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We consider a quasilinear elliptic problem of the form
—Apu=Af(u) in £2,
u=20 on 092,

where A > 0 is a parameter, 1 < p < 2 and {2 is a strictly convex bounded domain in
RN, N > p, with C2? boundary 9£2. The nonlinearity f: [0,00) — R is a continuous
function that is semipositone (f(0) < 0) and p-superlinear at infinity. Using degree
theory, combined with a rescaling argument and uniform L°° a priori bound, we
establish the existence of a positive solution for A small. Moreover, we show that
there exists a connected component of positive solutions bifurcating from infinity at
A = 0. We also extend our study to systems.
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1. Introduction
We consider a quasilinear elliptic problem of the form

—Apu=Af(u) in £,

1.1
u =20 on 012, (1.1)

where Apu := div(|Vu|P~2Vu) is the p-Laplacian operator with 1 < p < 2, and
A > 0 is a parameter. We assume {2 to be a strictly convex bounded domain in RY,
N > p, with C? boundary 912.
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The nonlinearity f: [0,00) — R is a continuous function that satisfies f(0) < 0,
f(s) > 0for s > 1 and additional growth conditions. Such problems are referred in
the literature as semipositone problems, and it is well documented (see [6,17]) that
the study of positive solutions is mathematically challenging.

System (1.1) has been studied in [9,11,14,18,20] for the case when f is p-sublinear
at infinity, namely, lim,_, . f(s)/s?~* = 0. Here our focus will be to study (1.1)
when f satisfies a p-superlinear condition at infinity (to be made precise in the
statement of the theorem). The existence of solutions to such nonlinear eigen-
value problems is generally studied via degree theory or the variational method.
However, the semipositone structure poses an additional challenge in establishing
the positivity of solutions. The existence of a positive solution when p = 2 and
limg_y00 f(8)/8% = b for some b > 0 and 1 < ¢ < (N + 2)/(IN — 2) was established
for A small using degree theory in [1,2]. To the best of our knowledge this has not
been achieved for p # 2 in non-radial domains. This paper is, we believe, the first
to establish such an existence result in non-radial domains.

The existence of a positive radial solution was established in a ball for p > 1
in [3, theorem 4.6], [16, theorem 2.28] and [10, theorem 1.2(i)].

By a solution of (1.1), we mean a pair (A, u) that solves (1.1) in the weak sense,
that is, u € W, ?(£2) satisfies

/ |vu\P*2vu.v¢dx:A/ fu)pdz
2 2

for all ¢ € WyP(£2). Moreover, if u > 0 in £2, then (\, ) is called a positive solution.

We say that A is a bifurcation point from infinity if the solution set & :=
{(\u) € R x WgP(£2): A and u solves (1.1)} contains a sequence {(A,, u,)} such
that

An = Ao and  ||up|loo — 00.
We prove the following result.

THEOREM 1.1. Assume 1 < p <2 and N > p. Let f: [0,00) = R be a continuous
function satisfying the following conditions:

(1) f(0) <0; and
(2) there existb >0 and g€ (p—1,N(p—1)/(N — p)] such that

lim LS) =b.

s—oo 849

Then (1.1) has a positive solution (A, u) for A > 0 small.
Moreover, there exists a connected component €(C &), consisting of positive solu-
tions, bifurcating from infinity at Ao, = 0.

An example satisfying the hypotheses of theorem 1.1 is given by f(s) = bs? — ¢,

where b, € are positiveand p— 1 < g < N(p—1)/(N —p).
We now quote the following observations from [4] that are relevant to our result.
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REMARK 1.2 (Azizieh and Clement [4, remark 0.1]). When (2 is an open ball in
RN, N > p, the a priori bound of positive solutions (for the limiting problem) used
in our analysis holds for p —1 < ¢ < (N(p—1) +p)/(N — p) (see proposition 2.3),
and so does our result in theorem 1.1.

REMARK 1.3 (Azizieh and Clement [4, remark 0.2]). The restrictions on p € (1,2),
the growth range for ¢ and the strict convexity requirement on the domain all arise
from the a priori bound result (proposition 2.3) used in our analysis.

In § 2 we recall some useful results for our functional framework, a crucial uniform
a priori bound result for a limiting problem related to (1.1) and a continuation
theorem via degree theory. In § 3, we prove theorem 1.1. In § 4, we state the existence
result for a system and provide an outline of the proof.

2. Preliminaries

The following result (using slightly different notation but without modification to
the content) provides the functional framework for our approach.

PROPOSITION 2.1 (Azizieh and Clement [4, lemma 1.1]). Consider the problem

—Apu=g(x) in £, 2.1)
u=0 on 0f2.

Then
(1) for all g € L>(£2), there exists a unique weak solution u of (2.1) in C3(£2),

(2) the solution operator K : L>(§2) — CL(§2) defined by Kg = u is continuous,
compact and homogeneous of order 1/(p — 1).

The estimate below turns out to be helpful in computing the degree near the
origin.

PROPOSITION 2.2 (Daners and Drébek [12, theorem 2.5]). Let g € L*°(£2). Then
there is a constant C > 0 such that the corresponding solution of (2.1) satisfies

lull25 < Cllglloo- (2.2)

The following uniform a priori bound result will be crucial in computing the
degree in a large ball.

PROPOSITION 2.3 (Azizieh and Clement [4, theorem 0.1, remark 0.1]). Consider

—Apw = h(w(z) +1t) in 2,
w =0 on 012, (2.3)
t>0,

where 1 < p < 2, and h satisfies the following:

(1) h: R — [0,00) is continuous on R and is locally Lipschitz continuous on
[0, +00);
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(2) there exist some constants Cy, C1 > 0 such that

Cos? < h(s) < C187 Vs e [0,00).

Ifp—1<q< N(p—1)/(N —p), then there exists a constant R > 0 such that
lwller +t< R

for all solutions (t,w) of (2.3) with t > 0. }
Moreover, if h(s) = C|s|?, for some constant C > 0 and 2 is an open ball in
RN, then the above result holds true forp—1< q< (N(p—1)+p)/(N — p).

To prove the second part of theorem 1.1, we shall use the following special version
of the result from [13, proposition 2.3] originally stated in [19, lemma 3.4].

PROPOSITION 2.4 (de Figueiredo et al. [13, proposition 2.3]).

Let X be a Banach space, let U be a bounded open subset of X and let M : [a,b] X
U — X be a compact map such that M(t,x) # x for (t,z) € [a,b] x OU. Assume
that deg(I — M(t,-),U,0) # 0 for all t € [a,b]. Then if ¥ := {(t,x) € [a,b] X
U: M(t,z) = x}, there exists a connected component D of X such that DN ({a}xU)
and DN ({b} x U) are non-empty.

3. Proof of theorem 1.1

First we extend f as an even function on R by setting f(s) = f(—s) for s € R. Let
F(s) := f(s) — b|s|? for all s € R. Then, for v > 0, we set A = v7"P*! and rescale
the solution variable using w = yu. We see that w formally satisfies

—Apw =PI f(w/y)
=71f(w/v)
=9 f(w/v) = blw/y|?] + blw[?
=51 F(w/7) + blw|?.

Next, let F(y, s) := 49F(s/) 4 b|s|? for v > 0 and s € R. Using theorem 1.1(2),
we see that lim., o F(7,s) = b|s|?, and hence we can continuously extend F(v, s)
to v = 0 by setting F(0,s) = b|s|? for all s € R. Then F(-,-): [0,00) x R — R is
continuous.

Let X denote the Banach space Cy(£2) equipped with the supremum norm || - || -
Then, for fixed v > 0, we define the map S(v,-): X — X by

S(y,w) :=w — KF(y,w). (3.1)

For v > 0 fixed, K oﬁ(% ): X — X is compact, since the Nemytskii operator
F(v,-): X — L*°(£2) is continuous and the solution operator K : L>(£2) — C§(£2)
is compact (by proposition 2.1). Thus, S(v,-) is the compact perturbation of the
identity. Note that S(v,w) = 0 if and only if w is a solution of

~A,w = F(y,w) in £, }

3.2
w=20 on 0f2. (3:2)
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In particular, for v = 0, we have that S(0,w) = 0 if and only if w is a solution of

—Apw =blw|? in £, }

3.3
w=20 on 0f2. (3.3)

To prove theorem 1.1, we shall first compute the degree of S(0,-) as follows.

LEMMA 3.1. There exist 0 < r < R such that S(0,w) # 0 for all w € X with
[wlloo € {r, R} and deg(5(0,), Br(0) \ Br(0),0) = —1.

Proof. First, for ) € [0, 1], consider
—Apyw =P blw|? in £, }

34
w=20 on 0f2 (3-4)

and assume that (3.4) has a solution with ||w||ec = r. Then, using (2.2), we obtain
Pt = w2 < CllnP blw| oo < Cl|w]|d, = Cbr.

Since ¢ > p — 1, we arrive at a contradiction for r < 1. Thus, there exists r > 0
small enough that (3.4) does not have a solution w with ||w[|c = r. Now it is easy
to see, using the operator equation w —nK F(0,w) = 0 and homotopy invariance of
degree with respect to n € [0,1], that deg(S(0,-), B,-(0),0) = deg(1, B,.(0),0) = 1.
Next, letting h(s) = b|s|? in proposition 2.3, there exists R > 0 such that all
solutions of (t,w) of S*(0,w) = 0, i.e. of
—Apw =blw+t|? in £2,

w=0 on 012, (3.5)

t>0,
satisfy ||w]|eo +t < R. Hence, S*(0,w) # 0 for any w € dBg(0) and for any ¢ > 0.
In particular, we can conclude that there are no solutions to (3.5) in Br(0) for
any t > R. Therefore, deg(S*(0,-), Br(0),0) = 0 for all ¢ > R. Then, using the
homotopy invariance of degree with respect to ¢ € [0, R], we have

deg(S(0,-), Br(0),0) = deg(5°(0, ), Br(0), 0) = deg(57(0, ), Br(0),0) = 0.
Then the excision property of the degree yields
deg(5(0,-), Br(0) \ B:(0),0) = —1.
O

Now we compute the degree of S(v,-) by connecting S(v,-) and S(0, -) using the
homotopy invariance of degree with respect to +. In particular, this will imply that
S(v,w) = 0 has a solution w satisfying 7 < [|w|lsc < R. Then we show that this
solution, that is, the solution of the rescaled problem, (3.2), is positive in {2 for ~y
small.

LEMMA 3.2. There exists vy > 0 such that
(l) deg(S(ﬂy, ')a BR(O) \BT(O)7O) =-1 fOT all Y€ [0770]7
(ii) if S(v,w) =0 for vy € [0,7] with r < ||w||ec < R, then w > 0 in {2.
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Proof. We shall show that there exists 79 > 0 such that S(v,w) # 0 for all ||w||« €
{r,R} and all v € [0,70]. Suppose to the contrary that there exist v, — 0 with
|wnlloo € {r, R} and S(v,,w,) = 0. Since K is compact and {F((yn,w,))} are
bounded in L*°({2), by proposition 2.1, w,, — w in C}(£2) (up to a subsequence)
where ||w||oc = r or R and S(0,w) = 0. This is a contradiction to lemma 3.1. Hence,
due to the homotopy invariance of degree with respect to v € [0, 7], we have that
deg(S(v,-), Br(0)\ B,(0),0) = deg(S(0,-), Br(0) \ B,(0),0) = —1. This completes
the proof of part (i).

We proceed to prove part (ii) by contradiction. Suppose there exist v, — 0
and corresponding solution w,, of (3.2) such that, for all n, r < |[Jw,||e < R,
S(Yn,wy) = 0 and 2, := {z € 2: w,(xz) < 0} # 0. Using the same argument as
above, w, — w in C}(§2) (up to a subsequence), where w satisfies (3.3). But one
has w > 0 in 2 and dw/0n < 0 on A2 by [21, theorem 5]. Now let {z,} € §2,.
Then there exists a subsequence of {xz,,} (without loss of generality we can call this
subsequence {z,,}) that converges to some z € 2. However, w > 0 in {2, and hence
z € 912. Now let Z,, be the point on 942 closest to x,,. Then p,, = (T, —xn)/|Tn—Ty|
will be the outward unit normal to 9f2 at Z,,. Since wy(z,) < 0 and w,(Z,) = 0,
there exist {y,}, with y, belonging to the line segment joining x,, and Z, such
that (Vwy, - pin)ly,, = 0. Letting n — oo, we obtain dw/0n(z) > 0, a contradiction.
Hence, for large n, wy(z) > 0 for all z € 2. This completes the proof of (ii). O

Now we complete the proof of the existence part of theorem 1.1. By lemma 3.2,
we have that (3.2) has a positive solution w := w(y) € Bgr(0) \ B.(0) for all
v € [0,70]. But the rescaling A = y4~P*! implies that (1.1) has a positive solution
w =y "tw = \/P= Dy for 0 < A < A := 43 P, Finally, since |[wl]|s > 7 > 0
for all v € [0,70], we have ||ul]jooc = |w]leo/y = +00 as v — 0. But A — 0 if and
only if v — 0, and consequently |u||cc — +00 as A — 0.

Moreover, using (i) and (ii) of lemma 3.2, it follows from proposition 2.4 that there
exists a connected component € (continuum) of positive solutions to S(y,w) = 0
for v € [0,70] such that € connects the set € N ({0} x (Br(0) \ B,(0))) with the
set €N ({70} x (Br(0)\ B,(0))). This in turn implies that there exists a connected
component of positive solutions of (1.1) bifurcating from infinity at Ao, = 0. This
completes the proof of the theorem.

4. Systems case
Here we consider a quasilinear system of the form
—Apu=Af(v) in £,
—Ap,v=MAg(u) in £, (4.1)
u=0=v on Jf2,

where 2 C RN, N > max{p;,p2}, is as before a strictly convex bounded domain.
The study of this special system is motivated by earlier work in [7, 8], where the
case p; = po = 2 was considered.
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By a solution of (4.1), we mean a (A, (u,v)) that solves (4.1) in the weak sense,
that is, (u,v) € Wy P (2) x Wy*(£2) and satisfies

/ |Vu|p172Vu~Vg0d:r:)\/ f(v)pdz,
0] 2

/ |Vol|P2=2Vo - Vipdz = X | g(u) de
Q I7)

for all (¢, 1) € WyP* (£2) x Wy *2(£2). Furthermore, if u > 0 and v > 0 in {2, then
(A, (u,v)) is called a positive solution.
We say that Ao, is a bifurcation point from infinity if the solution set

S = {(\ (u,v)) € R x Wy (£2) x Wy P2(2): X and (u,v) solves (4.1)}
contains a sequence (A, (un, vy)) such that
An = Ao and  max{||un]| oo, ||Unlleo} — 00

First, we state the following a priori bound result, analogous to proposition 2.3
for the scalar case, which allows us to state our theorem precisely.

PROPOSITION 4.1 (Azizieh et al. [5, theorem 1.1]). Consider
—Ap w1 = hi(Jwe(z)| +1) in L2,
—Ap,we = ho(Jwr(z)| +1t) in L2,
w1 = 0= wsy on 012,
t>0,

(4.2)

where hy,ha: [0,00) — [0,00) are continuous functions. Assume that one of the
following conditions holds:

(a) p1,p2 € (1,2) and hy, hy: [0,00) — [0,00) are strictly increasing;
(b) p1 € (1,00), p2 =2 and hy,ha: R — [0,00) are increasing on [0,00).

Moreover, suppose that hy, ha are continuous on [0,00), locally Lipschitz continuous
on [0,00) and satisfy

(¢) C18% < hi(s) < C2s™, D1s® < ha(s) < Das® for all s € [0,00) for some
constants C1,Cs, D1, Dy > 0.

Then if q1q2 > (p1 — 1)(p2 — 1) and

p2q1 +p1(p2 — 1) N—-p1 piga+pap1 — 1) N —po
max — , — =0,
@ — P —1p2—1) pr—1"q@a—@—1p2—-1) p2—1 43)
4.3

then there exists a constant R > 0 such that
[willor + [[waller +E < R

for any solution (t, w1, ws) with t > 0.
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REMARK 4.2. Note that condition (4.3) is equivalent to either one of the following

inequalities:

—1 N -1 -1 1
¢ < p1(p2 ) + (p2 )(p1 )7’

N —psy N —py q2

(4.4)

p2(p1—1)  N(pi—1(p2—1) 1
g2 < + —.

N —p N—p ¢

The range of ¢; and go given by (4.3) is the region bounded by the (g1, ¢2)-axes and
the two hyperbolas obtained by setting equalities in (4.4).

Now we state our result.

THEOREM 4.3. Let f,g: [0,00) = R be continuous functions satisfying f(0) < 0
and g(0) < 0. Assume that either (a) or (b) of proposition 4.1 holds. Then if
q192 > (p1 — 1)(p2 — 1) and there exist positive numbers by, be satisfying

lim s) =0 >0 and lim 9s) =by >0, (4.5)
s—oo s4d1 s—oo 892
where p1, p2, q1 and qo satisfy (4.4), then (4.1) has a positive solution for A > 0
small.
Moreover, there exists a connected component €(C &), consisting of positive solu-
tions, bifurcating from infinity at Moo = 0.

REMARK 4.4. In the case of superlinear systems, in particular with semipositone
structure, the only known result is in an annulus (see [15]). See also [5], where
Azizieh et al. prove existence of positive solutions under the assumptions of propo-
sition 4.1 but without semipositone structure on the nonlinearities.

Proof. The proof of this theorem uses the same functional setting and abstract
theorem as the scalar case, except for the uniform a priori bound result (proposi-
tion 4.1). For completeness, we give an outline where the details of the extension to
systems from the scalar case are trivial, and provide more detail where necessary.

First, extend f and g as even functions on R by setting f(s) := f(—s) and
g(s) := g(—s), and define F(s) := f(s) —b1|s|?, G(s) := g(s) — ba|s|® for all s € R.

The rescaling for the systems case is technically complicated and thus we provide
the details below.

Let

A=7" wi =", wy=9"0, 4 >0,

where §, #; and 0y are to be determined. We wish to determine these parameters
so that the rescaled problem corresponding to (4.1) approaches

—Aplwl = b1|w2\q1 iIl .Q,
—Ap,we = bawr|®  in 2, (4.6)

wy =0=wy on 92
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as v — 0. With this in mind, we see that w; formally satisfies
—Apwr = —Ay, (”YOIU)
=14, )
=PI f (v)
= P00 f(wy /42)
= A0 1= DH 4y /4 02)
= 791(p1—1)+6[f(w2/792) _ bl\wz/q/e?|qw92‘“_(91(1’1‘1)+5)} + by ws Tt
= A ODFOR (wy /4%2) + by |wa |
if
O2q1 —01(pr — 1) —5=0. (4.7)
Similarly, using the other equation, we formally satisfies

—Ap2w2 — 792(p2_1)+6G(w1/791) + b2|w1|q2

if
01g2 — O2(p2 —1) =6 = 0. (4.8)
From (4.7) and (4.8), we get
@2+p1—1
Oy = 0y ———m—. 4.9
T 1 (4.9)
Letting 0, = 1, we have
—(p1— 1)(p2 — 1
5= 1q2 — (1 )(p2 ) (4.10)

@1 +p2—1

Define F(v,s5) := 4% F(s2/7%) + b1|sa|? and G(7,s1) := 72G(s1/7) + ba|s1|®
for v > 0 and (s1,s2) € R x R, where 0 := 05 and ¢ is given by (4.10). Then, using
(4.5), we see that

lim F(v,s5) = by|so]® and  lim G(v,s1) = ba|sy|%.
v—0 ¥—0

Therefore, F'(v, s5) and G(7, s1) are continuous on [0, c0) x R. It is then easy to see
that (wq,ws) satisfy

—Ap,wi = F(y,wy) in 2,

—Ap,we = G(y,w1) in §2, (4.11)
wy; =0 =ws on 0f2.

Let X := Co(£2) x Co(£2) with norm ||(u,v)| x := max{||t|ls, [|V|lce }> Where ||-||oo

denotes the usual supremum norm in Cy(£2). For fixed v > 0 and w := (wq, w2),
define the map S(~,-): X — X by

S(/va> =W (KP1F(77w2)’Kp2é(’7a wl))

Since K, : L>=(£2) — C}(£2) for i = 1,2 are compact and the Nemytskii operators

F(v,),G(v,"): Co(2) — L>(£2) are continuous, S(7,-) is a compact perturbation
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of the identity. We note that, for v > 0, S(y,w) = 0 if and only if w is a solution
of (4.11). In particular, S(0,w) = 0 if and only if w is a solution of (4.6).

Due to the abstract functional setting of our problem, we see that the degree
computations of S(vy,-) for v = 0 and 7 > 0 give same lemmas as in the scalar case.
Proofs of these lemmas require some modifications, which we indicate below.

LEMMA 4.5. There exist 0 < r < R such that S(0,w) # 0 for all w € X with
lwl[x € {r,R} and deg(5(0,-), Br(0) \ B;(0),0) = —1.
Proof. First, for ) € [0, 1], consider
—Aplwl = ,qp1*1b1‘w2‘q1 iIl Q,
—Ap,we = NP2 tho|wy |2 in £2, (4.12)
w1 =0 = wsy on 012

and assume that (4.12) has a solution with |w||x = . Without loss of generality,
assume |lw||x = ||wi|lec = . Observe that, by proposition 2.2, for each i = 1,2,
there exists a constant C; > 0 such that (2.2) holds true with p = p; and C = C;.
Then, using both equations of (4.12), we obtain

P =
< Col|nP b fwa| ™ [|oo
< Cibr|lwa||%
< C1b1(Caby) Y P27 (|Jwy || oo ) 1192/ (P2~ 1)
_ Clbl(02b2)1/(?271)7-‘11q2/(172*1)7

which is a contradiction for » < 1 since gi1g2 > (p1 — 1)(p2 — 1). Thus, there
exists r > 0 small enough that (4.12) does not have a solution w with |w|x = r.
The rest of the argument is identical except that we take hq(s2) = by|s2|? and
ha(s1) = ba|s1|% in proposition 4.1 to prove the existence of large R > 0 such that
deg(S(0,-), Br(0),0) = 0. O

LEMMA 4.6. There exists vg > 0 such that
(l) deg(S(FYa ')a BR(O) \BT(O)7O) =-1 fOT all gaS [0770]7
(i1) of S(v,w) =0 for v € [0,7v] with r < ||w||x < R, then w >0 in 2.

Proof. Suppose to the contrary that there exists a sequence (vy, (w1, ,ws,)) with
Yn — 0 without loss of generality, with

|x € {r,R} and S(yn,(w1,,ws,))=0.

[ (w1, ,ws2,)

By arguments similar to those in lemma 3.2, w;, — w; in C3(£2) (up to a subse-
quence), where ||(wy,ws)||x = r or R and S(0, (wy,ws)) = 0, which is a contradic-
tion to lemma 4.5.

Hence, due to the homotopy invariance of degree with respect to the parameter
v € [0,70], we have that

deg(S(’y, ')7 BR(O) \ BT(O)a 0) = deg(S(07 ')7 BR(O) \ Br(o)a 0) =-1
This completes the proof of part (i).
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Part (ii) follows as in the scalar case by noting that w; > 0 in {2 and dw;/dn <0
on 012 by [21, theorem 5] for ¢ = 1,2, where w = (w1, ws) € Br(0) \ B,(0) is a
solution of the limiting system (4.6). O

By lemma 4.6, (4.11) has a positive solution (w1, ws) := (w1 (), w2(y)) € Br(0)\
B,.(0) for v € [0,70]. This in turn implies that (4.1) has a positive solution (u,v)
where u := vy~ tw; and v := 77w, for 0 < A < A :=13. Since (w1, w2)||x > 7 >
0, it is easy to see that ||(u,v)||x — co as A — 0.

The last part of the theorem follows, as in the scalar case, from (i) and (ii) of
lemma 4.6 and proposition 2.4. This completes the proof. O

EXAMPLE 4.7. An example satisfying the hypotheses of theorem 4.3 is

—Ap u=Abv" —e1) in £2,
—Ap,v = A(bu?? —e9) in {2,
u=0=v on 012,

where b;, €; are positive, p; satisfy part (a) or (b) of proposition 4.1 and the ¢;
satisfy (4.4) for each i =1, 2.

REMARK 4.8. When p; = py = 2, (4.4) becomes one of the following:

L2, N1
QI\N_2 N—QQQ’
) N (4.13)

N

SNt N2

The (q1¢2)-region given by these inequalities is smaller than that given by the

critical hyperbola condition,

1 + 1 >N—2
g+l qg+1 N 7

N >3, (4.14)

for which the existence of a positive solution for A small was established in [7].

Furthermore, if ¢ = g2 = ¢, the critical hyperbola condition gives a wider growth
range (1 < ¢ < (N +2)/(N —2)) than the one given in (4.4) (1 < ¢ < N/(N —2));
see remark 1.2.

REMARK 4.9. For the case p; = ps = 2, the rescaling given by (4.10) agrees with
that obtained in [7] with § = (12— 1)/(¢1 + 1), 61 =1 and 02 = (¢ +1)/(q1 + 1).
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