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In this paper, we show that if b(x) > b> > 0 in 2 and there exist positive constants
C, 8, Rg such that
b(z) > b>° + Cexp(—6lz|]) for |z| > Ro, uniformly for y € w,

where z = (y,2) € RN withy e R™, 2 € R*, N=m+n >3, m>2n>1,
1<p< (N+2)/(N—-2),wC R™ abounded C1! domain and 2 = w x R™, then
the Dirichlet problem —Awu 4 u = b(z)|u[P~1u in £ has a solution that changes sign
in {2, in addition to a positive solution.

1. Introduction
In this paper, we will study the existence of solutions of semilinear elliptic problem
—Au+u=b)|uf 'y in 97}

we Hy(0), u#0, (L)

where N=m+n>23,m>2n>21,1<p<(N+2)/(N—-2), w C R™ abounded
Cl’l_ domain, 2 = w x R"™, b(x) is a positive, bounded and continuous function
on 2. Moreover, b(x) satisfies assumption (H1) below.

(H1) b(x) = b> > 0in £, b(z) # b= and

‘ llim b(x) = b> uniformly for y € w.
zZ|— 00

It is well known that (1.1) has infinitely many solutions if {2 is bounded (n = 0 in
our case) (see [15], and the references therein). Here, we only interest in unbounded
domains (n > 1 in our case). If 2 = R™ (m = 0 in our case), the existence of
solutions of (1.1) has been investigated, among others, in [1-3,6,11,12,17] (where
general nonlinearities are considered). In [17], Zhu has studied the multiplicity of
solutions of (1.1). He has given the following result.

Assume that N > 5, lim|;|oob(2) = b, b(x) > b> and that there exist positive
constants C, v, Ry such that b(x) — b>* > C|z|~7 for |z| > Ry. Then (1.1) has at
least two pairs of non-trivial solutions.

His result is our particular case (see theorem 1.2). If m > 1, n > 1, that is,
{2 is an unbounded cylinder, then Lions [11] used the concentration-compactness
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method to prove the existence of solutions concerning equation (1.1). In this paper,
we use the concentration-compactness argument, due to Lions [11], to estimate the
decay of solutions developed in [8], and some ideas of Cerami et al. [5] to prove the
existence of another solution without constant sign.

Throughout this article, let = = (y, z) be the generic point of RY with y € R™,
ze€R" N=m+4+n=23,m=22n>21,1<p<(N+2)/(N—2), with ¢ the first
positive eigenfunction of the Dirichlet problem —A in w with eigenvalue A;. This
paper is organized as follows. In §2, we establish a decomposition lemma. In §3,
we establish some regularity lemmas and asymptotic behaviour of the solution of
equation (1.1). In § 4, we prove some auxiliary lemmas and finally show the existence
of another solution without constant sign.

We now state our main results.

THEOREM 1.1. Assume that N =m+mn >3, m > 2, n > 1, b(x) satisfies condi-
tion (H1) and there exist positive constants C, §, Ro such that

b(x) = b> + Cexp(—0d|z|) for|z| = Ry, uniformly fory € w.

Then (1.1) has a solution that changes sign in unbounded cylinder domains in
addition to a positive solution.

THEOREM 1.2 (£2 = RN). Assume that N > 3, b(x) satisfies condition (H1) and
there exist positive constants C, §, Ry such that

b(xz) = b + Cexp(—d|z|) for|z| > Ro.

Then (1.1) has a solution that changes sign in RY in addition to a positive solution.

2. Preliminaries and a decomposition lemma

In this paper, we always assume that §2 is an unbounded cylinder or RY (N > 3),
unless otherwise specified. Now we begin our discussion by giving some definitions
and some known results. The energy functional of (1.1) is

1 2 2 1 +1 1
I(u) =< Vul* + |ul* = —— [ bla)|ulP™, wue Hy(L2).
()Q/QII |ul p+19()|| 0(£2)
We shall denote by ug the positive ground-state solution of (1.1), found in [11], if

b(x) satisfies condition (H1).
Consider the equation

—Au+u=>0b°uflu in 2,
w>0 in 2, ue H} ),

and its associated energy functional I°° defined by

) =g [ 1VuP + = = [ 5 we m@).

By [11] or [10], equation (2.1) has a ground-state solution .
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Now we define
p+1
THME o o »
0 ifu=0,
My = {u € Hy(2) ] g(u) =1},
¢y = inf{I(u) | ue My},

Coo = inf{I®(u) | u € HY(£), I™ (u)u = 0}.

g(u)

By [11], for ¢1, ¢so, wo, U, we have the following,

Coo = I%°(1) = sup I*°(tu),
>0

c1 = I(up) = sup I(tuo) < oo,
£>0

provided condition (H1) holds.
We give the following decomposition lemma for later use.

PROPOSITION 2.1. Let {uy} be a (PS).-sequence of I in HE(£2),
I(ug) = c+o(l) ask — oo,
I'(ug) = o(1) strongly in H™'(02).

Then there exist an integer | > 0, a sequence {z}} C RN of the form (0,z}) € 2
and functions u,u; € H}(2), 1 < i <1, such that, for some subsequence {uy}, we
have

1
ug — (u—i—Zul(—x}c)) =0 ask— oo,
i=1

1
c=1(u) +ZI°°(11¢),

~Au+u=b(x)|ulPru  in HH(82),
—A; + ;= b P e, i HH2), 1

k] = 0o, Jzj —af| oo, 1<i#j

1 <,
l.

N IN

Proof. The proof can be obtained by using the arguments in [2] (also see [11,12]).
We omit the details. O

3. Asymptotic behaviour

In order to get the asymptotic behaviour of solutions of (1.1), we need the following
lemmas.

LEMMA 3.1. Let 2 C RN be a CY! domain in RN and let f satisfy the following
condition.
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(H2) We have
N+2

p
) < Cllul + 1w, 1<p< T

for some positive constant C.

Let u € H} () be a weak solution of equation —Au+u = f(u). Then u € LI(2)
for q € [2,+00).

Proof. The proof follows by the classical regularity theory based on a result of
Brezis-Kato [4]. We will write it in detail for the reader’s convenience.

For s > 0,4 > 1, let p = o = umin{|u|?*, (2} € H}(£2). Since u € H}(2) is a
weak solution of equation —Awu + u = f(u). Then we have

/Qw.w:—/guw/of(u)w.

Suppose u € L21PTL((2). Since f satisfies condition (H2), we obtain that

/ |Vu|? min{|u|®®, £2} + 25/ |Vu|?|u|?
2 {zef2||u(z)|=<L}

g/ |U|2+2S+C/ |u|2+25+0/ |u|2s+p+1
9] 0 2
C.

<
Now we conclude that

/ V(ul )P < C / IV (wmin{jul*, )2 < C
{ze2||u(x)|s <L} 0]

for any £ > 1. Hence we may let £ — oo in order to derive |u|*T! € H}(£2). Note
that H}(02) — L2N/(N=2)(), so u € L(Zs+2AN)/(N=2)()),

Now let so =0 and 2s; +p+1 = (s;—1 + 1)(2N/(N —2)) for i = 1,2,.... Then
u € L2i-1PHL(Q) implies u € L2 TP+ (). Also, it is easy to see that s; — 0o as
i — 00. Therefore, u € L1({2), 2 < ¢ < oo. This completes the proof. O

Now we quote a global regularity for the unbounded C*! domain (2 in [8].

LEMMA 3.2. Let g € L?(2) N L9(92) for some q € (2,00) and u € HE(£2) be a weak
solution —Au +u = g in 2. Then u € W22(Q2) N W24(£2).

First, we give a rough asymptotic behaviour of solution of (1.1) at infinity.
LEMMA 3.3. Let u be a solution of (1.1). Then

lim wu(y,z) =0 wuniformly fory € w.

|z|— o0
Proof. Let u satisfy

—Au+u=b(z)|ulPf "ty in HH(902).
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By lemma 3.1, we obtain u € L({2) for q € [2,00). Hence g(x) = b(z)ulP~tu €
L9(82) for q € [2,00). Then, by lemma 3.2, we have u € W2%({2) for ¢ € [2,00).
By [8, lemma 2.10], u € C'(§2) and there exists C' > 0 such that, for any r > 1,

[ullpoe (o) < Cllullwz~ (e

where BE = {z = (y,2) € 22| |z| > r}. Hence lim|,| o u(y, 2) = 0 uniformly for
Y Ew. O

Finally, we give here a precise asymptotic behaviour for positive solutions of (1.1)
at infinity. First, we consider the case of unbounded cylinders.

PROPOSITION 3.4. Let u be a positive solution of (1.1) in an unbounded cylinder
N=wxR*"CR™™, m>2,n2>1 and ¢ be the first positive eigenfunction of
the Dirichlet problem —A¢ = A1 ¢ in w. Then, for any € > 0, there exist constants
C., C. > 0 such that

u(z)g y) exp(—v/1 + Ai|z|)|z| ("~ D)/2+e
y) exp(—v/1 + Ai|z])|z| D272 Cu(x)

Proof. We divide the proof into the following steps.

as |z| =00, yew. (3.1)

STEP 1. First, we claim that, for any § > 0 with 0 < § < 1+ Ay, there exists C' > 0
such that

u(z) < Co(y)exp(—v/14+ A1 —d|z]) as|z| > 00, yE€w.

Without loss of generality, we may assume § < 1. Now, given § > 0, by lemma 3.3,
we may choose Ry large enough such that

b(z)uP (z) < du(x) for |z] > Ro.

Let ¢ = (gy,9-), ¢y € Ow, |gz| = Ro and B be a small ball in {2 such that ¢ € 9B.
Since ¢(y) > 0 for v = (y,2) € B, ¢(gy) =0, u(x) > 0 for x € B, u(g) =0, by the
strong maximum principle, 0¢/0y(gy) < 0, du/0x(q) < 0. Thus

u(x)  Ou/0x(q)

% 50) ~ 90/05(ay)

“(y) > 0 for z = (y,2), y € w, |z| = Ro. Thus u(z)p~(y) > 0

)¢
for x = (y,2), y € @, |z2]| = Rp. Since ¢(y) exp(—v/1+ A1 —d|z|) and u(x) are
Cl(w x 8330(0)), if we set

ar=sup (u(z)¢ " (y) exp(v/1+ A\ — 6Ry))

yew,|z|=Ro

> 0.

Note that u(z

then a7 > 0 and

a16(y) exp(v/1+ A1 —0Ry) = u(z) fory € w, |z| = Ryp.
D1 (x) = ar19(y) exp(—v/1 + Ay — 6|z|) for z € £2.

Let
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Then, for |z| > Ry, we have

A= 0)a) — (1= B)(a) = ~ble)e?(e) + (54 - Joute)
> —ou(x) + 0P (z)
= (91 — u)(x).

Hence A(u — @1)(z) — (1 = ) (u — P1)(z) = 0 for |z| = R
The strong maximum principle implies that u(z) — &1(z) < 0 for z = (y, 2),
y € w, |z| 2 Ry, and therefore we get the claim.

STEP 2. We claim that, for any € > 0, there exists C; > 0 such that
u(@) < Cedly) exp(=v/1+ Mfz)|z| =TV as 2] 5 00, yew.

Without loss of generality, we may assume that 0 < ¢ < %(n— 1). Now, given & > 0,
let m. = 3(n—1) — e and

h(2) = 2e7/1T+ M|z 7™ b me(me —n+ 2)|2| 7™ 2

Now we choose § > 0 such that v/1+ A; < pv/1+ A1 — 0. Then, by step 1, there
exist Rg > 0, C; > 0 such that

u(z) < C1o(y) exp(—/1+ Ay —0|z]) for y € w and |z| > Ry.
This implies that there exists Co > 0 such that
b(z)uP (z) < Cod(y) exp(—py/1 + Ay — 8|z|) for y € w and |z| > Ry
We can choose Ry > 0 such that, for |z| > Ry,
z)exp(—/1+ Ai2]) — Caexp(—py/1+ M\ —dz]) > 0
As in step 1, if we set

az = max (u(z)¢” (y)eV TNIRPE 4 1),
yew,|z|:R1

then as > 0.
Let

By (z) = azd(y) exp(—v/1+ A |z])|z| ™ for z € 2.
For x € 2, |z| > Ry, we have
A~ B3)(2) — (u ) a)
= —b(x)uP(z) + h(z)P2(x)|2[™
—Coo(y) exp(—py/1+ A — 0]z]) + a2 (y)h(2) exp(—/1 + Aiz])
d(y)(h(2) exp(—/1+ M |z]) — Caexp( —pWIZI
0.

VoWV \\/

Hence, by the maximum principle, we obtain that

Dy(z) 2 u(z) fory € w and |z| > Ry
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That is,

w(x) < aod(y) exp(—v/ 1+ Ai|z])|2] (n=1)/2+e for y € w and |z| >

STEP 3. Given £ > 0, let . = $(n — 1) + € and

2e\/1+ M |z| 7 + e (e — n 4 2)]2| 72

We can choose Ry > 0 such that g(z) > 0 for |z| > Rp. As in step 1, if we set

B= _inf  (u@)p (y)eVTNRT),

y€w, |z|=Ro

then 8 > 0 and

B(y)e VIFMIZ 2|~ L u(x) for y € w and |z| = Ry.
Now let ¥(x) = Bo(y)e VITMlzl| 2|~ for 2 € 2. If 2 € 12, |2| > Ry, we have

AW —u)(z) = (¥ —u)(z) = g(2)¥(z) + b(z)u”(z) > 0.
Then, by the maximum principle, we obtain that

u(z) 2 ¥(z) fory € w and |z| > Ry.
That is,
w(z) = Bo(y) exp(—v/1+ Mz])]z|~ " D/27¢ for y € w and |2| >
O

REMARK 3.5. For the case b(x) = b > 0, we have that every positive solution
of (2.1) has the same asymptotic behaviour as in proposition 3.4.

REMARK 3.6. From the above proof, we can deduce that u(z)¢~'(y) > 0 for z =
(y, z) € £2. Hence, for any compact subset K C (2, there exist C7,Cy > 0 such that
Cro(y) < ufz) < Cag(y) for z = (y,2) € K.

For the case 2 = RN (N > 3), the positive solutions of (1.1) also have a similar
asymptotic behaviour at infinity.

PROPOSITION 3.7. Let u be a positive solution of (1.1) in RN (N > 3). Then there
exist C1,Cy > 0 such that

Ci < u(x)e'x”x\(N*l)/Z <Cy forxzeRYN,
Proof. Consider the equation

~Au+u=MuPtu in RV,
u>0 in RN, we H'(RY),

where M = max,cpn~ b(x).
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We denote the unique positive solution of (2.1), (3.2) by 4, @, respectively (see [9]),

and there exist constants C, C such that (see [2,3,7, ])
a(x)|z| N2l 5 @ >0 as |z| — oo,
N . (3.3)
a(x)|z| NV 2kl 5 C >0 as |z] — oo
By (1.1) and (2.1), we have
/ [A®@ - ) + (@ - w))(@ - u)~ = / (b0 — b)) (i — )~
RN
/ z) (@ —uP)(u—u)”
<0.
That is,
(@ — u)7||§{1(RN) <0, where (& —u)” = max{—(a —u),0}.
Hence v < @ in RY. Similarly, u > @ in RY. By (3.3), we obtain that there exist
C4,Cy > 0 such that
Ci < u(m)e‘z‘|x|(N71)/2 <Cy forze RYN.
O
4. Multiplicity of solutions
Let ey = (0,0,...,0,1) € RN and let
M ={u € Hy(2) | g(u™) = g(uf) =1}
N ={ue Hy(2) | |lg®) =1 < 3, [g(u™) =1 < 3},
where g is defined by (2.2), u™ = max{u,0} and v~ = u™ — u,
co = inf{I(u) | u € Ma}.
Then we have the following lemma.
LEMMA 4.1. There ezists a sequence {ux} C N such that
I(ug) = ca+0(1) ask— oo, (4.1)
I'(ug) = o(1) strongly in H™1(02) '

Proof. This lemma is similar to the one in [5] (or [17]) and can be proved similarly
(see [17] for a detailed proof). We omit the details. O

The next lemma is the compactness result on energy level cs.
LEMMA 4.2. Suppose that {uy} C N satisfies (4.1) and
0<co <+ Coo-

Then {ux} has a subsequence converging strongly in HE(£2).
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Proof. From (4.1), it is easily to see that {uy} is bounded in H}(§2) and satisfies
/ VU2 + |uf | - / b(z)|uf[PH =o(1) as k — oco. (4.2)
2 2

By {ux} C N and the Sobolev inequality, there exists 3, independent of k, such
that
/ VaER 4 P > 8> 0.
Q
By proposition 2.1, there exist an integer [ > 0, a sequence {zi} C RY of the form

(0,21) € £2, functions u, @; € H{(£2), for 1 < i < [, such that, for some subsequence
of {ux} (still denoted by {uy}), we have

1
uk—u—Zai(~—x§€) =o0(l) ask — oo,
i=1 Hg(£2)
Cy = I(’LL) + leoo(ﬂl),
i=1

—Au+u=b(x)ulf "ty in H (),
—Au; +a; = 6w P e in HY(9),

<i<l,

1
|zt | — oo, \x};—xi|—>oo ask —oo, 1<i#j<I.

If I > 2, that is, @y £ 0, 4z # 0, then we obtain I°(@;) > I*°(4) = ¢ (i = 1,2),
by (2.3), which implies a contradiction ¢y > 2¢s > €1 + Coo, since I(u) > 0. Hence
[ < 1. Suppose u =0. Then [ =1 and

lur = @i = i)z (2) = o(1), as k — oo

From |z} | — oo and (4.2), we have

[ Ivate et = [ vl ar o, o #o
0] 02
So

I°°(u) = I°(u] ) + I°(i] ) = 2Co0s

which contradicts ¢o < 2¢. Hence u # 0. If {ug} does not converge strongly to u,
then 4 # 0. Again, I1*°(41) = Coo. So we get co = I(u) + I®(u1) = ¢1 + Cooy @
contradiction. Hence {uy} converges strongly to u in H{(£2). Therefore, u € My,
and we complete the proof of lemma 4.2. O

Now we prove one of our main results.

THEOREM 4.3. Assume that b(x) satisfies condition (H1) and there exist positive
constants C, 6, Ry such that

b(x) = b>° + Cexp(—0d|z|) for|z| = Ry, wuniformly fory € w.

Then (1.1) has a solution that changes sign in unbounded cylinder domains in
addition to a positive solution.

https://doi.org/10.1017/50308210500003449 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500003449

728 T.-S. Hsu

Proof. From lemmas 4.1 and 4.2, we can show the existence of the second solution
(without constant sign) by verifying

o < €1 + Coo- (4.3)

We do this through ‘interaction computation’, which is similar to that found
in [5,13,17]. Let ux = u(x + 2ken), uxp = aug — By, where ug, 4 are the positive
ground solutions of (1.1), (2.1), respectively. The existence of ug, @ is proved in [11],

provided b(x) satisfies condition (H1).
Define

hi(a,ﬁ, k) = / |V (aug — ﬂﬂk)i|2 + [(aug — ,Bﬁk)i|2 —/ b(x)|(aug — ﬁﬂk)ﬂp“.
0 0
We have that

/ 19 (Luo) 2 + [ Juol? / b)) Lo P+ > 0,

0 (9]
/\v<2u0)|2+|2u0\2—/ b()|2u0 P+ < 0.
0 (9]

For k large enough,
/ IV (ux)” + |5l —/ b(x)|La,[PT >0,
0 0
/ |V (2a)|? + |22 | —/ b(z)|2ax [Pt < 0.
¢ 0

Thus, by @(x) — 0 and ug(xz) — 0, as |z| — oo uniformly for y € w, there exists
ko > 0 such that, for k > kg, we have

ht(i,8,k)>0

(3,5, %) for all 8 € [1,2],
ht(2,8,k) <0
h™ (o, 2, k) >0

7(0[ 2 k) for all o € [1,2].
h(a,2,k) <0

By the mean-value theorem (see [14]), there exist a*, 3* such that 1 < a*,3* < 2,
hE(a*, 5%, k) =0 for k > ko.

That is,
a*ug — B g € Mo for k > k.

Hence we only need to prove

sup  I(aug — Pug) < ¢1 + oo for k = ko.
1/2<a, B<2

https://doi.org/10.1017/50308210500003449 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500003449

Multiple solutions for semilinear elliptic equations 729
Indeed,
I(auo — 5’[Lk)

1 1 _ _
— 3 [ V(@) +lawl + 5 [ [V(@a0P + o
9] 19
1
b / b(@)|auo — B+ — af / (Vo - Vi, + oy
p+1Jo Q

lgp—l-l 1
— / (b(z) — b™)|ug [P + C4 / (ur + Wpup).
p+1/g Q

Here, we have used the following inequality,

(t —s)PTL >t P O (175 4 tsP),

< I(aug) + 1°°(Bu)

forallt > 0, s > 0, where C; > 0 is some constant. Thus

sup  I(aug — Buy)
1/2<a, B2

< sup I(aug) + sup I°°(Ba)
az0 820

1 - o
— m /Q(b(.’lf) —-b )|uk|p+1 + Cl /Q(uguk; + U/ZUO).

Without loss of generality, we may assume that § < p/(p + 1). Now, given § > 0,

we let € = %(n —1). Then, by proposition 3.4 and remarks 3.5 and 3.6, we have

/u@k:/ u@k+/ ufug,
2 wx{|2|<(25/p)k} wx{|z|>(25/p)k}

2§ 25 —(n—1)/2+¢
<oV (2-2)r)|(2- %))
p p
95 \P(=(n=1)/2+¢)
+ Cexp(—2+/1+ A16k) (k)
p
< Coexp(—2+/1 + A16k),

/uoai :/ uouﬁ+/ (o
0 wx{|z|<20k} wx{|z|>26k}

< Cexp(—pyv/1+ A (2 — 20)k)[(2 — 20)kJP(—(n=D)/2+2)
+ Cexp(—2y/1 4 A\ 0k)(20k)~(n—1)/2+=
< Csexp(—2vy/1 4 A\ 6k),

I o) — 0~
wx{|z—2ken|<1}

>C / () [P+ exp(—6(2k — 1))
wx{lz<1}

> Cyexp(—20k),

WV

/ (b(z) — %) [P+
(9]

where Cy, C3, C4 are some positive constants independent of k.
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Let k large enough, we have

sup  I(aug — Bug)
1/2<a, B2

< sup I(aug) + sup I°°(Ba)

a0 B0
. Cy
+ 01(02 + 03) eXp(—2 1 + /\1(5k) — m eXp(—25k)
< €1+ Coo-
Thus ¢e < ¢1 4 ¢s0, Which completes the proof of theorem 4.3. O

THEOREM 4.4. Assume that N > 3, b(x) satisfies condition (H1) and there exist
positive constants C, §, Ry such that

b(x) = b>° + Cexp(—d|z|) for |z| = Rp.

Then (1.1) has a solution that changes sign in RY in addition to a positive solution.

Proof. Modifying the proof of theorem 4.3 and by proposition 3.7, we can prove

theorem 4.4. We omit the details. d
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