J. Inst. Math. Jussieu (2020) 19(2), 451-485 451
doi:10.1017/S1474748018000063  © Cambridge University Press 2018

RANK TWO TOPOLOGICAL AND INFINITESIMAL EMBEDDED
JUMP LOCI OF QUASI-PROJECTIVE MANIFOLDS

STEFAN PAPADIMA+! AND ALEXANDER 1. SUCIU®?

LSimion Stoilow Institute of Mathematics, P.O. Box 1-764,
RO-014700 Bucharest, Romania (Stefan.Papadima@imar.ro)
2 Department of Mathematics, Northeastern University, Boston, MA 02115, USA
(a.suciu@northeastern.edu) URL: web.northeastern.edu/suciu/

(Received 22 February 2017; revised 15 November 2017; accepted 22 November 2017;
first published online 15 February 2018)

Abstract We study the germs at the origin of G-representation varieties and the degree 1 cohomology
jump loci of fundamental groups of quasi-projective manifolds. Using the Morgan—Dupont model
associated to a convenient compactification of such a manifold, we relate these germs to those of their
infinitesimal counterparts, defined in terms of flat connections on those models. When the linear algebraic
group G is either SLy(C) or its standard Borel subgroup and the depth of the jump locus is 1, this
dictionary works perfectly, allowing us to describe in this way explicit irreducible decompositions for the
germs of these embedded jump loci. On the other hand, if either G = SL,,(C) for some n > 3, or the depth
is greater than 1, then certain natural inclusions of germs are strict.

Keywords: representation variety; variety of flat connections; cohomology jump loci; analytic germ;
differential graded algebra model; quasi-projective manifold; admissible map; Deligne weight filtration;

holonomy Lie algebra; semisimple Lie algebra

2010 Mathematics subject classification: Primary 14F35; 55N25
Secondary 20C15; 55P62

Contents

1 Introduction and statement of results 452
2 Local analytic germs 457
3 Embedded jump loci 459
4 Quasi-Kéahler manifolds and admissible maps 464
5 Quasi-projective manifolds and Orlik—Solomon models 465

The first author’s work was partially supported by the Romanian Ministry of Research and Innovation,
CNCS-UEFISCDI, grant PN-III-P4-ID-PCE-2016-0030, within PNCDI III. The second author was
partially supported by the Simons Foundation collaboration grant for mathematicians 354156.
TDeceased 10 January 2018.

https://doi.org/10.1017/51474748018000063 Published online by Cambridge University Press


HTTPS://ORCID.ORG/0000-0002-5060-7754
mailto:Stefan.Papadima@imar.ro
mailto:a.suciu@northeastern.edu
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
http://www.web.northeastern.edu/suciu/
https://doi.org/10.1017/S1474748018000063

452 S. Papadima and A. I Suciu

6 Irreducibility, dimension, redundancies 468
7 Proofs of the main results 473
8 Rank greater than 2 479
9 Depth greater than 1 481
References 483

1. Introduction and statement of results

1.1. Representation varieties and cohomology jump loci

Let X be a path-connected space having the homotopy type of a finite CW-complex, and
let G be a complex, linear algebraic group. The representation variety Hom(m;(X), G)
is the parameter space for locally constant sheaves on X whose monodromies factor
through G. The characteristic varieties of X with respect to a rational representation
t: G — GL(V) are the jump loci

Y1(X, 1) = {p € Hom(m|(X), G) | dim H' (X, V,op) > r}, (1.1)

defined for each degree i > 0 and depth r > 0. These loci, which record the variation
of twisted cohomology inside the parameter space, encode subtle information about the
topology of X and its covering spaces. We focus here mainly on the degree 1 jump loci,
which depend only on the fundamental group 71(X) and the representation ¢.

We work throughout over C, unless otherwise mentioned. For an affine variety 2", we
denote by Z() the analytic germ of 2™ at a point x € Z". Affine varieties and analytic
germs are always reduced.

The study of analytic germs of embedded cohomology jump loci is a basic problem
in deformation theory with homological constraints. Building on the foundational work
of Goldman and Millson [13], it was shown in [8] that the germs at the origin 1 €
Hom(r{(X), G) of those loci are isomorphic to the germs at the origin of embedded
infinitesimal jump loci of a commutative differential graded algebra (for short, CDGA)
that is a finite model for the space X. In [3], Budur and Wang extended this result away
from the origin, by developing a theory of differential graded Lie algebra modules which
control the corresponding deformation problem.

The case when G = SL,(C) has received a lot of attention in the literature. For instance,
results from [21] reveal an unexpected connection between SL;(C) representation varieties
and the monodromy action on the homology of Milnor fibers of central hyperplane
arrangements: for a line arrangement in CP?, combinatorial information (namely the
nonexistence of points of intersection with multiplicity properly divisible by 3) implies
the fact that all roots of the characteristic polynomial of the monodromy action on the
first homology of the Milnor fiber of order a power of 3 have multiplicity at most 2 (a
delicate topological property). The proof from [21, §7.3] uses a construction related to
the irreducible decomposition of the analytic germ Hom(m(X), SL2(C))(1), where X is
the arrangement complement. On the other hand, the universality theorem of Kapovich
and Millson [16] shows that rank 2 representation varieties may have arbitrarily bad
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singularities away from 1. This leads us to focus on germs at the origin of such varieties,
and look for explicit descriptions via infinitesimal CDGA methods.

1.2. Flat connections and resonance varieties

The infinitesimal analog of the G-representation variety around the origin is the set
F (A, g) of g-valued flat connections on a commutative, differential, positively graded
C-algebra A, where g is the Lie algebra of the Lie group G. This set consists of all
elements w € A! ® g which satisfy the Maurer-Cartan equation, dw + %[w, w] =0. If A!
is finite-dimensional, then the set of flat connections is a Zariski-closed subset of the affine
space A! ® g. Furthermore, .% (A, g) contains the closed subvariety .# (A, g) consisting
of all tensors of the form n® g with dn = 0.

To define the infinitesimal counterpart of the jump loci (1.1), let 6: g — gl(V) be
a finite-dimensional representation. For each g-valued flat connection w, there is an
associated covariant derivative, d,: A*®V — A* Tl @V, given by d, = d @ idy + ad,,
and satisfying d2 = 0. The resonance varieties of A with respect to @ are the sets

F(A,0)={we F(A g) | dmH ARV, d,) >r). (1.2)

If A is finite-dimensional, then these sets are Zariski-closed in .# (A, g). Furthermore, if
Hi(A) # 0, then (A, 0) contains the closed subvariety I1(A, 6) consisting of all elements
n®ge . FU(A, g) with detd(g) = 0.

1.3. Quasi-Kahler manifolds and admissible maps

We now turn our attention to a class of spaces for which the characteristic varieties
are constrained by some powerful structural results. Let M be a quasi-Kéhler manifold,
that is, the complement of a normal crossing divisor D in a compact, connected Kéhler
manifold M. A map f: M — C from such a manifold to a smooth complex curve C is
said to be admissible if f is holomorphic and surjective, and f admits a holomorphic,
surjective extension between suitable compactifications, f: M — C, such that all the
fibers of f are connected.

As shown by Arapura in [1], there exists a finite set &(M) of equivalence classes
of ‘admissible’ maps from M to smooth curves of negative Euler characteristic, up to
reparametrization in the target. For each such map f: M — M, we denote by f;: 7 —
my the induced homomorphism on fundamental groups; the admissibility condition
insures that f; is surjective. Let abf: m — mur be the projection of the group m onto
its maximal torsion-free abelian quotient. We will denote by fo: M — K (¢, 1) the
corresponding classifying map, which is determined up to homotopy by the property
that (fo)y = abf. Furthermore, we will write E(M) = & (M) U{ fo}.

Let G be a complex linear algebraic group, let ¢: G — GL(V) be a rational
representation, and let 6: g — gl(V) be its tangential representation. For all r > 0, we
have inclusions

Keo2 | £4 @y, (1.3)
feEEM)
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where fﬁ*: Hom(r s, G) — Hom(w, G) denotes the induced morphism on representation
varieties. For r = 0 and 1, the inclusions from (1.3) are equivalent to the two inclusions

Hom(, G) 2 abf* Hom(marr, G)U | ] £ Hom(r s, G), (1.4)
)
¥, 1) 2 abf* ! (7rapg, ) U U fiHom(r s, G). (1.5)
fe&n

The case when b1 (M) = 0 is trivial, since Hom(x, G)(1y = {1}, while both "I/ll(n, (1)
and &(M) are empty in that situation. So, it is harmless to assume that b1 (M) > 0.

In the rank 1 case, i.e., the case when G = C* and ¢ identifies C* with GL;(C), equality
near 1 in (1.5) holds, by a deep result of Arapura [1] on the structure of #,!(x, ).
In particular, every nontrivial character p € Hom(wr, C*) sufficiently close to the trivial
character and such that H'(x, Cp) # 0 must belong to fHom(wy, C*), for some f €
&(M). For a more general treatment of factorization results of this nature we refer to the
book by Zuo [27] and to the recent work of Campana et al. [4, 5].

1.4. Quasi-projective manifolds and transversality

We specialize now to the case when M is a connected, smooth quasi-projective variety
(for short, a quasi-projective manifold). Let (M, D) be a convenient compactification of
M, where M is now a projective manifold, and D is a union of smooth hypersurfaces,
intersecting locally like hyperplanes. Work of Morgan [20], as recently sharpened by
Dupont in [11], associates to these data a bigraded, rationally defined cpGa, A =
0S(M, D), called the Orlik-Solomon model of M. This CDGA is a finite model of M, i.e.,
it is connected (A0 = C), finite-dimensional as a C-vector space, and weakly equivalent
to the de Rham algebra of M. Furthermore, A is functorial with respect to regular
morphisms of pairs (M, D) as above.

For an admissible map f: M — My, we will denote by ®¢: Ay — A the induced CDGA
map between the respective Orlik—Solomon models. Let <I>>’]Z  F(Ar,9) > F (A, g) be the
morphism induced by ® s between the respective varieties of flat connections. Assuming
as before that b; (M) > 0, we obtain the following infinitesimal counterparts of inclusions

(1.4)(1.5):
FA,92F A pu | 5740, (1.6)
fesmn
(A0 2TI(A.0)U | ] @574, 9. (1.7)
feém

This brings us to our first result, which can be viewed as a ‘transversality’ theorem for
the subvarieties which appear on the right-hand side of inclusions (1.4)—(1.7). This result
summarizes Theorems 7.2 and 7.10, and will be proved in §§7.1 and 7.5.
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Theorem 1.1. Let M be a quasi-Kdhler manifold, and let f, g € &(M) be two distinct
admissible maps.

(1) If M is a quasi-projective manifold, then
QLT (Ap, 9) NP, F (Ag, 9) = {0}

(2) If M is either a compact, connected Kihler manifold or the complement of a central
complex hyperplane arrangement, then

fﬁ* Hom(nf, G)pnN g; Hom(ng, G)ay = {1}.

In the rank 1 case, part (2) of the theorem also follows from results in [10]. Moreover,
if M is an arrangement complement, an equivalent statement can be found in [17], again
only in the rank 1 case. The novelty here is that a completely analogous statement holds
for arbitrary complex linear algebraic groups G.

1.5. Topological versus infinitesimal factorizations

Our main goal in this paper is to analyze the decomposition into irreducible components
of the germs at 1 of the embedded jump loci (Hom(x, G), “//11 (7, 1)) and the germs at 0 of
their infinitesimal analogs, (% (A, g), ,%’]1 (A, 0)), in the case when 7 is the fundamental
group of a quasi-projective manifold.

A key step in this direction is the next theorem, which establishes a very strong
connection between equalities in (1.4)—(1.7), and opens the way for using infinitesimal
computations to derive factorization results near 1.

Theorem 1.2. Let M be quasi-projective manifold with by(M) > 0. For an arbitrary
rational representation of G = SLp(C) or its standard Borel subgroup Soly(C), the
following statements are equivalent.

(1) The inclusion (1.4) becomes an equality near 1.

(2) Both (1.4) and (1.5) become equalities near 1.

(3) The inclusion (1.6) is an equality, for some convenient compactification of M.

(4) Both (1.6) and (1.7) are equalities, for any convenient compactification of M.

This theorem, which will be proved in § 7.2, provides a topological interpretation for
[22, Question 8.4], which asks whether statement (4) from above always holds.

1.6. Irreducible decompositions for germs of embedded jump loci

The next theorem, which will be proved in §7.3, is our main result regarding the
irreducible decomposition around the origin of the rank 2 topological and infinitesimal
embedded jump loci of quasi-projective manifolds.
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Theorem 1.3. With notation as above, suppose the equivalent properties from Theorem
1.2 are satisfied.

(1) If bi(My) # by(M) for all f € &M), then we have the following decompositions
into irreducible components of analytic germs:

Hom(m, G)(1y = abf* Hom(apf, G) (1) U U fu* Hom(7 7, G) (1), (1.8)

feE M)
# . 0ay = abf* # (rat. 0y U | £ Hom(ry, Gy, (1.9)
fe&M)
ﬂ(A, g)(()) = QI(A, g)(()) U U (b;ﬂ(Af, g)(o), (1.10)
fe& M)
R (A, 0)0) =TIA, 00U (] 5ZAs 00 (1.11)
feE M)

(2) If by(My) = b1 (M) for some f € &(M), then we have the following equalities of
irreducible germs:
Hom(x, G)(1y = fﬁ* Hom(r ¢, G)(1y,
A (e, 0y = f7 Hom(r g, G,
F(A, 90 = PrF(Ar, 9)0),
AL (A, 0)0) = 4T (Af, 9)0)-
(3) For any two distinct admissible maps f, g € &(M),
fﬁ* Hom(m s, G)(1y N gE‘ Hom(m,, G)(1y = {1}.

Under our assumptions, this theorem gives a local, more precise and simple,
classification for representations of m into G, when compared to the similar global,
more sophisticated classification obtained by Corlette—Simpson [6] and Loray et al. [1§]
in the case when G = SL,(C), see Remark 7.8. Furthermore, as explained in Remark
7.6, all irreducible components appearing in Theorem 1.3 are known, for an arbitrary
quasi-projective manifold with (M) > 0, and for an arbitrary rational representation
of G = SL,(C) or Sol(C),

1.7. Applying the decomposition results

By now, the reader may wonder whether our structural results on the irreducible
decompositions of germs of embedded jump loci apply in any meaningful way. The next
theorem, which will be proved in § 7.4, seeks to dispel such possible doubts, by providing a
rich supply of quasi-projective manifolds for which both (1.4) and (1.5) hold as equalities
near 1, in the rank 2 case.

Theorem 1.4. Suppose M is quasi-projective manifold satisfying one of the following
hypotheses.

(1) M is projective.
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(2) The Deligne weight filtration has the property that Wi H'(M) = 0.

(3) M is the partial configuration space of a projective curve associated to an arbitrary
finite simple graph.

(4) 2\ (H(M),d = 0) = {0}.

(5) M =S\ {0}, where S is a quasi-homogeneous affine surface having a normal,
isolated singularity at 0.

Then, for G = SLy(C) or Solr(C), the equivalent properties from Theorem 1.2 are
satisfied, and thus, the conclusions of Theorem 1.3 hold.

It would be interesting to decide whether the conclusions of Theorem 1.3 hold for
arbitrary quasi-projective manifolds, not just the ones from the above list.

1.8. Beyond depth 1 or rank 2

As shown in the next result (which will be proved in Theorem 8.1), the higher-rank
analog of the local equality (1.8) fails, even for some very simple, weighted-homogeneous
quasi-projective surfaces.

Theorem 1.5. Let M = S\ {0}, where S is a quasi-homogeneous affine surface having a
normal, isolated singularity at 0. If by (M) > 0 and G = SL,(C) withn = 3, then inclusion
(1.4) is strict near 1.

Finally, as shown in the next result (which will be proved in Theorem 9.3), the
higher-depth analog of Theorem 1.3 also may fail, even in rank 2.

Theorem 1.6. Let M be a connected, compact Kdahler manifold, or the complement of
a central complex hyperplane arrangement, and suppose there exists an admissible map
fiM — My such that by(My) < by(M). If t1: G — GL(V) is a rational representation of
G = SLy(C) or Soly(C), having a non-zero fized vector v € VO, there is then an integer
r > 1 such that inclusion (1.3) is strict near 1.

Concrete instances where this theorem applies are given in Examples 9.4 and 9.5. On
the other hand, when M is a connected, compact Kéhler manifold or the complement of
a central complex hyperplane arrangement and ¢(: G — GL(V) is an arbitrary rational
representation of SLy(C) or Solp(C), then, as shown in [23], the local equalities (1.8) and
(1.9) hold.

2. Local analytic germs

2.1. Irreducible decompositions

This section contains the necessary preparatory material pertaining to irreducible
decompositions of complex affine varieties and analytic germs. We start with a lemma
which will be used repeatedly in the sequel.
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Lemma 2.1. Let X be an analytic germ, and assume that

Uricx={x.

iel iel
where the indexing set I is finite, all germs X;, Y; are irreducible, dim X; = dimY; for all
i,andY; £Y; fori # j. Then:

(1) There is a bijection b: I — I such that Y; = Xp), for alli;

(2) X= Uiel Y;.
Proof. Let J C I be a subset. To prove part (1), we will construct by induction on the
cardinality of J an injection b: J — I with the property that Y; = X, for all i € J,
starting with J = @. It will be useful to consider the dimension partition, I = | [ I, where

Ip={iel|dmX; =dimY; =d}. (2.1)
Clearly, the injection b must respect the partition blocks.

For the induction step, assume J # I and pick ig € I\ J such that dyp =dimY;,
maximizes dim Y; for i € I'\ J. Plainly, I; C J and b(I;) = 1, for d > dy.

Since Yj, is irreducible, Y;, € X;, for some i € I. Set d =dimX; > do. If d > dp, then
i =b(j) for some j € I; € J, by the previous remark. This implies that X; =Y;, by
the induction assumption. We infer that Y;, € Y;, a contradiction. Hence, d = dy, and
therefore Y;, = X;, by irreducibility.

Set J' = J [ [{io} and extend b to J' by defining b(ip) = i. Then clearly Y; = X, for
all j € J'. To finish the induction, we have to check that i cannot be of the form b(})
with j € J. Otherwise, X; = ¥}, by the induction hypothesis. This implies that ¥;, =Y,
a contradiction.

Finally, the equality from part (2) is a direct consequence of part (1). O

2.2. From inclusions to equalities

Next, we delineate conditions under which inclusions of affine varieties or analytic germs
become equalities.

Lemma 2.2. Let Z be an affine variety with the property that all irreducible components
pass through x € 2. If 2" is another affine variety such that the inclusion & < 2’
holds mear x, then the inclusion holds globally.

Proof. The argument from the first paragraph of [8, §9.23] establishes the claim. O

Lemma 2.3. If X and Y are isomorphic germs, and X C Y, then X =Y.

Proof. The inclusion X C Y induces an epimorphism on coordinate rings, which must be
an isomorphism, by the Hopfian property of Noetherian rings, see e.g., [25, p. 65]. O

2.3. Local versus global irreducibility

Finally, we describe a setting in which global and local irreducibility are equivalent. We
say that an affine subvariety 2~ C C" has positive weights if Z" is invariant with respect
to a C*-action on C" with positive weights.

https://doi.org/10.1017/51474748018000063 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000063

Rank 2 jump loci of quasi-projective manifolds 459

Lemma 2.4. If 2 has positive weights, then all its irreducible components pass through
0. Moreover, the global irreducibility of Z is equivalent to the local irreducibility of the
germ Z -

Proof. Since the algebraic group C* is connected, the action by C* on C" leaves the
irreducible components of 2" invariant. Fix such a component ), and let x € ). Then
tx € Y for all t € C*, and thus 0 = lim;_, ¢ tx must also belong to ), since the action has
positive weights.

To prove the second claim, let us consider the canonical algebra morphisms, R — § —
T, relating polynomials, convergent series and formal series in n variables. Given an ideal
I C R, denote by J and K the ideals generated by [ in S and T, respectively. When [ is
the defining ideal of an affine subvariety 2~ € C" having positive weights, we know that
I is generated by finitely many polynomials which are homogeneous with respect to the
positive weights of the variables. We infer that an element f € R (respectively f € T)
belongs to I (respectively K) if and only if all its weighted-homogeneous components f;
are in I. Hence, R/I canonically embeds into T/K. Consequently, if T/K is a reduced
ring (or a domain), the ring R/I has the same property. We claim that both implications
above are actually equivalences.

Granting this claim, we may finish our proof, as follows. Given an arbitrary ideal J C S,
it is well known that the canonical algebra morphism, §/J — T/K (where K is as above),
is injective, cf. [25, p. 36]. It follows from [25, Corollary I1.4.2 and Theorem II.4.5] that
T/K is a reduced ring (a domain) if and only if the ring S/J has the same property.
Together with the above claim, this shows that R/I is a reduced ring (a domain) if and
only if the ring S/J has the same property. Since R/I and S/J are the coordinate rings of
Z and Z(0), respectively, we infer that 2 is irreducible if and only if Z(g) is irreducible,
as asserted.

Going back to the above claim, let us show that if R/l a domain then T/K is a domain
as well. (The reduced property can be verified by a similar argument.) Otherwise, we
may find two formal series with the property that f # 0 (modulo K) and g # 0 (modulo
K), for which fg =0 (modulo K). Plainly, we may assume that their weighted initial
terms, f, € R (respectively, g, € R), do not belong to I. But then the initial term of the
product, f,gq, must belong to I. This contradiction completes our proof. O

3. Embedded jump loci

3.1. Representation varieties and characteristic varieties

Let 7 be a discrete group, and let G be a C-linear algebraic group. The set Hom(w, G) of
group homomorphisms from 7 to G, called the G-representation variety of w, depends
bi-functorially on 7 and G. Furthermore, this set comes equipped with a natural base
point, namely, the trivial representation, 1.

Assuming now that m is a finitely generated group, the set Hom(wr, G) acquires
a natural structure of affine variety. Furthermore, every homomorphism ¢: 7 — 7’
induces an algebraic morphism between the corresponding representation varieties,
¢*: Hom(z’, G) — Hom(x, G).
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Now let (X, xp) be a pointed, path-connected space, and let m = (X, xg) be its
fundamental group. Then the representation variety Hom(z, G) is the parameter space
for finite-dimensional local systems on X of type G, see e.g., [26, Ch. VI]. Given a
representation 7: 7w — GL(V), we let V; denote the local system on X associated to
7, that is, the left 7-module V defined by g-v = t(g)v. Furthermore, we let H (X, V)
be the twisted cohomology of X with coefficients in this local system, as in [26, Ch. VI]. (If
X is semilocally 1-connected, a classical result of S. Eilenberg identifies twisted homology
on X with equivariant homology on the universal cover of X.)

Definition 3.1. The characteristic varieties of the space X in degree i > 0 and depth
r > 0 with respect to a representation ¢: G — GL(V) are the sets

¥1(X,1) = {p € Hom(x, G) | dim H' (X, V,op) > r}.

For instance, ”f/lo(X , 1) consists of those representations p: m — G for which there
exists a non-zero vector v € V such that ((p(g))(v) = v, for all g € w. In the rank 1
case, i.e., when ¢ is the canonical identification C* — GL{(C), we will drop the map ¢
from the notation, and simply write ”1/ri (X). For each i > 0, the sequence {”//ri (X, 0}r>0
is a descending filtration of Hom(x, G) = "I/()i(X ,1). We will refer to the pairs

(Hom(w, G), 7/ (X, 1)) (3.1)

as the (global) embedded jump loci of X with respect to ¢. Clearly, such pairs depend only
on the homotopy type of X and on the representation .

Assume now that the space X has the homotopy type of a finite, connected CW-complex
(in particular, X is path-connected and locally simply connected), and that the map
t: G — GL(V) is a rational representation. Then the sets “//ri (X, 1) are closed subvarieties
of the representation variety Hom(w, G). The following simple example will be useful
later on.

Example 3.2. Let X be a connected, 2-dimensional CW-complex, and assume x (X) < 0.
Then 7/1] (X, t) = Hom(mr; (X), G), for any rational representation ¢: G — GL(V). Indeed,
let p: 71(X) = G be a homomorphism. Writing b; (X, p) = dim H (X, Viep), we have that

bo(X, p) —b1(X, p) +b2(X, p) = x(X) dim(V) < 0.

This forces b; (X, p) > 0, thereby showing that p € “1/11 (X, ).

The embedded jump loci enjoy a useful naturality property, which we record in the
next lemma (see [23, Corollary 5.8] for a proof, in a more general setting).

Lemma 3.3. Let f: X — X' be a pointed map between two spaces as above. Assume that

the induced homomorphism on fundamental groups, fi: m1(X) — m1(X'), is surjective.
Then the morphism induced by fy on representation varieties,

fﬁ*: Hom(m((X'), G) — Hom(m (X), G), (3.2)
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is a closed embedding, which restricts to embeddings “//ri(X/, 1) — “//ri(X, V) foralli <1 and
r >0, and induces isomorphisms between ¥°(X’,1) and ¥°(X, )N f}:* Hom(m(X), G),
for allr > 0.

Finally, suppose K (m, 1) is a classifying space for the group m. In this case, we will
simply denote the corresponding characteristic varieties by ”f/,i (r,0). If X is a pointed
space, and f: X — K(m, 1) is a classifying map for its fundamental group, then the
induced isomorphism fﬁ*: Hom(mw, G) — Hom(m, G) restricts to isomorphisms ”Vrl () =
”//r] (X, ) for all r > 0, see [23, Corollary 5.11].

3.2. Flat connections

We now turn to the infinitesimal counterparts of the above constructions, following closely
the exposition from [19, §§2-3]. Let (A, d) be commutative, differential graded algebra
(for short, a cDGA) over C, and let g be a Lie algebra, also over C. The tensor product
A ®g has the structure of a graded, differential Lie algebra, with Lie bracket given
by [e ®x, B y] = aB ® [x, y], and differential given by d(¢ ® x) = da ® x. Clearly, this
construction is functorial in both A and g.

The algebraic analog of the G-representation variety Hom(sw, G) is the (bi-functorial)
pointed set (F (A, g), 0) of g-valued flat connections on A, consisting of degree 1 elements
in A® g that satisfy the Maurer—Cartan equation,

do+ 3lw, w] = 0. (3.3)

The CDGA A is said to be connected if A? is the C-span of 1. For such an algebra,
the bilinear map P: Al xg— A'®g, (n,¢) » n® g induces a map P: H'(A) x g —
F (A, g). The essentially rank 1 part of Z (A, g) is the set

FYA,g) = P(H'(A) x g). (3.4)

Suppose now that both A! and g are finite-dimensional. Then the set .% (A, g) has a
natural structure of affine variety, which we shall call the g-variety of flat connections on
A. Moreover, .Z (A, g) is an irreducible, Zariski-closed subset of .Z (A, g). More precisely,
F1(A, g) is either {0}, or the cone on P(H!(A)) x P(g).

An alternate interpretation of these varieties is given in [19, §4]. Set A; = (A")*, and let
IL(A1) be the free Lie algebra on the dual vector space A;. We then define the holonomy
Lie algebra of A as

h(A) :=L(Ay)/ideal(im(d* + U*)), (3.5)

where d*: Ay > A; =LY(A;) and U*: A» - A| AA; =L%(A;) are the maps dual to
the differential and the multiplication map in A, respectively. Clearly, this construction
is functorial. Moreover, as shown in [19, Proposition 4.5], the canonical isomorphism
A' ® g = Hom(A1, g) restricts to a natural isomorphism

Z (A, g) = Homy;e(h(A), g) (3.6)

which identifies .Z1(A, g) with the set of Lie algebra morphisms from h(A) to g whose
image is a vector subspace of dimension at most 1.
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Finally, let 6: g — gl(V) be a finite-dimensional representation, and consider the set
(A, 0) = P(H'(A) x V(deto9)), (3.7)

where det: gl(V) — C is the determinant, and V(f) := {x | f(x) = 0} is the zero set of a
polynomial function f. Then I1(A, 6) is a Zariski-closed subset of .Z!(A, g) containing 0.
Both .Z1(A, g) and TI(A, #) behave functorially with respect to CDGA maps. Moreover,
CDGA maps inducing an H'-isomorphism also induce .#! and I-isomorphisms, since the
variety .Z!(A, g) depends only on H'(A) and g, and similarly IT(A, 8) depends only on
H'(A) and 6.

3.3. Resonance varieties

Once again, consider a representation 6: g — gl(V). For each flat connection w €
ZF (A, g), we turn the tensor product A® V into a cochain complex,

(A®V,dy): A'@V -2saAlev o s2gy Lo ... (3.8)

using as differential the covariant derivative d, = d ® idy 4 ad,,. Here, if we write w =
> ak ® gk, for some ay € Al and g € g, then ad,(a @v) = Y orara ®0(gr)(v), for all
a€ A and v € V. It is readily checked that the flatness condition on w insures that
d’ =0.

Definition 3.4. The resonance varieties of the CDGA A *in degree i > 0 and depth r > 0
with respect to a representation 6: g — gl(V) are the sets

Z(A,0)={we.F(Ag) |dmH ARV, d,) >r). (3.9)

For instance, %?(A, 0) consists of those flat connections @ = ), ax ® gx for which there
exists a non-zero vector v € V such that 6(gr)(v) =0, for all k, see [19, Lemma 2.3],
provided A is connected. For each i > 0, the sequence {%’i(A,@)},;o is a descending
filtration of the set .# (A, g) = %B(A, 0). We will refer to the pairs

(F(A,9), ZL(A, 0)) (3.10)

as the (global) infinitesimal embedded jump loci of A with respect to 6. In the rank 1
case, i.e., the case when 0 is the canonical identification C — gl; (C), we will simply write
Z'(A) for the corresponding sets. If H *(A) is the cohomology algebra of A, we will view
it as a CDGA with differential d = 0, and will denote the corresponding jump loci as
Z'(H *(A), 0), or simply Z'(H %(A)) in the rank 1 case.

Now suppose A is a connected, finite-dimensional CDGA, and the map 6: g — gl(V)
is a finite-dimensional representation of a finite-dimensional Lie algebra. Then the sets
%’} (A, 0) are closed subvarieties of .% (A, g), often referred to as the resonance varieties
of A with respect to 6.

They enjoy the following useful naturality property, proved in greater generality in [23,
Corollary 5.10].
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Lemma 3.5. In the above setup, suppose : A’ — A is a morphism between two such
CDGAs, which is injective in degree 1. Then the natural morphism

V' =y ®id: F(A,g9) — F (A, 9) (3.11)

is a closed embedding, which restricts to embeddings %ﬁ(A/, 0) — %’i(A, 0) for alli <1
and r > 0, and induces isomorphisms between %9(A’, 0) and %S(A, ONY*F (A, g), for
allr > 0.

3.4. Algebraic models and germs of jump loci

Given a topological space X, we let Q°(X) be the Sullivan algebra [24] of piecewise
polynomial C-forms on X. This cDGA has the property that H (Q(X)) = H (X, C), as
graded rings. A CDGA A is said to be a model for X if A may be connected by a zig-zag of
quasi-isomorphisms to (X). For instance, if M is a smooth manifold, then the de Rham
algebra Qqr (M) of smooth C-forms on M is a model for this manifold. We say that A is
a finite model for X if the dimension of A (viewed as a C-vector space) is finite, and A
is connected.

Assume now that X is a path-connected space having the homotopy type of a finite
CW-complex. Let m = 71(X), let t: G — GL(V) be a rational representation, and let
0: g — gl(V) be its tangential representation. We will use frequently the following result,
proved in [8, Theorem B(1)].

Theorem 3.6. Suppose that X admits a finite CDGA model A. There is then an
analytic isomorphism of germs, (A, )y — Hom(m, G)(1, restricting to isomorphisms
RL(A,0)0) = VX, 0, for alli,r.

For later use, we will need the following lemmas.

Lemma 3.7. Let m = 7", with n > 1. Denote by Ay the CDGA (/\'Hl(n), d=0). Then
Ag is a finite model for the torus T" = K (m, 1), and

(F (Ao, 9), Z] (Ao, 0) = (F ' (Ao, 9), T1(Ao, 0)),
for every finite-dimensional Lie representation 6: g — gl(V) of g = sl or sol,.

Proof. Since T" is a formal space in the sense of Sullivan [24], the CDGA Ay is a finite
model of T". On the other hand, Ag is the Chevalley—Eilenberg cochain ¢DGA of the
(abelian) Malcev Lie algebra of 1 = Z". Lemma 4.14 and Theorem 4.15 from [19] together
imply our second claim. O

Lemma 3.8. Let t: G — GL(V) be a rational representation of a unipotent group. If 6 =
di(t): g — gl(V), then F1(A, g) =TI(A, 0), for any connected CDGA A.

Proof. Since the group G is unipotent, the homomorphism ¢ takes values in the
upper-triangular unipotent subgroup of GL,,, where m = dim V, by a classical result in
representation theory [15]. Hence, the function deto8: g — C is identically 0. The claim
then follows from the construction of .#! and II. O
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In the case when G = C, more can be said.

Lemma 3.9. Hom(Z", C)(1y = %' (Z", ), for alln > 1.
Proof. Consider the CDGA Ag from Lemma 3.7. We infer from Theorem 3.6 that
(Hom(Z", C), 1 (Z", )1y = (F (Ao, C), 21 (Ao, 0))0)- (3.12)

Clearly, .Z (Ao, C) = .Z1(Ap, C). On the other hand, .Z'(Ag, C) = I1(Ag, ), by the
preceding lemma. Finally, IT(Ag,6) C %’} (Ap,0), by [19, Theorem 1.2]. Therefore,
F(Ap,C) = %11 (Ap, 0). Our claim then follows from (3.12). O

4. Quasi-Kahler manifolds and admissible maps

4.1. Admissible maps to curves

Let M be a connected, complex manifold. We say that M is a quasi-Kdhler manifold
if M =M\ D, where M is a connected, compact Kihler manifold and D is a normal
crossing divisor. A map f: M — C from such a manifold to a smooth complex curve C
is said to be admissible if f is holomorphic and surjective, and f admits a holomorphic,
surjective extension between suitable compactifications, f: M — C, such that all the
fibers of f are connected. It is readily checked that the homomorphism on fundamental
groups induced by such a map, fi: m1(M) — m1(C), is surjective.

We denote by &(M) the family of admissible maps f: M — M to curves with negative
Euler characteristic, modulo automorphisms of the target, and we denote by fi: w — 7y
the corresponding induced homomorphisms. Deep work of Arapura [1] characterizes those
irreducible components of the rank 1 characteristic variety ”//ll(M) which contain the
origin of the character group Hom(w, C*): all such components are connected, affine
subtori, which can be described in terms of admissible maps, as follows.

Theorem 4.1 [1]. For a quasi-Kdihler manifold M, the set &(M) is finite. Moreover, the
correspondence f ~» fﬁ* Hom(m r, C*) establishes a bijection between &(M) and the set of
positive-dimensional, irreducible components of ”f/ll(M) passing through 1.

Let abf: m — mype be the projection of the group 7 onto its maximal torsion-free abelian
quotient. We will denote by fo: M — K (apf, 1) the corresponding classifying map, which
is determined up to homotopy by the property that (fo)s = abf. Furthermore, we will
write

E(M) = &(M)U{ fo}. (4.1)

4.2. Cohomology jump loci of quasi-Kahler manifolds

Now let G be a complex linear algebraic group, and let ¢(: G — GL(V) be a rational
representation. By Lemma 3.3, the natural inclusion

Hom(r,G)2 | J f;Hom(rs,G) (4.2)
feEM)
induces an inclusion
Ko | £ @ (4.3)
feEM)
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fori = 0and 1, and for all » > 0. In order to prove Theorem 1.2 from the Introduction, we
want to establish some criteria under which the inclusions (4.3) become equalities near 1,
fori =1 and r =0, 1. In the case when G = C*, ( = idgx, and i = r = 1, equality near 1
always holds in (4.3), and in fact is equivalent to Arapura’s Theorem 4.1. To attack the
general case, we start with some preliminary observations.

Suppose first that bj(M) =0. Plainly, 1 ¢ “1/1] (, 1), and therefore ”1/11 (m,0)a) = 9.
Hence, equality (4.3) follows trivially. Moreover, the natural map Q(K(l,1)) —
Q(K(m, 1)) is a l-equivalence; hence, 7 has the same 1-minimal model as the trivial
group, cf. [7, 24]. Tt then follows from [8, Theorem A] that

Hom(r, G) 1) = {1}. (4.4)

Therefore, equality (4.2) also holds trivially in this case. Thus, we may assume from now
on that bi(M) > 0.

In view of the discussion at the end of § 3.1, we may replace in (4.3) the group 7 by the
manifold M, and likewise 7y by My. Moreover, for i =r = 1, the characteristic variety
7/11 (My,1) may be replaced in (4.3) by the representation variety Hom(rw s, G), when
f € &M). Indeed, for each f € &(M), the manifold My is a connected, 2-dimensional
CW-complex with x(My) < 0. Thus, by the computation from Example 3.2, we have
that

1My, 1) = Hom(rr g, G). (4.5)

Finally, let f e E(M). By Lemma 3.3, the set fl:* Hom(rw s, G) is Zariski-closed
in Hom(w, G), and the set fﬁ*“//ll(nf,t) is Zariski-closed in “//11(7r, t). Furthermore,
the analytic germ fﬁ* Hom(m ¢, G)(1y is isomorphic to Hom(ms, G)(1), and similarly

it e oa = A G o).

Remark 4.2. We also deduce from Lemma 3.3 that equality near 1 in (4.2) implies equality
near 1 in (4.3), for i =0 and all r > 1.

5. Quasi-projective manifolds and Orlik—Solomon models

5.1. Orlik—Solomon models

We now restrict our attention to a class of quasi-Kahler manifolds of great importance
in complex algebraic geometry. Recall that a space M is said to be a quasi-projective
variety if M is a Zariski open subset of a projective variety. By resolution of singularities,
a connected, smooth, complex quasi-projective variety M can realized as M = M \ D,
where M is a connected, smooth, complex projective variety, and D is a normal crossing
divisor. For short, we will say that M is a quasi-projective manifold.

Let M and M’ be two projective manifolds, and let D ¢ M and D’ C M’ be two divisors.
A regular morphism of pairs, f: (M, D) — (M/, D’), is a regular map f: M — M with
the property that f~!(D’) € D. Clearly, the restriction f: M\ D — M \ D’ is also a
regular map. Conversely, any regular map between quasi-projective manifolds is induced
by a regular morphism between suitable compactifications with normal crossing divisors,
see [20]. Consequently, a map between two quasi-projective manifolds, f: M — M’, is
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admissible (in the sense of §4.1) if and only if M’ is a smooth curve and f is a regular
surjection with connected generic fiber.

We will consider a class of divisors broader than the normal crossing type, namely
the hypersurface arrangements investigated in [11]. Extending Morgan’s Gysin models
from [20], Dupont constructs in [11] a bigraded Q-cpGaA, OS (M, D), associated to a
hypersurface arrangement D in M, functorial with respect to regular morphisms of such
pairs. He proves that OS *(M, D) is a finite model of the quasi-projective manifold M =
M\ D. Tt is straightforward to extract from the results in [11] that OS M, D) is a model
with positive weights for M, in the sense from [22]. Moreover, there is an identification,
H *(OS(M, D)) = H (M \ D), natural with respect to regular morphisms of pairs.

Given a quasi-projective manifold M, a compactification M obtained by adding a
hypersurface arrangement D is called a convenient compactification if every element of
& (M) is represented by an admissible map f: M — My which is induced by a regular
morphism of pairs, f: (M, D) — (M f»Dy), where M £ is the canonical compactification
of the curve My, obtained by adding a finite set of points D . It is known that convenient
compactifications always exist, see [20]. Fixing such an object, we will use the following
simplified notation: for each f € &(M), we denote the weight-preserving CDGA map
OS(f): OS(My,Dys) — OS(M,D) by ®;: Ay — A.

Remark 5.1. Let M be a quasi-projective manifold with fundamental group 7, and let
A = 0OS(M, D) be an Orlik-Solomon model for M. If G is a linear algebraic group whose
Lie algebra g is abelian, then, as shown in [8, Theorem B(2)], there is an analytic
isomorphism of germs,

F (A, 9)(0) — Hom(rr, G)(1), (5.1)

which is natural with respect to the action on flat connections of CDGA maps induced
by regular morphisms of pairs, and the action on representation varieties of induced
homomorphisms on fundamental groups. Furthermore, this isomorphism restricts to
isomorphisms % (A, 0)) = 7, (M, ), for all i, r.

The naturality of the isomorphism (5.1) for G = SL;(C) and Soly(C) would simplify
the proof of Theorem 1.2. As explained in [23, §7.5], though, the argument from
[8, Theorem B(2)] that establishes the naturality of the isomorphism (5.1) breaks down
in the non-abelian case. This is the reason why we chose to prove Theorem 1.2 with the
aid of Lemma 2.1, instead.

5.2. Flat connections and infinitesimal jump loci

We now proceed to describe infinitesimal analogs of the inclusions (4.2) and (4.3) for
i=r=1.Let 6: g — gl(V) be a finite-dimensional representation of a finite-dimensional
Lie algebra. By naturality of the set of flat connections, we have an inclusion,

FA, 92 F A nu (] ®FAf 0, (5.2)
VA

where ®*% denotes the map ®y ®idg: A} ®g — A! ® g. This inclusion is then the analog
of (4.2). For the analog of (4.3), we need some preparation.
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Lemma 5.2. For every map f € &(M), the following hold:
o 42,

(1) A F=A7T

(2) x(H*(Ap) <0;

(3) @ is injective.
Proof. The first claim follows easily from the construction of the Orlik—Solomon model
Ay of My, while the second claim simply translates the fact that x (M) < 0.

For the last assertion, we recall from [11] that there is a regular morphism of pairs,
b: (M D) — (M, D), constructed by iterated blow-up, where D is a normal crossing
divisor. We deduce that OS(fo b) coincides with the map between Gysin models

constructed by Morgan. This latter map is injective, as shown in [8, Example 5.3], and
so we are done. O

Recall now that by (M) > 0, and thus H'(A) # 0. The infinitesimal analog of (4.3) is
the following inclusion,

ZiA.02m@A.0U | o7 Ar 0. (5.3)
fe€M)

Let us verify that (5.3) holds. To start with, the inclusion IT(A, ) C 9211 (A, 0) is given
by [19, Corollary 3.8]. Next, for every f € &(M), we have that F#(Ay, g) = %’11 (Ay,6), by
[19, Proposition 2.4] and Lemma 5.2. Finally, CD’}%II (A, 0) C 9?11 (A, 0), by Lemmas 3.5
and 5.2.

5.3. Properties of the infinitesimal inclusions

Before proceeding, let us make a couple of simple remarks about the inclusions in displays
(5.2) and (5.3). All terms appearing on the right-hand side are Zariski-closed subsets
of Z(A,g), respectively %]1 (A, 0). Indeed, for Z1(A, g) and TI(A,6), this follows by
construction, cf. [19, §1.5]; moreover, these two varieties depend only on H 1(A) and
0. On the other hand, for CID*E(Af,g) the claim follows from Lemmas 3.5 and 5.2.
Furthermore, the analytic germs d>* F (A, 9)) and F(Ay, g)( are isomorphic.

Lemma 5.3. In both inclusions (5.2) and (5.3), equality is equivalent to equality near 0.

Proof. The positive-weight decomposition of A! gives rise to a positive-weight C*-action
on A' ® g, leaving both .Z (A4, g) and %11 (A, 0) invariant, as explained in [8, §9.17]. It
follows from Lemmas 2.2 and 2.4 that equality near 0 implies global equality. O

For later use, let us note that the above C*-action on A' ® g also endows with positive
weights the subvarieties .Z1(A, g), T1(A, 0), and @*J(Af g), for all f € &(M).

In the rank 1 case, i.e., when 6 =idc, we have that .Z(A, C) = H'(A), for every
connected CDGA A. Thus, inclusion (5.3) becomes

Zi(A) 20U ) imH'(®)) (5.4)
fe& )
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in this case. Actually, more can be said about this. [8, Theorem C] implies the following
infinitesimal analog of the bijection from Theorem 4.1:

2} (A) = {0}U U imH'(® ). (5.5)
Fe& )

Moreover, this is the irreducible decomposition of %11 (A), where {0} is omitted when
E(M) # @, as in [19, (50)].

Corollary 5.4. FEquality in (5.2) implies equality in (5.3).

Proof. By Lemma 5.2 and formula (5.5), we may apply [2, Proposition 4.1] to the family
{® )} reem) to obtain the desired conclusion. O

6. Irreducibility, dimension, redundancies

In this section, M will be a quasi-projective manifold with fundamental group = = w1 (M),
and A =0S°M, D) will be an OS-model for M associated to a fixed convenient
compactification of M. Let G be a complex linear algebraic group, let t: G — GL(V) be
a rational representation, and let 6: g — gl(V) be its tangential representation. Unless
otherwise mentioned, we suppose in this section that G is either SL, or its standard
Borel subgroup Sol, consisting of upper-triangular matrices with determinant 1. To
avoid trivialities, we will assume throughout that b1 (M) > 0.

6.1. Dimension and irreducibility

Our strategy is to compare the union of germs at 1 from (1.4) with the union of germs
at 0 from (1.6), and similarly for (1.5) and (1.7), using Theorem 3.6 and Lemma 2.1. We
start this approach by verifying the dimension and irreducibility assumptions from that
lemma.

Lemma 6.1. Let f: M — My be an admissible map, and let ®p: Ay — A be the
corresponding morphism of CDGA models. For any complex linear algebraic group G,
the germs fﬁ* Hom(rw s, G)1) and @?E(Af,g)(o) are isomorphic to ¥ (H °(Mf),g)(0).
Moreover, if G = SLy or Solp, then

(1) These germs are irreducible;
(2) Z(Ar, 90 #F (Af, 0)©)-

Proof. As noted before, there are isomorphisms of analytic germs,
fﬁ* Hom(r ¢, G)(1) = Hom(w s, G)(1y and @?Q(Af, 9o = ﬁ'(Af, 9)©0)- (6.1)

On the other hand, by Theorem 3.6, we also have an isomorphism
j(Af, 9)) = Hom(r ¢, G) (. (6.2)

Observe that the curve My is a formal space in the sense of Sullivan [24]. Hence, the
cDGA H (M), endowed with zero differential, is another finite model of M. Again by
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Theorem 3.6, we have an isomorphism Z (A, g)o) = F (H '(Mf), 9)(0), and this proves
the first claim.

For Parts (1) and (2), we will use [19, Lemma 7.3], which says that, for a smooth
complex curve C with x(C) < 0, the variety .#(H (C), g) is irreducible and strictly
contains .Z ! (H %(C), g).

Next, we prove (1). By the aforementioned result, the variety .#(H *(My),g) is
irreducible. Since this variety is homogeneous, and thus has positive weights, Lemma
2.4 implies that the germ .# (H (M), g)(0) is also irreducible.

Finally, we prove (2). Since Hl(Af) = Hl(Mf), there is an isomorphism of germs,
91(Af, 9o = FUH ‘(M¢), 9)0)- Suppose that F (A, g)) = ngl(Af, 9)©)- Then the
germ at 0 of the variety Z(H (M ), 8) would be isomorphic to the germ at 0 of the
closed subvariety .#!(H '(Mf), g). Hence, Lemma 2.3 would imply that % (H '(Mf), g9) =
FYH ‘(My), g), in contradiction with [19, Lemma 7.3]. The proof is thus complete. [

The next lemma completes the verification of the dimension and irreducibility
assumptions from Lemma 2.1.

Lemma 6.2. With notation as above, the following hold for G = SLy or Sol,.
(1) The germ abf* Hom(mapt, G)(1y is isomorphic to FL(A, 9)(0)-
(2) The germ abf* ”//ll(n'abf, ) is isomorphic to TI(A, 0) ().
(3) All the above germs are irreducible.

Proof. As mentioned previously, we have an isomorphism
(abf* Hom(mabs, G), abf* #{' (mrapt, 1)1y = (Hom(maps, G). ¥, (rant, 0)1y-  (6.3)

Denote by Ag the cDGA (/\.Hl(M), d = 0). We deduce from Theorem 3.6 and Lemma
3.7 that
(Hom(mavt, G). /7' (Tabt, D) (1) = (F (Ao, ). %] (Ao, 0))0)- (6.4)

Again by Lemma 3.7,
(F (Ao, 9). 1 (A0, 0)) = (F' (Ao, 9). TI(Ag. 0)). (6.5)
Since plainly H!'(A4g) = H'(A), we have that
(Z' (Ao, 9). TI(Ap, 0)) = (F (A, 9). TI(A, 0)). (6.6)

Putting things together verifies claims (1) and (2).

We now prove claim (3). The irreducibility of .Z!(A, g) ) follows from [19, Lemma 3.3]
and Lemma 2.4. By the construction of TI(A, ) (see [19, (18)]), the irreducibility of
the zero set V(deto#) implies the irreducibility of IT(A, 6)). When g = sly, the variety
V(deto0) is irreducible, by [19, Lemma 3.9].

Finally, we let g be the 2-dimensional solvable Lie algebra solp, with 1-dimensional
abelianization. Set m =dimV. Since sol, is solvable, 6 takes values in the
upper-triangular Lie subalgebra of gl,(C), by a classical result in Lie theory [14].
Composing 6 with the projection onto the diagonal matrices, we obtain a Lie algebra map
0': sol, — C™, with components Ap, ..., Ay, having the property that deto® =[], A;.
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Since 6’ factors through the abelianization, we infer that deto @ = ¢ - A, for some constant
¢ and some linear map A on soly, which clearly implies the irreducibility of V(deto ).
This completes our proof. O

6.2. Non-redundant cases

Next, we have to analyze the unions of germs at the origin from (1.4)—(1.7) from the
viewpoint of their redundancies.

Lemma 6.3. For any two distinct maps f, g € &(M), the following hold for G = SL, or
5012.'

(1) fﬁ* Hom(nf, G)(]) Z g;‘ Hom(ng, G)(l);

(2) ®3F(Ar. )0 £ PpF (Ag, 9)©)-

Proof. We assume first that fti* Hom(r s, G)1y € g; Hom(m,, G)(1). Intersecting this
inclusion with Hom(w, C*) where C* is the subtorus of diagonal matrices from G,
we infer that fﬁ* Hom(m ¢, C*)) € g;‘ Hom(m,, C*)(1). Since both fti* Hom(w ¢, C*) and
g; Hom(m,, C*) are connected tori, it follows from Lemma 2.2 that ftt* Hom(w s, C*) C
g; Hom(mg, C*), in contradiction with the bijection from Theorem 4.1.

Finally, suppose that @?ﬁ(Af, 9)©0) € P5F (Ag, 9)(0)- Let C < g be the Lie algebra of
the torus considered above. Intersecting this inclusion with .% (A, C), we infer as before
that ®%.7(Ar, C) ) S ®5F (Ag, C)(), which implies that im H'(®f) Cim H!(®y), in
contradiction with (5.5). O

Lemma 6.4. For all f € &(M) and for all complex linear algebraic groups G, the following
equality of germs holds:

fﬁ* Hom(nf, G)(]) N abf* Hom(nabf, G)(l) = fﬁ* abf* HOIn((]Tf)abf, G)(l). (6.7)
Furthermore, if G = SLy or Soly, then

(1) ®5F(Ar. 0 £ F (A Do:
(2) fﬁ* Hom(nf, G)(l) Z abf™ Hom(nabf, G)(l).

Proof. We first establish equality (6.7). As explained in [23, Remark 7.8], the analytic
germ abf* Hom(mapf, G)(1) coincides with the abelian part near 1 of the representation
variety Hom(r, G), and similarly for 7 7. It follows that we may replace the map abf by
the abelianization map ab in (6.7).

The inclusion ‘D’ is an immediate consequence of naturality of abelianization. Hence,
it is enough to prove that any homomorphism p: my — G for which po fy factors
through abelianization has the same property. This in turn follows from the fact that
the epimorphism f; induces a surjection on derived subgroups, plus naturality. Our first
claim is proved.

To prove (1), suppose that PLF(Af, 9o S FY(A, 9)). Then, by the injectivity of
® ¢, we would have that F (A, g)) S F (A, 9)(0), in contradiction with Lemma 6.1(2).

To prove (2), suppose that fﬁ* Hom(m ¢, G)(1y S abf* Hom(mapf, G)(1). From (6.7), we
deduce that Hom(w s, G) (1) = abf* Hom((77 f)abt, G) (1), by the surjectivity of f;. We now
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consider the inclusion .#!(A 80 S Z(Ar, 9) 0. We claim that our assumption leads
to the equality 91(Af, 9o = F(Ayr, 9)©), the same contradiction as before.

In view of Lemma 2.3, our claim follows from the existence of an isomorphism of germs,
FHA 90 = ZF(Ar, 9)0)- To construct such an isomorphism, we consider the CDGA
Ao = (A 'Hl(Mf), d = 0) from Lemma 3.7. Since Ay is a finite model of My, we have an
isomorphism

y(Af, 9)0) = Hom(r ¢, G) 1y, (6.8)

by Theorem 3.6. Next,
Hom(r ¢, G)(1y = abf* Hom((7 f)abt, G) (1), (6.9)
by our assumption, and clearly
abf* Hom((77 £)abf, G) (1) = Hom((77 £ )abt, G)(1)- (6.10)

Again by Theorem 3.6,

Hom((7 £)avt, G) (1) = F (Ao, 9)0)- (6.11)
By Lemma 3.7,
7 (A0, )0 = 7 (Ao 9) o). (6.12)
Finally,
T Ao 90 = F'(Ar. 9)0). (6.13)
since H'(Ag) = H! (Ay). Putting things together completes our proof. O

6.3. Redundant cases

We now complete our analysis of the redundancies in the unions

abf* Hom(mrap, )y U | ) ' Hom(rr s, G)qyy. (6.14)
fe& M)

abf*"f/ll(JTabf,L)U)U U fﬁ*Hom(nf,G)(l), (6.15)
fe& (M)

FlA.9ou | 25FAr 00, (6.16)
fe&n

MA.OnuU | ®5ZAr 00). (6.17)
fe& (M)

By the results from § 6.2, we need to consider the following two cases. If either (6.14)
or (6.15) is redundant, then

abf* ”//11 (TTabf, V(1) S fﬁ* Hom(r s, G)(1y, for some f € &(M). (6.18)
If either (6.16) or (6.17) is redundant, then

H(A, 9)(()) - (bjcgz(Af, g)(o), for some f S éE(M) (6.19)

https://doi.org/10.1017/51474748018000063 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000063

472 S. Papadima and A. I Suciu

Lemma 6.5. If condition (6.19) holds, then bi1(My) = b1 (M).

Proof. Let C C g be the Lie algebra of the unipotent group C C G consisting of the
matrices of Soly with 1I’s on the diagonal. Denote by ¢': C — GL(V) the restriction of
t. Clearly, di (/) = 6’, the restriction of 6 to the Lie algebra C. Our assumption implies
that TT(A, 0") ) € dJ’J‘R?(Af, 9)(0)- We infer from Lemma 3.8 that

F (A, C)) = F (A, C)) S P}.F(Ar. 9)0)- (6.20)

Therefore, . (A, C)q) < CD??(AJ‘, C)y. In other words, HI(A)(()) CimH' (@) ).
Hence,
b1(M) = dim H'(A) () < dimim H'(® ) (). (6.21)

On the other hand, HI(CI)f) is identified with H'(f), as recalled in §5.1, and H'(f)
is injective, since f; is surjective. In conclusion, by (M) < b1(My). Since clearly by (M) >
b1(My), we are done. O

Lemma 6.6. If condition (6.18) holds, then bi(My) = b1 (M).

Proof. Define ¢/ and 8’ as before. Note that “//11 (Tabt, ) € ”//11 (Ttabt, L), by construction. By
Lemma 3.9, %l(nabf, 14 )1y = Hom(mapt, C)(1). Thus, we infer from our assumption that

abf* Hom (70, C)(]) - f]j* Hom(nf, G)(]). (6.22)
Hence,

abf* Hom (7 ,pf, C)(]) - fﬁ* Hom(nf, (C)(]). (6.23)
Consequently, dim Hom(mapf, C)(1) < dimHom(r s, C)(y), that is, b1 (M) < bi(My). Pro-
ceeding now as in the proof of Lemma 6.5 completes the proof of this lemma. O

Lemma 6.7. Suppose b1(M) = b1 (My) for some f € &M). Then:
(1) H'(f) is an isomorphism.
(2) &) ={f}.
(3) Fl(A,g) q)’}ﬂ(Af, 9), for any finite-dimensional Lie algebra g.
(4) abf* Hom(smaps, G)(1) < fiHom(z ¢, G)qy, for any linear algebraic group G.

Proof. (1) This claim is clear, since H'(f) is injective.

(2) Fix g € &(M). We start by noting that gXHom(m,, C*) is a connected affine
subtorus of dimension b1 (M) of the connected affine torus Hom(mapr, C*) of dimension
b1(M), since (mg)ap = H1(Mg, Z) has no torsion. Thus, our assumption implies that
fﬁ* Hom(wr s, C*) = Hom(mabf, C*). We infer that g Hom(wg, C*) C fti* Hom(z ¢, C*). By
Theorem 4.1, we must have g = f, and we are done.

(3) Tt is enough to note that CD?,?](Af,g) =.Z1(A, g), since Hl(d>f) = H'(f) is an
isomorphism.

(4) Let faof: mapt — (7 f)abf be the (surjective) homomorphism induced by f;. Since
bi(M) =b1(My), we have that mupr = (mf)avr. Hence, fapr is an isomorphism, and
consequently
faps Hom((7w ) avf, G) (1) = Hom(mwang, G)(1). (6.24)

al
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This equality of germs implies that
abf* Hom(nabf, G)(]) = fj* o abf“ Hom((nf)abf, G)(l) - fﬁ* Hom(nf, G)(l), (6.25)

as asserted. This completes the proof. O

7. Proofs of the main results

In this section, we provide proofs to Theorems 1.1-1.4 from the Introduction.

7.1. Transversality in the quasi-projective setting

Let M be a quasi-projective manifold, and fix a compactification M = M U D, where M
is a connected, smooth projective variety, and D is a hypersurface arrangement in M.
As before, let (As,d) = OSYM, D) be the corresponding Orlik-Solomon model for
M. By construction, the lower degree (called weight) is concentrated in the interval
[, 2i], in (upper) degree i. The terminology comes from the fact that the induced lower
grading in cohomology splits Deligne’s weight filtration [11]. Thus, an element Q € Al®g
has weight decomposition Q = Q1 4 Q», where Q; € A}. ®g, for j = 1,2. Note also that

H'(A) = A Nker(d), since A is connected. When we write Q € H!(A) ® g, we mean that
022 = 0, where 9 denotes d ®idy. By construction, € € H'(A)®g.

Lemma 7.1. Let (A,d) = OS(M, D) be any Orlik-Solomon model. If Q € F(A,g) and
Q1 =0, then Q € H'(A)®g, for any finite-dimensional Lie algebra g.
Proof. For an element Q € A' ® g, let us examine the flatness equation, 92 + %[Q, Q] =
0. Let 2 = Q4+ Q2 be the weight decomposition. We recall from §5.1 that both the
differential and the product of A have degree zero with respect to the weights of A. Using
this fact, the weight 2 component of the flatness equation translates to the equality
02 + %[521, Q1] = 0, which proves our claim. O
Fix now a convenient compactification M = M U D. Then any admissible map f: M —
M induces a morphism ®r: Ay — A between the corresponding OS-models, and this, in
turn, induces a morphism CD’}: F(Ayr,g) = F (A, g) between the corresponding varieties
of g-flat connections. The next result proves Theorem 1.1, Part (1) from the Introduction.

Theorem 7.2. Let M be a quasi-projective manifold, and let g be a finite-dimensional Lie
algebra. For any distinct f, g € &(M),

YT (Af, 9) NPT (Ag, 9) = {0}
Proof. We start by noting that
imH'(® ) nim H'(®,) = {0}. (7.1)

Indeed, im H'(® £) is naturally identified with im H L(f), and similarly for g. On the other
hand, Theorem 4.1 yields a natural identification of im H!(f) with the tangent space
Ti( fﬁ* Hom(mr s, C*)) to the corresponding irreducible component through 1 of 7/11(M),
and similarly for g. Finally, as shown in [10, Theorem C(2)],

T1(fF Hom(m ¢, C*)) N T1(gZ Hom(wg, C*)) = {0}. (7.2)
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Suppose now that GY}(Q) = QZ(Q/), for some Qe F(Ar,g) and Q € F(Ag, 9).
Consider the weight decompositions, Q = Q1+ Q; and Q' = Q| + Q). We infer that
CID*} (1) = CDZj(Q’]), since Orlik—Solomon CDGA maps preserve weight. As mentioned
before, Q) € H'(Af) ® g and Q] € H'(A,;) ® g. We infer then from (7.1) that (1) =
©5(2)) = 0. Hence, Q1 = Q] =0, since &5 and ®; are injective, by Lemma 5.2. Our
assumption becomes then CD’}(SZQ) = CDZ (2)). On the other hand, we know from Lemma
7.1 that Q; € Hl(Af) ®g and Q) € Hl(Ag) ® g. Therefore, CID"}(Qz) = @;(9’2) =0, by
the same argument as before. Our proof is complete. O

Let us point out that the transversality property from Theorem 7.2 is a non-abelian
generalization of the aforementioned rank 1 result from [10, Theorem C(2)].

7.2. Topological and infinitesimal jump loci

We now turn to the proof of Theorem 1.2 from the Introduction. As before, we shall
work with a fixed convenient compactification M of a quasi-projective manifold M
(which we will assume satisfies b; (M) > 0), and we shall let A denote the corresponding
Orlik—Solomon model for M. The bulk of the proof is contained in the next three lemmas.

Lemma 7.3. If the inclusion (1.6) is an equality, then the inclusion (1.4) becomes an
equality near 1.

Proof. Recall from Theorem 3.6 that .# (A, g)) = Hom(r, G)(1, as analytic germs. By
assumption, the inclusion (1.6) is an equality near 0. Suppose first that the union (6.14)
has no redundancies. By Lemma 2.1 and the results from § 6.1, the inclusion (1.4) is then
an equality near 1, thereby verifying our claim.

Now suppose that the union (6.14) is redundant. Then (6.18) also holds. Hence,
by Lemmas 6.6 and 6.7, we have that &(M) = {f} and H'(f) is an isomorphism.
Furthermore, by Lemma 6.7 again, our claim in this case reduces to proving the equality

Hom(r, G) (1) = fti* Hom(w s, G)(1y. (7.3)
Our hypothesis regarding (1.6) gives the equality
F (A, 90 =F (A, 90 UPLT(Ar. ) ). (7.4)
Again by Lemmas 6.6 and 6.7, equation (7.4) becomes

F(A, 90 = PrF(Ar, 9)0)- (7.5)

As seen before, Hom(x, G)1) = F (A, g)(0). Plainly, @;9(Af, 9o = F(Ay, 9)©)- Fuar-
thermore, . (Ay, g)) = Hom(m s, G)(1), again by Theorem 3.6. Finally, Hom(r ¢, G)(1)
= fﬁ* Hom(m ¢, G)q1).-

In conclusion, the equality from (7.5) implies that Hom(r, G)) = fﬁ* Hom(m s, G)(1y.
Therefore, by Lemma 2.3, equality (7.3) holds, and we are done. O
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Lemma 7.4. If the inclusion (1.6) is an equality, then the inclusion (1.5) becomes an
equality near 1.

Proof. We infer from our assumption that the inclusion (1.7) is an equality, by Corollary
5.4.Set X = Z}(A, 0)0) = 7, (7, 1) 1), cf. Theorem 3.6. If the inclusion (1.7) is an equality
near 0 and the union (6.15) has no redundancies, then the inclusion (1.5) is an equality
near 1, as claimed, by Lemma 2.1 and the results from §6.1.

If the union (6.15) is redundant, we may assume also that (6.18) holds. Hence, &(M) =
{f} and H'(f) is an isomorphism, by Lemmas 6.6 and 6.7. By Lemma 6.7, we are left
with proving the equality

# w0y = fF Hom(r g, G) ). (7.6)
Since the inclusion (1.7) is a global equality, we deduce the local equality
R (A.0)0) = TI(A,0)0) U} T (Ar, 9)(0)- (7.7)
Again by Lemmas 6.6 and 6.7, equality (7.7) becomes
R (A, 0)0) = DT (Af. 9)0)- (7.8)

As we mentioned before, “//11(71, Oy = %’11 (A, 8)0). Next, we have that
Cb?y(Af, g)(()) = y(Af, g)(o) = HOHl(TL’f, G)(l) = fli* HOIIl(TI.’f, G)(l),

as in the proof of Lemma 7.3. Therefore, (7.8) implies that ”1/11 (m,)a) =
fl:* Hom(m s, G)(1y. Hence, equality (7.6) holds, by Lemma 2.3, and this completes our
proof. O

Lemma 7.5. If the inclusion (1.4) is an equality near 1, then the inclusion (1.6) is also
an equality.
Proof. By Lemma 5.3, it is enough to show that the inclusion (1.6) becomes an equality
near 0. Set X = F(A, g)o) = Hom(x, G)(1y, cf. Theorem 3.6. If the inclusion (1.4) is an
equality near 1 and the union (6.16) has no redundancies, then the inclusion (1.6) is an
equality near 0, by Lemma 2.1 and the results from §6.1.

If the union (6.16) is redundant, we may assume also that (6.19) holds. Hence, &(M) =
{f} and H'(f) is an isomorphism, by Lemmas 6.5 and 6.7. By Lemma 6.7, our claim
reduces to verifying the equality

F (A, 9o = PpF(Ar, 0)0)- (7.9)
Our assumption related to (1.4) gives the equality
Hom(7, G)(1y = abf* Hom (e, G)(1y U f; Hom(wr ¢, G)(1y- (7.10)
Again by Lemmas 6.5 and 6.7, formula (7.10) reduces to
Hom(r, G)(1y = fﬁ* Hom(r ¢, G)(1). (7.11)

As seen before, F (A, g)) = Hom(rw, G)(1y. Clearly, fﬁ* Hom(r ¢, G)(1y = Hom(r s, G)(1).
Next, Hom(mws, G)1) = F(Afr, 9)0), again by Theorem 3.6. Finally, F(Af,g)o) =
q)?j(Af, 9)(0)-

In conclusion, (7.11) implies that .# (A, g) ) = @?Q(Af, 9)(0). Hence, by Lemma 2.3,
equality (7.9) holds, and we are done. O
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Proof of Theorem 1.2. The implication (1) = (4) follows from Lemma 7.5 and Corollary
5.4. Implication (4) = (3) is clear. The implication (3) = (2) follows from Lemmas 7.3
and 7.4. Finally, the implication (2) = (1) is obvious. O

7.3. Irreducible decompositions

We are now in a position to prove Theorem 1.3 from the Introduction, regarding
the decomposition into irreducible components of germs of embedded jump loci of a
quasi-projective manifold M satisfying one of the equivalent properties from Theorem
1.2.

Proof of Theorem 1.3. We start with Parts (1) and (2). The equalities (1.8)—(1.11) follow
from Theorem 1.2. We also know from Lemmas 6.1 and 6.2 that all subgerms appearing
in these unions are irreducible. If any one of these unions has redundancies, then, in
view of the results from §6.3, either (6.18) or (6.19) holds. In Part (1), this violates our
assumption on first Betti numbers, by Lemmas 6.5 and 6.6. In Part (2), we have to verify
equalities (1.12)—(1.15): these follow at once from (1.8)—(1.11) and Lemma 6.7.

To prove Part (3), we start by examining the irreducible decomposition (1.10).
By Theorem 7.2, all components different from .Z!(A, 9)0) intersect pairwise in a
single point. Next, we claim that the irreducible decomposition (1.8) has the following
property: all components different from abf* Hom(maps, G)(1) have positive-dimensional
intersection with abf* Hom(mwaps, G)(1)- Indeed, such an intersection is isomorphic to
Hom((7 )avf, G) (1), by Lemma 6.4. Since (7w f)apf = Z" with n > 1, Lemma 3.7 gives the
isomorphism Hom((7 #)apf, G) (1) = F L(Ag, 9)©0)- On the other hand, the homogeneous
variety #!(Ag, g) is isomorphic to the cone on the product of projective spaces
P*~! x P(g), which implies that its germ at 0 is positive-dimensional.

By Theorem 3.6, the germs Hom(w, G)(1y and % (A, g)) are isomorphic. Clearly, in
Part (3) we may suppose that &(M) has at least two elements. With this assumption,
we infer from Part (1) and the above discussion that the isomorphism identifies the
components abf* Hom(maps, G) (1) and & (A, 9)(0)- Indeed, the isomorphism identifies the
components of Hom(r, G)(1y) with those of .# (A, g)(), modulo a permutation t of the
index set E(M). Assume that fl(A,g)(o) is identified with Hom(mw s/, G)(1y, for some
f' € &M), and pick an element g’ € &(M) different from f’. By the above property of
the irreducible decomposition (1.10), abf* Hom(mabt, G)(1) must intersect Hom(m,, G)()
in a single point. On the other hand, the above property of the irreducible decomposition
(1.8) implies that this intersection is positive-dimensional. This contradiction proves that
7(fo) = fo, as claimed. Our assertion in Part (3) follows then from Theorem 7.2. O

Remark 7.6. We point out that all irreducible components appearing in Theorem 1.3
are known, for any quasi-projective manifold M with b;(M) > 0 and any rational
representation of G = SL; or Soly. Indeed, Lemmas 6.1 and 6.2 provide isomorphisms
of germs, fHom(rs,G)a) = ®%F(Ar, 0)0) = F(H ‘(My¢), 9)©), for any f e &M),
as well as isomorphisms abf* Hom(mabs, G) (1) = & LA, g9 and abf* "//11 (TTabf, D (1) =
IT(A, 0)©). Finally, the affine varieties % (H '(Mf), g) and Fl(A,g), TI(A,0) are
described in [19, Lemmas 7.3 and 3.3].
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Remark 7.7. The equivalent properties from Theorem 1.2 also imply global equalities
in (1.10) and (1.11), by Lemmas 2.2 and 2.4. When all Betti numbers b;(My) are
different from bi(M), these equalities are in fact global irreducible decompositions, by
Theorem 1.3(1) and Lemma 2.4. When b1 (M) = b1 (M) for some f € &(M), the local
equalities (1.14) and (1.15) are actually global equalities of irreducible varieties, by a
similar argument.

Remark 7.8. Building on the seminal work of Corlette and Simpson [6], Loray et al.
establish in [18, Corollary B] the following striking result. Let M be a quasi-projective
manifold, and let p: 71(M) — SL2(C) be a representation which is not virtually
abelian. There is then an orbifold morphism, f: M — N, such that the associated
representation, p: w1(M) — PSL,(C), factors through the induced homomorphism
firm(M) — nfrb(N ), where N is either a 1-dimensional complex orbifold, or a polydisk
Shimura modular orbifold.

The equality from Theorem 1.3, display (1.8) provides a simpler, more precise local
classification: If the representation p is sufficiently close to the origin, then either p
is abelian, or there is an admissible map f: M — C such that p factors through the
homomorphism f;: w1 (M) — 71(C), where C is a smooth curve with x(C) < 0.

Example 7.9. Let M be the product X, x N, where X, is a projective curve of genus
g > 1 and N is a projective manifold with b{(N) = 0. This simple example shows that
the case from Theorem 1.3(2) really does occur. Indeed, it is clear that the canonical
projection, f: M — X, = My, gives an element f € &(M) with by(My) = by (M).

7.4. On the structure of rank 2 jump loci

The results we have obtained so far enable us to derive structural decompositions near 1
of the non-abelian rank 2 topological embedded jump loci in low degree, for several large
classes of quasi-projective manifolds. These structural decompositions are summarized in
Theorem 1.4 from the Introduction, which we now proceed to prove.

Proof of Theorem 1.4. Let M be a quasi-projective manifold; as explained in §4.2, we
may suppose that by(M) > 0. Fix a convenient compactification M = MU D, and let
(A°® d) = 0S (M, D) be the corresponding model for M.

We need to verify that equalities (1.8) and (1.9) hold in the five cases from our list. By
Theorem 1.2, it is enough to check that the infinitesimal inclusion (1.6) is an equality in
each case, that is, we need to verify that

FA,9=FApu | o574 0. (7.12)
fe& o

for each of the corresponding Orlik—Solomon models.

(1) First suppose that M is projective. In this case, OS (M, @) = (H (M), d = 0). In
particular, M is a formal space and 7 is a 1-formal group, and similarly for each curve
M. It follows from [19, Corollary 7.2] that (7.12) holds.

(2) Next, suppose that the Deligne weight filtration has the property that Wy H'(M) =
0. In this case, equality (7.12) holds by [2, Theorem 4.2].
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(3) Now suppose that M is the partial configuration space of a projective curve
associated to a finite simple graph. Then the needed equality is established in [2,
Theorem 1.3].

(4) Next, suppose that %11 (H*(M),d =0) ={0}. Then (7.12) holds by [19,
Corollary 7.7].

(5) Finally, suppose that M = S\ {0}, where S is a quasi-homogeneous affine surface
having a normal, isolated singularity at 0. Equality (7.12) is then proved in displays (35)
and (36) from [22, Theorem 9.6]. O

7.5. Transversality for Kéhler manifolds and hyperplane arrangements

When M is either a compact, connected Ké&hler manifold or the complement of a central
complex hyperplane arrangement, the local analytic equalities (1.8) and (1.9) were
obtained in [23, Theorem 1.3], by a completely different approach. (In the compact Kéhler
case, a map f: M — My is admissible if it is a holomorphic surjection with connected
fibers onto a compact Riemann surface; the finite set E(M) is defined as before.)

The method used in [23] is based on the fact that the family of maps E(M) has the
uniform formality property (in the sense of [23, Definitions 3.2 and 6.3]), in the above two
cases: this is proved in [23, Proposition 7.4] for compact Kahler manifolds, respectively
in [23, Proposition 9.3] for the arrangement case. This means that, for all f € E(M),
there are zig-zags of augmentation-preserving quasi-isomorphisms connecting the Sullivan
algebras of M and M to the respective cohomology algebras, as well as augmented CDGA
maps ®; making the following ladder commute, up to augmented homotopy of CDGA

maps,
Q) <4y e
Q(f)] @1] ch,“ Tf* (7.13)
QM < A A, M_]H*(Mf),

with the property that the isomorphism induced by the top zig-zag on deformation
functors (i.e., the appropriate moduli spaces of flat connections) is independent of f.

Using this uniform formality property, we obtain the following topological analog of
the transversality property from Theorem 7.2, which proves Theorem 1.1, Part (2) from
the Introduction.

Theorem 7.10. Let M be either a compact, connected Kahler manifold or the complement
of a central complex hyperplane arrangement. Let G be a linear algebraic group. Then

f: Hom(rr s, G)(1y N g7 Hom(mg, G)(1) = {1},
for any two distinct maps f, g € &(M).

Proof. In the arrangement case, we may suppose by a standard slicing argument that the
hyperplanes lie in C3, since our claim depends only on the fundamental group 7 = 71 (M).
In both cases, we may choose a basepoint in M, and assume that all elements of E(M)
are represented by pointed maps.
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For amap f € E(M), consider the cDGA map H *(f): (H (My),d =0) — (H(M),d =
0), denoted ®s: Ay — A. We want to apply [23, Theorem 6.4] to the finite families
{f} and {®[}, for g = 1. Clearly, all spaces and all CDGAs appearing in these families
are finite objects. Since each f; is an epimorphism, both f and ®; are 0-connected
maps. Denote by Q(f) the cDGA map induced by f between Sullivan de Rham algebras.
As mentioned before, Q(f) ~ @ in the category of augmented CDGAs, uniformly with
respect to f € E(M).

Theorem 6.4 from [23] provides then a local analytic isomorphism, Hom(z, G)) =
F(A, 9)(0), that identifies fﬁ* Hom(rz r, G)(1) with @f}ﬁ(Af, 9)(0), for all f € &(M). Thus,
our assertion will follow from the global transversality property

4T (Ap. g) N OLF (Ag. g) = {0). (7.14)
In our situation, a stronger transversality holds, namely
P5AL®gN AL ®g = {0}. (7.15)
Indeed, property (7.15) becomes
imH'(f)®gNimH' () ® g = {0}, (7.16)
by the construction of ®. On the other hand,
imH'(f) NnimH'(g) = {0}, (7.17)

by the argument from the proof of Theorem 7.2, which also works for quasi-Kéhler
manifolds. Thus, equality (7.16) holds, and this completes our proof. O

It is proved in [9, Theorem 4.2] that all pairs of distinct irreducible components of
”//1] (M) intersect in a finite set, for any quasi-projective manifold M. In light of the
bijection from Theorem 4.1, Theorem 7.10 may be viewed as a non-abelian analog of this
rank 1 result.

8. Rank greater than 2

In this section, we consider in more detail the case when M is a punctured
quasi-homogeneous, isolated surface singularity, as in Theorem 1.4, Part (5). For the
group 7w = 71 (M), we will examine the natural inclusion

Hom(r, G)(1y 2 abf* Hom(mapt, G) (1) U U f Hom(zr s, G) 1y, (8.1)
fe& (M)

where G = SL, (C) with n > 3. We begin by recalling from [22, § 9] several relevant facts.

Since M is a quasi-homogeneous variety, there is a positive-weight C*-action on M

with finite isotropy groups. The orbit space M/C* is a smooth projective curve X,

where g = b1 (M) /2. Thus, our standard assumption that b; (M) > 0 translates to g > 0.

It is readily seen that the canonical projection, f: M — M/C* = My, is an admissible
map. Furthermore,

EM) = 0 ife=1 (8.2)

{f} ifg>1.
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Set H®= (H %(X,),d = 0). Define a cDGA (A, d) by A*= H*® \(), with ¢ of degree
1, where d =0 on H*® and df = w, where w € H? is the orientation class. Then A
(respectively H) is a finite model of M (respectively My).

Theorem 8.1. Let M = S\ {0}, where S is a quasi-homogeneous affine surface having a
normal, isolated singularity at 0. If by (M) > 0 and G = SL,(C) withn > 3, then inclusion
(8.1) is strict.

Proof. Assuming the contrary, we infer for g > 1 that
Hom(rw, G)(1y = f;"Hom(z s, G)y- (8.3)
Indeed, in this case equality in (8.1) becomes
Hom(r, G)(1y = abf* Hom(mapt, G) (1) U fﬁ* Hom(r ¢, G)(1y, (8.4)
since &(M) = {f}. On the other hand,
abf* Hom(mapt, G)(1) S f" Hom(rr s, G) 1), (8.5)

by Lemma 6.7.
If g = 1, equality in (8.1) becomes

Hom(r, G)(1y = abf* Hom(mabt, G) (1), (8.6)

since &(M) = @.

We will show that both (8.3) and (8.6) lead to a contradiction. We denote by ¢: H — A
the canonical CDGA inclusion. Note that both H and A are CDGAs with positive weights,
preserved by the map ¢; see [22, Proposition 9.1].

First, we claim that equality (8.3) implies that

F (A, 9)=¢"F(H,g). (8.7)

To verify this claim, let us note that, by Lemmas 2.2-2.4, it is enough to construct a
local analytic isomorphism,

F (A, 9)0) = ¢*F(H, 9)0)- (8.8)

In turn, such an isomorphism is obtained as follows. First, .# (A4, g)©) = Hom(z, G)(1),
by Theorem 3.6. Next, Hom(w, G)1y = f; Hom(ws, G)y, by (8.3). On the other
hand, we clearly have that ftt* Hom(z s, G)(1y = Hom(z s, G)(1y and ¢*.F(H, g)@) =
F(H, g)«)- Finally, Hom(w ¢, G)(1y = % (H, 9)(0), again by Theorem 3.6. Thus, our claim
is established.

Now, we claim that (8.6) also implies equality (8.7). By the previous argument, it
is enough to construct the isomorphism (8.8). As before, # (A, g)) = Hom(x, G) (.
Next, Hom(mw, G)() = abf* Hom (7T ¢, Gy, by (8.6). Plainly, abf* Hom(mapf, G =
Hom(mapr, G)(1y and ©0* 7 (H, 9o = F(H, 9)©0)- Set Ag = (/\.Hl(M), d = 0). We infer
from Lemma 3.7 and Theorem 3.6 that Hom(mw.pr, G)(1) = & (Ao, 9)(0). Finally, the cDGAs
Ap and H are isomorphic, since by (M) = b (My) and g = 1.

In conclusion, equality in (8.1) implies (8.7), in all cases.
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It will be convenient to rephrase equality (8.7) in terms of the holonomy Lie algebra
h(A) described in §3.2. In view of the isomorphism (3.6), the equality (8.7) holds if and
only if the natural morphism,

h(p)*: Homy;e(h(H), g) — Homy;(h(A), g), (8.9)

is surjective.

Let ay, by, ..., ag, bg be the dual of a symplectic basis of H', and let L be the free Lie
algebra with this generating set. Write r = Zle[a,-, bi]. It is straightforward to check
that h(H) is the quotient of L by the ideal generated by r, while h(A) is the quotient of LL
by the ideal generated by [a;, r] and [b;, r], fori =1, ..., g. Moreover, the Lie morphism
h(p): h(A) — b(H) is the identity on free generators. To disprove surjectivity in (8.9), we
have to construct a Lie algebra map p: h(A) — g which does not factor through h(H).

To achieve this goal, we first need to recall from [14] a couple of classical facts from
the structure theory of semisimple Lie algebras. The elements of the root system R
of g=sl, are t;j :=1t; —t;, 1 <i # j <n, where ; denotes the ith projection of the
Cartan subalgebra consisting of the diagonal matrices in sl,. For each such root, the
corresponding 1-dimensional root space g;; is of the form C- X;;, for some X;; € g. It is
known that [X;;, Xyl =0if 0 # #;; + 1y € R, and [X;;, Xl = c- Xy for some ¢ € C* if
tij+t =ty € R.

Assuming that n > 3, we may now define the morphism p: h(A) — g by sending the
free Lie generators to p(aj) = X2, p(by) = X23, and p(a;) = p(b;)) =0 for 1 <i < g.
By the above discussion, p(r) = c¢- X3, for some ¢ € C*. Since clearly 0 ;2 +t13 € R
and 0 # t)3+113 € R, we have that p([a;,r]) = p([b;,r]) =0, for i =1,..., g. Hence,
p € Homyic(h(A), g). Plainly, the map p does not factor through h(H), since p(r) # 0.
This completes the proof. O

9. Depth greater than 1

Let M be a quasi-K&ahler manifold, and let ¢:: G — GL(V) be a rational representation
of a C-linear algebraic group G. By Lemma 3.3, we have for each r > 0 an inclusion of
affine varieties,
a2 | #H @ro. (9.1)
FEEM)

For each f € E(M), we may view the induced homomorphism in cohomology, @y :=
H'(f): H(My) — H (M), as a map of CDGAs with zero differentials. Let 6 :=d;(1): g —
gl(V) be the tangential Lie algebra representation. By Lemma 3.5, for each r > 0 we have
an inclusion of affine varieties,

A} HM),0)2 || %% (H (My),0). (9.2)
feEM)

Lemma 9.1. If M is either a connected, compact Kdahler manifold or the complement of
a central complex hyperplane arrangement, then the inclusion (9.1) becomes an equality
near 1 if and only if the inclusion (9.2) is an equality.
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Proof. By the argument from the proof of Theorem 7.10, we may apply [23, Theorem 6.4]
to the families {f € E(M)} and {®f | f € E(M)}, for g = 1. We obtain in this manner
a local analytic identification, #!(x,)1) = %2} (H (M), 0)(), which induces similar
identifications, fg“//,1 (00 = @’}%} (H(My),0)q), for all f e E(M). Hence, (9.1)
becomes an equality near 1 if and only if (9.2) becomes an equality near 0.

On the other hand, the cbca (H (M), d = 0) has positive weights, equal to the degrees.
As explained in [8, §9.17], this endows the variety 2! (H (M), 8) with positive weights.
Our claim follows then from Lemmas 2.2 and 2.4. O

We continue with a more detailed analysis of inclusion (9.1) near I, in the rank 2
case, i.e., when G = SL,(C) or Solp(C). In the context of Lemma 9.1, we know from [23,
Theorem 1.3] that in this case (9.1) holds as an equality near 1 for any ¢, when r =0 or
1. What about depth greater than 17

Lemma 9.2. Let 6: g — gl(V) be a finite-dimensional Lie algebra representation of g =
sly or soly having a non-zero vector v € V. annihilated by g. If M is a quasi-Kdhler
manifold with the property that there is an f € &(M) with by(My) < by(M), then there
is an integer r > 1 such that inclusion (9.2) is strict.

Proof. By [19, Lemma 7.3], there is a flat connection w € .Z (H (M), g) which is not in
FYUH(My), ). Set Q = ®% (w). Clearly, Q € F(HM), g)\ F'(H (M), g), since H'(f)
is injective.

Next, recall from §3.3 that, given a finite CDGA A, a finite-dimensional Lie algebra
representation 6: g — gl(V), and a flat connection w € F (A, g), there is an associated
Aomoto cochain complex, (A°*® V,d,), with differential d’: A’ ® V — A+ @ V. This
gives rise to Aomoto-Betti numbers, b;(w, 0) :=dim H (A® V, d,,). By definition, w €
%’,’;(A,@) if and only if b;(w,0) > k. In the above setup, write s = bj(w,6) and r =
b1(£2,0). By [19, Proposition 2.4], we have that s > 1. We claim that r > s.

To verify the claim, let us consider the natural cochain map from [§],

HY(f)®idy: (H (M) ®V,dy) — (H (M)®V,dg). (9.3)

Since HY(My) = H(M) =C and H'(f) is injective, we infer that dimim(d?) =
dim im(dg). Thus, we need to show that dim ker(di)) < dim ker(dglz). To this end, we use our
assumption that by (M) < b1 (M) and pick a class n € H'(M)\im H'(f). Our hypothesis
on 6 yields the subspace

H'(f)®idy (ker(d)) ®C-n®@v < H'(M)® V. (9.4)

By (9.3), we have an inclusion H'(f) ®idv(ker(d6£)) C ker(dslz). Ifn®ve ker(dglz), our
claim follows. On the other hand, the property that dslz(n@)v) =0 is an immediate
consequence of the fact that g annihilates v, by the construction of dg recalled in § 3.3.

Finally, we will show that

Qe (HM).0\ ) 0% (H (M,).0). (9.5)
geE(M)

First, let us suppose that Q € CD(’;%,I (H *(My), 6). We know from Lemma 3.7 that
F(H(My), 9) = .F'(H(Mp), g). This leads to Qe .Z(H(M),g), a contradiction.
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Next, assume that Q € CD;%’,] (H *(My), 0), for some g € &(M). Consequently,

QeimHY(9)@gNimH!(f) @4, (9.6)

by the construction of Q. If g # f, then im H'(g) Nim H'(f) = 0, by [10, Theorem C(2)].
This leads to 2 = 0, again a contradiction.

Hence, Q = @% (o), for some o' € %, (H (M), ). Since H'(f) is injective, we infer
that @ = o'. Therefore, s = bi(w, 0) = by (', 0) > r. This last contradiction completes
our proof. O

Putting together Lemmas 9.1 and 9.2, we obtain the following theorem.

Theorem 9.3. Let M be either a connected, compact Kdahler manifold, or the complement
of a central complex hyperplane arrangement. Let 1: G — GL(V) be a rational
representation of G = SLy(C) or Sola(C), having a non-zero fized vector v € V. If there
exists an admissible map f: M — My with by(My) < b1 (M), then there is an integer
r > 1 such that inclusion (9.1) is strict near 1.

Example 9.4. Suppose M is the complement of a central arrangement in C3. There are
then two cases to consider. If the lines of the associated projective arrangement in CP?
intersect only in double points, it is well known that the group @ = 71 (M) is free abelian.
Hence, abf*: #.! (mapt, 1) — #,' (7r.1) is an isomorphism, and the inclusion (9.1) becomes a
global equality, for any ¢ and all r > 0.

On the other hand, if the lines in CP?> have an intersection point of multiplicity
m > 3, we claim that Theorem 9.3 applies to M. Indeed, [12, Lemma 3.14] implies that
9?]1 (H °(M)) has an irreducible component of dimension m — 1. By [10, Theorem C(3)],
this component is of the form im(H'(f)), for some f € &(M). Finally, bi(My) < bi(M),
since otherwise clearly %%(H ‘(M)) = H' (M), in contradiction with [12, Theorem 2.8].

Compact examples for Theorem 9.3 are also easy to construct.

Example 9.5. Let M be the product X, x N, where X, is a projective curve of genus
g > 1 and N is a projective manifold with b;(N) > 0. Plainly, the canonical projection
fi M — X, =My gives an element f € &(M) with bi(My) < b1 (M).
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