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HERZ-MORREY SPACES ON THE UNIT BALL WITH
VARIABLE EXPONENT APPROACHING 1 AND
DOUBLE PHASE FUNCTIONALS

YOSHIHIRO MIZUTA, TAKAO OHNO
AND TETSU SHIMOMURA

Abstract. Our aim in this paper is to deal with integrability of maximal
functions for Herz—Morrey spaces on the unit ball with variable exponent p1(-)
approaching 1 and for double phase functionals ®y(z,t) = tP*® 4 a(z)tP2,
where a(z)'/P? is nonnegative, bounded and Hélder continuous of order 6 €
(0,1] and 1/p2 =1—60/N > 0. We also establish Sobolev type inequality for
Riesz potentials on the unit ball.

81. Introduction

Let RY denote the N-dimensional Euclidean space. We denote by B(z, )
the open ball centered at z of radius r. For a locally integrable function f
on an open set G C RV, we consider the maximal function

1
Mf(x)=sup ————
) =S 1B 7 Jonsen

[f(y)] dy.

Following Kovacik and Rakosnik [19], we consider a positive continuous
function p;(-) on B= B(0, 1) and a measurable function f satisfying

/ 1f ()P @y < oc.
B

In this paper we are concerned with p;(-) such that

a blog(log(e + 1/|x))

(1.1) pi(z) =1+ log(e + 1/[z]) log(e + 1/|x)

for x € B, where a > 0 and b > 0.
Cruz-Uribe et al. [8] proved the maximal operator M is not bounded on
LPO(@Q) if infg p(x) = 1, where G is a bounded set. Hiisto [17] proved that
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2 Y. MIZUTA, T. OHNO AND T. SHIMOMURA

the maximal operator M is bounded from LP()(G) with variable exponent
approaching 1 to L'(G) when G satisfies a certain regular condition. As an
extension of Hésto [17], Futamura and Mizuta [13] proved the following:

THEOREM A. Let pi(-) be as in (1.1). If b= 1/N, then there ezists a
constant C > 0 such that

/BMf(x)dx<oo

for all f € LO)(B).

We also refer to [23, 24] for integrability of maximal functions for
generalized Lebesgue spaces with variable exponent approaching 1.

For 0 <a < N, we define the Riesz potential of order o of a locally
integrable function f on an open set G C RY by

I f(z) = /G & — N f(y) dy.

Our first aim in this paper is to deal with integrability of I, f for gen-
eralized Lebesgue spaces Lpl(')(B) on the unit ball with variable exponent
approaching 1 (Theorem 3.2). To do so, we use the boundedness of the
maximal operator (Lemma 2.4). The sharpness of Theorem 3.2 will be
discussed in Remarks 3.3 and 3.4.

Regarding regularity theory of differential equations, Baroni et al. [3, 9]
studied a double phase functional

Oz, t)=t° +a(x)t!, RN, t>0,

where 1< p<gq, a(-) is nonnegative, bounded and Holder continuous of
order 6 € (0, 1] (see also [11, 12]). In [9], Colombo and Mingione showed
the boundedness of the maximal operator on L®(Q)) when ®(z,t) =1t +
a(z)t?, g>p>1, QC RY is bounded, a € C?(Q) is nonnegative and ¢q <
(14 6/N)p. Further, in [18], Hést6 showed the boundedness of the maximal
operator on L®(Q) in case ¢ < (14 6/N)p.

As an application of integrability of I, f (Theorem 3.2), we shall study
integrability of maximal functions for the double phase functional given by

By(x,t) =M@ 4 q(z)tP2

for z € B and t >0, where a(x)'/?2 is nonnegative, bounded and Holder
continuous of order 6 € (0, 1] and 1/ps =1 — /N > 0 (Theorem 3.7). In fact,
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we shall give [|Mf]|, @) S <O fllpea(m)- Our result extends Theorem A
and [18, Theorem 4.7]. See also [7, 16]. For the sharpness of Theorem 3.7,
see Remark 3.8. We also discuss integrability of I, f for the double phase
functional ®; (Theorem 3.11). In fact, we shall show ||Iaf||L\pa’d(B) <
Cll fllp#a(m)- See Section 3 for the definitions of @14 and Wq g.

Let A(r)=BnN[B(0,2r)\ B(0,r)] and let w(r):(0,00)— (0,00) be
almost monotone on (0,00) satisfying the doubling condition. For
0 < g < 0o, we define Herz—Morrey spaces le(')’q’w(B) of all measurable
functions f on the unit ball B such that

! a dr\"*
Hf”le(‘)’q’“(B) - (/0 (w(r)HfHLm(~)(A(r))> 7“> <00

when ¢ < oo and
1 l34m1 0,000y = sup. W)l o1 (agry) < 00
0<r<

when g = co. In [21, 22], the boundedness of the maximal and Riesz potential
operators were studied for Herz—Morrey spaces with variable exponents in a
way different from Almeida and Drihem [2]. See also Samko [26]. There are
several Morrey type spaces related to our nonhomogeneous central Morrey
type spaces; for example, Morrey spaces by Adams and Xiao [1], local
Morrey type spaces by Burenkov et al. [4-6, 14, 15].

Next we deal with integrability of maximal functions for Herz—Morrey
spaces HP'():2¥(B) on the unit ball with variable exponent approaching
1 (Theorem 4.4), as an extension of Theorem A and [18, Theorem 4.7].
The sharpness of Theorem 4.4 will be discussed in Remark 4.8. We also
establish norm inequalities for the Riesz potential operator f — I, f from
#HP1():4(B) to the Herz-Morrey-Orlicz space H¥%*(B) (Theorem 4.14).
See Section 3 for the definition of V.

Our final goal is to study norm inequalities for the maximal operator
in the frame of double phase functionals, as well as the Riesz potential
operators (see Theorems 4.12 and 4.15).

Throughout this paper, let C' denote various constants independent of
the variables in question. The symbol g ~ h means that C~1h < g < Ch for
some constant C > 0.

§2. Integrability of maximal functions

For a positive continuous nonincreasing function & on (0, co), assume that
there exists a constant ¢ > 0 such that:
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(k1) (log(e+ 1/r)) c°k(r) is nondecreasing on (0, 1);
(k2) k(1) > €.

By (k1), we see that

(2.1) k(r) < k(r?) < Ck(r) whenever 0 <7 < 1,

which implies the doubling condition on k, that is, there exists a constant

C > 1such that k(r) < Ck(2r) for all 0 < r < 1. Further, (k1) and (k2) imply

that log k(r)/(log(e + 1/7)) is nondecreasing on (0, 1) [23, Lemma 2.1].
Our typical example of k is

k(r) = a(log(e + 1/r))®
for 0 < r < 1, where a > e®(log(e + 1))~ and b > 0.

LEMMA 2.1. (Cf. [25, Lemmas 2.1 and 2.2])
(1)  Fora>0, there exists a constant C > 1 such that

C7k(r) < k(r®) < Ck(r)
for allO<r <1.
(2)  For b>0, there exists a constant C > 1 such that
k() < Crik(rs)
for all 0 <7y <ro < 1.

We consider a positive convex function ® on (0, co) satisfying:

(®0) @(0) =lim,_,o ®(r) =0;
(®1) @ is doubling on (0, co); namely there exists a constant C' > 1 such
that
®(2r) < CP(r) forall r>0.

For an open set G C RY and f € L{. (G), we define the norm

loc

rf\m(e)—mf{»o:/a@ (W) dygl}.

For a locally integrable function f on B, we consider the maximal function

1
Mf(z)=sup ——— ()| dy.
( ) r>0 ‘B(CE, T)’ BNB(x,r) ‘ ( )’

The following lemma is an extension of Stein [27].
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LEMMA 2.2. (Cf. [23, Theorem 3.1]) Let ® € C1((0,00)) be a nonde-
creasing positive function on (0, 00) satisfying (®0), (P1) and
(®; k) there exists a constant C' >0 such that

/t Ps) ds < CE(t™)
1

S
for allt>1.
If f is a locally integrable function on B such that

L@@l de <,
then there exists a constant C'> 0 such that
/B O(Mf(x)) de < C.
Consider a function p;(-) such that p;(0) =1 and

_ log k(|z|)
(@) = log(e + 1/|z])

for x € B\ {0}. Here note that lim|,_ pi(z)=p1(0). For an open set
G C RV, we define the LP*()-norm of a function f € L. (G) by

loc

p1(y)
|f||Lm<A>(G)=inf{A>o:/ (M50 dy<1};
G
see [10].

In view of [23, Lemma 2.4], we know the following result.

LEMMA 2.3. Let f be a measurable function on B with HfHLp1<.)(B) <1
Then there exists a constant C' > 0 such that

/B @ @)Y de < C.

By Lemmas 2.2 and 2.3, we have the following result.

LEMMA 2.4. Let ® € C1((0, 00)) be a positive convex function on (0, 00)
satisfying (®0), (®1) and (®; kN). Then there exists a constant C >0 such
that

1M fllze®) < Cllfll oo B
for all f € LMO)(B).
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83. Integrability of Riesz potentials

For 0 < a< N, we define the Riesz potential of order a of a locally
integrable function f on B by

f@) = [ o=l ) dy.
LEMMA 3.1. There is a constant C > 0 such that

/ @y <R Sl

forallz€B,0<r <1 and f € LP0)(B).

Proof. Let x € B and 0 <r < 1. Let f be a measurable function on B
satisfying HfHLpl(A)(B) < 1. We find by Lemmas 2.1 and 2.3

N
< O (o) MW )
/ L @y < oY k)™ / NGO v il
< o{k<r>-N+k<r>—N L@k dy}
< Ck(r)™,
which proves the result. 0

In what follows, let us assume that ® is a positive convex function
in C1((0,00)) satisfying (®0), (®1) and (®; k") when it is not specially
mentioned. Set

Vo (t) = @ ((tk(fl)a)N/ (N‘a’) .

THEOREM 3.2. There exists a constant C > 0 such that
[ valllas@))do<
B

for all measurable functions f on B such that ||f||Lp1<<>(B) < 1.

Proof. Let f be a measurable function on B such that HfHLm(->(B) <1
For x € B and 0 <r < 1, write

Iof(z) = /B e )y / o — 5N f(y) dy

B\B(z,r)
= Ii(z) + Ir(x).
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Then note that
|11 (x)| < Cr*M f(x).

We have by Lemmas 3.1 and 2.1

AV

< C/ ta’Nk(t)’N%
< CroNEg(r)™
Now we establish
(o f (@) C {roMf(z) +r* VE(r) ™}
If M f(z)<1, then, taking r =1, we have
[laf(2)] <C

Next consider the case M f(x) > 1. Since sup;~, t /N k(t D=1 < ¢; for some
constant ¢; > 0, taking r = ¢, 'M f(z)"V/NE(M f(z)~1) ! < 1, we find

Lo f(2)] < CM f(x) = Ne(M f(x)~)~
Therefore we obtain
([Laf @) k(o f ()™ <O {Mf(2) + 1)

In view of (®1) and Lemma 2.4, we have

| wallLasta)) de < { /. <I>(Mf(a?))dfv+1} <C,

which proves the result. N

REMARK 3.3. For 8 < —1, consider the function

F) =yl ™V (log(e + 1/[y]))’xB(v),

where y g the characteristic function of a measurable set £ C RY. Then we
have the following:
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(1)  there exists a constant C' > 0 such that

/ f(y) dy < C:
B

(2)  there exists a constant C' > 0 such that
M f(x) > Cla] ¥ (log(e + 1/|x]))"*!

for all x € B;
(3)  there exists a constant C' > 0 such that

Iof(x) = Clz|* N (log(e + 1/|z]))"
for all z € B.
Let v > —1. If —y — 2 < < —1, then (2) implies
M f(@)(log(e + Mf(2)))" > Cla| ™ (log(e + 1/[2)* 7 for v € B,

so that
/B M f(z)(log(e + Mf(z)))" dz = co.

Thus the maximal operator M : f+ M f is not bounded from LY(B) to
L?(B), where ®(t) = t(log(e + t))” with v > —1.
If —(y+1)(N —a)/N —1< < —1, then (3) implies

Lo f (@)= (log(e + Laf (2)))" = Cla| N (log(e + 1/|z)) HDIN/ (V=)
for x € B, so that
[ a8 @)/ log(e + I ()" do = .
B
Thus the Riesz potential operator I, : f — I, f is not bounded from L!(B)

to L¥=(B), where W (1) = t"/N=)(log(e + 1)) with 5 > —1.

REMARK 3.4. Let k(r) = a(log(e + 1/r))? with a > e®(log(e + 1))~ and
b>1/N. Then
®(r) = r(log(e + )" !

satisfies (®; k) and

\I’a(’l”) ~ TN/(Nfa) (log(e + ,r))baN/(Nfa)erNfl
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for 0 <r < 1. Then Lemma 2.2 and Theorem 3.2 hold for the above ®
and V,.
Consider the function

F(y) = [y~ Qog(e + 1/[y))’ xB (v)-
Then we have the following:

(1) if B4+ bN +1<0, then there exists a constant C' > 0 such that

/ Fy)P'¥) dy < C;
B

(2) if f 41 <0, then there exists a constant C' > 0 such that
M (@) > Cla~ (log(e + 1/]a]))"*!

for all x € B;
(3) if 41 <0, then there exists a constant C' > 0 such that

Lo f(z) > Cla|* N (log(e + 1/|«]))"*!

for all z € B.
Hence, for 3= —0'N — 1 and ¥’ > b, (2) implies

M f(x)(log(e + M f(x)))" M > Cla|~V (log(e + 1/|2]))**"N  for z € B,

so that
/B M f(z)(log(e + M f(2)))¥ N do = oo.

For f = —bN — a(b/ —b) — 1 and b’ > b, (3) implies

(Iaf(m)(log(e + Iaf(:c)))ab'>N/(N*a)

> Cla| N (log(e + 1/|z|)) 1+ IN/(N=a)

for x € B, so that

dx

/B P <(Ia F(x)(log(e + I f(x)))ab,)N/(Na)>

> C/B 2~ (log(e + 1/]z]) " dz = 0o,

Thus the exponents of the log terms of ® and ¥, are sharp.
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Let us consider a double phase functional given by
By(x,t) =M@ 4 q(z)tP2 = (@) 4 (b(z)t)P2
for x € B and t > 0, where:

e b(x) is nonnegative, bounded and Hélder continuous of order 6 € (0, 1];
e 1/pp=1—0/N>0;
o b(z) = a(e)!/7;

(cf. [9, 18]). For an open set G C RY and f € Ll (G), we define the norm

||f||Lq>d(G):inf{>\>O:/G<I>d <y Wj’”) dy<1}.

For a locally integrable function f on B and 0 < o < N, we consider the
fractional maximal function

o

Maf(m) = sup

=T fly)| dy.
NCATTES T SN

In view of Theorem 3.2 we find the following:

LEMMA 3.5. There exists a constant C > 0 such that
1Mo flzr2B) < Cll o108y

for all f € LPO)(B).

In fact, it suffices to note

My f(x) < C(Io| f])(2)

and

= CVy(t)

2 <C (1)) < co ((tk(t—l)")N/(Na)>

for all t > 1. Now we apply Theorem 3.2.

LEMMA 3.6. There exists a constant C > 0 such that
[bM fl|Lr2®) < Cllfll 2a(m)

for all f € L®4(B).
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Proof. Let f € L*¢(B). Note that

/ y)l dy
./I/‘T’ IT’

= d )| d
x|/ S0 dy+ ‘/“ )l dy
<o [l e / DIF) dy,
’B(.’IJ,T)’ B(z,r) :B r ‘ B(z,r)
so that
(3.1) b(x)M f(z) < CMpf(z) + M[bf](z).
Hence, by Lemma 3.5 and the boundedness of maximal operator on LP2(B),
we give
[6M [l Lr2 8y < CLIMof | Lr2(m) + [IM[0S]] Lr2(B) }
< C{llfllppro @y + 110 | r2 )
< CHf”L‘I’d(B)’
as required. [
Set

Dy a(x, t) = @(t) + (b(2)t)”.
By Lemmas 2.4 and 3.6, we establish the following result.

THEOREM 3.7. There exists a constant C' > 0 such that
IM £l o0 ) < Il ey

for all f € L®(B).

REMARK 3.8. Consider by(r) = min{max{z%, 0}, 1} for = = (2/,zn) €
B. In Remark 3.3, if 0 < #; < 0, then

[ oo @ () de = o
B
where fi(y)= f(y) when yy <0 and fi(y)=0 when yy >0 with y=

(y/7 yN) €B.
The optimality of 6 and ps is also considered in [11, 12].
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Set
1 1 o 1 a-+0

ps p2 N N
LEMMA 3.9. Ifa+ 60 < N, then there exists a constant C' >0 such that

ool o3 gy < CllF Nl oo my

for all f € LPO)(B).

In fact, it suffices to note

5 < O (tk(t’l)a”)m <O ((tk(tl)a+9)p2> — O, 4(t)

for all ¢ > 1. Now we apply Theorem 3.2.

LEMMA 3.10. Ifa+ 60 < N, then there exists a constant C' > 0 such that

L35 g5, < CI o

for all f € L®4(B).

Proof. Let f € L?4(B) be a nonnegative function. Note that

o) [ ool 1to) dy
B
= [ te) = bwlle = sl" N 5@ dy + [ 1o = 91"V o(0) 1) dy
<0 [ o=yt dn+ [ o=y Vo)1) do

so that

b(@)lof(z) < Clatof(z) + La[bf](2).
Hence, by Lemma 3.9 and the Sobolev inequality on LP?(B), we give
1600l ) < Ok F o3 + 1015

CLf sy + 1[0 Lr2(m) }
CllflLeamys

as required. 0

<
<
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Set
oa(z, t) = Uy (t) + (b(2)t)P.
Theorem 3.2 and Lemma 3.10, we establish the following result.

THEOREM 3.11. If a4+ 6 < N, then there exists a constant C >0 such
that

HIoszL‘I’a,d(B) < CHfHL‘I)d(B)
for all f € L% (B).

84. Herz—Morrey spaces

We consider a measurable function w(r) : (0, 00) — (0, co) satisfying the
following conditions (wl) and (w2):

(wl) w(+) is almost monotone on (0, co); that is, w(-) is almost increasing
n (0, 00) or w(-) is almost decreasing on (0, co); namely there exists
a constant ¢y > 0 such that

w(r) <caw(s) forall0<r<s

or
w(s) <cw(r) foral 0<r<s,

respectively;
(w2) w(+) is doubling on (0, co); that is, there exists a constant C' > 1 such
that
Clw(r) <w(2r) < Cw(r) for all r > 0.

For 0 < ¢ < o0, we define Herz-Morrey spaces HP' ()2 (B) of all measur-
able functions f on B such that

! q dr 1/a
”f”w»q»wm)—(/o (€O AN o aey ) ) <o

when ¢ < oo and

1 l34m1 00,000 (B) = sup W)l o1 (agry) < 00
when ¢ =00, where A(r)=BnN[B(0,2 )\ B(0,7)]. We refer the reader

to [1] for Morrey spaces. When w(r) =r", we simply write #P1()4¥(B)
for P19« (B).
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Further, for 0 < ¢ < 0o, we define Herz-Morrey-Orlicz spaces H®%¥(B)
of all measurable functions f on B such that

1 q dr Ya
s = (| (o0 luay)” ) <00

when ¢ < oo and
[ fllggeoowm@y = sup  w(r)IfllLeam)) < oo
0<r<1
when ¢ = oo.

For fundamental properties of Herz—Morrey spaces, we have the following.

LEMMA 4.1. For 0 < q; < qo < 00,
’le(')m,w(RN) C 7_‘}71('),(12,M(RN) C ’le(')»OOM(RN).

For later use we prepare the following result.

LEMMA 4.2. Let ®(r) be a positive convex function on (0, 00) satisfying
(®0) and (®1). Then there is a constant C >0 such that

XA Loy < C{@H(r™ M)}t

for allO<r<1.

We consider the following two types of conditions for w(r):

(w1; &) 7 rs1F€u(r) is almost decreasing on (0, 1] for some £, > 0;
(W25 ) 7 =22 Hy(r) is almost increasing on (0, 1] for some &g > 0.

REMARK 4.3. (wl;§) implies that there exists a constant 0 <&} <&
such that r— r¥1+€E(r)Nw(r) is almost decreasing on (0,1]. Similarly,
(w2; p) implies that there exists a constant 0 <e), <eg such that r—
r2 k()N w(r) is almost increasing on (0, 1].

In view of Almeida and Drihem [2], we know that the maximal operator
M : f — Mf is bounded in HP9"(RN), when 1 < p < co. The case p=1 is
treated in the following.

THEOREM 4.4. Assume that w(r) satisfies (wl;0) and (w2; N). Suppose
further:
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(®k1) there exist constants 0 < &y < ey and C >0 such that

</t1 ({(I)_l —N }* —&— Nk (r)" )q ?)Uqgct—él

for all0 <t <1 when 0 < q< oo and
sup <{<I>_1(7"_N)}_1 T_Nk:(r)_N) <C
0<r<1

when q = 00;
(Pk2) there exist constants 0 < &y < &2 and C >0 such that

</0t ({CD_I(T_N)}_l Tf-fz—Nk(r)—N)q Ci?«) 1/q o

for 0 <t <1 when 0 < g<oo and

sup ({@71(7’*]\7)}_1 T*Nk(r)*N) <C

o<r<1
when q = o0

Then there exists a constant C > 0 such that
M flleawmy < Cllfllypio.aem)

for all f € HP ()9« (B).

REMARK 4.5. Let k(r) = a(log(e + 1/7))? with a > €’(log(e + 1))~°

b>1/N. Then we can take
O(r) =r(log(e + T’))bN_l.
In this case,

{o~ }_1 N(log(e +1/r))*M "1 when 0 < r < 1.

15

and

To show Theorem 4.4, we prepare the estimates of Hardy type operators:

LEMMA 4.6. (Cf. [20, Lemma 3.4]) Let 8 € R. Ifw(r) satisfies (wl; N —

B) and 0 < e < &1, then

- — B B—N
) =r" [ o Wy

. B B T q dt
<o ) Nt ([ (Futl lmoiaey)”
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16 Y. MIZUTA, T. OHNO AND T. SHIMOMURA
forall0<r <1 and f €L .(B) when 0 < q< oo and

Hy 1) < Or b)) sup (@Ol o)

forall0<r <1 and f € LL (B) when q = occ.

Proof. Let 0<r<1, 0<e<e; and f€ L (B). Then we have by
Lemma 3.1,

[yl
/ WP N (y)] dy < C / 2N ) ) dy
B(0,r) B(Or) \JJyl/2 t

"N dt
<c [ (/A(t)\f(y)\dy> :

T _ _ dt
<C /O RO T PReTTE

In case 1 < ¢ < 0o, by Holder’s inequality and (wl; N — ), we have

/ PN £ ()] dy

B(0.r)
T ¢ dt\Ye
<C < / (t*Hﬁ*Nk(t)*Nw(t)*l) >
0 t

r A
X tFw®)| £l >
([ (Fwntmomm)" 5

r AN
< o ke Nty ([T )
0

r . q dt l/q

X </(; <t w(t)HfHLp(‘)(A(t))> t>

s ~ B T . q dt La
< CrtBNE () No(r) 1</0 (t w(ﬂl!me(-)(A(t))) t) '

In case 0 < ¢ <1, by (wl; N — ) and Minkowski’s inequality, we have

/ 1PN ()] dy
B(0,r)

- r dt
< CretBNg(r)~Ny(r) 1/0 taw(t)HfHLpO)(A(t)ﬁB(W))T
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< CT_€+5_Nk(r)_Nw(r)_1

< et ye) e
i v s w(s LPC) (A(s)NB(0,r)) s t

< Cr_5+ﬂ_Nk(r)_Nw(r)_1

V2 o f (2 ar)" as) "
X s w(s)|| Il e cacs , / — 1 —
(/0 (5wl aomsior) (s/ . t) ;

< et N Nyt ([ (oo me) =)
NS T T wlTr ) S Ww\S Lp(»)(A(S)) s

In case ¢ = o0, by (wl; N — (), we have
[ WPy
B(0,r)

<o ([ e o Yo Y ) s (Full o)

t ) o<t<r

(tfw(t)llf ||Lp<->(A(t)))

r

< Cr_€+'8_Nk(r)_Nw(r)_1 sup
0<t<

< OV H M) b (O mogacy)

o<t<r

Therefore, we obtain the required result. []

LEMMA 4.7. (Cf. [20, Lemma 3.5]) Let 8 € R. Ifw(r) satisfies (w2; N —
B) and 0 < & < g9, then

i) = [ ) dy

B\B(0,r)
1/q
N ) - 1 . q dt
< Cr V() Na(r) ! (/T/Q (t w(t)HfHLm<~>(A(t))> t)

for all0<r <1 and f € L (B) when 0 < g < oo and

loc

HE £(r) < OrNk(r) M) sup (@)1 fll o )
r/2<t<1

for all0<r <1 and f € L. _(B) when q= oco.

loc
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18 Y. MIZUTA, T. OHNO AND T. SHIMOMURA

Proof. We show only the case when 1 <g<oo. Let 0 <r<1,0<e<eo
and f € L{ (B). By Lemma 3.1,

loc

|yl

/ WFNf @)l dy < © / N AN )] dy
B\B(0,r) B\B(0,r) \JJyl/2 t

1 dt
B—N
<C/r/2t (/A(t) \f(y)\dy) 5

Y BN - dt
<C k)T e gy F
r/2
By Hélder’s inequality and (w2; N — (), we have

/1 7 NEE) N £l oo a
» LPO(AW) T

1 q dt v
<C ( / (tEW’Nk(t)’Nw(t)*l) )
r/2 t

1 q dt Ve
x ( /m (@Il ooy ) t)

L AN
< Crort AN ()N (r) ( NG t)
r/2

1 q dt Ha
X </r/2 (t w(t)HfHLP(‘)(A(t))> t)

1/q
. ) B 1 . q dt
< CretP N (r) N (r) ™ </r/2 (t w(t)HfHLMA(t))) t) ’

which gives the required result. 0
Now we are ready to prove Theorem 4.4.

Proof of Theorem /.4. We show only the case when 0 < g < 0o, because
the remaining case is easily obtained. Let f be a measurable function on B
such that || f[lzp ()00 @) < 1. For 0 <r <1, write

f=IxBos2) + [Xaw + [xe\BOr) =1+ f2+ 3,
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where A(r) = A(r/2) U A(r) U A(2r). Note here that

1
M fi(x) < sup /
1) /2 |B(@, )| JB(2nBO,r/2)

<or N / ()] dy
B(0,r/2)

[f(y)l dy

< CHyf(r)
for z € A(r). Hence we obtain by Lemmas 4.2 and 4.6, (Pk1) and Fubini’s
theorem
1 a dr
v o
| o a2
1
<cC / ({o7" ™™} =Nk )
0
o a dt\ dr
% (/0 (t 1w(t)HfHLP1('>(A(t))> t> r
1
N q
< €1 .
< C/o (t w(t)HfHLPl()(A(t)))
. - i dr\ dt
(N a1 NN e 2
(] ey i) )
1 q dt
< ’ t
< C/o (w(t)||f||LP1<)(A(t))) t
(4.1) < C

Since f3 =01in case 1/4 <r <1 and

M f3(z) < C ly|~N|f(y)| dy < CHY f(4r)
B\ B(0,4r)

for z € A(r) in case 0 <r < 1/4, we obtain by Lemmas 4.2 and 4.7, (®k2)
and Fubini’s theorem

/01 (W(T)||Mf3“L<I>(A(r)))
L el e Na
< 0/0 ({22} 72Nk )

qa dr
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L, a dt\ dr
% (/ (t 6%.1(15)||f”LPl(‘>(A(t))) t> o

<c| (O o ay)”
([ G ey %) 4

1 q dt
<c /0 (@I moaen)” 5
<C

(4.2)
For f5, by Lemma 2.4
1M foll Lo a@y) < Cllfell o @y = Clfl e i)

so that

1 d
(13 | (o fliaen)” <

By (4.1), (4.2) and (4.3)

q dr

/01 (W(T)HMfHL@(A(r))) <G

N

[

REMARK 4.8. Let k(r) = a(log(e + 1/r))® with a > e’(log(e + 1))~ and
b>1/N and w(r) =" with —N <v < 0. Then note that ®(r) =r(log(e +
7))*N=1 by Remark 3.4. Let by >b and 0 <7 < 1/2. We choose 0 < Ay <

A1 < 1 such that by > (1 + A1)b. For |zg| = r, consider
f(y) = |$0 - y|_NXC(;Bo,r,)\1)7
where C(zg,7, M) = {y € A(r) : r'*M < |zg — y| < r}. Note that

_logk(ly) | _logk(ly) | LN
ot 10 8T ®) < it 1 o8 (sl/2) )

log k(|y|)
~log(e+1/yl)

<log (k(ly) ) + €

< log (k(Jzo — y) ) + €
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HERZ-MORREY SPACES ON THE UNIT BALL 21
for y € C(xg, 7, A1) since
lzo —y|l <r < |y| < 2r < 2lzg — y[/ M),

Then we have

p1(y) — =N M )
@ ay= [ gl e (B 0100 )

< C/ ‘CUO—y\_N(log(e—l—1/‘x0_y’>)(1+)\1)b]\/ dy
C(IO,T,/\1)

< [\ (ogle+ 1/
PlFAL t

< C(log(e + 1/r))d+A BN+

Set
Frly) =77 (log(e + 1/r)) "N g (y),
We see that
1frll Loy @y < O,
so that

1 q dt r q dt
v ‘ =< v ‘ i
/0 (t ”fr”Lm()(A(t))) P S /T/2 (t HfrHLP1(>(A(t))) t
q
<C(FIfllmom) <C

when 0 < ¢ < oo and
S (1o ay) < . (#1elom ac)
<O\ fellpmoy < C

when ¢ = co. Therefore | fy|[3p1 (.00 gy < C for all 0 <7 <1/2.
On the other hand, for = € C(xg, r, \2) we find

C

|B(xo, |0 — x|)| B(zo,lzo—2])

lwo=al gt
> Clzg — x|_N/ —

LA t

Mf(x) > f(y) dy
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lwo—z| dt
> Clag — x| / —

|zo—x|1FA/(422) T

> Clag — x|V log(e + 1/|zo — ).
Then we obtain
/A( : M fr(x)/ (r*”(log(e + 1/7’))(b1*(1+/\1)b)N>

X <log (6 + M fr(z)/ (T_V(log(e + 1/T))(b1—(1+>\1)b)N)))blN—l -

— [ ogle+ 1/r) 400 £(a)
A(r)

biN—1
x (log (e + (log(e +1/r) "N Darf(@))) " da
> C(log(e + 1/r))~1N+1) / lzo — 2| log(e + 1/|zo — z)
C(zo,m,A2)
biN—1
X (log (e + |zo — 2| (log(e 4+ 1/|zo — a:|))_b1N)) ' dx

> C(log(e + 1/r))~ 1N+

<[ o ol ot + 1/l — )N o
C(zo,m,A2)

> C.
It follows that
1M o]l s ary) = Cr " (log(e + 1/r)) 10N,

where ®1(r) = r(log(e + r))"*V~1. Hence

1 a dt 3r/2 q dt
v - > v _
/0 (t HMferl(A(t))) " /// (t HMfTHL‘I’l(A(t))) ;

3r/4

2 C (’]"V”Mf’f’”L<I>1(A(T))>
> C(log(e + 1/r))br—(1+A)b)Ng

q
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when 0 < ¢ < oo and

Sup, (tVHMfTHL‘1>1(A(t))) = Cr||M fr|l por (agry)

> C(log(e + 1/r))br=(1FA)0N

when ¢ = oo, so that || M f; |10 @) — 00 as 7 — 0.
Thus Theorem 4.4 is the best possible.

REMARK 4.9. Let k(r) = a(log(e + 1/r))® with a > e’(log(e + 1))~ and
b>1/N and ®(r) = r(log(e + r))*V ! as in Remark 3.4 . If 1f 10010 (B) <
1 and —N < v <0, then we can find a constant C' > 0 such that

/B (ol M f () (log(e + M f(2))"N 1 do < C.

We shall show this. We may assume that [[Mf|[zeaq)) <1 for all
0 <r <1 by Lemma 4.1 and Theorem 4.4. Then note that

1= /A(T)‘I’ <Mf(33)/\|Mf||L<I>(A(r))> dx

> (1M fl o) /A @O ) de

Therefore, by Fubini’s theorem and Theorem 4.4

Iy I R
=c/t”(/ Mf(x)) d )Cff

< C/O I M £l e acy
= C||M fllye.1v(B)
< C;

which proves the result.

As in the proof of Lemmas 4.6 and 4.7, we have the following results by
using

N /A A< O sy

fort>0and p> 1.
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LEMMA 4.10. (Cf. [20, Lemma 3.4]) Let € R and p > 1. If w(r) satis-
fies (wl; N/p—B) and 0 < e < &1, then

H; f(r) < Cr=Npy(r) =1 (/T (tEw@® £ ) >l/q
SI0) < i ) S

forall0<r <1 and f € L _(B) when 0 < g < oo and

loc

Hy f(r) < Cr=NPu(r)™t sup (w®)|fllLraq))

o<t<r
for all0<r <1 and f € L _(B) when q= oco.

loc

LEMMA 4.11. (Cf. [20, Lemma 3.5]) Let S € R and let p>1. If w(r)
satisfies (w2; N/p — ) and 0 < € < €9, then

! ar
Hy f(r) < Cre=Npy(r)~t </7~/2 (w1 f I Lecacy))” v >

for all0<r <1 and f € L{ .(B) when 0 < q< oo and

HEf(r) < CrPu(r)™h sup (w®)| fllrcaey)
r/2<t<1

forall0<r <1 and f € L _(B) when q= oco.

loc

For 0<qg< oo, we define Herz—Morrey—Musielak—Orlicz spaces
H P49+ (B) of all measurable functions f on B such that

1 a dr\ "
flsaae = ([ (@) %) <oc

when ¢ < oo and
o (py = SUP  w(r < 00
1132 (B) 0<r81 ( )HfHL(I)d(A(r))

when ¢ = oo.

THEOREM 4.12.  Assume that w(r) satisfies (wl;0) and (w2; N —6).
Suppose further (k1) and (®k2) hold. Then there exists a constant C' >0
such that

HMfH’H‘pl,d’qv“’(B) < C”f”’;.pbd,q,w(B)
for all f € HP42+(B).
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Proof. We show only the case when 0 < g < 0o, because the remaining
case is easily obtained. Let f be a measurable function on B such that
[fll324:0 () < 1. Note that (w1;0) and (w2; N — ) imply (wl; N/ps — N)
and (w2; N), respectively.

By Theorem 4.4, we have

1 a dr
/0 (w(T)H fHL@(A(r))) N

For 0 < r < 1, write
f=IxBos2) + [Xaw + [xB\BO) =1+ f2+ 3,
where A(r) = A(r/2) U A(r) U A(2r). Here note from (3.1) that

b(x)M fi(z) < CMy fr(z) + M[bfi](z)

t9
s¢ Sup/ fW)| dy + Hybf](r
{t>7“/2 |B(z, t)] B(z,t)ﬂB(O,r/Q)’ W) N[ J(r)

<c {r—w [ 1fwldy+ Hyler <r>}
B(0,r/2)
< ¢ {rHy f(r) + Hylbf)(r) }

for x € A(r). Let 0<é&; <e1 and 0 < éy < e9. Hence we obtain by Lem-
mas 4.2, 4.6 and 4.10 and Fubini’s theorem

1 dr
| )HbelHLm(A(r)))q?

C{ 751 N+N/p2+9k() N>q
s o dty dr
< ([ (Eeollmone) §) 5
1 T dt\ d
v [ (e ([ ool §) T
0 0 t T
1 q Lo dr\ dt
C{/O t€1 HfHLm()(A( ))) </t 14 r) —
1 1
+ [ @S maae)” ( e ‘”) dt}
0 ¢ T t
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q dt
C/ O fll pea A(t))) 7

(4.4) < C.

Since f3 =0 in case 1/4 <r <1 and

b(x)M f3(x)
1 9 +
< — d b
¢ {?gg |B(z,t)| JB(2,)nB(0,4r) z =yl W)l dy + Ho'l f](4r)}

<c { / W1V £ () dy + HJ[bf](47“)}
BNB(0,4r)

<C {r9H9+f(4r) + HJ[bf](4r)}

for z € A(r) in case 0 < r < 1/4, we obtain by Lemmas 4.2, 4.7 and 4.11 and
Fubini’s theorem

1 q dr
/0 (@) DM fsllraagry) -

< c{ / () )" ( / (O o ay)” Cf) ot

1 1 - d d
b [ ([ el §) T
q dt
<o [ (@OMlsman)’

For f5, by Lemma 3.6
HbeQHLP2(A(T)) < CHfQHL‘Pd(B) = CHfHLq)d(A(T))’

45 <C

so that
! g dr
(4.6) /0 (@) oM fall Lr2 (a(ry)) —<C.
By (4.4), (4.5) and (4.6)
! g dr
[ ot sy L <c. g
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REMARK 4.13.  Let k(r) =a(log(e +1/7))® with a > €’(log(e +1))7°
and b>1/N and &(r)=r(log(e+7))* ! as in Remark 3.4. If
[fllz2a10 @) <1 and =N +6 <v <0, then we can find a constant C'>0
such that

[t {M1) (e + M F@) ! + ()M f (@)} do <.

THEOREM 4.14. Assume that w(r) satisfies (wl;0) and (w2; N — «).
Suppose:

(Wokl) there exist constants 0 < &1 < ey and C >0 such that
1/q

</t1 <{\I’;1(T—N)}—l r—él—l—a—Nk(T)—N)q 617"> <crn

for all0 <t <1 when 0 < qg<oo and

1/, —N\\1~1 a—N -N
oiﬂgl({% (T e N () )gc

when ¢ = 00;
(U, k2) there exist constants 0 < &g < &9 and C >0 such that

</ot <{\I’;1(T_N)}_l Téﬁa_N’f(T)_N)q dr) " < Ot

T

for 0 <t <1 when 0 < g<oo and

—1/,.—N\1"! a-N -N
oi‘iﬁl({% (I e N () )<O

when g = o0.

Then there exists a constant C' > 0 such that

o f lrgvaaw®) < Cllf lypiora0m)

for all f € HP1()4<(B).

Proof. Let f be a nonnegative measurable function on B such that
Hf”’}-[m(-),qw(B) < 1. For x € B, set
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Lf@=[ ey V) dy
B(0,|z[/2)

+ [ o~ ol N 5 (y) dy
(B(0,2[z)NB)\B(0,]z|/2)

b ey ) dy
B\B(0,2]z()

= uy(z) + uz(x) + uz(x).
Let 0 <r < 1. Since

w () < Clal*™™ / f(y) dy
B(0,]z|/2)

< Cr*Hy f(r)
for x € A(r), using Lemma 4.6 we have

—&1t+a— - - " (e a dt)'
() < O e Ve o) ([ (Ol lpown) §)

Hence we obtain by Lemma 4.2, (¥,k1) and Fubini’s theorem

1 a dr
| (e allzvae)"

1
<cC / ({wal M)} et V() V)
0
r, a dt\ dr
v </0 (telw(t)||f||LP1<‘>(A(t))> t> r
1
. q
€1
< C/o <t w(t)Hf”LPl(‘)(A(t)))
1
~1/,—~N\\~! & +a-N Ny dr) dt
X (/t <{\Ija (r5} K(r) ) 7"> t
1 q dt
< C/o <w(t>HfHLP1(')(A(t))> t
(4.7) < G
Similarly, since
uy(z) < C [yI*™ () dy
B\B(0,2|x|)

< Cr*HJ f(2r)
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for x € A(r), we see by Lemma 4.7,

ug(z) < Ot Vk(r) Nw(r) ™ ( /T1 (F2=0®I lmoue) ?)Wq.

Hence we obtain by Lemma 4.2, (¥,%2) and Fubini’s theorem

1 q dr
/O(W(T)\USHL%(A(T))) -

<cf ({eat =)} e Nr(r) =)
0

1 B q dt\ dr
y < / (20Ol ) t) T

1

B q
< —E&2 .
<C O (t w(t)HfHLPl()(A(t)))

X (/Ot ({\Ifgl(r*N)}—l T52+Q7Nk(7~)*N>q Cij“) %
/01 (w(t)||f”Lp1(.)(A(t))>q ?

Let A(r)y=A(r/2) U A(r) U A(2r). Since lug(x)| < C1I,
(fX(B(0,4r)B)\B(0,r/2))(7) for x € A(r), we have by Theorem 3.2

q

<C
(4.8) < C.

luzll Lva (@) < CUF Il oo (A

so that
1 a dr
(19) | (e halee)" <.
Thus, by (4.7), (4.8) and (4.9), we obtain the required result. [

THEOREM 4.15. Suppose o+ 6 < N. Assume that w(r) satisfies (wl;0)
and (w2; N —a — 0). Suppose further (Vok1l) and (Vok2) hold. Then there

exists a constant C > 0 such that
HIOéfHH‘I’a,d«W(B) < CHf”'H‘i’d,q,W(B)

for all f € HP42(B).
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Proof. We show only the case when 0 < g < 0o, because the remaining
case is easily obtained. Let f be a nonnegative measurable function on B
such that |[f]l;24q0 @) < 1. Note that (wl;0) and (w2; N —a —#6) imply
(wl; —0) and (w2; N — ), respectively.

By Theorem 4.14, we have

1 a dr
/ <W(7’)HfafHL%(A(r))> —<C.
0 T

N

For x € B, set

If(z) = / o — y*N f(y) dy
B(0,|z|/2)

+ [ oyl ) dy
(B(0,2|z[)NB)\B(0;|z[/2)

+ 2 — yI°=N f(y) dy
B\B(0,2|z])
= uy(z) + uz(x) + uz(x).

Let 0<r < 1. Let 0<é; <ep and 0 < €y < 9. Since

b(a)us (z) < Cb(a) ||~ /B o S0

<c {xW—N / F(y) dy + |2V / b(y)f (4) dy}
B(0,|z|/2) B(0,|z|/2)
< C{r Hy )+ Hy [bf](r)}

for x € A(r), we obtain by Lemmas 4.2, 4.6 and 4.10 and Fubini’s theorem

1 q dr
| (ol )" 5

C{ —51+N/p2+a+9 Nk‘( ) N)q

a dt\ dr
X (/ tal @f1 e )) t> -

1
+ / _€1+N/p2+04 N/Pz)
0
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x (/0 (E1(0) 0 o2 a0 Cff) d}
< of [ (Feomoun)’ </ ) 2
+ /0 (7 w(®) 05 222 10)” (/ d) it}

1 q dt
< C/ w(t e

R CCIT
(4.10) <O

Similarly

b()us(z) < Cb(z) /B oy T

C {/ ly[* N f(y) dy + / v Nb(y) f(y) dy}
B\B(0,2]]) B\B(0,2/2])

< O{r P HE, o f (2r) + r HE[bf)(2r) |

N

for x € A(r), we obtain by Lemmas 4.2, 4.7 and 4.11 and Fubini’s theorem

/01(( bl o5 a)

dr
S
dt\ d
(72 k () ( )l (4 ) t) dr

< c{ /01 T
i /01 e </T1( 206l (ary))* éit) cir}
< C{ /1 (t_ WO e ay) </Ot e cir) %
o [ ) ([ ) 2
/01 Ol pacaiy) o

(4.11) <
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Let A(r) = A(r/2) U A(r) U A(2r). Since ug(x) < Cla(f
X(B(0,4r)nB)\B(0,r/2)) () for € A(r), we have by Lemma 3.10
bl 540y < Ol
so that
! a dr
. <o
(112 | (ol )" F <o
Thus, by (4.10), (4.11) and (4.12), we obtain the required result. [

REMARK 4.16. Let k(r) =a(log(e +1/7))® with a > €’(log(e +1))7°
and b>1/N. Then

\I]a ('I") ~ TN/(N—OZ) (log(e + r))b()éN/(N—a)+bN_1

as in Remark 3.4. Let a +60 <N. If | fllyes1vg) <1 and =N +a+6 <
v < 0, then we can find a constant C' > 0 such that

/ |x’V {Iaf(ﬂf)N/(N_a)(IOg(e—I-Iaf(.iv)))baN/(N_a)—H)N_l
B

+ (b(x)Ia f(x))f’%} dz

< C.
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