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Abstract  In this paper we present the basic tools of a fractional function theory in higher dimen-
sions by means of a fractional correspondence to the Weyl relations via fractional Riemann—Liouville
derivatives. A Fischer decomposition, Almansi decomposition, fractional Euler and Gamma operators,
monogenic projection, and basic fractional homogeneous powers are constructed. Moreover, we establish
the fractional Cauchy—Kovalevskaya extension (FCK extension) theorem for fractional monogenic func-
tions defined on R%. Based on this extension principle, fractional Fueter polynomials, forming a basis of
the space of fractional spherical monogenics, i.e. fractional homogeneous polynomials, are introduced.
We study the connection between the FCK extension of functions of the form P, and the classical
Gegenbauer polynomials. Finally, we present an example of an FCK extension.
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1. Introduction

In recent decades, interest in fractional calculus has increased substantially. This is due,
on the one hand, to the fact that different problems can be considered in the framework
of fractional derivatives like, for example, those in optics and quantum mechanics, and,
on the other hand, to the fact that fractional calculus provides us with a new degree
of freedom that can be used for more complete characterization of an object or as an
additional encoding parameter.

The study of the fractional Dirac operator is motivated by its physical and geometrical
interpretations. Physically, this fractional differential operator is related to some aspects
of fractional quantum mechanics such as the derivation of the fractal Schrodinger-type
wave equation, the resolution of the gauge hierarchy problem, and the study of super-
symmetries. Geometrically, the classical part of this operator may be identified with the
scalar curvature in Riemannian geometry.
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There are some disadvantages in the implementation of a fractional approach. For
example, complicated problems arise during the mathematical manipulations due to the
inexistence of a simple Leibnitz rule for the product. Restricting ourselves to the purposes
of this work, the main drawback is that in spite of similarities in the formulation of some
fractional results with the corresponding classical ones, the proofs are very different in
nature because we cannot apply polar or spherical coordinates when we are dealing
with fractional derivatives. An explicit and complete derivation of fractional operators
in polar or spherical coordinates is still an open task, despite several attempts in the
past (see [18,24,29,31]). A possible route to overcoming this problem is to adapt the
approach presented for the discrete case [10].

Clifford analysis is a generalization of classical complex analysis in the plane to the case
of an arbitrary dimension d € Z (in the case of negative dimensions, one is dealing with
the so-called super Clifford analysis). At the heart of the theory lies the Dirac operator D
on R?, a conformally invariant first-order differential operator that plays the same role in
classical Clifford analysis as the Cauchy—Riemann operator 0, does in complex analysis.
Over the last decades Sommen and his collaborators developed a method for establishing
a higher dimension function theory based on the so-called Weyl relations [7,11,14]. In
more restrictive settings it is nowadays called the Howe dual pair technique (see [27]).
There are two focal points: the construction of an operator algebra (classically osp(1]2)),
and the establishment of a Fischer decomposition.

The traditional Fischer decomposition in harmonic analysis yields an orthogonal
decomposition of the space of homogeneous polynomials of given homogeneity in terms
of spaces of harmonic homogeneous polynomials. In classical continuous Clifford analy-
sis one obtains a refinement yielding an orthogonal decomposition with respect to
the so-called Fischer inner product of homogeneous polynomials in terms of spaces of
monogenic polynomials, i.e. null solutions of the Dirac operator (see [14]). General-
izations of the Fischer decomposition in other frameworks can be found, for example,
in [2,7,11,15,21,25,27].

Another well-known result in Clifford analysis is the Cauchy-Kovalevskaya extension
theorem, which we will denote simply as the CK extension (see [6,23]). It corresponds
to a direct generalization to higher dimension of the complex plane case, and can be
found in [14]. Other generalizations of the CK extension can be found, for instance,
in [5,9,10,12,13,26,32].

The aim of this paper is to present an analogue of the results in [21,32] for a frac-
tional Dirac operator defined via fractional Riemann—Liouville derivatives. The author
would like to reinforce that this is not a direct generalization because, contrarily to what
happens in the classical and Caputo cases, the constant functions are not null solutions
of the Euclidian/fractional Dirac operator.

The structure of the paper is as follows. In the preliminaries we recall some basic facts
about Clifford analysis and fractional calculus. In §3 we introduce the corresponding
Weyl relations for this fractional setting and we introduce the notion of a fractional
homogeneous polynomial. Here, we also present the fractional correspondence to the Fis-
cher decomposition and its extension to a fractional Almansi decomposition. At the end
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of this section we construct the projection of a given fractional homogeneous polynomial
into the space of fractional homogeneous monogenic polynomials. We also calculate the
dimension of the space of fractional homogeneous monogenic polynomials. In § 4 we estab-
lish a fractional Cauchy—Kovalevskaya extension (FCK extension) theorem for fractional
monogenic functions. Based on this extension principle, we introduce fractional Fueter
polynomials, which form a basis of the space of fractional spherical monogenics, i.e. of
fractional homogeneous monogenic polynomials. Moreover, we go into detail about the
connection between the FCK extension of functions of the form x P, and the classical
Gegenbauer polynomials. We end this paper with an example of an FCK extension.

2. Preliminaries

It is well known that the treatment of the two-dimensional vector space R? in terms of
complex numbers has the advantage of providing an additional multiplication operator
on RZ?. Appropriate higher-dimensional associative analogues of the complex numbers
are real Clifford algebras. For details about Clifford algebras and basic concepts of its
associated function theory, we refer the interested reader to, for example, [3,14,19].

Let {ej,...,eq} be the standard basis of the Euclidian vector space in R?. The asso-
ciated Clifford algebra R 4 is the free algebra generated by R? modulo 22 = —||z||e,
where z € R? and eq is the neutral element with respect to the multiplication opera-
tion in the Clifford algebra Rg 4. The defining relation induces the multiplication rule
e;e; + eje; = —20; ;, where 0; ; is the Kronecker delta. In particular, e? = —1 for all
i=1,...,d. The standard basis vectors thus operate as imaginary units.

A vector space basis for Rg 4 is given by the set {eq: A C {1,...,d}} with eq =
e,e, --e, ,where 1 <l <--- <. <d, ey :=eg:=1. Bach a € Ry 4 can be written
in the form a = )~ , asea, with ay € R. The conjugation in the Clifford algebra Rg 4
is defined by @ = ) 4, aa€a, where €4 = ¢€;,.€;,_,---€,, and €; = —e; for j =1,...,d,
€0 = eg = 1. An important property of the Clifford algebra Ry 4 is that each non-zero
vector a € R{ has a multiplicative inverse given by @/|/a|?. An important subspace of the
real Clifford algebra Ry 4 is the so-called space of paravectors R{ = R @ RY, that being
the sum of scalars and vectors. An element a = (ag, a1, ...,aq) of R? will be identified
by a = ag + a, with a = Zle e;a;.

We now introduce the complexified Clifford algebra C; as the tensor product

C@R()’d: {’UJ:Z’U}AGA, U)AEC, ACM},
A

where the imaginary unit i of C commutes with the basis elements, i.e. ie; = e;i for all
j=1,...,d. To avoid ambiguities with the Clifford conjugation, we denote the complex
conjugation mapping a complex scalar wa = aa + ib4, with real components a4 and
ba, onto wa = as —iba by §. The complex conjugation leaves the elements e; invariant,
ie. eg. = e; for all j = 1,...,d. We also have a pseudo-norm on C, namely, |w| :=
Yo lwal, where w = ) , waea, as usual. Notice also that for a,b € C4 we only have
lab| < 2%|a| |b|. The other norm criteria are fulfilled.
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Clifford analysis can be regarded as a higher-dimensional generalization of complex
function theory in the sense of the Riemann approach. A Cg-valued function f over
2 C R{ has representation f =Y , e fa, with components f4: £2 — C. Properties such
as continuity will be understood component-wise. Next, we recall the Euclidean Dirac
operator D = Z?Zl €;0,,, which factorizes the d-dimensional Euclidean Laplacian, i.e.

d
2 2
D?=-A=-> 0a.
i=1

A Cy-valued function f is called left monogenic if it satisfies Du = 0 on 2 (respectively,
right monogenic if it satisfies uD = 0 on 2).

The most widely known definition of the fractional derivative is the so-called Riemann—
Liouville definition. This definition appears as a result of the unification of the notions
of integer-order integration and differentiation, and is expressed as follows:

) 1 d m+1 .t m—p
ath(t):F(nH—l—p)(dt) /a (t—7) frydr, m<p<m-+1L1 (2.1)
The previous definition requires that the function f(¢) must be m+ 1 times continuously
differentiable, which corresponds, in some sense, to a narrow class of functions; however,
this class of functions is very important for applications because the character of the
majority of dynamical processes is smooth enough and does not allow discontinuities.
Understanding this fact is important for proper use of the methods of fractional calcu-
lus in applications, especially because of the fact that the Riemann—Liouville definition
provides an excellent opportunity to weaken the conditions of the function f(t); then
integral (2.1) exists for ¢ > a and can be differentiated m + 1 times. The weak condition
on the function f(¢) in (2.1) is necessary, for example, for obtaining the solution of the
Abel equation. For more details about fractional calculus and applications we refer the
reader to [22,28,30].

In [16] the fractional derivative (2.1) was successfully applied in the definition of the
fractional equivalent of the Dirac operator in the context of Clifford analysis. In fact, the
fractional Dirac operator corresponds to

d d
D* =3 D =) e;(D; +Y)),
j=1 j=1

where D; is the classical derivative with respect to z;, and Y; = (1 — a)/(&; — x;), with
0<a<l, and £ = (&,...,&) is the observer time vector. A C,-valued function f is
called fractional left monogenic if it satisfies D*u = 0 on {2 (respectively, fractional right
monogenic if it satisfies uD® = 0 on §2). We observe that due to the definition of the
fractional Dirac operator we have that

D ( ﬁ(@- - xi)l—a> =0, (2.2)

i=1

. d s . . .
ie [Ii_,(& — z;)'~“ is a fractional monogenic function.
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Remark 2.1. In (2.2) the fractional power (§; — z;)'~* should be understood in the
following way:
exp((1 — o) In[&; — ;1) & > zj,
(gj - xj)l_a = 07 gj = Zj,
exp((1 — ) In[¢; —z;[ +iam), & <z,
with0<a<landj=0,1,...,d.
Hereafter we will consider paravectors of the form z® = xy+, where x; = a(&; — ;).

Remark 2.2. During the paper we will restrict ourselves to the case in which the
fractional parameter « belongs to the interval ]0, 1[. Cases in which « is outside this
range can be reduced to the considered one. In fact, for & € R we have that o = [a] + &,
with [a] the integer part of « and & € ]0,1][.

3. Weyl relations and Fractional Fischer decomposition

The aim of this section is to provide the basic tools for a function theory for the fractional
Dirac operator defined via fractional Riemann—Liouville derivatives.

3.1. Fractional Weyl relations

Now we introduce the fractional correspondence of the classical Euler and Gamma
operators. Moreover, we will show that the two natural operators D* and «, considered
as odd elements, generate a finite-dimensional Lie superalgebra in the algebra of endo-
morphisms generated by the partial fractional Riemann—Liouville derivatives, the basic
vector variables x; (seen as multiplication operators), and the basis of the Clifford alge-
bra e;. Before we proceed, we recall the definition of a Lie superalgebra (for more details
about Lie superalgebras and their connections with Clifford analysis, see [4,20]).

Definition 3.1. A Lie superalgebra g (over R or C) is a Zs-graded vector space, i.e.,
a direct sum of two vector spaces g = go ® g1 equipped with a graded bracket [[-,]],
satisfying

e the Zo-grading: [[a;, a;]] € gitj mod2, With a; € g; and a; € g;;
e the graded antisymmetry: [[a;, a;]] = (—=1)"[[a;, a;]], with a; € g; and a; € g;;
o the generalized Jacobi identity:
(~1)*{[as, lfags anl] + (~1)7 [z, lag, adll] + (~1)*%[lap, lfos, )]} = O,
with a; € g4, a; € gj, ar € gi.

In order to obtain our results, we will use a standard technique in higher dimensions,
namely, we study the commutator and the anti-commutator between x and D®. We start
by proposing the following fractional Weyl relations:

[Df, z;] = Df'z; — ;D = —a, (3.1)
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with i =1,...,d, 0 < a < 1. This leads to the following relations for & and D%:

{D% &} = D% + D% = —2E“ + ad,
[x,DY] = D" — D% = —2I"“ — ad,

where E®, I'* are, respectively, the fractional Euler and Gamma operators and are
expressed as
d
E* =Y "xD§, I'“=> eie;(xD} —Djx,). (3.4)

i=1 i<j

From (3.4) we derive, via straightforward calculations, the following relations:

E¢ + ' = —xD®, [E*, '] =0, [z, EY] = az,
[D¥ E] = —aD?, {x,x} = —2|x|?, {D¥ D} = 2A%,
[, |2[*] =0, [z, A] = 2aD", D%, [2]”] = 20z, (3.5)
[D*, A%¥] =0, [E*, A%Y] = 2aA%?, [E*, |z|?] = —2a|z|?,
d
o, a%] = a2 - 5).
where A2% = —D*D®. Relations (3.5) show that we have a finite-dimensional Lie super-

algebra, in the sense of Definition 3.1, generated by x and D¢, isomorphic to osp(1]2).
At the end of this section we give a brief description (with references) of the osp(1|2)
algebra and its realizations. The normalization

)
2 2
i

af_;aZ och:g 2c afz_ aJr:_ «
(B = el BT =GAN ()= e (5= e

leads to the standard commutation relations for osp(1]2) (see [17]):

[H (B = £a(B°)*, (B (E%)7) = ~22°H",
e (F)H = £5(F), {(F)7.(F*) ) = TH",
(B (F)T] = —a?(F)%,  {(F*)*,(F*)*) = +5(B)*

We now introduce the definition of fractional homogeneity of a polynomial by means of
the fractional Euler operator.

Definition 3.2. A polynomial P, is called fractional homogeneous of degree [ € Ny if
and only if E*P, = —alP;.
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We observe that from the previous definition the basic fractional homogeneous powers
are given by H;l:l :c?j, with ! = |8] = B1+- - -+ B4. In combination with the third relation
in (3.5),

[, E°] = az,
this definition also implies that:
e the multiplication of a fractional homogeneous polynomial of degree [ by x will

result in a fractional homogeneous polynomial of degree [ + 1, and thus may be
seen as a raising operator;

e for a fractional homogeneous polynomial P, of degree [, D*P, is a fractional homo-
geneous polynomial of degree [ — 1;

e the fractional Weyl relations (3.1) will now enable us to construct fractional homo-
geneous polynomials recursively.

The variables x;, ac;c are the basic fractional homogeneous polynomials of degree k. In

the following result their fundamental properties are listed.

Theorem 3.3. For allk e Nandi,j=1,...,d we have

k_ k-1
D?a:j = fka:j ,
Dfzf =0, i # J, (3.6)
D?w?lwfz = —klizz?l*l:cfz, i j.

Moreover, for any two multi-index v = (y1,...,7v4) and 8 = (01, .., Bq4) with || = |3,
it holds that

d ! .
1)yl ify =
D‘1Y1 .”D"lm(w?l mgd) I | :13;_0‘ _ (=1)7y 1 v =0,
’ 0 ify # 5,

7=1
where we have put ! = 1!+ - y4!.

The proof of this result is immediate and we therefore omit it from the text. Fur-
thermore, from the previous theorem we conclude that a closed form for the fractional
homogeneous polynomials is given by

(ejz;)*" ! = (—1)"e;(z;)*"H, (ejz;)*" = (—1)"(x;)*" (3.7)

form=1,2,... and j =1,...,d. Moreover, from Theorem 3.3 we have the equalities

d d d d
pe([[ai)=0. & ([at")=0. & (e*T[a)=-Isle [[a} "
j=1 j=1 j=1 J=1

and therefore in the fractional Fischer decomposition that we will present in the next
section we will have that

d d
Pozspan{Hac}_“} and P, = span {mﬁnm;—a’ 8] :l},
j=1

Jj=1
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where 8 = (81,...,84) with |8| = 81 + -+ + B4. Furthermore, we have the following
remark.

Remark 3.4. We would like to point out the main difference between this approach
and the correspondent one presented in previous work (even when considering a fractional
Dirac operator defined via fractional Caputo derivatives): due to the fact that D%c # 0,
with ¢ a constant and D the fractional Dirac operator defined via Riemann—Liouville
derivatives, we cannot assume that Py = span{1}.

3.2. Fractional Fischer decomposition

A fractional Fischer inner product of two fractional homogeneous polynomials P and
@ has the form

(P(x), Q(x)) = Sc[P(02)Q(x)], (3.8)
where 0, represents Df, and P(0g) is a differential operator obtained by replacing in the
polynomial P each variable x; by the corresponding fractional derivative, i.e. D; +Yj.
From (3.8) we have that for any polynomial P,_; of homogeneity | —1 and any polynomial
@, of homogeneity [,

(2P, Q) = (Pi1,D°Q). (3.9)

This fact allows us to prove the following result.

Theorem 3.5. For each | € Ny we have II; = M; + xIl;_1, where II; denotes the
space of fractional homogeneous polynomials of degree [, and M; denotes the space of
fractional monogenic homogeneous polynomials of degree . Moreover, the subspaces Mj,
and xIl;_; are orthogonal with respect to the Fischer inner product (3.8).

Proof. Since IT; = xIl; 1 + (xIl;_1)*, it suffices to prove that (zIl;_;)* = M;_;.
To this end, assume that for some P, € II; we have (xP,_1, P;) =0 for all P,_y € IT;_;.
From (3.9) we then have that (P,_;,D*P;) =0 for all P,y € Il;_1. AsD*P, € IT;_4, we
obtain that D®P, = 0, or that P, € M. This means that (xIl;_;)* C M;_;. Conversely,
take P, € M;. Then we have, for any P,_, € II;_1, that

(®Pi_1, ) = (P-1,DP) = (P,—1,0) = 0, (3.10)
from which it follows that M;_; C (&Il;_1)*, and therefore M;_ = (xIl;_1)=*. O

As a result we obtain the fractional Fischer decomposition with respect to the fractional
Dirac operator D®.

Theorem 3.6. Let P, be a fractional homogeneous polynomial of degree l. Then
P =M; +xM;_4 +$2M172+-~-+£L'ZM0, (3.11)

where each M; denotes the fractional homogeneous monogenic polynomial of degree j.
More specifically,
My=PF, and M;={uec P:D% = 0}.
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The spaces represented in (3.11) are orthogonal to each other with respect to the
Fischer inner product (3.8). This a consequence of the construction of the fractional
Euler operator E®, and in particular of (3.2) and (3.3). Moreover, the space P(.S) of all
Clifford-valued polynomials decomposes in a multiplicity free by means of our fractional
Weyl relations, and the decomposition has the form of an infinite triangle

Po(5) P1(5) P2(5) Ps3(5)
M, D zM, D |2 M D 3 M, -
@ 2] 52
M1 D« .’13./\/11 D« |:13|2M1
S @D
Mz D« CCMQ
D
M

While in the classic case all the summands in the same row are isomorphic to Pin(d)-
modules, and each row is an irreducible module for the Howe dual pair Pin(d) x osp(1]2)
(see [8] for more details), the same cannot be said in the fractional case yet. The reason is
that while the classical Laplacian and the Fischer dual are invariant under O(d) (Pin(d)
is the double cover of O(d)), we can easily show that this is not true in the fractional
case.

Nevertheless, we have that all the summands in the same row are modules. The author’s
conjecture is that they can be invariant under a certain ‘fractional’ Pin group that does
not coincide with the classical one; this subject will be studied in forthcoming work.

The Dirac operator shifts all spaces in the same row to the left, the multiplication
by @ shifts them to the right, and both of these actions are isomorphisms of modules.
Moreover, any spinor-valued polynomial can be written (in a unique way) as a sum of
monogenic polynomials and a product of powers of & with other monogenic polynomials.

From Theorem 3.6 we have the following direct extension to the fractional case of the
Almansi decomposition.

Theorem 3.7. For any fractional polyharmonic polynomial P, of degree | € Ny in a
star-like domain D in R? with respect to 0, i.e. A’*P, = 0, there exist uniquely fractional
harmonic functions Py, Py, ..., P,_1 such that

P =Py +|z|*P + -+ |z VP, VxeD.

3.3. Explicit formulae

Here we obtain an explicit formula for the projection maq(P;) of a given fractional
homogeneous polynomial P, into the space of fractional homogeneous monogenic poly-
nomials. We start with the following auxiliary result.

Theorem 3.8. For any fractional homogeneous polynomial P, and any positive integer
s, we have
DQ$S]D[ _ gs,lm571-Pl + (71)S$SDQPZ,
where gak,; = 2ka and g1, = 2(ok + al) + ad.
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Proof. The proof follows, by induction and straightforward calculations, from the
commutation between D% and x® using the relations

D% = —2E* + ad — D%, E¢x = xE* — ax.

Let us now compute an explicit form of the projection maq(F;).

Theorem 3.9. Consider the constants c;j; defined by

(-1’
Co,l = 17 Cjl1 = B [5/2] )
(2[3/2])!! Hizo 92i41,1—(2i+1)

where j = 1,...,l and [-] represents the integer part. Then the map w, given by
Tm(Pr) i= P+ c1,@D P, + c21@* (DY)’ P+ -+ - 4 ¢ 2! (D*)' P

is the projection of the fractional homogeneous polynomial P; into the space of fractional
homogeneous monogenic polynomials.

Proof. Let us consider the linear combination
r=aoP +a1xD*P, + CLQCIZQ(DO‘)QPl 4+t akwl(Da)lPl

with ag = 1. If there are constants a;, j = 1,...,[, such that » € M, then r is equal to
7m(FP). Indeed, we know that P, = M; @ P,_; and

!
r=P+Q-1 with Q_1=>)» aaz'(D)P.
i=1

Applying Theorem 3.8, we get

0=D*(mm(£))
= D®P, + a; DD P, + a;Dx?(DY)? P, + - - - + a; D%z (DY)' P,
= (14 a191,-1)D*P, + (—a1 + azga1—2)x(DY)? P + (a2 + azgs —3)x* (DY) P
o (D g + argro)z' T (DY) P

Hence, if the relation (—1)"~'a;_1 + a;gj;—; = 0 holds for each j = 1,...,l, then the
function r is fractional monogenic. By induction we get

(=1)
(2[5/2)n ng:/oz] 92i+1,1—(2i+1)

a; =
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Theorem 3.10. Each polynomial P, can be written in a unique way as
l
P=) @ M_;(R),
j=0

where

J
M_j(P) = ¢} cju—nz"(DY)"(DY) P, j=0,...,1,

n=0

and the coefficients c} are defined by

C/v _ (71)j
/2D IV G210 iy

Proof. We know that for any P; there is a unique decomposition

P = CL‘lM() + wl_lMl 4+ -4+ xM;_1+ M,

where M;_; € M;_; with j = 0,...,[. To compute a component M;_; explicitly, we
apply (D%)? to both sides of the previous equality:

(D*)I P, = (D*) ' My + (D) 2!~ My + - + (D) d T My + (D*) xd M.
The summands on the right-hand side belong, in turn, to the spaces
a)lij./\/lo, CClijilMl, ey M1, M.

Hence, (D®)xI M,_; is equal to ma((DY)?P). We can now use the expression for the
harmonic projection proved above. So, to get our result it is sufficient to show that
i 1
(D )]ible,j = 7Mj.
Cj

By Theorem 3.8, we get by induction that c;» = a;, and therefore the proof is finished. [

Under these conditions it is possible to calculate the dimension of the space of fractional
homogeneous monogenic polynomials of degree I. From the Fischer decomposition (3.11)
we get dim(M;) = dim(I1;) — dim(I];_1), with the dimension of the space of fractional
homogeneous polynomials of degree [ given by dim(Il;) = (k + d — 1)!/k!(d — 1)!. This
leads to the following theorem.

Theorem 3.11. The space of fractional homogeneous monogenic polynomials of
degree | has dimension
(+d-D=11+d-2)! (+d-2)!

dim(Mi) = 1(d— 1) T d—2)
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4. Fractional Cauchy—Kovalevskaya extension

Taking into account the formal similarities with the classical setting, we propose the
following form for the FCK extension:

> (e1x @
F(m17m27"" Z ! 1 fk(m27"'7md)7
k=0

with fo = f. From (3.7) we conclude that the function F takes the correct values and
satisfies F'|,,—o = f. For F to be fractional monogenic it must vanish under the action
of the fractional Dirac operator D%, which can be rewritten as

d
DY =Df + > e,D¥ =D} + D.
j=2
In order to determine the coefficient functions fr, k = 1,2,...,d, such that D®F = 0,
we proceed by direct calculation. From the action of D§ over @, (see Theorem 3.3), and
taking into account that D¢ only acts on ¥ and D% anticommutes with x;, we obtain

0 k. 1—«
0=DF = (D§ + D) ( > 7(61%,1, = fk)
k=0 ’

11—« k —«

oo
elwl 331 61:131 :1:1
_ylem)m z AT pag,,

k=0

which results in the recurrence relation

frrr = (1) 'D¢ fi.
Hence, we obtain the following definition for the FCK extension.

Definition 4.1. The FCK extension of a function f = f(xs,...,x4) is the fractional
monogenic function

l—a

> k
FCK[f}(iBl,wg,...,wd) :Z%‘}%(IEQV..,iL‘d)7 (41)
k=0 ’

where fo = f and fry1 = (—1)*1D2 f.

Let us observe that the previous definition does not impose any conditions on the
original function f. From (3.7) follow

(erz1)*" T lxl™* =0 forn

(erz1)*"xl™* =0 forn

wl'»

<|
< | + 1,

which imply that for every point (xi,...,24) € R? there exists N € N such that all
but the first N terms in the series (4.1) vanish, and therefore the series reduces to a
finite sum at every point of R%. This fact implies that the FCK extension of the function
f(xa, ..., xq) is well defined on R?. The uniqueness of the extension is a corollary of the
following result.
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Theorem 4.2. Let F be a fractional monogenic function defined on R? with F|g, —o =
0. Then F' is the null function.

Proof. The fractional monogenicity of F' explicitly reads as (D + D$)F = 0. Now
take (¢1,%2,...,24) € R? with ;1 = 0. Since F|g,—0 = 0, the above expression
reduces to D¥F = 0. Furthermore, —A?*F = D®D*F = 0, from which we obtain,
for (0, s, ...,24) € R with 2; = 0, that F' = 0. Repeating this procedure, we find that
F =0 on R% O

Corollary 4.3 (uniqueness of the FCK extension). Let Fy and Fs be two frac-
tional monogenic functions such that Fi|gz,—o = f and Fs|g,—0 = f. Then F; and F;
coincide.

4.1. Fractional Fueter polynomials

The fractional FCK extension procedure establishes a homomorphism between the
space I1 l(dfl) of fractional homogeneous polynomials of degree [ in d — 1 variables and
the space Ml(d) of spherical fractional monogenics of degree [ in d variables. Theorem 4.2
and Corollary 4.3 imply that this homomorphism is injective. Moreover, a basis for the
) is given by the fractional homogeneous polynomials :1:32 e :cg"', with s +
--- 4+ B4 =, and its dimension is

space Hl(d_1

. -1 ({—d)!
dlm(Hl(d )): l'(d—Q)',

which corresponds to the dimension of ./\/ll(d) (see Theorem 3.11 with d = d — 1), whence
the homomorphism is also surjective. The FCK extension procedure thus establishes an
isomorphism between [T, l(dfl) and ./\/ll(d), allowing us to determine a basis for the space

M.

Definition 4.4. Let 3 = (B, ...,4) € N¥~! with By+-- -+ 34 = I. Then the fractional
spherical monogenics

d
Vs = FCK {wgz e wgd H :c]la}
j=2

are called the fractional Fueter polynomials of degree [.

Theorem 4.5. The set {V3 | B2+ -+ Bq =1} is a basis for Ml(d).

Proof. The FCK extension procedure is an isomorphism between both spaces. O
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Example 4.6. The space ./\/l(23) has dimension d = 3. A basis for it is given by the
elements

V2_’0 = FCK[:D%:D%ia]

= xlx) Y - 2xxpx) Yy Y — xiwl Y,
Via = FCK[zomaz “xs ]

= zoxawy “xy * —xiza3x, Czy Y+ ximox) “Ty © 4 xim) O,
VO_VQ = FCK[:E%:E%_Q]

= w%wé_“ — 23:133333%_“:16;,_"‘ —xlxiTe,

from which it can be checked directly that they are fractional monogenic, of homogeneity
degree 2 in (1,2, x3), and are linearly independent.

4.2. Fractional Cauchy—Kovalevskaya extension of x°M

In the Euclidian setting functions of the form z*P;(z) are building blocks of homoge-
neous polynomials in R% and whence, in order to characterize spaces of inner spherical
monogenics in Rt it suffices to determine the CK extension of polynomials of the form
2°P(z) (see [14] for more details), which was formulated in the following theorem.

Theorem 4.7 (cf. Delanghe et al. [14]). Let s € N and let P, € M (l;d; C). Then
the CK extension of x° Pj(x) has the form X} (xo,z)P,(x), where

_ 20+d -1 d+1)/2+1 ( To \ To
X — \$,8 (d—1)/2+1 @ (d+1)/2+1( Lo ) Lo .
[(wo, @) = Air [Cs r +S+2l+d—108_1 r)or

In this equation, r?> = 12 — 2% and the polynomials C)(x) are the standard Gegenbauer

polynomials [1] given by

/2, | |
o) = 3 gt e 2)

where the Pochhammer symbol (a),, denotes a(a+ 1)---(a 4+ n — 1). Furthermore, the
coefficients A} are

B 2k + 2l +d
N = (CDMERTYP )T, = (R R o)
20+d—1
and explicitly
g KTU+3@=1) o 2424d MI0+3(@+1) o
DT T+t Ld—1) ! 20+d—1 I(k+1+3(d+1))

We now consider the fractional version of the previous theorem. We will consider P,
to be a fractional homogeneous monogenic function in d variables x1,..., x4 and will
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determine the FCK extension of x®PF,. The result is a fractional monogenic in d + 1
variables xg, x1,...,xq such that

FCK[f] = Z %wlfk» Jfo=1, Jrot1 = (—1)k+1Dafk,
k=0

where D¢ is the fractional Dirac operator in d variables. The operators D and x satisfy
Theorem 3.8. Denote by R the fractional vector variable in d 4+ 1 dimensions, i.e.

d
R=xy— g e;T; =Ty — T,

j=1
with R? = x + 2.

Remark 4.8. As was done in the Euclidian case (see our Theorem 4.7 from [14]),
in this section we will use the formal notation xo/R and x/R as arguments in the
Gegenbauer polynomials, by which we mean that we first of all expand the Gegenbauer
polynomials using (zg/R)* = z§/R"*, and then cancel out all appearances of R in the
denominators, after which no ambiguity is left.

4.2.1. Auziliary results

In this section we present some necessary results for the proof, in the next section, of
the main theorem. Taking into account Theorem 3.3, we present the following auxiliary
lemmas.

Lemma 4.9. Let k € N and let P, be a fractional spherical monogenic of degree [ in
the variables x1,...,x,. Then

DyR?** P, = —2akxoR** 2P,
DR?* P, = 2akzR?* 2P,
E*R* P, = (—IR* — aka®)R* P,

Proof. We start by expanding R?* in the following way:

k
RQk _ Z <k) w2k—2sm25
= s 0 .

s=0

Taking into account that  and P, do not depend on x(, we get

w2k72871w23PZ — _2ak$0R2k_2B.

k—1
kE—1)
Do QkP:_Q (
ot R akgs!(kfsfl)! 0
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The proof of the second statement uses the relations presented in Theorem 3.8 and

the fact that P, is a fractional spherical monogenic in the variables @i, ...,x4 (thus,
D*P, =0):
k ol
D¢ 2kP —9 : 2k—2s 2571P
™R sa; G-Dik—si0 T 1

k
k!
— 92sak $2k 2s 25 1P
Sz:; (s — D!k —s)™°
= 20kxR** 2P,
For the final relation we use the commutation relation
zE® —E% = ax <— E%x = zE° — a=z,

which implies that
Ex? = 2*E* — 2saz?*
to show that

k—1
A
E*R*P, = —IR*P, - 20k ) ( )ngf D=2p 2pt2p
p
p=0

= (—IR?* — 2akx*)R** 2P,

Lemma 4.10. For a parameter \ and k > 1 we have

o +D* o Zo xo _
(D§ + D) |:C2Ak <R>R2kpz} = —2a [Cé\k*ll ( R ) Cé\]:rlz( - )] R21p,.

Proof. Taking into account the series expansion (4.2) for the Gegenbauer polynomials
and the relations presented in Lemma 4.9, after straightforward calculations we have

(0 + D% ("’;)Ra}
k

Z 2k7 ]22k: 2_][ (2]€ _ 2]) 2k—25— 1R2_] gki?ngRQj
p 2k: —2j)!

+ (71)2k72jmgk72jDaR2j]‘PI

— —2a) [c;,jll (9;0) oo, ("2’)} R*1P,.
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We remark that in Lemma 4.10, on the right-hand side, there is no ambiguity about
whether the Rs should be left or right since the first thing one has to do is eliminate the
powers of R in the denominator, which leaves only even powers of R (in the denominator),
which commute with &y and . We now continue presenting auxiliary lemmas.

Lemma 4.11. For a parameter \ and k > 1 we have

(DY +Da)[02k 1<R)RR2kP]
_ [204)\03,;“2(2> R 2 4 a(d + 21) O, 1<”;’>R2’“

—20ACL <i§> 232"@—1} p.

Proof. Taking into account the series expansion (4.2) for the Gegenbauer polynomials
and the relations presented in Lemma 4.9, after straightforward calculations we have

(D§ + D) [C% 1 ( R) R%PZ}

-1
(- )( )2k— Jj— 122k 25— 1a:(2)k 25— Qszyp

:‘O‘]ZO 12k — 2j — 2)!

k—1 ;
—1)\7 . . . .
=D ( (;z)g (A;jk—jl)l (2a9)**~# 7! [zD§ R¥ — (2E* — ad + 2D*)R*] P,
]:O
— 4@0%_5(?) xR 2P + a(d + 21)Cy), 1( )R% 'p,

— 2« )\Z—( 1) 2k—p—3 Qﬂ Zkizping%*lp
o pl(2k—2p-3)!\ R R !

:{ 204/\05\;12(%) T R2*-2 a(d—&—?l)CQk_l(?)R%‘l

— 20AC)HY (”g) ]";R%—l] p.

O
We remark that in Lemma 4.11, after elimination of the powers of R in the denom-
inator, there is no ambiguity in the first and last terms of the right-hand side. For the

second term, however, we must clarify how the elimination should be made. For example,
letting d = 2 we have

ot (ﬁ) R =20 DR R =20+ DaoaR
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which is not the same as
oM (?)R?’z = 2(\ + 1)z R

or

R3CM! <i§>; =2()\ + 1)Rzoz.

For the second term on the right-hand side we thus put as a convention that (after
elimination of R in the denominator) the remaining (odd) powers of R are written on
the far right of both gy and x.

In a very similar way to in Lemma 4.11, we can prove the following results.

Lemma 4.12. For a parameter \ and k > 1 we have
Lo

« «@ 4
(Dg + D) l:CQ/\k+1 (R> RR%PZ}

ol (3) - 3) (33

Lemma 4.13. For a parameter \ and k > 1 we have

(05 + 0% 3 (59 ) 5

o To\ T
= [a(d +21)C3y (R) R*™ —2aXCyt <R) = R

A1 (Lo T k—
—2aA02,j2(R>RmRQ 1]131.
4.2.2. Main result

We now present the main result of this section.

Theorem 4.14. For a fractional spherical monogenic P, of degree | in the fractional
variables x1, ..., x4 and for s € N, the fractional FCK extension of «® P, is the fractional
monogenic polynomial in d + 1 variables xg, x4, ...,xq given by

FCK[z?*P)] = (—1)F\?* R?* [C§i+l)/2+k <a}3§>

21 + d—1 (d—1)/2+k g\ T
e — | =P 4.
St d—17 2k 21 i

FCK[2?+1 P = (~1)FA2FH R4+ { Ch /A @:)

20+d—1 (d+1)/2+4k [ To \ T
-t DV P, (4
S+ d— 1tk 2 ® R0 (48

In this formula r* = 3 — x?, C)(z) are the standard Gegenbauer polynomials given by
(4.2), and the coefficients \;, are given by (4.3).
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Before we present the proof we give the following remark concerning notation, which
is similar to the one presented in [10].

Remark 4.15. Please note that in the main theorem terms like C})(zo/R) appear,
while in fact xo/R is not well defined. Since Rxy # xoR and Rz # xR, the notation
has to be understood in the following way: because C,?(z) contains only powers of x of
degree at most k, we first multiply it by R”, after which there is no ambiguity.

Let us now consider the proof.

Proof. We start with expression (4.7). The proof has two parts. In the first we show
that the restriction of

- 20+d—-1 d+1)/2+k { o\ To
F e (—1)k\2kp R2k | od—D)/2+k (X0 _draml @24k (2o o) g
(FLPATRET| o R) " ava-ivzw ot \R)R]

to the hyperplane xo = 0 is exactly ?*P,. In fact, R¥|4,—0 = % and
k

ED oy ey 2o V' (=D
2k R 20=0 = j'(Qk — 27)' R 20=0 k! )
N e IO T _o
PR ) gpmo S 012k 27 DI\ R soco

which implies that

K1+ (d—1)/2) lf‘(l +(d-1)/2+k)
ri+d-0/24+4k kK I'l+(d-1)/2)
In the second part of the proof we show that F' is fractional monogenic in the d + 1
variables xg, €1, ..., xy. By the uniqueness of the FCK extension, we know that F' must
be exactly FCK[z?*P)]. Since F consists of two terms, we will first consider D§ + D¢
acting on each term separately via Lemmas 4.10 and 4.11 with A =1+ (d—1)/2. We will
then continue by combining the obtained results. We have

2% 2%
Flay=0 = x**p = x**p,.

(Dg +D*)F
= (—1)*F 1A% 20)\ {02,\;11 <i§) oML <3]7§)] R2*-1p,
A o
- (—1)’%%’“A y? [— 20\ + 1)Cy 12, ( R) xR*F2

a(2x — 1)CN (:'30> R+
R
Lo\ T _
v () 3

_ (_1)k+1)\l2k2a)\|: 2k +1 O (fBo)R% 1 02)\]:11(330>R2k 1

2\ +2k 21\ R R
A+1 T x B A+1 T _
A+kC§k+22(}§>RR2k o A+kc§’:23<1§>RR2k 1}3'
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Taking into account the series expansion (4.2) for the Gegenbauer polynomials, the pre-
vious expression becomes

(D& + D*)F
k—1 j
:(_1)/€+1)\2k 2k+1 2k7 —Jj 22k 25— 1 Qk 25— 1R2]
A+ k 303'2143 2]71)

kl
]
(=1 (N2k—j— 12% 9j—1

2k—2j~2 p2j+1
12k — 25 — 2)!

Lo

H“M

A2k J_o2k—2j—1,2k=2j-2  p2j
/\+k 2k-2;-2) o *

1)i _
/\+ k Z §| 2% — 2jk—j3)1 92k =22 A2 Sy RAHLI P (4.9)
=0

From the series expansions of R% and R%/+!
)

J . j .
RQ] _ 2 : (])SE(Q)]_2S$2S, R2]+1 _ E : (.7) (wg]_28+11323 + w33_28w23+1),
S S

s=0 s=0
there are two possible combinations (with respect to the powers of &y and x): either an
odd power of &y combined with an even power of  or vice-versa. We will look at both
possibilities separately and show that both must be zero. We first consider the terms of
(4.9) containing a combination of an even power of &y and an odd power of @, which we
call the ‘even part’ and denote by EP:

k—1 ;
3 _1)3()‘)216 1 2k—25—2
EP = (—1 k+1)\2k ( —j— 22k 2j—1 ] — RZJ
AT z;mk 2j - 2)! 0

92k—2j—1

2k—j 2k—2j-2_, p2j
+JZO]'2/~:—23—2) Atk o r

1 2k i—162k—25j—2_2k—25-3 2j
2 J— J— J
/\+k 2k—2j—3) o Tozlt
k— 1 :
= (DT |:)\j-k 2]);(2?_]2)1 (k —j — 1)22k 2L gdh =212 p2

k—
2kg 152k—2j—2, _2k—2j—2 2
92k—2j— 2R
/\+kz 21@—23—3) o ]
=0.

For the ‘odd part’ we proceed in a very similar way.

https://doi.org/10.1017/50013091516000109 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091516000109

Fischer decomposition and CK extension: the Riemann—Liouville case 271

One checks for different values of j for which the coefficients of R?/ will be zero, and
hence the total sum will be zero. Regarding (4.8), we proceed in a similar way and
consider Lemmas 4.12 and 4.13. g

4.3. Example
To end the paper we present an example of an FCK extension.

Example 4.16. The FCK extension of 2P, is given by
2 o T
FCK[® P =Y S i,
k=0

where the functions fy are fo = x?P, fi = —2azxP,, fo = 2a(—2] — ad)P;, whence
explicitly
FCK[z?P)] = [z* — 2ax + 2a(—2] — ad)]P;.
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