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Abstract

Suppose G is an amenable locally compact group with lattice subgroup I'. Grosvenor [ ‘A relation between
invariant means on Lie groups and invariant means on their discrete subgroups’, Trans. Amer. Math. Soc.
288(2) (1985), 813—-825] showed that there is a natural affine injection ¢ : LIM(I') — TLIM(G) and that ¢
is a surjection essentially in the case G = RY, T" = Z¢. In the present paper it is shown that ¢ is a surjection
if and only if G/I" is compact.
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1. Introduction

Let H be a closed subgroup of the locally compact group G. The subgroup H is called
cofinite if G/H carries a G-invariant probability measure and cocompact if G/H is
compact. After the recent paper of Bader et al. [1], G is said to have property (M) if
every cofinite subgroup is cocompact. The letter M is for Mostow, who proved that
solvable Lie groups have property (M).

A discrete subgroup I' is called a lattice if it is cofinite. Cocompact lattices are better
known as uniform lattices. Nonuniform lattices are not too hard to come by, but the
most famous examples are nonamenable. For example, SL,(Z) is a nonuniform lattice
in SL»(R), which is not amenable because ((1) %) and (é (1)) generate a free subgroup. In
fact, [1, Theorem 1.7] states that every finite direct product of amenable linear groups
has property (M). Hence, every lattice in such a group is uniform.

When G is amenable, a paper of Grosvenor [3] constructs a natural affine injection
¢ from the invariant means on a lattice subgroup I into the topological invariant means
on the whole group G. Grosvenor proved that ¢ is surjective when G is an abelian Lie
group with finitely many connected components. In light of the results of [1], it is
natural to suppose ¢ might be surjective when I is uniform. This is precisely what the
present paper proves.

© 2021 Australian Mathematical Publishing Association Inc.

(%)
S
[\

N
https://doi.org/10.1017/5S0004972720001525 Published online by Cambridge University Press @ CrossMark


http://dx.doi.org/10.1017/S0004972720001525
https://orcid.org/0000-0002-2562-814X
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0004972720001525&domain=pdf
https://doi.org/10.1017/S0004972720001525

2] A bijection of invariant means 303

2. Definitions

Let G be a locally compact group. Define left-translation by L. f(y) = f(xy) for
f € Lo(G) and x,y € G. The set of left-uniformly continuous functions on G is
LUC(G) = {f € Lo(G) : lim,. ||f — L fllo = 0}. Let S be either L,(G) or LUC(G).
The set of means on S is M(S) = {u € S*: u > 0and u(1s) = 1}, endowed with the
w*-topology to make it compact. The set of left-invariant means on § is LIM(S) =
{ueM(S): ¥Vxe G)(Vf €S u(f —L.f) = 0}. LIM(G) is shorthand for LIM(L.(G)).
We say G is amenable if LIM(G) is nonempty. If G is amenable, so are all its closed
subgroups.

Let P1(G) ={p € Li(G) : p > 0and ||p|l; = 1}. The set of topological left-invariant
means on S is TLIM(S) ={u e M(S): Vpe Py) (VfeS) u(f—p=f) =0} Pick
any p € P1(G) and p € LIM(LUC(G)). There is exactly one way to extend u to
o € TLIM(Lo(G)), given by u(f)=pu(p = f) for f € Lo(G). This works because
every left-invariant mean on LUC(G) is topological left-invariant (see [2, Lemma
2.2.2]). The map u+ u is an isometry from LIM(LUC(G)) onto TLIM(Lw(G)).
Thus it is common to associate the two sets of means and write TLIM(G)
for both.

Let ©(G) be the compact symmetric neighbourhoods of e in G. For F € €(G),
define the mean ur on L. (G) by ur(f) = (1/|F|)fFf(x) dx, where |F| is the Haar
measure of F. For E, F € € (G),

g 1f

lE|  |F]

==y +l=-— @2.1)
1 |E] |F|

lug — urll = )
|E] |F]|

|E\F| |F\E| ’1 1

The pair (K,&) always signifies K € €(G) and € >0. We say F € €(G) is
(K, &)-invariant if |KF \ F| < g|F|. A net {F,} in € (G) is called a Fglner net if it is
eventually (K, €)-invariant for any (K, €). See [5, Theorem 4.13] for a proof that every
amenable group admits a Fglner net satisfying this definition.

The following well-known result is due to Weil [7, Section 9]. Suppose H < G is
any closed subgroup. The coset space G/H admits a G-invariant Radon measure A if
and only if Ay = Agly. In this case, A is determined up to normalisation by

ff(g) dg = f ff(xh) dhdA(xH), f € Co(G). (2.2)
G G/H JH

If (2.2) holds, A is said to satisfy the standard normalisation.

Henceforth, let I' < G be a lattice subgroup and let 7 : G — G/I" be the quotient
map. By definition of a lattice, I is discrete and the coset space G/I' admits a
G-invariant Radon probability measure 4. Assume that dy is the counting measure
on I' and that A satisfies the standard normalisation. It is a well-known corollary of
Weil’s theorem that G must be unimodular to admit a lattice (see [6, Remark 1.1.9]).

LEMMA 2.1 [4, Theorem 5.9]. Suppose G is unimodular and amenable. For each
1 € TLIM(G), there exists a Fplner net {F,} such that lim, ur, = 1.
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3. The nonuniform case
Given m € LIM(I'), define P, : LUC(G) — C(G/T) by
P f(xD) = {m, (L f)lr), | € LUC(G). (3.1

Then P, f is well defined because m is left-invariant and it is continuous because
f € LUC(G). It satisfies P,,(l, f) = [,(P,(f)) because I,l, = [, and it is onto because

Py(hom)y="h, heC(G/T). (3.2)
Define ¢ : LIM(I') —» TLIM(G) by
un(f) = f P, fda, feLUCG). (3.3)
G/l
The map un is linear, positive, unital and left-invariant because m and A are. By [3,
Theorem 3.2], ¢ is injective, but the following proof is somewhat simpler.

LEMMA 3.1. The map ¢ is injective.

PROOF. Since T is discrete, let U € G be a sufficiently small neighbourhood of e
such that U7'U NT = {e}. By Urysohn’s lemma, there exists a continuous /4 > 0 with
support contained in U, such that ||A||; = 1. Define an embedding ¢.,(I') < LUC(G) by

h(xy ")(y) forx e Uy

For t € U, ||[;® — ®|| < ||I;h — || - ||§]l, which shows ® € LUC(G). A direct computa-
tion shows tm(®) = m(¢). O

¢+ @, where O(x) = {O forx ¢ Ul"}‘

THEOREM 3.2. If G is an amenable group with nonuniform lattice subgroup T, then t
is not onto.

PROOF. Pick compact sets K, U ¢ G/T with A(K) > 0 and K c U°. Let {F,} C €(G)
be a Fglner net for G. For each «, pick y, € G/T outside the compact set F,U. Thus
Foy.nU=@.

Let 6(y) € C(G/T')* denote the point mass at y. Define y, by the weak integral

1
0= = O(tyy) dt. 34
H |Fa|fFa (tya) (3.4

Thus, {u,} is a net of means on C(G/T") converging to G-invariance. Fix an accumula-
tion point A, of this net, so A, is a G-invariant mean on C(G/T"). Choose h € C(G/T')
with 1x < h < Ty. By construction, A;(h) = 0.

Pick any m € LIM(I'). With Py, as in (3.1), define v € TLIM(G) by

v(f) =, Pnf), [ €LUC(G). (3.5)
By (3.2), v(h o ) = 0, whereas tu(h o ) = A(h) > 0 for each y € LIM(I'). m]
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Although amenable nonuniform lattices are hard to come by, they do exist. Suppose
{gn}n>0 1s @ sequence of prime powers with }’, 1/g, < co. Let Fy, be the finite field
of order g,, with multiplicative group F;n. Form the groups A = @n Fg,.S=1I, qun
and G = A < §. G is abelian-by-abelian, hence amenable. From [1, Theorem 1.11], G
contains uncountably many pairwise noncommensurable nonuniform lattices.

4. The uniform case
Henceforth, let " be a uniform lattice.
LEMMA 4.1. G/T has a transversal T that is a precompact neighbourhood of e.

PROOF. Pick any compact neighbourhood U c G about e which is small enough so
that U='U NT = {e}. Thus 7,y is injective for any ¢ € G. Note that G is covered by
{tU : t € G}, hence G/T is covered by {n(tU) : t € G}. Let {n(t,U),...,n(t,U)} be a
finite subcover. Without loss of generality, suppose #; = e. Let T} = £, U. Inductively
let Tir1 = T U [tr41 U \ TiI']. The desired transversal is T,. ]

Suppose S € T. We have assumed A satisfies the standard normalisation, hence

IS| = f 1g= f f 15(ty) dy dA(T) = f Tns) dAd = A7(S)). (4.1)
G G/rJr G/T

In particular, |T| = 1. Let #(D) denote the cardinality of D C I'. Since G is unimodular,

#D) = Y IT|= > |Tyl = TDI. 4.2)

veD yeD

Equation (4.1) also implies
f Fda= fF(zr(t)) dt, F e Lo(G/T). (4.3)
G/T T

When m € LIM(I'), we can substitute the function P, f in (4.3) to conclude that the
following definition of ¢ : £ (I') —» LUC(G)" extends the definition given in (3.3):

un(f) = f (m, ([, HIryde,  f € LUC(G). (4.4)
T
For D c I, we observe that
1 1
tup(f) = #D) ;}ﬁf(fy) dt = ] fn) S@dt = prp(f). 4.5)
LEMMA 4.2. The map ¢: €., (I') > LUC(G)" as defined in (4.4) is w*-to-w*

Ccontinuous.

PROOF. Suppose lim, m, = 0 € £ (I'). Pick f € LUC(G) and € > 0. Partition T into
precompact sets {T}};_, such that sup, 1, lf (1) — f(s)| < &. For each k, pick #, € Ty.

https://doi.org/10.1017/5S0004972720001525 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972720001525

306 J. Hopfensperger [5]

Thus
ma(f) = Y 1T ma, (I < & (4.6)
k=1
This implies lim, |tm,(f)| < €. Since & was arbitrary, lim, m,(f) = 0. O

LEMMA 4.3. Suppose {F,} is a Fglner net for G, and let D, ={y €U : F, N Ty # @}.
Then {D,} is a Fplner net for T and lim, ||ur, — urp, |l = 0.

PROOF. Pick K € (') and & > 0. If a is large enough that F,, is (TKT~!, &)-invariant,
then

#(KDy \ Do) = |TKD, \ TD,| < |TKT 'F, \ F,| < &|F,| < e#(D,). “4.7)

In other words, D, is (K, &)-invariant. This shows {D,} is a Fglner net for I.
If a is large enough that F, is (TT~!, &)-invariant, then

ITDy \ Fol < |ITT7'Fo \ Fol < &|Fal. (4.8)
Since F,, € TD,, applying (2.1) gives
7D \ Fol 1 1
llurp, — prll = ——— + (— - ) <e+ (1 - ) <2e. 4.9)
|TD,| IFol ITD,| I+¢
This proves lim, |ljuzp, — pr, |l = 0. O

THEOREM 4.4. If G is an amenable group with uniform lattice subgroup T, then the
map ¢ : LIM(I') — TLIM(G) is surjective.

PROOF. Pick v € TLIM(G). By Lemma 2.1, G admits a Fglner net {F,} such that v =
lim, puf,. Define {D,} as in Lemma 4.3. Since the unit ball of £ (I') is compact, {up,}
admits a convergent subnet {up,}. Evidently m = limg up, € LIM(I'). Applying (4.5)
and Lemmas 4.2 and 4.3,

tm = limg qup, = limg prp, = limg pup, = v. (4.10)
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