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Abstract. Weight criteria for embedding of the weighted Sobolev—Lorentz spaces to
the weighted Besov—Lorentz spaces built upon certain mixed norms and iterated rearrange-
ment are investigated. This gives an improvement of some known Sobolev embedding. We
achieve the result based on different norm inequalities for the weighted Besov—Lorentz
spaces defined in some mixed norms.
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1. Introduction. This paper is dedicated to the study of some inequalities for
functions in the Sobolev—Lorentz spaces and Besov—Lorentz spaces.

The Sobolev space Wpl (R™)(1 <p < 00) is defined as the class of all functions f €
LP(R") for which every first-order weak derivative exists and belongs to L”(R"). The
classical Sobolev theorem (see [31, Chapter V]) illustrates as follows.

THEOREM 1.1. Letn>2, 1 <p <n, and p* =np/(n — p). Then for any f € W, (R")

Il < CIVS - (1.1)

The Lebesgue norm at the left side of (1.1) can be substituted with the stronger Lorentz
norm, i.e., for any f € W;} (R, n>2,1<p<n,

IIf

o < CIVSlp (1.2)

(see [1, 25, 26, 29]).
Let a function f be defined on R”, k € {1, ..., n} and

Ar(Wfx) =f(x+her) —f(x), xeR", heR

(e is the kth unit coordinate vector). The following holds.
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THEOREM 1.2. (/13, 15, 16]) Let n € N. Assume that 1 <p <ocoandn>1orp=1
andn>2. Ifp<qg<oocands=1—n(1/p—1/q) >0, then for any f € WPI(R”)

. o dh\'"? !
Z( | P||Ak<h>f||§,p7> =Y D) (13)
k=1 k=1

Let x = (xy, ..., x,). Denote by X; the (n — 1)-dimensional vector obtained from the
n-tuple x by removal of its kth coordinate. Write x = (xg, Xy).

If X(R) and Y(R"!") are Banach function spaces (see [5]), and k€ {1, ..., n}, we
denote by Y[.X]; the mixed norm space obtained by taking first the norm in X with respect
to x;, and then the norm in ¥ with respect to X, € R"~!. As a rule, f | indicates that f is a
nonnegative decreasing function in R,..

Kolyada [19] refined Theorem 1.2 by using mixed norm replacing the Lorentz spaces.

THEOREM 1.3. Let n € N. Assume that 1 <p <ocoandn>2. Ifp <q < o0 and o =
1—(m—1){/p—1/q) >0, then for any f € Wp1 (R™)

n 1/p

00 dh
Z (/ P | Ax(B)f | arpir, 7)
0

k=1

The Sobolev embedding can refer to, for instance, [16, 21, 23, 24, 27, 28, 33, 34] and
their references.

In this paper, we consider the improvement and generalization of Sobolev-embedding
Theorem 1.3 through introducing weighted Lorentz spaces A??(w) and multidimensional
Lorentz spaces Ai’ 2 (v). The paper is organized as follows. Some definitions and auxiliary
results are given in Section 2. In Section 3, we prove inequalities between Besov norms
built upon the spaces A”"(w)(R") and A”¥(w)(R"~)[L"(R)]. In Section 4, we prove the
main result, Theorem 4.1.

Throughout the paper, we agree on the convention that the expressions of the form

000, 3, 2 are equal to zero.

<CY D -
k=1

2. Preliminaries. Let (X, u) be a o-finite measure space and M (X, u) be the
space of all yu-measurable real-valued functions on X. For an f € M (X, w), its decreasing
rearrangement /7 is defined by [5]

S () =inf{s: A;(s) <t}, t>0,
where
)»f(s) =pufxeX:|[fx)|>s}, s>0

is the distribution function of f. The function w:R; — R, is called a weight func-
tion, or simply a weight, whenever w is Lebesgue measurable, not identically equal to
zero and integrable on sets of finite measure. If w is a weight on R, then we denote
W(t) = fot w(s) ds and we easily check that W () < oo for all £ > 0. Let u be a weight on
R" or R. If (X, ) = (R", dx), then we denote )L;f =M, fi =/f* and n(E) = |E| for every
Lebesgue measurable subset £ of R”. Especially, we write f* =™ and Af=2xs ifu=1.
In what follows the operator 4 is defined by for any nonnegative measurable function
fonR,
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1 t
Af () = - / f(s)ds
tJo
and write

@) =Af* @), t>0.
Let 0 <p, g<oo. We say that f € M(X, u) belongs to the Lorentz space 179(X)

[5, 14] if
> dr\'
Ib’llu»m:( /0 (r‘/Pf:<r>)q7) < 0.

If (X, u) = (R", dx), we use the notation L77(X) = LF4.
Let w be a weight on R,. Define, for 0 <p, g < oo, the weighted Lorentz space
AR (w) (see [7,9]) as a class of f € M (X, ) such that

”f”Af(’q(w) = ”f:”LM(w) < Q.
Also, the weighted Lorentz space A% ™ (w) consists of all f € M(X, ) satisfying
|V‘”A§('°O(w) = W:”me(w) <.

Denote A (w) = A%” (w). Note that if we use the notation

dy
gl o, = ( / FOK ) :
¥ 0
then for 0 < p, g < oo,

1
) P
VI azsewy =P y( / w(t)dr) ,
0

La(%)

and A% (w) = A% (W), where w=Wr"'w

If (X, n)=(R",dx), denote A’;(’q (w) = A?9(w). By the definition, it is obvious
AR?(1) = [P4(X). In the remaining of this paper, without loss of generality, we always
assume that weights w in R, vanish on the interval [ (X), co) if u(X) < oo.

Let Lflec(w) be the cone of all decreasing functions in L”(w), 0 < p < 0o. Arino and
Muckenhoupt [2] gave a characterization of the boundedness of 4 : Lfiec(w) — [”(w) in
terms of the inequality on w called condition B,. Carro and Soria [8] obtained similar
characterization of boundedness of A4 : Lgec(w) — LP‘OO(W), showing that 4 is bounded
whenever w € B,, . It is worth indicating that B oo if p>1and we By o if wis
decreasing. We know in [9, Theorem 2.5.8] that A (w) is normable, that is there exists a
norm in A% (w) equivalent to the expression || - || ALy if and only if p > 1 and w € By .
We say that a function G: [0, oo) — [0, 0o) satisfies condition A,, in symbol G € A,,
whenever sup,. , G(21)/G(t) < oo.

The following is the classical Hardy’s inequality [5].

PROPOSITION 2.1. Let —oo <A < land 1 <p < oo. Then

< t AN 1/p
([ (7 [owa) )" <2 ([Teoar®) " e

forall ¢ > 0.
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There are many generalized forms for p>1. We can refer to, e.g,
[11, 12, 22].

PROPOSITION 2.2. Let 1 <p < 00, v be a nonnegative measurable function on R,.
Then

o /1 X P 1/p oo 1/p
</ ()_c / f(t)dt) v(x)dx) <C <f f(x)pv(x)dx> , forallf>0 (2.2)
0 0 0

if and only if
a 1/p' o0 1/p
A:=sup </ v(x)lp’dx> </ @dx> < 00,
a>0 0 a xP

and moreover, Cy ~ A, where Cy is the least possible constant C in (2.2).

PROPOSITION 2.3. Let 1 <p < 00, v be a nonnegative measurable function on R,.
Then

o0 * £(f) p 1/p o0 1/p
</ ( 7dt> v(x)dx) <C </ f(x)pv(x)dx> , forallf >0 (2.3)
0 X 0

if and only if

, 1/p'
o0 1—p a 1/p
B:=sup / v(x), dx </ v(x)dx) < 00,
a>0 a X7 0

and moreover, C1 & B, where C| is the least possible constant C in (2.3).

We say that a measurable function ¢ on (0, 0o) is quasi-decreasing if there exists a
constant ¢ > 0 such that ¢ (t;) < c¢(£,), whenever 0 < 1, < t; < co. It is well known that in
the case 0 < p < 1, Hardy-type inequalities hold true for quasi-decreasing functions [20,
Proposition 2.2]. The next Proposition generalize it by replacing power functions with
nonnegative measurable functions.

PROPOSITION 2.4. Suppose also that nonnegative functions v, w satisfy 0<
fO” v(s)ds < oo and fuoo w(s)ds < oo for all u>0. Let v be a nonnegative, quasi-
decreasing function on (0, 00) and 0 <p < 1. Then

00 u P 00 u p—1 o)
/ w(u) (/ I/I(t)v(t)dt) du < C/ ¥ (u)? (/ v(t)dt) (/ w(s)ds) v(u)du.
0 0 0 0 u
2.4)

Proof. Let  [('v(s)ds=V(w) and [~ w(u)du=W(u). Suppose that
fob V(u)?~"W(u)v(u)du < oo for some b>0, or the integral on the right-hand side
of (2.4) diverges. Then,

a
V() W(a) < V(a)’~! / W (u)v(u)du
0

< / ’ V)P~ W wyv(udu — 0, asa— 0, (2.5)
0
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ie., limy,—¢ V(@) W(a) =0. Also, we can suppose that i is bounded and compactly
supported. Let F(u) = fou Y (H)v(#)dt. Thus integrating by parts together, (2.5) gives

/OO ww)F(u)Pdu = p/oo W (u)F (u)? " (u)v(u)du
0 0

IA

C / ” U @)PV W)~ W u)v(u)du,
0

as anticipated. O

3. Some norm inequalities. Let 0 <o <1, 1<p, 6 <oc. The Besov space B; ,
consists all functions f € L7 (R") such that

[ dn\ "
W1l = /1, + Z (/ [ha”Ak(h)f||p]97> < o00.
k=0 /0
The classical different norm embedding theorem is thatif | <p <g <ooand @ > n(1/p —
1/q), then for 1 <0 < oo,
B2, (R") C BY (R"), where p=a —n(1/p—1/q),

and for f € ijﬁ (R™),

I/l < CI N,

[24, Chapter 6].

In this section, we are especially interested in the one-dimensional case of embedding
theorem. We shall get different norm inequalities for the Besov spaces defined in some
mixed norms which have some connections with embeddings of Sobolev spaces.

Let ¢ € L7 (R) and set

Ap(M(x)=p(x+h) —¢(x), xeR,
and

|h|<8

Ul’yanov [35] achieved that if | <p < ¢ < oo and ¢ € LP(R),

o' <2 / " o 92, G.1)
t
o0 1/q
||¢>||qu< /0 tq/PHA(r)«pugdr) : (3.2)
and
5 1/q
w(; 5)qsc< / r—"/"||A<t>¢>||;dt> : (3.3)
0

See also [17, 18, 32].
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Let a function f be defined on R”, x € R, y € R"~! and denote

AcWf e, ) =fG&+hy) —fx,y), heR,

and

wi(f; 8)y = sup |A(Wflly, §=0.
|h|<s

Let V' = V(R") be a Banach function space over R” (see [5, Chapter 1]) and be translation
invariant, that is, |7,/ ||y = ||f ||y for all t € R", where 7,/ (x) =f(x + ¢). Then, it is easy to
see that

C P
o= /0 | ALY . (3.4)

for any 6 > 0.
Let1<0<o0, O0<a<1.Let V=V(R")(n>2) be a translation invariant Banach
function space. Denote by By, | (V) the class of all functions /€ V" such that

> dn\'""
W5,y = I 1l + (f oy (f; hMGI) o,
0
In the light of (3.4) and Hardy’s inequality (2.1),

0o dh o0 dh
/ (o Iyl <C f IO o s (35)
0 0

In this section, we write simply Y[X] to represent Y[X]; (omitting the subindex 1)
since the interior norm will be taken only in the first variable.

Recall that Afén (w) = LP(R") if w = 1 and thus the next proposition is a generalization
of [19, Proposition 3.1] for embedding of Besov spaces.

PROPOSITION 3.1. Let 1 <0 <00, | <r<p<ooand 1/r—1/p<a<]l, f=a—
1/r+1/p and w . Then By | (AP (w)[L"]) CBg’l(AP(w)[U’]), more exactly, for any f €
B (AP (WL,

7l aremizey < CllF I car iz (3.6)

and

(3.7)

© dh ° dh
[ H O oG =€ [ BN o
0 0

Proof. Denote V = AP(w)[L"]. Letf € By (V). Fory € R setf,(x) =f(x,»),xeR.
Duetol <r<p < o0, (3.2) leads to

iz <c fo AN AL (38)

Since w |, we get [5, Theorem 2.7.5]

|V||€\p(w)[u] = sup/ <f If Gx,») |pdx> w(p()dy
P Rn-1 R
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where the supremum is taken over all measure preserving transformations p : R"~! — R,.
Thus,

IA

Wy = Coup /R fo " P A (o0, by (3.8)
= cap [ T [ 0o

< c /0 " ora /O T AR I Owodr

e /0 N

By [5, Chapter 5.4, Theorem 4.6], we obtain

00 1/p 1 dt 1/0
(/O t"/"IIAl(t)fll"th> §C[Ilflly+(/o t“"llAl(t)fll"V7> }

Thus, (3.6) holds.
Further, inequality (3.3) implies that ( < p)

h
I8mAIE=C [ 1amgier
0

Thus,
IA W sy = Csup /R NAWLIEwe @)dy, w i
» i
h
< Csup / P dt / A IEw(o())dy
p Jo Re—1
h
< cf erran [ aamgi)Teweds
0 Re-1
h
= C / P AL OF |15 dt.
0
Therefore,
o0 dh o] h 0/p dh
/ B A i o < C f G / A @f )
0 h 0 0 h
If 6 > p, applying Proposition 2.1, we get (3.7). Let 6 < p. Noting that v (f) = M is

quasi-decreasing, we have by Proposition 2.4 and (3.5)

00 dh 00 h ) 0/p dh
/ N8B Wy < € / pry ( / e (s 1) dt) a
0 0 0

y dh
-

IA

c / B0y (F; )
0
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0

1" dh
C/o h (Zfo ||A1(f)f||th> ”

o0 dh
c f NGy
0

IA

IA

which is (3.7). O

In the following, we substitute the A”(w)-norm in (3.6) and (3.7) with A””(w) where
w € B,,. The method will be different from the above for the invalidity of the skill in
Proposition 3.1. Indeed, it is notable that there holds the fact (see [5]): if v is a decreasing
function on R, then

sup [ I = /0 £ v, (3.9)

where the supremum is taken over all measure preserving transformations p: R” — R,
which has been used in the proof of the above proposition. But if v is not decreasing, (3.9)
is false. On the other hand, it was induced by Cwikel [10] that if p # v, then there is no
inclusive relation between 17" (R?) and " (R)[L”* (R)]. To this end, we introduced the
iterated rearrangements and multidimensional Lorentz spaces.

Let /1 R" — R be a Lebesgue measurable function. We will denote by f* (s, X;) the
decreasing rearrangement of / with respect to the variable x;, under fixed variable x;, where
x; € R, X € R"!, 1 < k < n. The multivariate decreasing rearrangement of £, first with
respect to the first variable x; and then with respect to X, will be denoted by

Soa 5,0 = (F1(s, D5 0.

Specially, denote f; f)}] (5, )=1(s,0).

Let p > 0 and w be a weight on [R{i (a nonnegative, locally integrable function on
[Ri, not identically 0). We now say that a measurable function /' on R” belongs to the
multidimensional Lorentz space A‘;: .z, (W) only if [|f] A7 n) <00, where

1/p
I lar - oy = 12 (s, yw(s, tydsdt | .
XX RZ kXk

+

See [6, 4] and [3]. In special, write Af]}l w) = Ag w)ifk=1.
As usual, forany 1 <p <oo,p'=p/(p — 1). We say that a set D C [R%%r is decreasing
(and write D € A) if the function xp is decreasing in each variable.

PROPOSITION 3.2. Letl <O <oo, 1<v<p<oo | <r<pandl/r—1/p<a<],
B=a—1/r+1/pandw e B,. For 0 > v, if there exists a function v: R, — R, such that

v(h) < Ch»™", h>0; (3.10)

o 1-v' I a 1/v
(/ V(V)uf dy) (/ V(V)dy) <C. a>0; (3.11)
a y 0
a 1/ 00 -y 1/v
( / (v(s)s_'v')l_”/ds> ( / V(s)f ds) <C, a>0; (3.12)
0 a S
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S Wit ywx)dx

ey [o VWP (yw(tydsdt (3-13)
then
B (AP W)[L']) C By (A" (w)),
more exactly, for any f € By | (AP (w)[L"]),
Il arr oy < CIF Nz (are o1z (3.14)
and
Awhwmxmymmm%sc[fh%wmmymmwm%. (3.15)
For 6 < v, if the inequalities (3.10)—(3.13) and
a o/v—1
< /0 v(s)sH"ds) vy < o (%)

hold, then the results also establish.

Proof Letf € BS | (AP* W)[L']). Set y(x, ) = | Ay ())f (x, ). Fix s, 1> 0. For any
t> 0, there is E = E, ;;, C R"~! with |E|,_; =t such that

1
36,0 = f @1 ) $)dy. (3.16)
E
By (3.1),
. o0 dz
@6 =2 [ 0@t (3.17)
K y4 r
Set g..1(») = w (¢ (-, ¥); 2),. By the property of rearrangement,
1
: /E ga)dy < g0, (3.18)

Thus, the inequalities (3.16)—(3.18) yield

dz
— (3.19)

2 o0
(Pn)5(s, 1) < ;/ /gz,h(y)dy T
K E z

<2 / (1) —Z
g .
¢ A 14
Let w(f) = WP~ (-)w(r). Next, we estimate

IALAS s oy = /I‘%Z (A1 (h))3Y (s, t)v(s)w(t)dsdt.
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Now, by Proposition 2.3 and (3.11),

& dz \" _
”Al(h)f”]/)\;(vﬁ/) = / <2/ gﬁ,(ﬂﬁ) w(t)v(s)dsdt
R2 s z

>

= 2”/ fv(t)dt/ v(s) (f gf*}l(t)d—zl) ds
0 0 s Tz

< C/ fv(t)dt/ v(s) (gsLl(t)) ds
0 0 ST

= C / v(s)s~rds / WO (Hdt
0 0

o0
- C/\@wwgmxmw
0

By (3.4), we get

C s
&s.n(V) = w(Pn(, ), 8)r < ;/O AG@) (. Y)lIrdez.

367

Since w € B,, it follows that w € B, (see [9, Theorem 1.3.4]) which implies that A”(W) is
a Banach function space [9]. By Minkowski’s inequality (see [30] or [37, Corollary V.1, p.

133]),

ds
AV (\71/)

oo Y C s
IAT Masomy = C/O v(s)s™r H;/O IAG@ (. Y)Irdz

IA

[ee] ) C s v
Cf v(s)s~r (—/ I|A1(Z)¢hllydz) ds,
0 s Jo

where V' = A”(w)[L"]. Using Proposition 2.2 and (3.12), we have

o0
nmmw&mscf»mfwmwmww
0
In view of

A1 @nlly < 2min([[ A () v, 1ALy,
we get by (3.20)

© dh
A NI

00 00 ) 0/v dh
s‘/ heﬂ(/ v@nfwAm@¢m;ﬁ> o
0 0

6/v h

00 h
sc/ W”(/vmeAmyww> dh
0 0 h

00 00 ) o/v dh
+ C/ h% (/ V(S)s_de) IIAl(h)fII?/7
0 h

=:C(; + D).
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First, by (3.10),

o0 dh
b= / 1 S (3.22)
0

Further, if @ > v, by Proposition 2.2 and (3.10),

o 1" . o dh
I = / h=% (Z / v(s)s‘rnAl(s)fn“yds) h””;
0 0

dh

* — L v\0/v v
< f W (v s f 1)
0

o dh
<c / IRINIGY A (3.23)
0

If 6 < v, we use Proposition 2.4, (3.5) and (x) to get

o/v—1

00 - h)? h , )
I, <C f %h—% ( / v(s)s—r+“ds) v(hh™ T dh
0 0
o0 dh
<c f A1 (3.24)
0

In view of (3.13) and [3, Theorem 3.2],
AL (W) T A" (w). (3.25)

Thus, (3.21)—(3.25) lead to (3.15). The estimate (3.14) follows by analogous arguments,
and we omit the details. O

REMARK 3.1. When w(f) = 1, there holds that A?V(w)=IFP" and AP’(w)[L"] =
LPV[L7]. If we take v(s) = s/, then equalities (3.13) (see [36] and [3, Theorem 3.2]),
(3.10)—~(3.12) and (*) simultaneously hold and thus we get [19, Proposition 3.2].

4. Sobolev embedding. In this section, we give Sobolev embedding from the
weighted Sobolev—Lorentz spaces to the weighted Besov—Lorentz spaces. For 1 <p, ¢ <
0o, k=1, ...,n, u and w two weights on R, denote by V, , ..« the mixed weighted
Lorentz space A (W)[ AR (u)]; obtained by taking first the norm in Af, (1) with respect
to the variable x;, and then the norm in A{;” | (w) with respect to X¢. If wy, k=1, ..., n, be
weights on R2 and # = (wy, wa, ..., wy), the weighted Lorentz—Sobolev space IV}, NGS)
is defined as the class of all functions f € ﬂlSkSnA‘; 3 (wy) for which every first-order weak

derivative exists and belongs to N <<, Ai’ & (wy) and define the quasi-norm of f by

gy = 22 Wlaz oo+ D2 IPFaz oo

1<k<n 1<ij<n

Obviously, if wi(s,f)=1, k=1, ..., n, then Wll\p(;v)([R{") = W!} (R™). When wy(s, t) =
sU/P=lgalp=l ' =1,...,n,1<p, g<oo,the space W}\,,(;V)(R") has been studied in, e.g.,
[6] and [19].
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THEOREM 4.1. Letl <p<g<oo,n=>2, a=1—(m—1)1/p—1/q) > 0. If uy, wg,
k=1, ..., n, are decreasing on Ry and wy, k =1, ..., n, satisfies that for all r > 0,

r =1 o =
(/0 wk(s)ds> /0 (#(Z)) wi(Ddt < C, 4.1

and for k=1, ..., n, there are 0 < a; < 1, my € N, such that for all r > 0,

Wi (r/my) < agmpwi(r), 4.2)

where wyi(r) = Wkrl(r)wk(r), then for f € W}\,,@(R”), k=1, .., n,

o , dh 1/p n
( fo h p||Ak(h)f||Vq‘p,wk,,,kﬁ) 502||D,f||Agm<W, 43)
j=

where v(s, t) = (u1 ()W (1), ..., ()W, (1)).

Proof. The proof is inspired by [19]. Without loss of generality, we only prove (4.3)
for the case k£ = n. For convenience, write # and w instead of w,, and u,. Let

Vi) = 1D Gy )l aruy
and

(/J)h()%n) = ”An(h)f(fcna ')”A”(u)‘

Since u is decreasing, we get that
Pn ()’ = Sup/ |An(B)f (R, 2)Pulp(2))dz,
p JR

where the supremum is taken over all measure preserving transformations p : R — R..
Hence, by the fact

h
| An (B G )] < f Do Gons 0 + )|,
0
it follows that

n(xn)”

IA

h P
sup fR ( /0 |an<a%n,xn+y>|dy) (o (o))

P

A

h
w1 sup/ dy/R |Dof %, X)) Pu(p(x, — y))dx,, by Holder inequality
e Jo

IA

h
W fo dy /R IDf s )P (Du(t)dt

= W / [Dof Gy DI (DYu()dt
R
= hpl/fn(;cn)p,
i.e.,

¢ () < hyr (). 4.4
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Let us note that, by (4.2) with big r, w(¢) > 0 if t > 0. Thus, W is strictly increasing on
(0, 00). Moreover, integrating (4.2), we get WP/4(t/m) < aWP/4(t) if t > 0, which leads to
W (00) = oo and W is bijective on (0, co) — (0, co). Hence

K(h) = ” ”An(h)f(fcna ')”A”(u)”e\q,p(w)

= / ” (O W (P w(t)dt
0

o0 W—I(hn—l)
= / or OFPW (O w(n)dt + / &r (O W (O w(t)dt
0

W—l(hn—l)
= Ki(h)+Ky(h).
Then,
o ) dh
J = / h*‘””IIIIAn(h)f(xn,~)||Ap(u>lliq~p(w)7
0
% dh
= h~*PK(h)—
/0 %
% dh
_ / ) + K )
0
% dh % dh
— / WK, (h)— + f h P Ky (h) —
0 h 0 h
= J1+ /.
By (4.4),
Ki(h)y<W f YEOFP W (OP w(t)dt. 4.5)
W—l(hn—l)

Now by (4.5) and the assumption that w is decreasing,
00 W (T
Ji < / W ()P Wity (e dt / h=oPtP=1gp

0 0

= / Y@ w(t)dt
0

= Sup/ %()Acn)pW(P ()%n))d)%n
o JR-!

= sup / ( (Duf ) (t)u(t)dt> w(p (X,))dxy
p JR! Ry

< f sup [ (D OW(p G di (e
Ry o JR!

= / (DT, (2, syw(s)u(t)dt
R+ R+ ntn

This holds forall p > 1 and n > 2.

https://doi.org/10.1017/5S0017089521000161 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089521000161

EMBEDDING THEOREM OF THE WEIGHTED SOBOLEV-LORENTZ SPACES 371

Next, we estimate J,. Write x = (i1, x,), u; =%, € R*. For u; e R*! and > 0,
denote by Q,, (¢) the cube in R"~! centered at u; with the side length (2mz)"/"=1, where m
from (4.2). Let

Auy e = {1 € Qu, (1) : (V1) = ¢ (mD)}.

Then, mes,_1Ay, .+, > mt. Thus, we have

1
dn(ur) — ¢y (mt) < pp(uy) — mes, A, s / dr(vi)dvy
n—1%uy,t.h J Ay 1.0

= ) = guclan, (4.6)
Note that
|pn (1) — pr(vi)| < ClIf (ur, ) —f (1, Ilarw
and

n—1 1
If (1, x0) —f(v1, x0)| < |ug — vil Z[ [Df (w1 + T1(vi — u1), x,)|d7.
=170

And, it is easy to see that if vi € Q,,, (#), then |u; —vi| < +/n — 1(mt)"/"=V _So by the fact
that A”(u) is normable and the Minkowski inequality, for v; € Q,, (¢)

n—1 1
) = gn(v)l - < c(mp)t/7D Z/ IDf (i + 111 — 1), )ldTy
j=t 70 AP ()
n—1 1
< c(mH/m=bH Z / [Dif (uy + T (vi —uy), )|dty
j=1 170 AP(u)
=

n—1 1

c(mp)!/=1 E / 1D (ur + 71 (vi — u1), )l arqdT
— /o
J=1

n—1 1
= c(mp"/eP Z/ Vi + 1 (v —up))dr.
j=1 70

Thus by (4.6)

n—1 1
n(ur) — ¢y, (mt) < (mt)~ 1 Z/Q /o Vi(ur + Ti2)dTdz.
=1

o (1)

Hence,

1
G; (1) — ¢y, (mt) < 7. Sup /E[¢h(u1) — ¢y, (mt)]du,

mes,_E=t

n—1 1
02 1
< C(mt)”»1 E sup / / " / Yi(uy + 1iz)duydridz
Qo(®) J0 E

i1 mes, . E=t
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n—1
< Cmn)/" D3 "y @), 4.7)
Jj=1
Thus, for any € > 0, we have

1/ 1/6 Y W—l(hn—l) . / » dh 1/[7
L)'’ = h=P o P W (P w(t)dt7

W_I(G”_l)

0o W=l dh w
(/ W / [5:(1) — ¢ (mt)]PW(t)P/“W“)d’T)
0 0

WY dh 1/p
/ e / 45;1‘(mt)]PW(t)f”/‘f‘lw(t)arf7

l(en—l)

IA

= I'+1"(e).

By (4.7), there holds that

: n—1 00 W*l(hnfl) ) dh
CmT Z f hr / ot ijf*P(t) W(t)p/qflw(t)dtf
= \Jo 0

L > dn\'"
= Cmn'Z( / ey (O W (P (b dt / lh“!j)
0

a W (f)n-1

n—1 00 N 1/p
c Py (— ) .
;( /O v (’)<W(t>) w(?) t)

By Hardy’s Lemma [5, p. 56] and (4.1), similarly to the proof the evaluation of .J;, we have

1/p
1/

IA

e 1p
I < Ccy < / v (t)w(t)dt)
j=1 0
n—1 00 1p
= CZ (/ ‘ﬁ;p(f)w(t)dt> , since w€ B,
j=1 0
n—1
< CY DS, -
j=1
Furthermore,
1 W=t . . dh 1/p
I'(e) = / h~ apf ¢h(mt)]pW(t)p/q W(t)dt;
l(en—l)

m =y pla-1 Vp
</ W “P/ —[¢,,<t)]PW<t> w(i) dﬁ>
W1 (en I) m h
1 i p/g=1 dh !
([ [ o (G) G oy
€ W=1(en1) m m m h
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e8] [ee] p/g—1 1/p
+ / h*“P/ l[d);;(t)]!’W(i) w <i> ar
0 Ww=1(h=1) m m m h

=:J5(€) + Ji.

Now by (4.4)
C o0 (NP . /p
s o f W,T(t)]‘”W(—> w(—=)W () " adt
m/P 0 m m
C © t 1/p
= <f [y OFw (—) dt) , since W € Ay
miP \Jo m
C o0 " t P t I/p
=< Y (/0 |:¢n <Z>i| w (Z) dt)

= C”wn”Al’(w)-

Similarly to the verification of the estimate of J;, there holds
Jl/ =< C”an”Aﬁn}n(uv)'

Due to (4.2), we deduce that

1/6 W—l(hn—l) dh 1/17
/ h~o / ag,” (1) W(t)l’/‘f—‘w(t)ah7
€

W—I(en—l)

Jy(€)

IA

= a'Ph(e)'r.
Thus

L@ < I'4+1"(e) <I' +Jy(€) +J]
n—1

C Y IDSNn oy + @I + CIDAS a2 . (-
j=1

IA

Since 0 < a < 1, we get

JQ(G)I/p <C Z ”Djf”Afn;_ﬂ(uw)'

Jj=1
By letting € — 0, there holds that
1
LT =CY DS Nar -
J=1
The estimates of J; and J, give
TP <CU+ 0" =CY T IDS ar s
Jj=1

which implies that (4.3) holds.
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REMARK 4.1. () Ifw(@®)=t*+C;orw(®) =t *+C;—1ift<1 and w(?) =C,
if t> 1 where 0 <« < 1, C; > 0, then w satisfies all required conditions in Theorem 4.1.
Especially, when u and w are all constants, then the result is just [19, Theorem 4.2] and
thus Theorem 4.1 is an improvement of [19, Theorem 4.2] when p > 1.

(2) Combining Proposition 3.2 and Theorem 4.1 shows that if | <p < g < o0, n> 2,
a=1—-m—-1)1/p—1/9) >0, wis decreasing on R, and satisfies (4.1) and (4.2), and
there exists a nonnegative function v on R, such that (3.10)—(3.13) hold, then

n o dh 1/p n
> ( /0 h “”uAk(h)fniq,p(wq) <C Y IDSlwr - 4.8)

k=1 kj=1

In special, if w =1, then (4.8) is just (1.3). Thus, Theorem 4.1 is a refinement of Theorem
1.2 whenp > 1andn>2.
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