1 13k 1

— 7X3 —4/ 3

=Zk3 ;Z 3 _n“/ K 31— e ™) dx + o(n™3)
k=1 =
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3(0(2) -3
2n
1 o s _
—W/xzox S1—e 3/24)dx—|—0(n 4/3)

3(@—-L@3) 1 [~

4
2n n /3 x=0

When k > n%7, we have from (2.7) and (2.9) that

k—1 .
1 1 k+1 i—1
— < — — R N i —
B(k,k 1)\k’<€Xp<nE ( 5 + . )

i=0

+ 0(7’171'7)

={(3)+ x3(1 = e ) dx + o(n ). (2.15)

1"“i _ L 3= @
n < T kk P 2n =gk

This implies that A(k,k — 1) < k—3¢3/2. This gives

k>n07 k>n07

Together with (2.15), this verifies (a).

Case (b): 1 <k < n, j =0 (unicyclic components). Rényi [25] proved (see, e.g., Bollobas
[3, Theorem 5.18]) that
(k—1)!

k! \/E
— o~y k2 (2.16)
2 & 8

k < n we have by (2.7)

I

C(k,k) =

n &

(cf- the more general (2.3) above). Now, for 1

k i k—1
1 1 k -I-l 1
B(k,k) kk+1 exp{ E (2 > E E i

i=0 i=

2nzz<k+1+l—1> 12"22 }

where ¢ satisfies (2.10)—(2.12). Thus, after some calculation,

1 2k 1 k? Kk k*
B(k,k) = T eXp{n_kn_24nz+0(nz+n3)}

: Clhb) e koK
D Alk Z e P T TO s

and then

k=3
C(k, ke /24’ ko k4
Z ( g {1+0<n+n3>}. (2.17)
Now (2.16) implies
0.7 2
1 < C(k, k)e=k/24n’ ko ok _
;Z% ><0<n+n3) =07 (2.18)
k=3
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and
1 nd7 C(k,k)(1 — efk3/24nz) B 43 1 nInn C(k,k)(1 — efk3/24n2)
n Z k+ =o(n )+ n Z Jk+
k=3 k=n%3/Inn

(43 4 VI *3/2(1 —e M ax. (219

n4/3

-0
It follows from (2.17), (2.18) and (2.19) that
. C(k,k) /n/ _ . _
ZA (k, k) k(k-H ) _ n4/3 By X1 = e dx + o(n ). (2.20)
k=3
For k > n®7 we observe that t;(k,0) < 2k in (2.8) and t,,(k,0) < 0 for m > 2, so
b
e
BN < o

and thus

kk+1pn k3/2n

Ak, k) < 2Ckk) o< ! )

It follows from this that

> Alk.k) = 0(n™"'¥) = o(n™*7?). (2.21)

k=n07

We are almost done: we need to simplify the sum

C(k,k)
L
k=3
Now, by (2.16),
“.2C(k, k) k—DI XK & K
k+1 Z Jk+1 ZT: Z Z kk+1 ll : (2.22)
k=3 = i=0 i=0 k=i+3

In the last double sum, let us also add the terms with k =i+ 2, k=i+1and k=i > 1.
The terms with k =i+ 2 add up to

“k—1
kka 2)! Z 3 =ZT=C(2)—C(3).
k=1

The terms with k =i+ 1 add up to

kN k—1) &K1
LT (k—1)! ZT_C(Z

The terms with k =i > 1 add up to

kK (k—1)! &1
FE R TR DAl
=1 k=1

8
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Consequently, (2.22) yields

2. 2C(k, k k—1)! 2 Sk
00 _ )30+ 3050 A B0 RO
=1 i=

k=3 k=1 i=0
(2.23)
We transform the sum further:
o k o k
ki _ k i—k—2
Yy AR =Yy ()< ik
k=1 i=0 k=1 i=0
o k 0
— Z Z (k) k! / ek gx
; 1 x=0
k=1 i=0
w «© k
_ / Z Zkfl ( )xklekx dx
¥=0 41 i=0 !
= / D k14 x)fe ™ dx
X=0 =1
0
:/ —log(l —(1+x) V) dx
x=0
Consequently, (2.23) yields
ZZ kk+1 ={(3)—3((2)— /sz log(l — (14 x)e™) dx. (2.24)
Together with (2.20) and (2.21), this verifies (b).
Case (c): 1 <k <n, j > 1 (complex components). Let
Ke(p) = Kenl(p) : ZZ (k. js p), (225)
k=1 j=1
that is, the number of complex components in G, ), and
fap) = Exolp) = Y Y Bk, j.p), (2.26)

k=1 j>1
the expected number of complex components in G,,. The contribution to (2.1) from the
complex components is thus fp1:0 fn(p)dp. We make a change of variables and let

p=n"t4n"*3, (2.27)

which means that we focus on the critical window. We will assume this relation between p
and 2 in the rest of the proof. We thus define f,(1) = fu(p) = fa(n~! + in=*3), and obtain
the contribution, letting 1{...} denote the indicator of an event,

1 1 1
/ fup)dp=1—2 4 / (fup) — 1ip > 1/n}) dp
p=0 n p=0
WA _pl/3

IR / (Fal2) = 1{2> 0}) di. (2.28)

J=—nl/3
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We begin by showing that the integrand in the final integral converges pointwise. We

define
pa(t) =D et = p() —1—/n/81 (2.29)
/=2
(¢f- (2.5)), and
I SETNE FEPINE PO TP A R B
F(x,1) = 6x 7% A+ 2x)L =3 <}v 2) + 72 (2.30)
Lemma 3.1 below proves that for any fixed A € (—o0,00), as n — o0,
fu(A) = f(A / x*/?)e P x=5/2 gx., 2.31
ful2) = f(4) = NZIS Y ) (2.31)

The next step is to use dominated convergence in (2.28). For this we use the following
estimates. For convenience, we let xc(n~! 4+ in~%3) and its expectation f,(1) be defined
for all real A, by trivially defining x¢(p) = x¢(0) =0 for p < 0 and x.(p) = k(1) =1 for
p> 1

There exist integrable functions g;(4), g2(4), g3(1), not depending on n, such that

fa() =Exe(n™ +n7*3) < gi(2), 1<0, (2:32)
P(re(n™! +;n*4/3) 0) < g4), 2>0, (2.33)
fa(A)=1=Ercn '+ i3 —1<g3(4), 41>0 (2.34)

Equations (2.32), (2.33) and (2.34) are proved in Lemma 3.2 below.
Equation (2.33) implies that 1 — f,,(1) < g2(2) for 2 > 0, and so

g1(4) 2 <0,

_11/1_le 0 g
£u(8) = 1{4> 03l me+gu)i>o

This justifies using dominated convergence in the integral in (2.28), and equation (3.1)

implies
n4/3_pl/3 0
/ (f'n(i) —1{A>0})dA — c2 = / (f(A) —1{A>0}) dA (2.35)
J=—nl/3 J=—o0
Hence (2.28) yields
1
| o= 1= 4 can S o), (236)
p=0

which is the desired result except for the expression for c;..
We transform the expression for ¢, in (2.35) by first writing it as

A
Coe = hm< A+/ f()»)d))

= lim ( —A+ / Pa(x3/?)e FAX=5/2 gx d)) (2.37)
«/27'5 =—00 Jx=
By (2.29) we have y;(t) = O(t?) for small t, which together with (1.7) shows that

pa(t) = 0(2e"7), t>0,
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and thus by (2.30), for all x > 0 and 4 € (—o0, 00),
1p2(X3/2) o FxA) <C X3 efx().fx/Z)z/Z.

Hence, for A > 0, with the substitutions x =24 +sand A =4 — ¢,
/ / 1/)2(X3/2)€7F(x’)'))€75/2 dx d) < Cl / / efx(/lfx/Z)z/le/Z dx d)
x>24 J <A x>2A4 J <A
=G / / ARSI 4 4 5)12 dy ds
>0 J >0
<C / / ef(2A+s)(t2/2+52/8)(2A +S)l/z dt ds
>0 Jt>0
_ Cz/ e—(2A+s)s2/8 ds < C3A_1/2.
>0
Similar estimates show also that

24
/ / 1p2(>c3/2)e“:(x’”x‘5/2 dxdi < C4/ e~ (24— /8 g < CsA™V2,
x<24 JIi>A s=0

Consequently, we can subtract and add these integrals to (2.37), yielding

24
= 11m( A+ — / / Yo (x32)e P52 ddi) (2.38)
A—0 \/27 J=—o0 Jx

It follows from (2.30) that

/% e F) g) = =/ /30 eX0x/222 g) e*x3/24\/2n/x. (2.39)
A=—00

A=—00

Hence, by Fubini, (2.38) yields

24 0
. 1
¢y = lim (—A +/ wz(x3/2)e_x3/24x_3 dx) = / (x_31p2(x3/2)e_x3/24 — ) dx.
A—0 x=0 x=0 2

(2.40)
This completes the proof of Lemma 2.1 and the proof of Theorem 1.1. U]
3. Auxiliary lemmas
Lemma 3.1. For any fixed 1 € (—oo, oo) as n — oo,
fa2) = f(2) = 2)e A2 dx, (3.1)

\/— . 1Pz(x

Proof. We note first that the integral in (3.1) is convergent; for small x we have
wa(x) = O(x?) and for large x we have y,(x) = O(x%¢*'/?*) by (1.5) and
e—F(x,i) < e—x3/6+2x2/2 — O(e—x3/7)

by (2.30); remember that /1 is fixed in the integral.
We convert the sum over k in (2.26) to an integral by setting k = [xn*/3]. Thus

Fu(d / Z]EK [xn2/3] j:p) n?/3 dx. (3.2)

j>1
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For any fixed 4 and fixed x >0, j > 1, and p=n"' 4 in~*? and k = [xn*?] as above,
we have as n — oo, by (2.2) and (2.3) and standard calculations,

k 2 3
E x(k, j, p) ~ exp( % 6k2>C(k k+ jn* (1 +;,n—1/3)"exp(—p(nk—kz/z))
;C(k.k + _
% xp(—k — F(kn™3,2))
~ 2n) Pwipk ! <W>18F(k”2/3’i)
n

~ 123022y 1X3J/2 1,—F(x)
(for further details see, e.g., [17, Section 4] or [1, Section 11.10]). Thus, as n — oo,
WP Er([xn*], j,p) = r) w2 e, (33)

Moreover, Bollobas [3, Theorem 5.20] has shown the uniform bound

C6 j/2 )
Clk,k+ j) < (}) k+G3i=1)/2 (3.4)

for some constant C¢ and all k,j > 1. Let 4 > 1 be a constant, and first consider only
components of size k < An*/3. For such k, all j > 1 and p =n"' 4+ in=*?3, (2.2) and (3.4)
yield, by calculations similar to those above,

Ew(k, j, p)
ok 2 .
C7k exp( k )C(k,k + (1 + ln*m)kﬂ exp(—p(nk —k*/2 — j))

C(k,k +J) o—kHixoll)
kv

J

(with C3 possibly depending on A4), and thus

< an

As/z jr2?
n2/3EK(k>j>p) Cg(c ) .

The sum over j of the right-hand side converges, and thus (3.3) and dominated convergence
yield (recalling (2.29))

1 A
E 2/3 23 d / 3/2)—F(x2) —5/2 35
/wZ (P s = [ e e @

j=1 x=0

For k > An*> we use the fact shown in [17, (6.6)] that the expected number of vertices
in tree components of size at most n*? is n — O(n*/?); consequently, the expected number
of vertices in all components (complex or not) of size larger than n?/? is O(n*/?), and the
expected number of components larger than An*/> is < Cyo/A. The left-hand side of (3.5)
thus converges uniformly to the right-hand side of (3.2) as n — oo, and the result (3.1)
follows from (3.5) by letting 4 — oo. L]

https://doi.org/10.1017/50963548315000024 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548315000024

On the Length of a Random Minimum Spanning Tree 101

Lemma 3.2. There exist integrable functions gi(4),g2(4),g3(4), not depending on n, such

that
(i)
fo(l) =Ere(n™' +in7*3) < g1(4), A<0,
(i)
P(io(n™ +n~*?) = 0) < g2(2), 220,
(iii)

fa(A) =1 =Exe(n ' +in"*3—1<g3(4), A>0.

Proof. We use the method in Janson [10]. We consider G(n,p), p € [0,1], as a random
graph process in the usual way: we regard p as time, edges are added as p grows from 0
to 1, and an edge e is added at a time T, with a uniform distribution on [0, 1], with all T,
independent.

As G(n, p) evolves, there are at first only tree components, but later unicyclic components
and complex components appear as edges are added to the graph. If we consider only the
complex components, a new complex component is created if a new edge is added to a
unicyclic component, or if it joins two unicyclic components. (Note that these are the only
possibilities: we do not regard the growth of an already existing complex component as
creating a new complex component. Creation of a new complex component may occur one
or several times. It is shown in [14] that it occurs only once with probability converging
to 57/18, but we will not need this.) As evolution continues, the complex components
may grow by merging with trees or unicyclic components, and they may merge with each
other, until at the end only one complex component remains, containing all vertices.

Let ¢,(k, p) be the intensity of creation on new complex components of size k, that is,
the probability of creating a new complex component of size k in the interval [p, p + dp]
is @u(k,p)dp. (For p <0, p>1 or k > n, we set ¢@,(k,p) = 0.) Further, let

®,(p) = Y pulk,p),

k>1

the intensity of creation of complex components regardless of size. We change variables
as above and also define

Wn(xy /l) = n_2/3(/’n([xn2/3] > n_l + An_4/3),
0

W, (1) = n B30, 4+ a3 = / Pu(x, 1) dx.
0

x=!

(The notation is not exactly as in [10], where the two ways of creating a complex
component are treated separately, but the estimates are the same.)
We have

oulk,p) = (Z) Eph (1 — p)rkr )t
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where C(k) is the number of ways to create a multicyclic component by either adding an
edge to a unicyclic component on [k] or adding an edge joining two unicyclic components
whose vertex sets are complementary subsets of [k]. The first case contributes

C(k,k) ( (’;) — k) = O (kK372
to C (k) and the second

k
1
22( ) (i,))C(k — i,k — i)i(k — i) < an( )ez’e “ik —i)!
< Criké'k! = O(KF3/2);
hence
C(k) = O(K*3/%) = 0 (ke*k?).

(Compare the more precise [10, (2.30)].) The intensity y,(x, 4) is bounded in [10, (2.12)-
(2.19)] by calculations similar to those in the proof of Lemma 3.1. (In these bounds, and
our versions below, d,01,... are some positive constants.)
We use the results of [10] with some small modifications. Equation (2.12) of [10] shows
(together with the comments after it) that
Wn(x, 1) < Craxe =0 for k< om and —n'? <A< 5m3
Then one line before (2.15) of [10] proves that

—oxi=osin'/3 for | < Synand 4 > 0,n'/3

pau(x,A) < Cizxe
Because 4 < n*/3 always, it is legitimate to replace —d3xin'/3/3 by —d3x25/* to give

—0x3—83x25/4/3

Pu(x, 1) < Cyzxe for k<& and 4> 6,n'/3

Then (2.17) of [10] proves that

205n - for min{d;,03}n <k < n.

Yu(x, 4) < Crgne”
Using min{d;,03}n"/? < x < n'/3 and A < n*?3, we replace this by
Wa(x, 1) < Crsxe 95 (1 + 14!
We therefore have, for all x and 4,
0 < u(x, 4) < g(x,4)
_ Clzxe"sx‘t‘sx}‘z + C13xe75x3753x\i\5/4/3 + Clsxeﬂss.\ﬁ(l + 14)71 (3.6)

(recalling that y,(x,2) = 0 if x > n'/3, A < —n'/3 or 1 > n*/?3).
Integrating, we find

” Cis
Y(A) < A dx < ———. 3.7
< [ s < ()
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The number of complex components at any time is at most the number of complex
components that have been created so far. Taking expectations, we thus obtain, using
(3.7),

A
ﬁW=EmM4+MW%</
u

Twwu\/ e 69

This verifies (i), with g;(1) = Ci7(1 + |A]3/?)~! for 1 <0
Similarly, if at some time there is no complex component, at least one complex
component has to be created later. Thus,

* Cie

. W du, (3.9)

.
Plretn !+ 4% =0) < [ wdu< |
p=A I

which verifies (i) with g»(1) = Ci3(1 4+ 232)"1 for 2> 0

For (iii), let Y (p) = (Kcép)) be the number of pairs of complex components in G,,,. Since
kc(p) — 1 < Y (p), it suffices to estimate E Y (p).

If there is a pair of complex components in G,,, then these components have been
created at times p; and p; with p; < p» < p. The intensity of this happening, with sizes

= [x;n**] and k, = [x»n*/?] of the components at the moments of their creations, is
bounded in [10, (2.24)—(2.26)] by

Ciog(x1,41)g(x2, A2) dAy d2o dxy dx;

(using modifications as above, and g is defined in (3.6)). Moreover, if the two components
are still distinct components in G, p, then, at least (ignoring further conditions from the
growth of the components), the original vertex sets of sizes k; and k, are not connected
by any edge in the time interval [p,, p]; the (conditional) probability of this is

kik
(1 _Pp _p2> e <(1—=(p _p2))k1kz < e Kkika(p=p2) < e ¥1x2(A—%2)
l—p>

Consequently,

fa(2) —
(" +2n7) < g3(2)

1

<EY

/ / / / Crog(x1, 41)g(x2, A2)e ™2~ 47y djy dxy dxxs.
A= /L] A]—O ‘Cz—O
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This yields (iii), but it remains to verify that | fio 23(A)dA < oo. Indeed, by Fubini and

(3.6),
/ : 3(2) d).

o0 o0 o0
/ / / Crog(x1, 41)g(x2, 22)
}17 ;2 )1 X1 =0 Xy = =0
/

x / e ¥1%2U=2) 47 d) 1 d s dxy dxs

* R S ) Y
/ / wadh dJy dx; dxs
x1:0 X2 0 x1x2

© P g(x, ) 2
< Cyo (/ / X, didx) < 0. ]

A=—00 J x=0

11 =—00 22:).1

4. Final remarks

Remark 3. We have shown that when the X, are uniform [0, 1] then E(L,) converges to
{(3) with an error term of order 1/n. The constant ¢; is positive, and so for large n we have
E(L,) > {(3). Fill and Steele [4] computed E(L,) for n < 8. E(L,) increased monotonically,
and it was natural to conjecture from this that E(L,) increases monotonically for all n.
However, since [E(L,) converges to {(3) from above, we now see that this turns out not to
be true. Note, however, that ¢; < 0, and that |¢;| is much larger than ¢;. Thus we expect
that E L, > {(3) only for very large n.

If our numerical estimates are correct, we have |c;|/c; &~ 45, so a naive guess, ignoring
higher-order terms, would be that E L, > {(3) for n > 45* ~ 10°>. We do not want to
conjecture this, as we have no idea about the next term.

Remark 4. By (1.2), we obtain for Ec,,(L,) the same result as in Theorem 1.1 except that
c1 is increased by ((3) (while ¢, remains the same). This gives a somewhat simpler cy,
which suggests that this version might be slightly simpler to analyse. Note that formula
(2.1) holds for Eeyp(L,) if we replace G,, by the multigraph where each pair of vertices
is connected by a Po(t) number of edges, and integrate for ¢ € (0,00). This suggests that
it might be profitable to make a version of the argument below using these multigraphs,
but we have not pursued this. (Compare the use of multigraphs in [14].)
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Appendix: Estimation of ¢,
The constant ¢, in Theorem 1.1 is the sum of the three coefficients for n~*? in
Lemma 2.1(a—c), which we denote by ¢, c2, and c¢,.. By the change of variable t = x*/24,

and integration by parts (c¢f. [22, §5.9.5]), we obtain, as stated in Remark 2,

—2/3 [ 1
Cog = 24 / 3 —1)dt = —3 2/3F(3>=—0.16098..., (A1)

1/6 1
Qb_\fz“ / 8 —1)dt = 23—‘/6ﬁr(2>=—0.83z98.... (A2)

The coefficient ¢,, is given by an integral in Lemma 2.1; see also (2.40). To evaluate c;,
we change variables by x = y!/? and use the definition (2.29) of y, to obtain

1 [/ _ 1 . _
e = 5/ (y Wz(y”z)—ze”z“)e V=23 gy

k—1
k—1/2 Y —y/24 . —2/3 A
/ . <W2ky + W41y 2-24’<1(k—1)!>e Y dy. (A.3)
Y= k=1
We interchange the order of integration and summation, which is justified below, and
obtain
o li/ao Wa K 4w )RV — L e I/24,=23 gy
c3 —0 2 24k1(k — 1)!
k=1")
2413 & Lk —2/3)
= 24T (k —2/3 4Tk —1/6) — ———— ). (A4
3 Z(Wzk ( /3) 4+ waq ( /6) AT k) (A4)

k=1
We note that (2.4) and (1.4) yield, together with Stirling’s formula, w, ~ 6 - 24=//2/T'(£/2),
which implies that
w24 T (k — 2/3) ~ w1 24572 T(k — 1/6) ~ 1k as k — oo,

so the three terms in the sum in (A.4) are all of order k=3, showing that we cannot sum
them separately. However, their leading terms cancel. A more precise calculation using
(1.6) yields

r/2
EB;xzﬁr(lz ) (1+007"), r>0, (A.5)
and thus by (2.4) and Stirling’s formula,
37 ‘2 624012
, 1 y=——q /! > 1. A.
w= 20 (5) arou =St (A6
Hence,
w24 T (k — 2/3) = 1231+ 0(k™")),  ask — oo, (A7)

and the same estimate holds for wa, 24 1/2I"(k — 1/6), while

[k —2/3)/T(k) = k=231 + 0(k™)).
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Consequently, the summand in (A.4) is O(k—>/3).

The constants wy; can be computed by a recursion formula (see [30] and [12]), and a
numerical summation of the first 1000 terms in (A.4) yields —0.7331. It can be shown,
using (1.6) with the further second-order term given in [15] (which replaces O(x~2) by
—3x72+ 0(x7*)), that the terms in the sum in (A.4) are ~ —1k=/3, and using this to
estimate the sum of the terms with k > 1000 yields the estimate c¢,. ~ —0.7355, which
together with (A.1)—(A.2) yields

¢ ~ —1.7295. (A.8)

The tail estimate is not rigorous. Replacing O(x™*) by < Cx™* for some estimate C is what
is needed to make the tail estimate rigorous. Nevertheless, it seems unlikely that the estimate
in (A.8) is very far off.

To justify the interchange of summation and integration above, by Fubini’s theorem it
is sufficient to verify that

© 0
k=1 /«V=0

Indeed, we claim that the integral in (A.9) is O(k~7/%). Using (A.7), its analogue for
2k 4+ 1, and I'(k — 2/3)/T(k) = k=*/3(1 4+ O(k™")), it follows easily that the integral is, after
another change of variable t = y/24,

(k=17/6 (k=53

241/3 k_2/3 /m B
4 | T(k—1/6) T(k—2/3)
Let I, denote the integral in (A.10). By the Cauchy-Schwarz inequality,

5 o © k=1/6 k=5/3 21 .
I < t*e*’dt-/ ( — )te‘dt
k [=o —o\I(k—1/6) T(k—2/3)

B C(k —2/6) I'(k —5/6) I'(k — 8/6)
=Tk (F(k Z1/62 ST —1/6Tk—4/6) T Tk = 4/6)2)

=0(k™).

Consequently, Iy = O(k~—'/?), which shows that (A.10) is O(k~7/%), and thus (A.9) holds as
claimed above.

k—1
1/2 y

—y/24 —2/3

k—1 k—
WokY© T + Wokt 1y

etdt + 0(k™73). (A.10)
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