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In this paper we introduce the two possible formulations of the F-functional calculus
that are based on the Fueter—Sce mapping theorem in integral form and we introduce
the pseudo-F-resolvent equation. In the case of dimension 3 we prove the F-resolvent
equation and we study the analogue of the Riesz projectors associated with this
calculus. The case of dimension 3 is also useful to study the quaternionic version of
the F-functional calculus.
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1. Introduction

Probably the most important functional calculus for linear operators acting on
a Banach space is the Riesz—Dunford functional calculus (see [26]). For the case
of n-tuples of operators we quote the paper by Anderson [9], who developed the
Weyl functional calculus, and the work of Taylor and Taylor [43-46], who defined
a functional calculus for n-tuples of operators using the theory of holomorphic
functions of several variables. Since then, the literature on this topic has been
developed in different directions using different notions of hyperholomorphicity.

In the past few years the theory of slice hyperholomorphic functions (see [11,12,
17,19,22]) has been the underlying function theory on which two new functional
calculuses have been developed for several operators and for quaternionic operators.
These calculuses are the S-functional calculus [4,7,12,13,16] and the F-functional
calculus [4,14, 18]. The former is based on the Cauchy formula of the slice hyper-
holomorphic functions (see [11,12]), and it applies to n-tuples of not necessarily
commuting operators and to quaternionic operators. When applied to quaternionic
operators, the S-functional calculus is also called quaternionic functional calculus.
For an overview on slice hyperholomorphic functions and for the S-functional cal-
culus see the monograph [21]. A continuous version of the S-functional calculus can
be found in [28].
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In the recent paper [7] it was shown that, in order to have a full description of the
S-functional calculus, we need both formulations of this calculus (more precisely,
both the formulation based on the right S-resolvent operator and the one based on
the left S-resolvent operator). This is necessary because the S-resolvent equation
involves both resolvent operators. This equation is a key tool with which to study
the Riesz projectors associated with the S-functional calculus.

The aim of this work is to introduce the formulations of the F-functional calculus
and to extend some of the results proved in [7] to the F-functional calculus. For
example, the Riesz-type projectors are based on the two formulations of the F-
functional calculus and on the F-resolvent equation. To define the two formulations
of the F-functional calculus we need the two integral versions of the Fueter—Sce
mapping theorem in integral form.

The Fueter—Sce mapping theorem is one of the deepest results in hypercomplex
analysis (see [27]). It gives a procedure to generate Cauchy—Fueter regular functions
starting from holomorphic functions of a complex variable. In the case of Clifford-
algebra-valued functions, see [10,15,25,30]. The proof of the analogue of the Fueter
mapping theorem is due to Sce [41] for n odd and to Qian [38] for the general
case. Fueter’s theorem has been generalized to the case in which a function f is
multiplied by a monogenic homogeneous polynomial of degree k (see [34,36,37,42])
and to the case in which the function f is defined on an open set U not necessarily
chosen in the upper complex plane (see [38—40]).

The problem of the inversion of the Fueter—Sce mapping theorem as been inves-
tigated in a series of papers (see [20,23,24]).

The F-functional calculus is based on the Fueter—Sce mapping theorem in integral
form. This is an integral transform obtained by applying suitable powers of the
Laplace operator to the Cauchy kernel of slice hyperholomorphic functions.

The case of left-slice monogenic functions was studied in [18], where the F-
functional calculus was introduced.

We observe that, to study the Riesz projectors, in the classical case, we need the
resolvent equation

(A — At —(ul — AL

(AL — A) " (ul — 4)~' = T

, ApeC\o(4), (1.1)

where A is a complex operator on a complex Banach space.

In fact, to study the classical Riesz projectors, we use the fact that the product
of the resolvent operators (Al — A)~1(ul — A)~! can be written in terms of the
difference (\I — A)~ — (uI — A)~! multiplied by the Cauchy kernel of holomorphic
functions. As a consequence of the holomorphicity, one can prove that

PQZ/ (M — A)~td),
o

where (2 contains part of the spectrum of A, is a projector, i.e. P3 = Py,.

In the case of the S-functional calculus (and, in particular, its commutative ver-
sion, the SC-functional calculus) we can follow the same strategy but in this case
the SC-resolvent equation contains both the SC-resolvent operators, as has recently
been shown in [7].
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Precisely, we consider a paravector operator T' = Ty +e, 11 +- - - +e,T5,, where Tj,
j=0,1,...,n, are real bounded operators commuting among themselves, acting on
a real Banach space and e;, j = 1,...,n, are the units of the real Clifford algebra
R,,. The F-spectrum of T is defined as

or(T) = {s € R""*: s°T — s(T' + T) + TT is not invertible},

where we have set T := Ty — e1T} — - -+ — ep, T, The left SC-resolvent operator is
defined as

Sciu(s,T) = (sT—T)(s*T—s(T+T)+TT)"", s¢or(T), (1.2)
and the right SC-resolvent operator is
SalR(s,T) = (L —s(T+T)+TT) (sT~T), s¢or(T). (1.3)

In this case, for s,p & o#(T'), the SC-resolvent equation is

Ser(s:1)ScrL(p. 1) = ((Sgr(s:T) = Scp(p. T))p
= 5(Scr(s:T) = S, TN)P* = 2s0p + |s[*) 7, (1.4)

where p and s are paravectors, i.e. s = sg + s1€; + -+ + spe, and [s|2 = 3 +
52 + .-+ + s2. This equation is the key tool for studying the Riesz projectors for
the S-functional calculus and, in particular, for its commutative version, the SC-
functional calculus. In the case of the F-functional calculus, let n be an odd number.
We define the left F-resolvent operator as

FY(s,T) ==y (sT = T)(s*’T — s(T+T) +TT)" V2 s ox(T), (1.5)
and the right F-resolvent operator as
FR($,T) = Ap (2T = s(T+T)+TT)""V/2(sT —T), seor(T), (16)

where <, are suitable constants. In this case we cannot expect an F-resolvent
equation, as in the case of the Riesz—Dunford functional calculus or as in the case
of the SC-functional calculus, because the F-functional calculus in based on an
integral transform and not on a Cauchy formula.

Now we are able to show that, at least in the case when n = 3, there is an F-
resolvent equation, but in addition to the two F-resolvent operators it contains the
two SC-resolvent operators. Precisely, for s,p & o#(T),

F3' (s, T)Sor(p, T) + Sg (s, T)F5 (0. T) + 3 ' (sF5 (s, T) F5 (0, T)p

= [(F5'(s,T) = F5 (0. T))p — 5(F5' (s, T) — F5'(p, )] (p* — 2s0p + [s]*) .
Even though it is more complicated than the SC-resolvent equation, this is the cor-
rect tool to study the analogue of the Riesz projectors for the F-functional calculus.
Moreover, the case when n = 3 allows the detailed study of the quaternionic version

of the F-functional calculus. We conclude by observing that important applications
of the quaternionic functional calculus and of its S-resolvent operators can be found
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in Schur analysis in the slice hyperholomorphic setting (see [2,3,5]; see also [1] for
the classical case). This is a very active field of research that started a few years
ago.

Outline of the paper. The remainder of the paper contains nine sections (two on
hypercomplex analysis, six on operator theory and a section for conclusions and
future directions of research) and an appendix. In §2 we state the main results on
the theory of slice hyperholomorphic functions that are necessary for § 3, in which
we consider the two formulations of the Fueter—Sce mapping theorem in integral
form. These are the key tools for the formulation of the F-functional calculus for
bounded commuting operators studied in §4. Section 5 contains some relations
between the two F-resolvent operators and the operators that are the candidates
to be the analogues of the Riesz projectors in this setting.

Section 6 contains the main results on the commutative version of the S-function-
al calculus, where we recall the SC-resolvent operators. These operators are involved
in the F-resolvent equation that is stated in §7 for the case when n = 3 and is
of fundamental importance for studying the Riesz projectors for the F-functional
calculus.

In §8 we formulate the quaternionic version of the F-functional calculus. The
results of this section are deduced from the case n = 3 studied previously and fully
describe the F-functional calculus in the quaternionic setting. Section 9 concludes
and gives future directions of research. Finally, Appendix A gives the details of the
technical proof of lemma 5.7.

2. Preliminaries on slice monogenic functions

In this section we recall some results on slice monogenic functions that will be useful
in the rest of the paper. We refer the reader to [21] for more details.
The setting in which we shall work is the real Clifford algebra R,, over n imaginary

units ey, ..., ey, satisfying the relations e;e; + eje; = —26;5. An element of the
Clifford algebra will be denoted by ZAC{l n} €ATA with x4 € R, where ey = 1
and eq = ¢;, ---¢; for A= {i1,...,4} with iy < --- < i,. When n = 1, we have

that Ry is the algebra of complex numbers C (the only case in which the Clifford
algebra is commutative), while when n = 2 we obtain the division algebra of real
quaternions H. As is well known, for n > 2, the Clifford algebras R,, have zero
divisors.

In the Clifford algebra R,,, we can identify some specific elements with the vectors
in the Euclidean space R™: an element (x1, o, ...,2,) € R™ can be identified with
a so-called 1-vector in the Clifford algebra through the map (x1,z2,...,2,) — & =
xr1e1 + -+ xhen,.

An element (zg,21,...,7,) € R"™! will be identified with the element

n
rT=x0+ =9+ E Tje;
Jj=1

called, in short, a paravector. The norm of x € R"*! is defined as |z|> = 23 +
22 4 -+- + 22. The real part zo of z will also be denoted by Re(x). A function
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f: U CR"! 5 R, is seen as a function f(x) of z (and similarly for a function
f(z) of z € U C R™). We shall denote by S the sphere of unit 1-vectors in R", i.e.

S:{lzelm1++enxnx%++m%:1}

DEFINITION 2.1. Let U C R™t! be an open set and let f: U — R,, be a real
differentiable function. Let I € S and let f; be the restriction of f to the complex
plane C; and denote by u + Iv an element on C;. We say that f is a left-slice
monogenic (or s-monogenic) function if, for every I € S, we have

1

2(if1<u + Iv) +I§Uff(u+fv>) =0

on U NC;. We shall denote by SM(U) (or by SM™(U) when confusion may arise)
the set of left-slice monogenic functions on the open set U. We say that f is a
right-slice monogenic (or right s-monogenic) function if, for every I € S, we have

1

2(;“]”1(1&—1—[1)) + ;}fj(u—i—lv)]) =0

on U N C;. We shall denote by SMB(U) the set of right-slice monogenic functions
on the open set U.

DEFINITION 2.2. Given an element z € R™*!, we define
[z] = {y € R""': y = Re(x) + I|z|, I €S}.

The set [z] is an (n — 1)-dimensional sphere in R"*1. When z € R, [z] contains
only z. In this case, the (n — 1)-dimensional sphere has radius equal to zero. The
domains on which slice hyperholomorphic functions have a Cauchy formula are the
so-called slice domains and axially symmetric domains.

DEFINITION 2.3.

(i) Let U C R™*! be a domain. We say that U is a slice domain (or s-domain)
if U NR is non-empty and if C; N U is a domain in Cy for all I € S.

(i) Let U C R™™. We say that U is azially symmetric if, for all u + Iv € U, the
whole (n — 1)-sphere [u 4 Iv] is contained in U.

It is important to point out that a key tool in our theory is the Cauchy formula
for slice monogenic functions. If = xo+ejx1+---+e,Tn, S = sg+e181+- - +ensy
are paravectors in R™*1, then we have the following facts. The following identity
follows by a direct computation as stated in [12, proposition 2.8].

PROPOSITION 2.4. Suppose that x and s € R"! are such that x & [s]. Then
—(z% — 2z Re(s) + |s]?) " (z — 5) = (s — 7)(s* — 2Re(x)s + |z[*) . (2.1)

This fact justifies the following definition.
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DEFINITION 2.5. Let z,s € R"*! such that x ¢ [s].
e We say that Sy '(s, ) is written in form T if

Syt (s, x) := — (2 — 2z Re(s) + |s]?) " (z — 3).

e We say that Sy '(s,z) is written in form IT if

S;t(s,x) = (s — z)(s* — 2Re(w)s + |z[*) 7"

The following identity follows by a direct computation as in proposition 2.4.

PROPOSITION 2.6. Suppose that x and s € R are such that x ¢ [s]. The following
identity holds:

(s —2Re(x)s + |z]*) (s — %) = —(z — 5)(2® — 2Re(s)x + |s]*) . (2.2)
This fact justifies the following definition.
DEFINITION 2.7. Let z,s € R™™! such that = & [s].
e We say that S;'(s, ) is written in form I if

Sgl(s,z) == —(x — 8)(2* — 2Re(s)z + |s[*) 1.

e We say that S;'(s,z) is written in form II if

Sit(s,x) = (s* — 2Re(2)s + [z|*) "' (s — 7).

THEOREM 2.8 (the Cauchy formula). Let U C R"! be an azially symmetric s-
domain. Suppose that O(U N Cy) is a finite union of continuously differentiable
Jordan curves for every I € S. Set ds; = —dsI for I € S. If f is a (left) slice
monogenic function on a set that contains U, then

1

=5 Sy (s, z)dsrf(s) (2.3)
T Jauncy)

f()

and the integral depends neither on U nor on the imaginary unit I € S.
If f is a right-slice monogenic function on a set that contains U, then

1

" 27 Jownen)

f(x) f(s) dslslgl(s,x) (2.4)

and the integral depends neither on U mor on the imaginary unit I € S.

The deepest property of slice monogenic functions on axially symmetric slice
domains is the representation formula (also called the structure formula; see [11]).
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THEOREM 2.9 (representation formula). Let U C R™*! be an azially symmetric
s-domain.

o Let f € SMY(U). Then, for any vector x = u + I,v € U, we have

flz) =31 — LI f(u+ Iv) + 3[1 + L] f(u— Iv) (2.5)

f(@)=3[f(u+Tv)+ flu—Iv)] + S LI[f(u—Tv) — flu+Iv)]. (2.6)

o Let f € SMR(U). Then, for any vector x = u + I,v € U, we have
f(@) =3[ = IL]f(u+ Iv) + 3[1 + I L] f(u — Iv) (2.7)

f@) = 5lf(u+Tv) + flu—Tv)] + 5[[f (u— Tv) = flu+ Tv)]IL].  (2.8)

As we shall see in the following, the representation formula shows that it is
possible to apply the Fueter—Sce mapping theorem to slice monogenic functions to
obtain monogenic functions, i.e. functions in the kernel of the Dirac operator.

3. The Fueter—Sce mapping theorem in integral form

For completeness we recall the notion of monogenic functions.

DEFINITION 3.1 (monogenic functions). Let U be an open set in R"1. A real dif-
ferentiable function f: U — R,, is left monogenic if

0 " 0
pr. (z) —|—;eia—mif(m) =0.

It is right monogenic if

0 "0
5 0) + X g (@i =0

The representation formula shows that a slice monogenic function
f:UCR" SR,
is of the form
[+ Iy) = alz,y) + 15(x,y),

where a and (8 are suitable R,,-valued functions satisfying the Cauchy—Riemann
system and I is a l-vector in the Clifford algebra R,, such that I? = —1. The
Fueter—Sce theorem states that, for n odd, if f(z + Iy) = a(x,y) + I8(x,y) is slice
monogenic, then the function

f(zo, |z]) = A1/ (a(wm |z|) + %5(9307 |$|)>
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is monogenic, i.e. it is in the kernel of the Dirac operator. Here A is the Laplace
operator in dimension n + 1. This means that, using the Cauchy formula of the
slice monogenic functions, we apply the operator A("~1)/2 to the Cauchy kernels
to obtain an integral version of the Fueter—Sce mapping theorem.

The crucial point, as observed in [14], is that we can get an elegant formula only
when we apply the operator A(~1/2 to the Cauchy kernel in form II. This means
that when we define the F-functional calculus using this integral transform we are
restricted to the case of commuting operators.

THEOREM 3.2. Let x,s € R"™ be such that x ¢ [s] and let
A= —
; Ox?

be the Laplace operator in the variable x.

(a) Consider the left-slice monogenic Cauchy kernel Sy ' (s, x) written in form II,
i.€.
S;t(s,x) i= (s — &) (s* — 2Re(w)s + |z[*) 7"

Then, for h > 1, we have

h h

AMST (s 2) = (1) H(%) H(n—(2€—1))(s—9’c)(52—2 Re[xz]s+|xz|?) =B+,
=1 =1

(3.1)

(b) Consider the right-slice monogenic Cauchy kernel Sﬁl(s,x) written in form
11, i.e.
Sgl(s,z) = (s* — 2Re(x)s + [z]*) (s — 7).
Then, for h > 1, we have

h h
AMSR (s, 2) = (1) H(%) H(n—(%—l))(sQ—Z Re[z]s+]|z|?) ="+ (s—z).
=1 =1

(3.2)

Proof. We shall only consider the right-slice monogenic case, as the left-slice mono-
genic case has already been proved in [18]. We shall prove the formula by induction.

We have
82
@Sgl(s, z) = 2(s% — 2Re(x)s + |2|*) 73(—25 + 220)*(s — 7)
0
—2(s* — 2Re()s + |z[*)%(s — 7)
+2(s — 2Re(2)s + |2[*) "2(—2s + 20)
and, fori=1,...,n,

2
%Sgl(s,x) = 827(s® — 2Re(x)s + |z|*) (s — )

?

—2(s* = 2Re(x)s + |z]*) %(s — 7)
—4z;(s* — 2Re(x)s + |z|*) " 2e;.
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Thus, we obtain
ASg(s,z) = 2(s* — 2Re(z)s + |2|*) * (=25 + 230)? (s — 7)
+2(s* — 2Re(z)s + |z|*)"2(—2s + 210)
n
+ Z 822 (s? — 2Re(z)s + |z[*)3(s — )
i=1

- 24@(82 —2Re(z)s + |2|*) " 2e;
i=1
—2(n+1)(s* = 2Re(z)s + |z|*)2(s — Z),
and since (s? — 2Re(x)s + |z|?)~! and (—2s + 27¢) commute we have

ASg(s, )" = <2(—25 +220)% + Z 81‘22) (s —2Re(z)s + |z[*)3(s — )

i=1
+ (5% — 2Re(x)s + |2[*) 2 (2(—23 + 2z0) — Z4xiei>
i=1

—2(n+1)(s* = 2Re(x)s + |z]*) %(s — 7).

Finally, we obtain
ASg!(s,7) = 8(s® — 2Re(x)s + |2|*) "2(s — 7)
—4(s* = 2Re(x)s + |z)*) %(s — 7)
—2(n+1)(s* — 2Re(z)s + |z|?)"2(s — 7)
= —2(n —1)(s* = 2Re(z)s + |z|*) (s — 2),
which corresponds to (3.2) for h = 1.

Let us assume that (3.2) holds for some h € N, and show that it holds for 4 + 1.
In order to avoid the constants, we consider the function

Gh(s,z) == (s> = 2Re(x)s + |z|>) " "+ (s — 7). (3.3)
We have
2
%Gh = (h+2)(h+1)(s* — 2Re(z)s + |2[2) "3 (=25 + 220)?(s — &)
0
—2(h+1)(s* — 2Re(z)s + |2[2)~ P2 (s — 1)
+2(h +1)(s® — 2Re(x)s + |x]?) "2 (=25 4 22¢)
and
82

@Gh(s, z) = 4(h +2)(h+1)(s* — 2Re(z)s + |2[2) P2 (s — z)

—2(h+1)(s* — 2Re(x)s + |z|?) "+ (s — 7)
—4(h+1)(s> — 2Re(x)s + |z[2) "D ze;.
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Thus, we obtain
AGhL(s,x) = =2(h + 1)(n — (2h 4+ 1))(s*> — 2Re(x)s + |z|>) "+ (s — 2),

and so, taking into account the fact that

ASz!(s,2) = (1" [[@) [[(n — @21 - 1)G(s.2),

=
=

~

1

~

1

we obtain that (3.2) holds for A + 1. By induction we get the statement. O

PROPOSITION 3.3. Let v, s € R"*1 be such that x & [s]. The function A"S; (s, z)
is a right-slice monogenic function in the variable s for all h > 0. The function
AhSlgl(sw) is a left-slice monogenic function in the variable s for all h > 0.

Proof. We shall only consider the right-slice monogenic case, as the left-slice mono-
genic case has already been proved in [18]. For h = 0 the statement is well known.
If h>1, weset s=u+ Iv for I €S and we consider the function G}, introduced
n (3.3) to avoid the constants. We have

%Gh(quvI,x):(u27v2+2luv+2Re( )(u + Tv) 4 |z[?)~(+D

— (h+1)(u? = v + 2Tuv + 2 Re(z) (u + Tv) + |z[?)~ P+
X (2u+2Iv — 2Re(x))(u + vl — T)

and

(%Gh(u—kvlw):(u2—v2—|—2hw—|—2Re( )Y(u+ Iv) + |z[2)~ 0T

— (h+1)(u? = v® + 2Tuv + 2 Re(z) (u + Tv) + |2[2)~ P+ 1
X (—2v + 2Iu — 2T Re(x))(u + vl — T).

As I and (u? —v%+2Tuv+2 Re(x)(u+Iv)+|z|?) " commute, it follows immediately

that 5 5
%Gh(u +Iv,z) + I%Gh(u + Iv,z) =0.
Therefore, ASg' (s, ) is left-slice monogenic in its first variable. O

PROPOSITION 3.4. Letn be an odd number and let x,s € R"*1 be such that x & [s].
Then the function A"=1/2871(s x) is a left monogenic function in the variable x,
and the function A(”_U/QSQ (s,x) is a right monogenic function in the variable x.

Proof. We shall only consider the right-slice monogenic case, as the left-slice mono-
genic case has already been proved in [18]. Again we consider the function Gn-1)/2
as defined in (3.3) to avoid the constants. We have

0 n+1 -
B Gy = =5 (57 = 2Re(a)s +[af?) = /27 (<25 4 200) (5 — 2)

— (s = 2Re(x)s + |x]?)~(+1)/2
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i _ n+l

(s* = 2Re(@)s + [a[*) TV (22,) (s — )
+ (5% — 2Re(x)s + |z|?) " (" TD/2¢,
fori=1,...,n. If we consider

0 0
0rGn_1))2 = TG(n 1)/2+Z (G(n 1)/2)617

i=1
we get

n+1

0, Gla1)2 = — A (s? = 2Re(a)s + o)~ ("V/271 (<25 + 2a)(s — 7)

— (5% = 2Re(x)s + |[?)~(nFD/2

- (st = 2 Re()a + faft) D/ (Zax ‘)
n(s? — 2Re(z)s + |z|?) (" F1)/2
= (n+1)(s* = 2Re(a)s + |o2) D2 (s(s — 7) — (s — 2)a)
— (n41)(s*> — 2Re(z)s + |z|>) (" +1)/2

=0

as s(s—&)— (s— )z = s* —2Re(x)s +|x|?. Therefore, G(,,_1)/2(s,z) and Sgl(s,z)
are right monogenic in x. O

DEFINITION 3.5 (the JF,-kernel). Let n be an odd number and let z, s € R"*1. We
define, for s ¢ [z], the FL-kernel as

Fh(s,x) = A(”_l)/2551(s7x) = Yn(s — Z)(s* — 2Re(x)s + |z|?)~(FTD/2,
and the FX-kernel as
FR(s,2) := A28 (5 1) = 4, (5% — 2Re(2)s + |2|*)~"TD/2(s — 7),
where
o 1= (DR (o = D) (34)
REMARK 3.6. Observe that the constants 7, are obtained from the identity

(n-1)/2  (n-1)/2
(-2 T @0 JI (n—@e—1) = (=" D227 (L (n — 1)

=1 {=1

THEOREM 3.7 (the Fueter—Sce mapping theorem in integral form).

Let n be an odd number. Set dsy = ds/I. Let W C R™! be an open set. Let U be a
bounded azially symmetric s-domain such that U C W. Suppose that the boundary
of UNCy consists of a finite number of rectifiable Jordan curves for any I € S.

https://doi.org/10.1017/50308210515000645 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000645

520 F. Colombo and J. Gantner
(a) Ifz €U and f € SMY“(W), then f(z) = A=D/2f(z) is left monogenic and

it admits the integral representation
1

= — FE(s,x)ds;f(s). (3.5)
21 Jowner)

f(z)
() Ifz € U and f € SMR¥W), then f(z) = A"=D/2f(x) is right monogenic
and it admits the integral representation

1

= — f(s)ds; FR(s,2). (3.6)
27 Jawner)

f(@)

The integrals depend neither on U nor on the imaginary unit I € S.

Proof. This follows from the Fueter—Sce mapping theorem, from the Cauchy for-
mulae and from proposition 3.4. O

We point out that the Fueter—Sce mapping theorem in integral form can be
proved for more general open sets (more precisely, for open sets that are only axially
symmetric); see [18]. For the application to the F-functional calculus we can take
axially symmetric s-domains. This is why we work directly with slice monogenic
functions. In this case we consider just axially symmetric open sets. We have to
change the definition of slice monogenicity and consider holomorphic functions of
a paravector variable. Precisely, the definition has to be changed as follows. Let
U C R™! be an axially symmetric open set and let &/ € R x R be such that
x=u+IveU for all (u,v) € U. We consider functions on U of the form

f(@) = a(u,v) + 15(u, v),
where «a, ( are R,-valued differentiable functions such that
a(u,v) = a(u, —v), B(u,v) = B(u,—v) for all (u,v) €U
and, moreover, o and [ satisfy the Cauchy—Riemann system
Oy — 0,3 =0, Oy + 0y, 3 = 0.

On axially symmetric s-domains this class of functions coincides with the class of
slice monogenic functions.

4. The formulations of the F-functional calculus

In this section we recall some definitions and results to be used later. By V we
denote a real Banach space over R with norm || - ||. It is possible to endow V with
an operation of multiplication by elements of R,, that gives a two-sided module
over R,,. We denote by V,, the two-sided Banach module V ® R,,. An element of
V,, is of the form ZAC{L...,n} eavs with vy € V, where eg =1 and eq4 = e, -+ - €;,
for A = {i1,...,4,} with 41 < --- < i,. The multiplications (right and left) of an
element v € V,, with a scalar a € R,, are defined as

va = Z’UA ® (eaa) and av = Z’UA ® (aeq).

A A
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For short, we shall write ) , vaeq instead of ) , va ® e4. Moreover, we define
[Wlv, = llvallv.
A

Let B(V) be the space of bounded R-homomorphisms of the Banach space V into
itself endowed with the natural norm denoted by || - [|5(v)-
If T4 € B(V), we can define the operator T'= )" , Taea and its action on

v = E UVBERB
B

as
T(v) = Z Ta(vg)eaep.
A,B
The set of all such bounded operators is denoted by B(V,). The norm is defined
by

Tl = D 1 Tallsw)-
A

In the following, we shall only consider operators of the form T'= Ty + Z?:l e; T3,
where T € B(V) for j =0,1,...,n, and we recall that the conjugate is defined by

T = TO — Z ejTj.
Jj=1

The set of such operators in B(V;,) will be denoted by B%!(V,,). In this section
we shall always consider n-tuples of bounded commuting operators, in paravector
form, and we shall denote the set of such operators as BC**(V},). We recall some
results proved in [13,18].

DEFINITION 4.1 (the F-spectrum and the F-resolvent sets). Let T € BC®'(V;,).
We define the F-spectrum o#(T) of T as

or(T) ={s € R""': s2T — (T + T) + TT is not invertible}.
The F-resolvent set px(T) is defined by
pr(T) =R\ ox(T).

Here we state two important properties of the F-spectrum. The first is its axial
symmetry, and the second is that, for the case of bounded operators, the F-spectrum
is a compact and non-empty set.

THEOREM 4.2 (structure of the F-spectrum). Let T € BC**(V,,) and let
p=po+pl€po+pml CR™I\R,

such that p € ox(T). Then all the elements of the (n — 1)-sphere [po + p1I] belong
to O’]:(T).

Thus, the F-spectrum consists of real points and/or (n — 1)-spheres.
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THEOREM 4.3 (compactness of the F-spectrum). Let T € BC*'(V},). Then the F-
spectrum ox(T) is a compact non-empty set. Moreover, ox(T) is contained in {s €
R s| < 17713

The definition of the F-resolvent operator is suggested by the Fueter—Sce map-
ping theorem in integral form.

DEFINITION 4.4 (F-resolvent operators). Let n be an odd number and let T' €
BCY(V,,). For s € p#(T) we define the left F-resolvent operator by

FY(s,T) := yn(sT — T)(s*T — s(T +T) + TT)~(+1)/2, (4.1)
and the right F-resolvent operator by

FR(5,T) := yn(s*T — s(T + T) + TT)~"V/2(sT - T), (4.2)
where the constants ,, are given by (3.4).

Now we have to say which are the functions that are defined on suitable open
sets that contain the F-spectrum. For this class of slice monogenic functions it is
possible to define the F-functional calculus for bounded operators.

DEFINITION 4.5. Let T € BC*'(V,) and let U € R™*! be an axially symmetric
s-domain.

(a) We say that U is admissible for T if it contains the F-spectrum oz (T'), and
if (U N Cy) is the union of a finite number of rectifiable Jordan curves for
every I € S.

(b) Let W be an open set in R, A function f € SM“(W) (respectively,
f € SMR(W)) is said to be locally left (respectively, right) slice monogenic
on oz (T) if there exists an admissible domain U C R"! such that U C W,
on which f is left (respectively, right) slice monogenic.

(c) We shall denote by S./\/lf;f(T) (respectively, SME;:(T)) the set of locally left
(respectively, right) slice monogenic functions on o (7).

Finally, the following theorem is crucial for the well posedness of the F-functional
calculus.

THEOREM 4.6. Let n be an odd number, let T € BC*'(V,) and set ds; = ds/I.
Then the integrals

1
— Fr(s,T)ds;f(s), f€SMy 1, (4.3)
27 Jawner)

and
1
— f(s)dsi FR(s,T), f€SMy (1), (4.4)
27 Jowner)

depend neither on the imaginary unit I € S nor on the set U.
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Proof. The case of left-slice monogenic functions has been treated in [18]. We only
consider the right-slice monogenic case. For every continuous linear functional ¢ €
V; and v € V,,, we define the function

9o0(5) = (9, Fy (s, T)v).

Since A("’l)/zSgl(s,x) is left s-monogenic in s by proposition 3.3, the function
ge.w 1s also left-slice monogenic on pz(7T'). Furthermore, as lims o0 gg,0(s) =0, it
is also left-slice monogenic at co.

To prove that the integral (4.4) does not depend on the open set U, we consider
another open set U’ as in definition 4.5 with ox(T) C U’ C U. As every g4, is
left-slice monogenic on U’ C pz(T) and g¢.,(c0) =0, we can apply the Cauchy
formula and obtain

1 _ 1 _
doole) = o [ S ) dsigons) = - 517 (5,2) dsri0(),
21 Jowrney)- 21 Jowrney)

(4.5)
where (U’ N C)~ is the border of U’ N C oriented in a way that includes U’°. As
Sgl(&m) = —SEI(:E, s) and as f is right-slice monogenic on U, we get

1 R
¢> o f(S) dSI]:n (S7T) v
21 Jowney)
1
= f(s)dsrgg,0(s)
27 Jowner) ¢
! f(s)ds { ! / S;t(t,s)dtrg (t)}
=— I|—5= ) 19¢.v
21 Jawner) 2m Jowney)- - ¢
: o s s diagan ()
= — - s)dasy S, 194,
21 Jowrney) L2 Jawner) R o
1
= — f(t) dt[g ,U(t)
27 Jawrne) ¢

This equality holds for every ¢ € V! and v € V,,. Therefore, by the Hahn—Banach
theorem, it follows that

1

— f(s)dsrFR(s,T) = L / f(s)dsrFR(s,T).
21 Jawner) 21 Jowrne)
Now let U be an arbitrary set as in definition 4.5 that is not necessarily a subset of
U. Then we can find an admissible set U’ with o(T) C U’ € UNU and therefore
the integrals over all three sets must agree.

The proof of the independence of the imaginary unit I works analogously. Again
we consider an admissible open set U’ with o#(T) C U’ C U. As (4.5) is indepen-
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dent of the imaginary unit, for an arbitrary J € S we have

1
— f(s)dsrgev(s)
21 Jowney) ¢
1 1
- fsdsl[—/ SL(t,s)dtyg ,vt}
2 Jownes (s) o Jownc,) F (t,s)dtsge,.(t)
1 1 / .
—— — f(s)dsr Sy (s,t } dtyge..(t
21 Jawney) [QW a(UNCy) (s) R (1) s (8)
1
f(t) dth¢’v (t)

27 Jowrney)
As we already know that these integrals are independent of the set U, for every

¢ € V! and v € V,, we therefore have

1 1

— fsdsg,vs:—/ f@)dtrge(t),
27 Jownes (s)ds1gs,0(s) o Jowne (t)dtge.(t)

and from the Hahn-Banach theorem it follows that the integral (4.4) does not
depend on the imaginary unit. O

DEFINITION 4.7 (F-functional calculus for bounded operators). Let n be an odd
number, let T € BC™!(V,,) and set ds; = ds/I. We define the F-functional calculus

as
- 1
F(T) = — Fr(s,T)dsif(s), f€SMy, (), (4.6)
2 Jawner) s
and
v 1
f(T) = — f(s)dsiFR(s,T), f€SMF i), (4.7)
21 Jowner) >

where U is admissible for T

5. Some relations between the F-resolvent operators
With the position
Qu(T) = (s*T —s(T+T)+TT)"', scpr(T),
we can write the left F-resolvent operator as
Fyi(,T) = n(sT — T) Qs(T) "D/, (5.1)
and the right F-resolvent operator as
F(5.T) = 1 Qu(T)"TV/2(sT — T). (5:2)

THEOREM 5.1 (the left and right F-resolvent equations). Let n be an odd number
and let T € BC*Y(V,,). Let s € pr(T). Then the F-resolvent operators satisfy the
equations

FY(s,T)s — TFE(s,T) = 7, Qq(T) "~ 1)/2 (5.3)
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and
sFR(3,T) — FR(s, T)T = 7 Qs (T) "~ V/2. (5.4)
Proof. Relation (5.3) was proved in [4]. Relation (5.4) follows from
Fn(s,T)s = vn(sT — T)sQq(T)"+1)/2
and
TFn(5,T) = v (Ts — TT)Qy(T)"1/2,
Taking the difference, we obtain
Fuls,T)s = TFy(5,T) = (5L — s(T +T) + TT)Qu(T)"T1/2 = 5, 0 (T) " /2,
O

THEOREM 5.2 (left and right generalized F-resolvent equations). Let n be an odd
number, T € BC"(V,,) and set

m—1
M (5,T) = 7 3 THQ(T) /2 gm =1
=0

= (Qy(T) (= 1/2gm=1 L T Q(T)(n=D/2gm=2 1 ...
+ T 2Q(T) " 2s + T 71Q(T) "~ /2)

and

m—1

M (ST 77nzsm 1— zQ( )n 1)/2Ti

_ ( m— IQ ( )(n 1)/2+Sm—2Q ( )(n—l)/2T+.“
+SQ ( )n 1) /2Tm 2+Tm IQ ( )(nfl)/2).
Then, for m € Ny and s € pg(T), the following equations hold:
T"Fr(s,T) = Fr(s,T)s™ — Mk (s,T), (5.5)
FR(s, T)T™ = s™FR(s5,T) — MB (5, 7). (5.6)

Proof. The proof works by induction. We shall only show (5.5), as the proof is
analogous for (5.6). For m = 0 the statement is trivial. For m = 1 it is the F-
resolvent equation (theorem 5.1). Assume that (5.5) holds for m — 1. Then we have

TmFE(s,T) = T(Fy(s,T)s™ ! — Mu_1(5,T))

= TfTILJ(&T)Smil 7TMm—1(37T)- (57)
As
TMpy_1(s,T) = VnTZTz (n 1)/2 gm—2—i
7,}/"le (n 1)/2m11
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by substituting the resolvent equation (5.3) in (5.7), we obtain

T Fy(s,T)
m—1
_ f,%(s,T)Sm _ ’Yan(T)(n_l)/2Sm_1 — Z TiQS(T)(n—l)/Qsm—l—i
i=1

m—1
_ ]_'TI;(S,T)Sm — Y Z TiQs(T)(nfl)/Qsmflfi
=0

= f,I;(s,T)sm — M (s, T).
O

THEOREM 5.3 (the pseudo-F-resolvent equation). Let n be an odd number and let
T € BC®'(V,,). Then, for p,s € pr(T), the following equation holds:

Fo (s, T)Fy (0, T)

= [(F (5, ) Q5" VA(T) = 1 QU V(1) Fy(p, T))p

= 5(F (5, T)m Q™ (T) = 1 Q™ VA(T) F (0, T (07 — 2500 + [s[*) ™

Proof. We prove the statement by showing that

Fo (s, T)F (0. T) (0 = 2s0p + [s]%)

= (Fr (5, 1)1 Q) VA(T) = Q0 VAT Fr(p, T))p
= S(F (s, Ty QY V2A(T) = 7, QU V(1) F(p, T)).
If we apply the generalized F-resolvent equations (5.5) and (5.6), we obtain
Fn (s, T)F (p, T)p?

= FE(s, D) T2 F5(p, T) + Ty Q5 V/2(T) + 7, Q5= D/2(T)p]
= FR(s, T)T?F5(p, T) + F2 (s, T) Ty Q0 V/2(T) + FE (s, T)7, Q" V/3(T)p

= ["F(5,T) = 1 Q0 V(DT — 59,00 V/3(T)| Fy(p, T)
+ [T (s, T) = 1 QU VAT QF V(T + Fi (s, T Q5 V2 (T)p
= S F(s, T)Fr (0, T) = 1 Q0 V/A(T)TFy (p, T) — 57, Q" V/(T) Fl(p, T)
+ 5T (5, T)m QY V/A(T) — 72 Q0 D/2(T)Qf~1/*(T)
+ Fi (s, )y Q5 (T)p.
In a similar way, by applying the F-resolvent equations (5.3) and (5.4), we obtain
Ft(s, T)Fi(p, T)2s0p = 250 F 5 (5, T)[TF (p, T) + 1 Q5 V/*(T)]
= 2s0[sF (5, T) = 1 Q" Y/ 3(T)) Fy (p, T)
+ 250 F 2 (5, T)vn Qé"fl)ﬂ(T)
= 2s05F 5 (s, T)Fy (p, T) — 2507, Q" V/(T) F (p, T)
+ 250 F 0 (s, T)7n QU /2(T).
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Therefore, we have
Fu (s, T)F (p, T) (0 — 2505 + |s]*)
= (s> = 2505 + |s]) Fl (s, T)Fy (0, T) = 7 QU V21T Fy: (p, T)
+ (250 = 8)1 QU VAT (p, T) + (s — 250) F (5, Ty Q5" V(1)
— 7 QU VT QLI A(T) + Fii (s, Ty Q)2 (T)p.

As 259 — s = 5 and s — 2s0s + |s|? = 0, by applying the F-resolvent equation (5.3)
once again to v, oln=1/2 (T)TFE(p,T), we get

FiH(s, T)Fy (p, T)(p® — 2s0s + |s|*)
= =1, QU V(T FY (p, T)p — 1 Q5 /(1))
— 5(FM (s, T Q2T = 7, Q0 V(1) F il (p, T)
— QT QAT + FR (s, T)yn QY V/(T)p
= [ (s, T QS V/2(T) — 4, Q0 V/2(T)Fl (p, T)]p
— S[FR (s, T) Q5 V/2(T) — 4, Q0 V/2(T) F (p, T)).-
O

The pseudo-F-resolvent equation can be written in terms of the F-resolvent
operators by only using the left and the right F-resolvent equations.

COROLLARY 5.4 (the pseudo-F-resolvent equation, form II). Letn be an odd num-
ber and let T € BC**(V,,). Then, for p,s € pr(T), the following equation holds:

Foi(s. T)Fy (p, T)
= [(Fa (s, T)(Fy (p. T)p — TF(p, T)) — (sF(5,T) = Fpi (s, T)T)Fy (p. T))p
= 8(FH (s, T)Fy (0. T)p = TF; (0, T)) = (sF, (s, T) = Fi (s, T)T) F (p, 7))
x (p* = 2s0p + |s|*) 7.
Proof. This is a direct consequence of theorems 5.3 and 5.1. O

REMARK 5.5. We conclude this section with an important property of the operators
IBJ», defined in (5.8): in dimension n = 3 they are the Riesz projectors associated
to a given paravector operator T" with commuting components, as proved in §7.
The case n > 3 is still under investigation, and it is related to the structure of the
F-resolvent equation in dimension n > 3.

We begin by recalling the definition of projectors and some of their basic prop-
erties.

DEFINITION 5.6. Let V be a Banach module and let P: V' — V be a linear operator.
If P2 = P, we say that P is a projector.

For neatness, we state the proof of the following lemma in Appendix A.

LEMMA 5.7. Let n be an odd number and let Pr,_1 , = AM=1/24n=1 peo the mono-
genic polynomial defined on R"*1. Then we have Py_1 ., = .
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Lemma 5.7 motivates the definition of the operators 15]'.
THEOREM 5.8. Let n be an odd number, T € BC*'(V,,) and f ESMI;F(T). Let

or(T) = 017 Uosr, with dist(o17,027) > 0. Let Uy and Uy be two admissible
sets for T such that o17 C Uy and oor C Us, with Uy NUy = (. For j = 1,2, set

-1
P = % Fl(s,T)dsys" L, (5.8)
a(U;NCr)
o -1 1
T; = 7L/ FL(s, T)dsys" — — Q. (T)"V/2ds;sm~L. (5.9)
27T a(Ujﬁ(C[) 271— S(UjﬂCI)

Then the following properties hold.
(1) TP; = P;,T =Ty forj=1,2.

(2) For A € pr(T) we have

PiFEN, T)N = Ty FE(N, T) = Pjyn Qa(T) " V/2 j=1,2, (5.10)
AFRO TP — FREOT)T; = 7, Q0 (T) D2, j=1,2. (5.11)

Proof. Note that the operators Pj and ij can also be written using the right F-
resolvent operator. To prove (1), we apply the F-resolvent equation and get

21

-1
TP; = TWL/ FLh(s,T)dsys" !
a(U;NCr)

-1
= ’YL/ TFY(s,T)dsys"?
271- 6(U]ﬂ(CI)

—1
== (FE(5,T)s — 10 Qy(T) "~ D/2) sy 51
2 Jow,ney)

= ’YL/ Fl(s, T)dsys™ — — QS(T)("*U/2 dsys™ !
271- a(U]'ﬂ(CI) ™ 8(UjﬁC[)
_ 7,

As s, dsy and Q(T) commute on C;, we also have

—1
T = ’YL/ "t ds  FR(s, T)T
27 a(U;NCr)

1
T R D)~ QD))
21 Jow,ncr)

™

Il
N

’YL/ s"ds  FR(s, T) — 7/ s" sy Qu(T) /s
2m Jow,;ncy) a(U;NCr)
j.
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To prove (5.10), for A € pz(T) we apply the F-resolvent equation (5.3) and

obtain
B FE(T)A = Py(TFE(N, T) — 7, QA (T)~1/2)
= P TFY(NT) — Py Qa(T)"71/2
= T3FY (N T) — Py, QA(T) 172,
The identity (5.11) can be proved analogously. -

6. Preliminary results on the SC-functional calculus

As we mentioned in § 1, the F-resolvent equation for the F-functional calculus also
involves the SC-resolvent operators. In this section we recall some results on the
SC-functional calculus (for more details see [13]).

DEFINITION 6.1 (the SC-resolvent operators). Let T € BC%!(V,) and s € px(T).
We define the left SC-resolvent operator as

Sep(s,T) = (sT=T)(’T—s(T+T)+TT) ", (6.1)
and the right SC-resolvent operator as
Ser(s,T) = (T —s(T+T)+TT) '(sT—T). (6.2)

THEOREM 6.2. Let T € BC®'(V,,) and s € p#(T). Then SalL(s,T) satisfies the left
SC-resolvent equation,

Sep(s,T)s = TS5 (s, T) =1, (6.3)
and SalR(s,T) satisfies the right SC-resolvent equation,
sSoR(s,T) = Sg (s, T)T =T,
The following crucial results is proved in [7].

THEOREM 6.3 (the SC-resolvent equation). Let T € BC*(V,,) and s,p € pr(T).
Then we have

—5(Sgr(5,T) = Sg (. T))(P* — 2sop + |s|*) 1. (6.4)

Moreover, the resolvent equation can also be written as

Seh(s.T)ScL(p.T) = ((Sck(s:T) — ScL(p. T))p

Scr(s, TS L0, T) = (s* = 2pos + [p[*) T (s(Sg r(s, T) — ScL(p, T))

— (Sor(s,T) = Sg1,(p, T))p).  (6.5)
DEFINITION 6.4 (the SC-functional calculus). Let T € BC™'(V,,). Let U C R™+!
be admissible for T" and set ds; = ds/I for I € S. We define

1
o

f(T) / SciL(s,T)ds f(s) for f € SMy, (1) (6.6)
a(UNCy)
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and
1

T o

£(T) / f(5)dsS5h(s,T) for f e SME g, (6.7)
a(UNCy) ’ s

Finally, we need a technical lemma.

DEFINITION 6.5. Let f: U — R,, be a slice monogenic function, where U is an open
set in R"*!. We define

NU) = {f €e SMU): f(UNCT;) CC; VI €S}.

First, let us observe that functions in the subclass A/(U) are both left- and right-
slice hyperholomorphic. When we take the power series expansion of this class
of functions at a point on the real line the coefficients of the expansion are real
numbers.

Now observe that, for functions in f € N(U), we can define f(T') using the left
and the right SC-functional calculus, as follows:

fTy =1 SoL (.7 dsy f(s)
27 Jownen

1 _
=— f(s)ds S (s, T).
27 Jowner)
The following lemma is proved in [7].

LEMMA 6.6. Let B € B(V,,). Let G be an axially symmetric s-domain, and assume
that f € N(G). Then, for p € G, we have

1

Py f(s)ds1(5B — Bp)(p® — 2sop + |s[*) ™" = Bf(p).
™ Jo(GnCr)

7. Projectors for the dimension n = 3

The proof that the operators I5j defined in (5.8) are projectors is based on a suitable
JF-resolvent equation that establishes a link between the product, .7':,1?(57 T)]-',r; (p, T),
and the difference, FX(s,T) — FX(p, T). For the case n = 3 we are able to show
that such a relation exists and we can prove that the operators Pj are projectors.

7.1. The F-resolvent equations for n = 3

We start with a preliminary lemma.

LEMMA 7.1. Let T € BC(V3). Then for p,s € px(T) the following equation holds:
F3 (. T)SGL0,T) + So (s, T)F5 (0, T) +713Qs(T) Q(T)
= [(F5'(s,T) = F3 (0, T))p = 5(F5 (5, T) = F5 (0, T))](0* = 2s0p + |s[*) .

Proof. Let us consider the SC-resolvent equation. Multiplying it on the left by
v3Q:(T), we get

F(s, T)ScL(p, T) = [(F5 (s, T) — 13Q:(T)S. (0. T))p
— 8(F3(s,T) — 1395 (T) St (p, T))](p* — 2s0p + |s[*) .
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Now, multiplying the S-resolvent equation on the right by v3Q,(T), we get

SCR(S T)]::s (p,T) = [(SCR(S T)v3Q,(T) — fé#(p’T))p
- (SC,R(S’T)73QP(T) — T3 (p,T))(p* — 2s0p + |s|*) !

Now we add the two equations above to get

F3(s,T)Sq1(p, T) + Sg i (s, T)F5 (p, T)
= [(F34(s,T) = F¥ (0, T))p — S(F5 (5, T) — Fy(p, T (p* — 2500 + |s) "
+[(Sc (5, T3Qp(T) — 13Qs(T)Sc (v, T))p
— 5(Sc (5, T)3Qp(T) — 13Q:(T)SG L (p, T (0° — 250p + [s[*) "

Finally, we verify that

[(ScR(5,T)v3Qp(T) — v3Qs(T)Sc L (0, T))p
— 5(5c (5, T)13Qp(T) = 13Q4(T) S 1, (p, T))I(p° — 250p + |s*) ™
= —13Q:(T)Q,(T).

This follows from

(Scr (5, T)13Qp(T) = 1Qs(T)Scp(p, T))p
(SCR(S T)v39p(T) — 13Qs(T) CL(paT))
= 13[(Qs(T)(sT — T)Qp(T) — Qs(T) (W — T)Qp(T))p
= 5(Qs(T)(sT = T)Qp(T) — Qs(T)(pT — T)Qy(T))]

= 13[Qs(T)(s = p)Qp(T)p — 5Q5(T)(s — p) Qp(T)]
= 1[Qs(T)(sp — p*) Qu(T) — Qu(T)(55 — 5p) Qp(T)]
= 3[Qs(T)(sp — p*) Qp(T) — Qs(T) (55 — 5p) Qp(T)]

= —73Qs(T)Qp(T)(p* — 2s0p + |s]°).
O

THEOREM 7.2 (the F-resolvent equation for n =3). Let T € BC(V3). Then, for
p, s € pr(T), the following equation holds:

T3 (s, T)ScL(0: T) + Sgh(s, T)F5 (0, T) + 45 ' (sF5 (s, T) F3 (p, T)p
— sF3 (s, T)TF5 (p, T) — F3'(s, T)TF5 (p, T)p + F3'(s, T)T*F3 (p, T))
= [(F5'(s,T) = F5(p, T))p — 5(F5'(s,T) — F5'(p, T)))(p” — 250p + |s[*) ™"

Proof. We now replace the term Q(T)Q,(T") in the right and left F-resolvent
equations, respectively, for p,s € pz(T), by

Sf?(S,T) _}—f?(&T)T = ')’BQS(TL (7'1)
Fy(p,T)p — TF3(p, T) = 73Qp(T).
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So we get
V3 Qs(T)Qp(T) = (sF5 (5, T) — F5'(s, T)T)(F5' (p, T)p — TF5 (p, T))
= sF3(s,T)Fy(p,T)p — sFa-(s, T) T Fy(p,T)
— F(s, T)TFx (p, T)p + Fi (s, T)T*Fy (p, T).
O

Later we shall need the following lemma, which is based on the monogenic func-
tional calculus (for more details see the book [31], or the papers [32,33,35] in which
the calculus was introduced).

LEMMA 7.3. Let T € BC(V3). Suppose that G contains just some points of the F-
spectrum of T and assume that the closed smooth curve O(G N Cy) belongs to the
F-resolvent set of T, for every I € S. Then

/ ds; sFR(s,T) =0 and Fi(p, T)pdpr = 0.
8(GNCy) a(GNCy)

Proof. As Az =0, we have
/ dsy sFit(s,z) =0 and / FE(p,2)pdp;r =0
o(GNCy) o(GNCr)

for all 2 such that x ¢ [s] if s € I(GNCy) (respectively, for all « such that x ¢ [p] if
p € (G NCy)). We consider the case of Fi(p, z); the other case can be treated in
a similar way. We now recall that F¥(p, ) is left monogenic in x for every p, such
that « ¢ [p]. Therefore, using the monogenic functional calculus (see [31]), we write

F(p,T) = R (T)n(w)F5 (p,w) dp(w),

where the open set {2 contains the monogenic spectrum of T', G, (T') is the monogenic
resolvent operator, n(w) is the unit normal vector to 92 and du(w) is the surface
element. Using the vector-valued Fubini theorem (see [26, theorem 9, p. 190]) we
have

[ Aempi= [ ] Gu@ne) A e duw)pder
O(GNCy) 9(GNCy) Jog2
[ Gumme( [ Awwwin) )
o O(GNCy)
= ()7
which concludes the proof. O
THEOREM 7.4. Let T € BC™' (V3) and let o5 (T) = 07 1(T) U oro(T) with

diSt(O']:J(T), OF 2 (T)) > 0.
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Let G1,Go C H be two admissible sets for T such that o 1(T) C Gy and Gy C Ga
and such that dist(Ga, o7 2(T)) > 0. Then the operator

—1 —1
p.=1 .7-'3],“(]9, T)dp;p* = T3 52 dsﬂ-’?(&T)
2m Jaainer) 21 Jaasncy)

18 a projector, i.e. we have
P? =P

Proof. If we multiply the F-resolvent equation in Theorem 7.2 by s on the left and
by p on the right, we get

sF3 (s, T)SG 1, T)p + sS5 x (s, T)F5 (p, T)p
+75 (S F3H (s, T) Fg (p, T)p® — 8° Fy' (s, T)TF5 (p, T)p
— sF3 (s, T)TF5 (p, T)p* + sF5 (s, T)T* Fy (p, T)p)
= s[(F34(s,T) — F5(p, T))p — 5(F5 (s, T) — F5'(p, T))|(p* — 2s0p + |s|*) ~'p.

If we multiply this equation by ds; on the left, integrate it over (G N Cy) with
respect to dsy and then multiply it by dp; on the right and integrate over (G NCy)
with respect to dpy, we obtain

/ dsy sF5(s,T) / Sow(p, T)pdpr
8(G20(C1) a(Glﬂ(C[)
+/ ds; ssglR(s,T)/ F3 (p, T)pdpr
8(G2NCy) ’ 8(G1NCy)
+7§1(/ ds; szfgf‘(s,T)/ F5(p,T)p* dpr
8(G2OC]) 8(G10C1)
8(G1QCI)

- / dsy s> FR(s, T)T/ F3(p, T)pdps
8(G20C[)

—/ dsfsfgl,)”(s,T)T/ FE(p, T)p? dpr
B(GQOCI) B(GlﬂCI)

o assre [ A )
3(G20C1) 6(G1ﬁ(CI)
= / dsy / s[(F5 (s, T) = F5 (0, T))p — 5(F3'(s,T) = F5'(p, T))]
8(G2ﬁ€1) 8(G1I'TC1)

x (p* = 2s0p + |s[*) " 'pdpr.

Using lemma 7.3 we have

7 / dsr s*F5'(s,T) / F5(p, T)p dp;
a(GQOCI) 3(G1ﬁ({:1)

:/ dsy / s[(F5(s,T) = F5 (0, T))p — 5(F3'(s,T) = F5'(p, T))]
8(G2NCr) 8(G11Cr)

x (p* — 2s0p + |s1*) " dpup.
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This is equal to

21)? o
( f)l P2 = / ds;
73 8(G2NCy)

ST~ A D~ SN T) - F . T
8(G1NCy)

x (p* = 2s0p + [s|*) "t dprp. (7.2)

Let us observe the integral on the right-hand side. As G; C Ga, for any s €
9(G2 N Cy) the functions

p p(p® —2s0p+1s|*)"'p and  prs (p® —2s0p + [s]?) p

are slice monogenic on G;. Therefore, we have
/ p(p* = 2s0p + |s|*) " dprp = 0
8(G1NCyr)
and
/ (p® — 2s0p + [s|*)"'pdpr =0,
8(G10C1)
and it follows that
/ dsr / 3.7:31))‘(5, T)p(p* — 2s0p + |5]*) "t dpp =0
8(Ggﬂ({:1) 8(Glﬂ({:1)
and
/ dsr / s§.7-"§(s,T)(p2 — 2sop + |s]*) "L dprp = 0.
a(GzﬁCI) G(GIOCI)

Thus, (7.2) simplifies to

—1

9 ’Yg

P? = / sdsy
(2m)? Ja(canen)

x/ (5% (0, T) — Fr(p, T))) (0 — 2500 + |s12)~* dpr,
8(G1OCI)

and, by applying lemma 6.6, we finally obtain

-1
p2_Ts

> / Fy(p, T)pdprp = P.
™ Jo(G1nCr)

8. Formulations of the quaternionic F-functional calculus

We point out that, even though the F-resolvent equation is known only for n = 3,
this case is of particular importance because it also allows us to study the quater-
nionic version of the F-functional calculus. In this section we shall state the main
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results related to the quaternionic F-functional calculus, without details, since they
very similar to the Clifford setting for n = 3.

We denote by H the algebra of quaternions. The imaginary units in H are denoted
by i, j and k, respectively, and an element in H is of the form ¢ = zg+iz1 +jrs+kxs,
for z, € R, £ = 0,1,2,3. The real part, the imaginary part and the modulus
of a quaternion are defined as Re(q) = ¢, ¢ = Im(q) = izy + jwo + ka3, |q|* =
w2 +a?+x3+22. The conjugate of the quaternion ¢ is defined by § = Re(q)—Im(q) =
1o —ir —jre —kaz and it satisfies |¢|> = ¢¢ = @q. Let us denote by S the unit sphere
of purely imaginary quaternions, i.e. S = {q = iz +jro+kvs: 23+23+23 = 1}. The
Fueter mapping theorem consists in applying the Laplace operator in dimension 4
to functions of the form

f(Q) = 04(3’:0, |QD + Iﬁ(l‘o, |QD7

where o and 3 are suitable functions satisfying the Cauchy-Riemann system and
q = o+ ¢ is a quaternion. Functions of this form are slice regular (see [21] for more
details).

DEFINITION 8.1 (slice regular functions). Let U be an open set in H and consider
a real differentiable function f: U — H. Denote by f; the restriction of f to the
complex plane C; = R + IR.

e We say that f is (left) slice regular if, for every I € S, on U N C; we have
1/ 0 0
=+ I= Iy) =0.
2<8x+ 3y>f1($+ v)
The set of left-slice-regular functions on the open set U is denoted by SR ).

e We say that f is right slice regular if, for every I € S, on U N C; we have

;(;jcfl(f +1y) + %fl(x + Iy)I) =0.

The set of right-slice-regular functions on the open set U is denoted by

SRY(U).

DEFINITION 8.2 (Fueter regular functions). Let U be an open set in H. A real dif-
ferentiable function f: U — H is left Cauchy—Fueter (for brevity ‘Fueter’) regular
if

0 0 0 0

920 (q)+1871 (q)ﬂaT2 (Q)+k873f(q)=07 qeU.

It is right Fueter regular if
9]

o

DEFINITION 8.3 (the F-kernel). Let ¢,s € H. We define, for s ¢ [g], the F"-kernel
as

0 0 0
(@) + 5 f@it 5 - flai+ 5~ fla)k=0, ¢el.

FE(s,q) == —4(s — (s* — 2Re(q)s + |a*) %,
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and the FR-kernel as
fR(s, q) == —4(82 —2Re(q)s + |q|2)_2(s —q)-

With the above notation, the Fueter mapping theorem in integral form becomes
the following.

THEOREM 8.4 (the Fueter mapping theorem in integral form).

Setds; = ds/I. Let W C H be an open set and let U be a bounded azially symmetric
s-domain such that U C W. Suppose that the boundary of UNC; consists of a finite
number of rectifiable Jordan curves for any I € S.

(a) If g € U and f € SRE(W), then f(q) = Af(q) is left Fueter reqular and it
admits the integral representation

1

= F (s, q) dsf(s). (8.1)
™ Jo(UnCr)

f(a)
() If g € U and f € SRE(W), then f(q) = Af(q) is right Fueter regular and it
admits the integral representation

2 1

= — s)ds; FR(s, q). .
=g [ 56 dnF ) (52)

The integrals depend neither on U nor on the imaginary unit I € S.

We now consider the formulations of the F-functional calculus in the quaternionic
setting for right linear quaternionic operators. The same formulation also holds for
left linear operators with a suitable interpretation of the symbols.

DEFINITION 8.5. Let V' be a right vector space on H. A map T: V — V is said to
be a right linear operator if

T(u+v) =T(u)+T(v), T(us) = T'(u)s,
for all s € H and all u,v € V.

In the following, we shall consider only two-sided vector spaces V', otherwise
the set of right linear operators is not a (left or right) vector space. With this
assumption, the set End(V') of right linear operators on V' is both a left and a right
vector space on H with respect to the operations

(aT)(v) :==aT(v), (Ta)(v):=T(av).

DEFINITION 8.6. Let V be a bilateral quaternionic Banach space. We shall denote
by B(V') the bilateral Banach space of all right linear bounded operators T: V- — V.

We shall denote by BC(V') the subclass of B(V') that consists of those quaternionic
operators T that can be written as T' = Ty + 111 + jT» + kT3, where the operators
Te, £ =0,1,2,3, commute among themselves.

It is easy to verify that B(V) is a Banach space endowed with its natural norm.
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DEFINITION 8.7 (the F-spectrum and the F-resolvent sets). Let T € BC(V). We
define the F-spectrum ox(T') of T as

or(T) ={s € H: s> — s(T + T) + TT is not invertible}.
The S-resolvent set pg(T) is defined as
pr(T) =H\ or(T).

THEOREM 8.8 (structure of the F-spectrum). Let T € BC(V) and let p = po +
p1l € po+p1S C H\ R, such that p € ox(T). Then all the elements of the sphere
po + p1S belong to ox(T).

THEOREM 8.9 (compactness of the F-spectrum). Let T € BC(V). Then the F-
spectrum ox(T') is a compact non-empty set.

DEFINITION 8.10 (F-resolvent operators). Let T' € BC(V). For s € pr(T) we
define the left F-resolvent operator as

FY(s,T) := —4(sT —T)(s*T — s(T +T) +TT) 2,
and the right F-resolvent operator as
FR(s,T) := —A(s°T — s(T +T) + TT) (s - T).

The definition of the T-admissible set U and of the locally left- and right-slice-
regular functions on the F-spectrum ox(7") can be obtained by rephrasing defini-
tion 4.5.

We shall denote by SR () (respectively, SR?F(T)) the set of locally left (respec-
tively, right) slice regular functions on ox(T).

DEFINITION 8.11 (quaternionic F-functional calculus for bounded operators). Let
T € BC(V) and set ds; = ds/I. We define the formulations of the quaternionic F-
functional calculus as

o 1
f(T) = — F(s,T)dsf(s), f€SR (1, (83)
27 Jowncer) d
and
i 1 R R
f(1):=— fls)ds; Fr(s, T), feSR, (T)» (8.4)
27 Jawner) s

where U is T-admissible.

THEOREM 8.12 (the quaternionic F-resolvent equation). Let T € BC(V'). Then,
for p,s € pr(T), the following equation holds:

Fs,T)Sc L (0, T) + S (s, T)F(p, T) + §(sF(s, T)F(p, T)p
— sFR(s, T\ TF (p, T) — FR(s, T)TF(p, T)p + FR(s, T)T*F"(p,T))
=[(FR(s,T) — F(p, T))p — 5(F*(s,T) — F=(p, T))|(p* — 2s0p + |s*) 7",
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where the quaternionic SC-resolvent operators are defined as

Sei(s,T) = (sT—T)(’T—s(T+T)+TT)™" (8.5)
and

Ser(s,T) = (T —s(T+T)+TT) ' (sT—T). (8.6)

As a consequence of the quaternionic F-resolvent equations, we can study the
Riesz projectors associated with the quaternionic F-functional calculus. As a con-
sequence of theorem 5.8 (in this quaternionic version) and of the quaternionic F-
resolvent equation we have the following.

THEOREM 8.13. Let T € BC(V). Let
0']:(T) = 0'1]:(T) U 02]:(T) with diSt(O’lj:(T),JQ]:(T)) > 0.

Let Uy and Uz be two T-admissible sets such that o17(T) C Uy and o925 (T) C Us,
with U1 N U2 = @ Set

p..C

G = — .TL(S,T) dsrs?, j=1,2,
21 Jow,nen)

where C := Aq?. Then, for j = 1,2, the following properties hold:

(1) P?=P;,

9

(2) TP; = P;T.

9. Conclusions and future directions of research

The theory of slice hyperholomorphic functions is the main tool with which to study
quaternionic linear operators and n-tuples of linear operators. Its Cauchy formula
suggests the definition of the notion of the S-spectrum. In the quaternionic setting,
the S-spectrum, and the F-spectrum, which is its commutative version, turned
out to be the correct objects to use to study the quaternionic version of spectral
analysis. The foundations of this theory are now complete and we can summarize
the three main directions.

e The quaternionic version of the S-functional calculus, also called quaternionic
functional calculus: this is the quaternionic analogue of the Riesz—Dunford
functional calculus.

e The F-functional calculus for quaternionic linear operators: this is a mono-
genic functional calculus, in the spirit of the one introduced by Alan McIntosh
and his collaborators, but it is based on the theory of slice hyperholomorphic
functions.

e The spectral theorem for quaternionic normal operators on a quaternionic
Hilbert space based on the S-spectrum (see [6,8,29]): this is the analogue of
the classical spectral theorem for complex normal operators and it plays an
important role in the quaternionic formulation of quantum mechanics.
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Even though the foundation of quaternionic spectral analysis is understood there
are still many problems that have to be investigated from the operator theoretic
point of view. Moreover, there are also several problems that are still open regarding
the hypercomplex analysis setting that is behind the F-functional calculus and the
calculus itself.

The first problem is to show that the Fueter—Sce mapping theorem can be
extended to the case of even dimensions. In this case the classical Fueter—Sce map-
ping theorem has been studied by Tao Qian [38] using the Fourier transform. His
approach to extend the integral version of the Fueter—Sce mapping theorem to even
dimensions is under investigation. We point out that the even-dimensional case is
very different from the odd-dimensional one, because the fractional powers of the
Laplacian give rise to non-local operators.

If the Fueter—Sce mapping theorem in integral form can be proved for the even
dimensions, we have to extend the F-functional calculus to this case. Finally, we
observe that much effort has to be made to understand the structure of the F-
resolvent equation for n # 3. These cases do not seem to be similar to the case
n = 3, which is also the quaternionic case.

Appendix A. Proof of lemma 5.7
For the proof, we need the following identity.
PROPOSITION A.1. Let m > 0. Then the following identity holds:

7 .
m+k—1\/m+j .

=1 =0,1,2,.... Al

>t ( )(mM) =012, (A1)

=0
e (A [ G4 ]

It is easy to check that the following recurrence relation is satisfied:

Proof. Let

m+j+1 m+j+1 m+j+1

. A k) + 22 AG+1,k) + 22 AGk+ 1
2 (J, k) 2 (U ) 2 (J )
2j +3
—%A(—i—lk—kl)—k/l( +2,k+1)=0

for all j,k € Z. Note that A(j,k) =0 if kK < 0 or k > j. Thus, by taking the sum
over all k € Z, we obtain

1 1J+1 1]‘71
_mr ZA m+3+ ZA k) + m+3+ ZA k1)
J
j+1
- m+2j+3 d .
_ AG+LE+1)+ A(j+2,k+1)=0.
J+2 Zl k;1 ( :
If we define )
J .
_ m+k—1\/m+j
o= 30 (") ()
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this equation turns into

_mtj+1

m4j+1,,, . m+j+1
) — S +1)+ ——

j+2 j+2
_ m+2j+3
j+2

S() + S5(5)

SG+1)+S({+2) =0,
which simplifies to

=S +1)+85(F+2)=0.
Thus, as S(0) = 1, by induction, we obtain (A 1). O

Proof of lemma 5.7. Let € R"*! and let U C R"*! be a ball centred at 0 such
that € U. By (3.5), for any I € S, we have

1

Pr-1n(x) = — }‘k(&x) dS[sn_l
’ 21 Jawner)
1
i V(s — Z)(s2 — 2Re(x)s + |z]?) = "+D/2 dg 571
27 Jowncr)

Let I =1, and m = %(n —1). Then s and & commute, and by applying the residue
theorem we obtain

e 1 1 om 1. i
Prnoin(x) = o /B(UU(CI) (s —z)m+l (s — j)ms ds =y, (Res:(f) + Resz(f)),

where

It is easy to see that

O g M) 5
ask” T (2m—k)! ’
ok 1 _( 1),ﬁ(m+/~c—1)! 1
sk (s — )™ (m—1)! (s—z)mtk’
oF 1 _ 1)k(m+k)! 1
sk (s — x)m+l m! (s — z)mtitk’

Thus, we obtain

Res,(f) = ! lim o ((s — x)m+1f(s)) = i lim a—m <1)m,52m>

= lim ——
m! sz Js™ m! s—z Js™ (S — T

1 S m\ (9 1 ok,
=2 (1) (G o) (™)
m —1)! !
:1hmz<m)(_1)k(m+k 1! 1 (2m)! gtk

(m—1! (s — 7)™ (m+ k)|
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St () ()

B ()

But, as

. )mflcfj’

3
I
e
RS
3
N
N————
8
[
8l

we have

Res,(f)

e EE ()
B

For the coefficients, we obtain

éHﬂﬁw@f”Xib

J 2m m+k—1 m—k
E% )! ( N )!

E)lm+ k) El(m—1)! (§j—k)!(m —j)!

! (m+k—1)1  (m+7)!

;;) 1) El(m—1)! (G— k) (m+ k)
k

)!
=) 2 (")) = ()

where the last equation follows from (A 1). Therefore, we finally get

__ Cm)
(m = )l(om +

(

Res,(f) = [FEEarD Z <m+j> M TIigm =i

2m

w2 (7))

] =m
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Similarly, we have

Rese(f) = 7oy i iy (5 = 07 9)

I S 1 o
 (m—1)! o3 §sm—1 (s —z)m+1 s

m—1
1 , m—1\ [ oF 1 om-i-k
B (m—l)!il—rg:kz:% ( k ><Bsk(s—x)m+1><8smlks )

and also
Resz (f)
m—1
1 ) m—1 m+ k)! 1 (2m)! m
_ - ' hm (_1)k( ' ) - T 'S +k+1
(m—1)! s—=z — k m!  (s—1x) (m+Ek+1)!

S () ()

e L (R e [ e

this equals

Resz(f)
m—1m—k—1
- (z —195)27” kz:%) =0 = )k (m _QZL_ 1> <m;Cr k) (m o 1) IJ(if)Qmij
e B (L) () e

el )T

m—j—1
(2m)! (m+k)!  (m—k-1)!
= > (_1)k(m—kj—1)!(m+k+1)! ktml o ji(m =k —j = 1)!
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m—j—1

B 2m! (2m — j)! (m+k)!
~jl2m =) > (*1)k(m+k+1)!(m—k—j—1)! k!m!

k=0
m—j—1 .
_ 27?1 Zj(fl)k 2m —j m+k\ _ Qr.n ’
Jj — m+k+1 k j
where the last equation again follows from (A 1). Thus, we finally obtain
m—1
1 2m\ )
Resz(f) = ———— ( ,)xj —z)2m,
0= g 2 ()2

Putting all this together, we get

Pn71,n($)
= Yn(Resz(f) + Resz(f))

(i 5 () i i ()
)
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