P

@ CrossMark

J. Appl. Probab. 59, 366-383 (2022)
doi:10.1017/jpr.2021.57

EFFICIENT CONDITIONAL MONTE CARLO SIMULATIONS FOR THE
EXPONENTIAL INTEGRALS OF GAUSSIAN RANDOM FIELDS

QUANG HUY NGUYEN,* National Economics University

CHRISTIAN Y. ROBERT ,* o Center for Research in Economics and Statistics, ENSAE and
Université de Lyon

Abstract

We consider a continuous Gaussian random field living on a compact set T C R?. We
are interested in designing an asymptotically efficient estimator of the probability that
the integral of the exponential of the Gaussian process over T exceeds a large threshold
u. We propose an Asmussen—Kroese conditional Monte Carlo type estimator and discuss
its asymptotic properties according to the assumptions on the first and second moments
of the Gaussian random field. We also provide a simulation study to illustrate its effec-
tiveness and compare its performance with the importance sampling type estimator of
Liu and Xu (2014a).
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1. Introduction

Let T be a compact set in R, and consider a continuous Gaussian random field f =
{f(t):t € T} with zero mean and unit variance. For each s, t € T, we denote its covariance
function by C (s, t) = Cov (f(s), f(#)). Let u () and o (-) be two deterministic functions, where
o (+) is assumed to be strictly positive. Define

I = / 2™ qr, (1)
T

where g(7) = u(t) + o (£)f(r). We are interested in designing an efficient Monte Carlo estimator
for computing the tail probabilities w(u) =P (Z (T) > u) as u — oo.

1.1. Motivation and literature

The exponential integral of a Gaussian random field appears in several applied probabil-
ity models. Liu [4] presented some examples where Z (T') plays a key role in spatial point
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processes, portfolio risk analysis, and asset pricing. The tail event of Z (T) is an important
topic for risk management.

Tail approximations of Z (T) have received little attention. Liu [4] provided for the first
time analytic approximations of w(u) when f is a homogeneous Gaussian random field, u =0,
o =1, and under smoothness conditions; in particular, f was assumed to be almost surely at
least three times continuously differentiable with respect to ¢. Liu [4] proved that the extremal
behavior of Z (T') connects very closely to that of sup,.7 f(¢). Liu and Xu [6] further extended
this result to the case where the mean function w is a smooth function.

The tail asymptotics of Z (T) are actually difficult to develop when f is non-differentiable.
Therefore, rare-event simulation appears as an appealing alternative since the design and anal-
ysis of specific estimators do not in general require very sharp approximations of w(u). Liu
and Xu [5] introduced and studied an importance sampling algorithm whose efficiency only
requires that f is uniformly Holder continuous over the compact set 7. Therefore, their results
are applicable to a large number of families of Gaussian processes. To the best of our knowl-
edge, this article is the first to develop a provably efficient rare-event simulation algorithm to
compute w(u) for a general class of non-differentiable and differentiable fields.

The integral in (1) can be viewed as the limit of a weighted sum of correlated lognormal
random variables. There exists a small rare-event simulation literature for the sum of a finite
number of dependent lognormal random variables. Asmussen et al. [1] proposed several effi-
cient importance sampling estimators for the sum of a finite number of correlated lognormal
random variables. The authors first used cross-entropy methods for finding the best tuning for
the importance distribution, but they also observed that the largest of the increments dominates
the large-deviations behavior of the sums of the correlated lognormals. Therefore, they decom-
posed the tail event of interest into two contributions, a dominant component corresponding
to the tail of the maximum, and the remaining contribution. Motivated by [1], Kortschak and
Hashorva [3] introduced an Asmussen—Kroese conditional Monte Carlo type estimator for
sums of log-elliptical risks. The conditional Monte Carlo type approach replaces a naive esti-
mate Z of a number z by its conditional expectation given a suitable piece of information to
drastically reduce its variance.

Using the fact that the rare event, {Z (T) > u}, is generally caused by the abnormal behav-
ior of the random field at one location, we decide to propose a modified Asmussen—Kroese
conditional Monte Carlo type estimator for estimating w(u).

1.2. Assumptions

In this paper we will mainly consider two sets of assumptions for the Gaussian random field
g. These two sets were introduced in [5] and [4] respectively.

Assumptions 1. The functions i (), o (), and C (-, -) satisfy the following conditions. There
exist §, k > 0, and B € (0, 1] such that, for all ||s — t|| < &, the mean and variance functions sat-
sy lu @) —u @ +lo@s)—o@® <«kl|s— tllﬁ, where ||t|| is the Euclidean norm of t € R4,
For all Hs — 5 || < &8 and ||t — t’” < 8, the covariance function satisfies |C (t,s)—C (t’, s/)| <

(s =517+ le=17).

Assumptions 2. The random field f is a homogeneous Gaussian random field that is almost
surely at least three times continuously differentiable with respect to t. We denote its covariance
function by C(t — s) = Cov(f(s), f(¢)). The Hessian matrix of C(t) at the origin is —I, where I
is a d x d identity matrix. It is also assumed that u (t) =0 and o (t)=0 >0 for all teT.
Finally, T is a d-dimensional Jordan-measurable compact subset of RY.
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1.3. Tail approximations and importance sampling estimators

For Assumptions 1, no asymptotic equivalent form of w(u) is known. Only bounds were
provided in [5]: there exist constants cg, c1, ¢z, such that, for large u,

20'* *

1 2 log u log (1 1 2
exp(_(ogu) +c1logu og(ogu)+co>Sw(u)Sexp<_(02g_u)+czlogu)’

where o = sup,c7 o (¢). In [5], the authors introduced an importance sampling estimator and
proved that it is logarithmically efficient. Central to their method analysis is a change of
measure that mimics the conditional distribution of g given the occurrence of the rare event
{Z (T) > u}. An appealing feature of their change of measure is that it does not rely much on
the specific mean, variance, and covariance structure of the random field g. Their approach
consists first in approximating the integral by a discrete sum and controlling the bias caused
by the discretization, and second in bounding the second moment of the (discrete) importance
sampling estimator.

For Assumptions 2, [4] provided an exact asymptotic approximation of w(u). For u large
enough, let v be the unique solution to (277 /0)4/?v=%/2¢ = y. For some positive constant H,
[4] showed that w(u) ~ Hmes (T) v¢~! exp (—v2 / 2) as u — oo, where mes (7) is the Lebesgue
measure of 7. Liu and Xu [6] studied another importance sampling estimator of w(u) that
runs in polynomial time with respect to log u, and proved that it is asymptotically strongly
efficient (i.e. it has an asymptotically vanishing error). The authors used the same strategy as
in [5], which consists of approximating the integral by a discrete sum. However, the change of
measure that approximates the conditional distribution of f given {Z (T') > u} now exploits the
knowledge of the joint distribution of the two first derivatives of the random field f.

Our main contributions can be summarized as follows. First, we introduce a modified
Kortschak—Hashorva conditional Monte Carlo type estimator by splitting the probability that
we want to estimate into two parts, of which one part can be computed without simulation.
This increases the accuracy of our estimator. Second, we provide theoretical arguments that
show that our estimator is logarithmically efficient or polynomially efficient according to the
sets of assumptions. Third, we present a numerical study which shows that, with the same
computational time budget, our estimator is more efficient than the estimator in [5] (at least for
the examples considered in this paper).

The paper is organized as follows. Section 2 provides the construction of our condi-
tional Monte Carlo algorithm and presents the main results. Section 3 includes simulation
experiments. Proofs of our main theorems are given in Section 4.

2. Main results

We assume without loss of generality that O belongs to the interior of 7 and that o(0) =
0y =sup,cr o (?). As in [5, 6], we introduce a discretization scheme on 7. For any positive Sy,
let Gs, be a subset of R? defined by

i1 1o ig ) )
Gy = — =, — ) iy, ... ig €LY,
S {(S S, s,,) oot }

where Z is the set of integers, i.e. Gg, is a regular lattice on RY. For each
t=(t, ..., 1) € Gy, define Ts, (1) ={(u1, ..., uq) €T :uj € (tj —1/(25,); t; +1/(25,)] for
j=1,...,d}, i.e. the intersection of T and the (1/S,)-cube centered at ¢. Furthermore, let
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Ts, = {t € Gs, : mes (Ts, (1)) > 0} . Since T is compact, Ts, is a finite set. We enumerate
the elements in Ts, = {to. 71, ..., Iy, }, where to=0 and M, =#Ts, — 1. Note that M, ~
mes(T)Sﬁ as u — oo.

The approximation of Z (T') by a discrete sum is given by

MU
Tu, (T) = Z mi’ueﬂ(fi)"l“f(ti)f(ti),
i=0

where m; , = mes (TS,, (t,-)) and we let wyy, (1) =P (IMM (T) > u)

The following proposition helps us to understand how to control the difference between
wag, (u) and w(u), and therefore how to control the bias for an estimator of w(u). It gathers two
results from [5, 6].

Proposition 1. Under Assumptions 1, for any 0 < & < 1/2 there exists a constant ko such that,
for any n > 0, u > e, and lattice size S, = Ké/ﬁ |log n|V/B y=1/B (log u)2I+/B e have
lwa, () — w(u)|
w(u)

Under Assumptions 2, for any ¢ > 0 there exists a constant ko such that, for any n € (0, 1),
u > 2, and lattice size S, = K()7]7(1+8) (log u)”e, we have

[wa, (1) — w(u)]
w(u)

For the proof under Assumptions 1, see [5, Theorem 2.4]; under Assumptions 2, see [6,
Theorem 10].

We now explain how we construct our conditional Monte Carlo type estimator of
wu, (u). We mainly modify the Asmussen—Kroese estimator introduced in [3] in the fol-
lowing way. Let w;, = m; ") and X;, =e° @@ for i=0, ..., M,. We have Ty, (T) =

Mu [ Mll e MLl b
o mi et X =3 @ Xy Let @y =) i wi, and define vy g, (u) =P (@, exp

M, - M,
(X2 @i log Xi u/@u) > u), vam, () = ijo W, (u), where

My M, My
\I'Ij (u) = P( Z wi,uXi,u > U, Wy, exp (Z Wiy IOg Xi,u/d)u) <u, \/ wi,uXi,u = a)j,qu,u> .

i=0 i=0 i=0
Since, by Jensen’s inequality, we have
M, 1 M,
exp Z Wiy lOg Xl’,u/a_)u = &)_ Z wi,uXi,uv
i=0 " =0

we deduce that

Mu Mu
P(Zyg, (T) > ) = v, (u) + P( > 0iuXi > 1, Dy exp (Z i log Xi,u/@,) < u)

i=0 i=0

and we finally get the following decomposition of wyy, (1):

wit, ) =P (Zy, (T) > u) =vi p, () + vaum, (w).
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Such a decomposition is interesting for several reasons. First, note that vy p, (1) may be

numerically computed since the random variable Z?i“o wi,log X;, has a Gaussian dis-
tribution. Second, we have noted in experiments that the variance of the estimator from
[3] may be large when the Gaussian random variables are highly correlated and when
Wy eXp ( Zf‘i“o i log Xi y /d)u) > u. Consequently, it is more efficient to replace the proba-
bility of such an event by its value.

Forj=0,1,...,M,,letN;, be a vector of M, + 1 independent standard Gaussian random
variables, and A; , be a lower non-singular triangular matrix of size M, + 1 such that

( f(lj) )=Aj,uNj,m
ft—p)

with f(#—j) = (f(#i)) ;. We introduce the following unbiased estimator of W; (u):

Mu Mu
%OU=P(§:wme>M,@uﬁp<§:wmk%XmM%>Sm

i=0 i=0

-1
Ny )
M, M,

M, u u
{Z a)i,uXi,u > U, y exp <Z Wiy 10g Xi,u/a)u> <u, \/ a)i,uXi,u = U)j,qu,u}

i=0 i=0 i=0

My
\/ a)i,uXi,u = wj,qu,u
i=0

where N;’;l) = (Nj,u,z, cee Zvj,u,Mu+1)/- We have

M, My
= {Z ;i uXiu > u} m {d)u exXp (Z Wiy IOgXi,u/d)u> < u}
i=0

i=0

ﬂ {a)i,uX[,u < wj,qu,u} .

i#
It is noteworthy that all the events in the previous intersection may be written as an event
that N; ,,.1 is smaller or greater than a threshold that only depends on N;;l), Aju, (a),-,,,)i, and

(o (t;));. The threshold for the event { Z?i”o o uXiu > u} has to be computed numerically,
while the others have analytical expressions. The computational cost for Z; (1) is mainly due
to the cost of computing the matrix A; , through a Cholesky decomposition: the serial version
of the Cholesky algorithm is of cubic complexity, i.e. the cost of decomposition of the (M, +
1) x (M, + 1) matrix is of order O (M3).

Let J, be a random variable independent of (Nju),_q . Such that
P (X P> u)
P(Ju=)) = - : @
Z?il() HD (Xi,u > M)
Our unbiased estimator of wyy, () is finally given by
M, M
u u Z (u)
Zy, (u) =v u)+ P(Xiu>u [y A A
M, W) =vim,(u) (; (Xiu ))FZO (Tu ]}IP’(Xj,,,>u)
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Compared to [3], we split wy, (4) into two parts, of which one part (v a, (1)) can be
computed without simulation, which will increase the accuracy of our estimator.

2.1. Assumptions 1

Given that the tail probability w(u) converges to zero, it is usually meaningful to consider the
relative error of a Monte Carlo estimator Z(u) with respect to w(u). A well-accepted efficiency
concept is so-called weak efficiency, also known as logarithmic efficiency [2, Chapter VI].

An unbiased estimator Z(u) of w(u) is said to be logarithmically efficient if

log E {(Z(u) — w(u))*}
u—>00 log w2(u)

=1

The following proposition establishes that the unbiased estimator Zy, (1) of wy, (1) is an
asymptotically logarithmic efficient estimator, and that the relative bias to estimate w(u) is
well controlled with an appropriate choice of S,,.

Proposition 2. Assume that Assumptions 1 are satisfied. Let (n,) be a sequence of positive
constants such that lim,_, o, n, =0 and lim,_, o, log n,/ log (w(u)) = 0. If S, is chosen such
that S, = 0( [log 7.8 nu_l/ﬁ (log u)?1+e)/B )for some 0 < & < 1/2, then

log E {(Z, (u) — w(u))*}
m

=00 log w2(u) =1 ®)

It is shown in [5] that the importance sampling estimator introduced in this paper also
satisfies (3).

2.2. Assumptions 2

A slightly stronger efficiency concept is polynomial efficiency. An unbiased estimator Z(u)
of w(u) is said to be polynomially efficient of order ¢ if

E {(Z(u) — ww))*} .

u—o0 | log (W(u)) |9w2(u)

When g =0, Z(u) is also said to be strongly efficient.

Proposition 3. Assume that Assumptions 2 are satisfied. Let (n,) be a sequence of positive
constants such that lim,_, 5 1, = 0 and lim inf,,_, o 1, log u)” > 0 for some positive constant

v. If S, is chosen such that S, = O(n;(lﬂ) (log u)>+e )for some ¢ > 0, then

i EA@u, 0 —wawy)
u—o0 | log (w(u)) |[(2+6)+(1+5)v]dw2(u)

It is shown in [6] that the importance sampling estimator introduced in this paper is strongly
efficient, which is slightly better than our estimator (from a theoretical point of view at least).

We should point out that, contrary to [3], our estimator has a number of terms (M,,) in its
construction that depend on the threshold u (due to the discrete approximation of the integral).
Since M, tends to infinity as u tends to infinity, this adds several technical issues and leads to
a slower rate of convergence than in [3].

https://doi.org/10.1017/jpr.2021.57 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.57

372 Q. H. NGUYEN AND C. Y. ROBERT

3. Simulation

In this section we present numerical examples to study the performance of our estimator
(denoted here by Znr) compared to the importance sampling estimator of [5] (denoted by
Z1.x). We only consider the importance sampling estimator of [5] and not [6] because we do not
necessarily want to assume that f is a differentiable Gaussian random field. To understand the
advantage of splitting the probability wyy, (1) into two parts in the construction of our estimator,
we also decided to include the estimator of [3], denoted by Zak. All the results are based on
N=10" independent simulations for Zyr and Z x. The CPU time to generate 10* samples is
less than one second for the LX estimator, but more than ten seconds for both our estimator
and the AK estimator.

As in [5], we assume in this section that f is a zero-mean homogeneous Gaussian ran-
dom field with covariance function C(s, 1) = e 51" When o = 2, f is infinitely differentiable,
whereas when o = 1, f is non-differentiable. We take T =[ — 1/2, 1/2] and discretize it with
discretization size S, = 100 following the procedure given in the previous section. The detailed
simulation is described in the following steps.

i. Generate a random variable 7, according to the distribution (2). For j = J,,

ii. Generate a vector N;, of M, + 1 independent standard Gaussian random variables;
compute the matrix A; , and the vector A; ,Nj .

iii. Compute the probability

M, M,
IP)( Z wi,uXi,u > U, @y, exXp (Z Wiy IOg Xi,u/d)u) <u,

i=0 i=0
(=D
)

Zy, () =vim,(u) + (%P(X- >u)> _ 4w
u o i=0 1 P (Xj,u > Lt)

Mu
\/ U)i,uXi,u = Wj,qu,u
i=0

iv. Compute

The computational complexity for generating an estimate of wyy, (1) with our approach is
the number of simulations multiplied by the cost for generating one copy of Zy, (1), which is
mainly the cost of computing the matrix A; ,, i.e. of order O (S;d). The overall computational
cost is also a polynomial in n~! and log (u).

First, we consider the case where () =0 and o () = 1 as in [5]. To validate the simulation
results, [5] computed crude Monte Carlo estimators:

Based on 10° independent simulations, for b = 3, the estimated tail probabilities were
4.7e—4 (Std. 2e-5) and 8.2e—4 (Std. 3e-5) when o =1 and 2, respectively; based on
10° independent simulations, for b = 5, the estimated tail probabilities are 1.2e—8 (Std.
3e-9) and 7.7e-8 (Std. 9e-9) when o = 1 and 2, respectively.

The estimated tail probabilities of w(u) are shown in Table 1 (u = eb). To compare the
performance of the estimators, we provide their estimated coefficient of variation (CV, the
ratio of the standard deviation over the mean) as well as the ratio of their variance per unit
computer time over the variance per unit computer time of Zy x (RVCT). The variance per unit
computer time for a given estimator Z equals 7(Z)Var(Z), where t(Z) is the expected time to
generate Z.
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TABLE 1. Estimates of wu)on T=[—1/2,1/2], w(t)=0,and o (t) =1 foru = el. The results for 71X
are from [5].

a b E {ZL.x} E {Zak} E {Zxr}
CV(Zix)/[RVCTix ~ CV(Zax)RVCTax  CV(Znr)/RVCTNR
1 3 4.47e—04 4.604e—04 4.562e—04
3.14 /1 0.49 / 0.23 0.17 / 0.03
1 5 1.13e—08 1.093e—08 1.098e—08
560/ 1 0.60 / 0.12 031 /0.03
1 7 1.80e—15 1.892e—15 1.986e—15
923 /1 1.04 /0.11 0.71 / 0.05
2 3 8.49¢e—04 8.397e—04 8.390e—04
246 /1 0.83 /1.16 0.17 / 0.05
2 5 7.03e—08 7.145e—08 7.052e—08
3271 0.82 / 0.61 0.30 / 0.08
2 7 8.27e—14 8.328e—14 8.391e—14
419 /1 0.77 / 0.33 0.44 /0.11

Comparing the simulation results for « =1, 2 and b =3, 5, 7, we can see that the condi-
tional Monte Carlo estimators have better performance for both measures (CV and RVCT)
than the estimator of [5]. Our estimator is also the better of the two conditional Monte Carlo
estimators. which proves that the split of the probability into two parts is very useful.

Next, we consider the case with p(7) = 2|t and o (f) = 1 — 2. To validate the simulation
results, [5] computed crude Monte Carlo estimators:

For b = 3, the crude Monte Carlo estimator based on 10° independent simulations gives
the estimated tail probabilities 1.4e-3 (Std. 4e-5) and 2.3e-3 (Std. Se-5) when o =
1 and o =2, respectively; for b =5, the crude Monte Carlo estimator based on 10°
independent simulations gives the estimated tail probabilities 1.8e-8 (Std. 4e-9) and
1.4e—7 (Std. 1e-8) when o = 1 and o = 2, respectively.

The estimated tail probabilities of w(x) with their estimated coefficient of variation (CV)
and their ratio of the variances per unit computer times (RVCT) are shown in Table 2 (u = eb ).

As in [5], the simulation results show that the coefficients of variation increase as the tail
probabilities become smaller. The coefficients of variation and the ratios of the variance per
unit computer times of the conditional Monte Carlo estimators are also much smaller in this
case than the LX estimator. Moreover, the continuity of the process affects the empirical per-
formance of the three estimators: they admit smaller coefficients of variation when the process
is more continuous (corresponding to a larger value of «).

4. Proofs of the main results

4.1 Proofs under Assumptions 1

Lemma 1. As u — oo, for some positive constants ¢ and ¢, we have
(logu)®> 4+ ¢ logulog S,
B 202 ) ’
(log u)? — &,(log u)
)

wy, (1) > exp (

o zo
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TABLE 2. Estimates of w(u) on T=[—1/2,1/2], u(t)=2|t|,and o () =1 — 12 for u=-e’. The results
for Z; x are from [5].

a b E {ZL.x} E {Zak} E {Zxr}
CV(Zix)/[RVCTix ~ CV(Zax)RVCTax  CV(Znr)/RVCTNR
1 3 1.39e—03 1.290e—03 1.261e—03
256 /1 0.51 /0.46 0.14 / 0.04
1 5 2.22e—08 2.420e—08 2.520e—08
587 /1 0.63 / 0.10 0.29 / 0.02
1 7 2.97e—15 2.402e—15 2.387e—15
14.93 / 1 1.02 / 0.07 0.77 / 0.04
2 3 2.30e—03 2.159¢—-03 2.129¢—03
214 /1 0.53 /0.70 0.11 /0.03
2 5 1.31e—07 1.364e—07 1.234e—07
357/1 0.75 / 0.41 0.24 / 0.05
2 7 1.19e—13 9.102e—14 9.964e—14
577/ 1 0.82 /0.35 055/ 0.13

Proof. For the lower bound, we have

WM, uw=>P (WO,MXO,u > “)
—p ( S-denO+a:f0) u)
=P (04f(0) > logu + dlog S, — 11(0))

(logu)® + ¢ logulog S,
=P~ 202
%

for some positive constant ¢.
For the upper bound, we have

ML{
wi, () < P ((Mu + 1) \/ 0iuXin > u)
i=0

<P ( max er0+oro o "
- teT mes (T)

<P <max o (1)f(t) > logu — log (mes (7)) — max /,L(l‘)) .
teT teT

By the Borel-TIS lemma and for sufficiently large u, we deduce that

(log u — log (mes (T)) — maxer 14(1))*
wa, (u) <exp | — 92

(logu)* — &,(log u)
=exp |~ 202
*

for some positive constant ¢;. U
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Lemma 2. Let
Jp2 P OTH G (o (5)C (2, 5) dt ds

sz erD+uls) dr ds ’

2 _
o) =

and € > 0 be such that Uj (14+e¢€)< 0*2. We have, as u — oo,

(log u —log ([ e#® dt))2>

202 (1+¢)

and, for some positive constant ¢1,

(logu)* + 1 log ulog Su>

1
VZ,MM(M) > z exp ( 20_*2

Therefore, we have
. Vim, U
llm #() — O
u—00 Vo ar, (1)

Proof. We have

My
vim,(w) =P <c?)u exp (Z Wiy logX,-’u/d)u) > u) .

i=0

By Riemann integrability, we know that lim,,_, o, @, = fT e*® dr. Moreover, the random vari-

able c?)lu Z?i”o ;i log X; = a+., Z?i“o ;4o (t)f(t;) 1s a centered Gaussian random variable
with variance

Mu Mll
—iz Z Z mes (T, (1)) e g () )mes (Ts, (1)) Do (1;)C (ti. 1))

w
U j=0 j=0

converging to

J72 T (Do ()C (2, 5) dtds
< O,

o2 =
A T2 @ OFHG) dr ds *

Therefore, for large u,

(log u —log (f e dr))z) .

A

Now,

M, M,
va.um, (u) =P (Z wi,uXiu > U, Oy eXp (Z wi,u log Xi,u/@u) < u)

i=0 i=0

My
=P (Z i uXiy > M) —vi,m, (1)

i=0
> P (wo,uXo,u > u) — vi,u, ().
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Moreover, in the same way as in Lemma 1,

(log u)* + &1 log ulog Su)

P (wo,uXo,u > 1) > exp ( 57
*

for some positive constant ¢;. It follows that, for large u,

P(wo uXo,u > u) — vipm,(u)

log u)? + & log ulog log i — log ( [, et® di))?
Zexp(_( og u) +c120gu og u)_exp _ (logu 2g(fT )
20} 204 (1+¢)

1 ( (logu)*> + & logulogSu>
> Sexp | -

202

and

lim VM) _ g O

=00 v p, (1)
Lemma 3. " { 2}

2 S E\Z w
E{ (2,0 = v, )} = FX{: s
Proof. As in [5, Lemma A.3], the proof follows by straightforward calculations. (]

Proof of Proposition 2. It is easily seen that

E{ (Z3,0)* | =B { (200, = v1.01,0)} 4 v1.01,60) (v1,00,00) + 202, 00)

By Lemma 2, we have, for large u,

(1og u —log (J & dt>>2) ,

Y u) <ex —
1.m, (W) < p( 202(146)

and, by Lemma 1,

_ (logu)* — &(log u)))

vo.m, () <wpy, (u) <exp ( 752
*

Moreover, we have

E{(Zn, (u) — w())*} = E{(Zu, @)*} — wyz, () + (wag, (u) — w(w))?
= B{(Zua, () — vi w1, ()} + v1aa, ) (1,01, 00) + 202 a1, (1)

— Wiy, (1) + (g, (u) — w(u))?

and, for large u,

E{ @, ) = e} <B{ (@, ) = v1,,0)*} + 3v1m, w0 + mw? )

by Proposition 1.
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By Lemma 3, we deduce that
M, E{z 2 M, El7, 5
E{ (Za,00 = vian, @)’} =3 AL O N o e L §
Jj=

JPu=D S P (Ju=))?

It is important to note that Z; () is bounded in the following way:

u
Ziwy<P\Xiy>———].
() < ( T e mes (T)>
Since
P (Xju>u)

P ju: ] = ’
( ) Zﬁuop(xi,u>”)

it follows that, for large u,

. 2
E {Zj (u)ZE 3 P (Xju o) mes(T)) ZP Xiu> u
P(Ju=1)) P (X >u)’
(log u)’ ( (logu — pu(t;) — log (mes (1)) ) (log u)z)
STy P 2 2
o (l‘j) o (tj) o (t])

2

X (ép (Xiu > u))

M 2
n(zj) + log (mes (T)) -
< C(log u)? exp ( J 20) Z P (Xiu > u)
i=0
M, 2
— C(log u)?u (1) +log(mes(T) /o2 (1) (Z P (X > u))
i=0
for some positive constant C. Then we have
%‘:E{Z w?) % Py E1E @) E{z w?}
P(Ju=) T T P(WJ=))
MM
< C(log u)z Z P(Ju=)) y2(maxy pu(n)+log(mes(7)))/ ming ()
j=0
2

x (é P (Xiu> u))

M, 2
<C( log u)2 2(maxr p(r)+log(mes(T)))/ ming o2(f) (Z P (Xi,u -~ Lt))
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Moreover, we have
My, M,
3P (Xiw > u) < (1 4+ M,)P (\/ Xin > u> < (14 MP (enser 700 - )
i=0 i=0
where P (exp {max;er o (1) ()} > u) = P (max,c7 o (1)f(t) > log u). By the Borel-TIS lemma,

we also have
(log u)?
202 )

P <max o()f(t) > log u) <exp <—
teT

It follows that

E [(ZML,(M) - V1,Mu(u))2} <

2
Oy

2
C(log u)2u2MaxT 1(0)-+Hog(mes(7))/ miny 02(1)(1 + M2 exp (_(log u) > .

We know from [5, Lemma 4.3] that there exist constants cg, ¢1, ¢z such that

log u)? log ulog (1 log u)?
_ (logu)™+cilogu Og(og”)+c°51ogw(u)g—(°g”) + ey logu,
20 20
We therefore deduce from (4) that
log E {Zy, (u)?
logE {Zu,@?} _ | -

u—oo  log w2(u)

4.2. Proofs under Assumptions 2

Lemma 4. Let

2 2szC(t—s) dtds 5
A= mes(T)? =9

and € > 0 be such that aj (14+¢€)< 0*2. We have, as u — 0o,

(log u — log ( [ e® dt))z)

203 (14€)

vi,m, (1) < exp (—

and, for some positive constant ¢,

(log u)> + &1 log ulog Su)

1
vo,m, (1) > 5 eXp < 202

Therefore, we have
. ovim, (U
lim A =0.
u—00 v pr, (1)

Proof. The proof proceeds in the same way as for Lemma 2. U
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Lemma 5. For some positive constant C, we have, for large u, E{Z ()%} < Cw? (u).

log (1 4+ M,
cu=(1+¢) /4L_2|-”)
o
with & > 0.

Note that there exist standard Gaussian random variables IVJ for j # 0 (independent of £(0),
i.e. Nou1) such that (1)) = p; f(0) + /1 — p}ﬁf,-, j # 0, where p; = C(t)).
We have

Proof. Let ¢, be defined as

21 2 2
E{Zo @ }_]E{ZO @) l{v?i‘awl»um}}*E{Zo @) l{vfﬁaﬁmcum}}'

Let us consider the first component of the previous sum. We have

My
: {ZO O™ 11\t 5, g ) } = Zl & {20 @0 13- oz}

)P(|N,-| > cuy/log ().

< M,P*( e >
mes (T)

Moreover, for large u, we have

d 2
M,P (|Ni| > cy/log (u)) ~ M exp <_C_” log (u))
cu/1og (u) 2

and

P2<e"f(0) > —> = P? (f(0) > logu/o)

mes (T)
N o2 exo [ — (log u — log (mes (T)))?
(log u — log (mes (T)))? 2 '

o

Therefore, using the definition of ¢, there exists a positive constant « such that, for large u,

2
E {Z() (u) l{vf‘iul |1v,-|>qulogW}} =

4 1 (log u)*> 4+ 2log (1 + M) log (1)
S ———>exp | — 5
cu(log (u))¥/ o

—alog(1+M,)log (u)).
Note that, for some positive constant C,

P ((,()()’MXO’M > u)2 ~ P (f(0) > (log u + log M, + log mes(T)) /0’)2

< (log u)* +2log (M,) log (u))
~C exp | — .
(log u)? o2

It follows that

2 _ 2
E {zo @ 1 N,-|>c,,¢w}} =0 (P (wouXou > 1)),
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and also

2 _ 2
" {ZO R VAL - <u)}} =o (v ).
since wo , Xou <Z (T).
Let us now consider the second component. Let

MLl Mll Mll
Q= Z @i, uXi,u > U, Wy EXP Z iy log Xiu/wy | < u, \/ @i uXiu = ©0,uX0,u (-

i=0 i=0 i=0
We have

2
£ {ZO 00" it o <c, g ) }

2
— (—=1)
_E{(P<QM|NO,M >1=vi‘i'ﬁ|1§/,<cllm}) }

2

M,
—E P(Qu,\/|ﬁi|§cum N((),_ul))
i=1

M, M, M, 2
=< E{P( Z wi,uXi,u >Uu, \/ wi,uXi,u = wO,uXO,uv \/ |Nl| = Cuv/ lOg (u) ‘ N(()’ul)> }
i=0 i=0

i=1

IA

M, M, 2
u ~ -1
E{P(wo,uxo,u + Z Wi uXi > tt, 00.,X0.u > , \/ |Ni| < cuy/log (u) Né,u >) }

i=1 1+ M, i=1

Moreover, we have Z?iul i yXiu= Zf‘i‘l ;i u €Xp {o(t,-)(,oif(O) +.,/1- p?ﬁ]i)} and, if
\/?i”l Ni’ < cy+/1og (1), we deduce that

M, M,

Y 0iuXiu <) wiwexp {a(ri) (pif(O) +4/1— pleuy/log (u)) }
i=1 i=1

M,
=) wiuexp {a(ri)f(m (pi +/1- p,?cu\/ log (u)/f(O)z) } :
i=1

If we also assume that wq,Xo, >u/(1+M,), or equivalently f(0)> (logu—
log (mes(T)) )/o, we get, for large u,

EEEE—— | log (14 M,) log (1)
cuy/1og (/10 = (1 + &) /4 o2 \/( log u — log (mes(7)) )? /o2

log a+M,)
(1+¢) /4—10g(u) .

Then we have, for some positive constant ¢ and for large u,

M, M,
D wiXiu <) wiuexp {o(ti)f(O) (pl- +/1 = pfcy/log (1+M,) /log (u)) } :
i=1

i=1
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It follows that

i=1 L+ M, i=1

Mu
C {wo,uxo,u + ) wiuexp {of<0) (p,- +/1—pley/log (1+M,) /log (u)) } } :
i=1

Since M, ~ mes(T)ij , we have

MLl MU
{wO,uXO,u + Z Wiy Xiu > U, wo,uX0,u > . \/ |Nz| = Cuv/ log (u)}

lim < sup 1—pl.2> Vlog (14+M,) /log (u) =0

Uu—>0o0 .
i=1,....M,

and

My
00.uX0.u+ ) @iy eXp {of(m (pi +/1=pfeylog (1 +M,) / log (u)) } ~ / /O gy,
i=1 r

Now, by the method of steepest descent we know that, for large v,

d/2
/eavC(t) di ~ <2_7T) / e,
T ov

and then, for large u, P ( fT e?fOCW gf > u) ~ P (f(0) > v), where v is the unique solution to
Qr /o )4?y=4/2e7V = y. Since

1 1, 1
P (f(O) > V) ; exXp (—EV ) WW (l/t) ,

we deduce that, for some positive constant C,

2 2
]E{Z() (u) l{vyulﬁilf%m}} <Cw” (u),

and the result follows. t

Proof of Proposition 3. Recall that S, is chosen as S, = ko1, (1+e) (log u)2+'s for some ¢ > 0,
where (7,,) is a sequence such that lim,,_, 5o 17, = 0, and that we have

. owu, (W)
lim ——=1
U—> 00 w(u)

Due to homogeneity, we have, for large u, P (J,=j)~1/M, and, by Lemma 35,
E{Z; (u)*} < Cw(w)*.
We have

E {(ZMM(M))Z} = [E {(ZMM(M) - v1,M,,(u))2} + v, @) (Vi () + 2V2~M“(u))] ’
By Lemma 3,
S E{Z W)} o E{z w?}
E - ol W Wl /Al R w=j) ————.
{(ZMM(M) Vi, (1)) } > P(Ju=J) 2 PTu=) P(Ju=))

j=0 j=0
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By Lemma 4,

vt

st
A

and

_ (logw)* —&(log u)))

va,m, (u) < wy, () < Cexp ( 752
k

as in Lemma 1. Moreover, we have

E{ @, () = i} =B {2, ) | = Wy, 0+ O, () = wia)?
=E{(Zu,w) — V1,Mu(u))2} +vim, W1 m, (W) + 2v2 (1)

— Wiy, () + (wag, () — w(w))?

and’ for large u, E {(ZMu (u) - W(M))2} < E{ (ZMH(M) — Vl,Mu(M))z } + 3V1,MH(U)W(M) +
iﬁw(u)2 by Proposition 1.
Now,

<C (M,)*

 { (2,00 — v )} <( W’ )M” I E{zw?
Wi, (0 =) & PG=h wap

as u — 0o. We deduce that, for large u,

_ 2
. E {(Zpm, (u) — w(u))*}

- <CM?2,
u—>00 WMH (u)

Finally, M,, ~ mes(T)S‘,f ~mes(T)n, (1+e)d (log u)94 and, for large u and some positive
constants ¢} and ¢/, we have ¢/ | log w(u)| < (log u)? < ¢y | log w(u)|. It follows that

i B —wwry
u=00 | log (w(u))|lE+e)+1+e)vldy2(yy)
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