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Abstract. We study the possible dynamical degrees of automorphisms of the affine space
A", In dimension n = 3, we determine all dynamical degrees arising from the composition
of an affine automorphism with a triangular one. This generalizes the easier case of
shift-like automorphisms which can be studied in any dimension. We also prove that each
weak Perron number is the dynamical degree of an affine-triangular automorphism of the
affine space A" for some n, and we give the best possible n for quadratic integers, which is
either 3 or 4.
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1. Introduction

1.1. Dynamical degrees of polynomial endomorphisms. In this text, we work over an
arbitrary field k. For each n > 1, recall that an endomorphism f € End(A") of A" = Aﬁ
is given by

frOt, e x) > (11, Xn),s ooy fn(XL e ooy X0)),
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where f1,..., fn €K[x1,...,x,]. To simplify the notation, we often write f =
(f1, - - -, fn) and thus identify End(A") with (k[x1, . . ., x,])".
The degree of an endomorphism f = (f1, ..., fu), denoted by deg(f), is defined to

be deg(f) = max(deg(fi), ..., deg(fn)). The set End(A") of endomorphisms of A" is a
monoid, for the composition law, and the subset of invertible elements is the group Aut(A™)
of automorphisms of A”.

The dynamics of endomorphisms of A", specially in the case of the ground field k =
C, was studied intensively in the last decades, see for instance [FsW98, Sib99, Mae00,
BFs00, Mae0Ola, MaeOlb, Gue02, GS02, Gue04, Ued04, FJ11, JW12, Xiel7, DL18].
For each dominant endomorphism f € End(A"), the (first) dynamical degree is defined as
the real number

A(f) = lim deg(f)1" € Rz

(the limit exists by Fekete’s subadditivity lemma, see Lemma 2.2.1). If f € End(A!) or
f € Aut(A?), then A(f) is an integer, but in higher dimensions, it can be quite complicated
to understand the possible dynamical degrees. In [DF, Corollary 3], the authors conjecture
that A(f) is an algebraic integer of degree < n, and of degree < n — 1 if f € Aut(A"), a
conjecture proven until now only for n < 2.

In this article, we study some particular family of automorphisms of A" that we call
affine-triangular. These are compositions consisting of one affine automorphism and one
triangular automorphism (see Definition 2.1.1). Our two main results are Theorem | and
Theorem 2.

THEOREM 1. For each field k and each integer d > 2, the set of dynamical degrees of all
affine-triangular automorphisms of A3 of degree < d is equal to

Nz
{%|(a,b,c)eN3,a+b§d,c§d}\{O}.

Moreover, for a, b, ¢ € N such that A = ((a + v a? + 4bc) /2) # 0, the dynamical degree
A is achieved by either of the automorphisms

(3 +x0x8 0 + x5, x1) or (3 + xPx5C, x1, x2).

Using Theorem 1, we prove in [BvS, Theorem 2] that the set of dynamical degrees of
all automorphisms of degree 3 of A3 is equal to

1 5 1 13 1 17 3 5
{1,@ 5 e BB v T *flwis}.

Note that (3 4+ +/5)/2 is the only number that does not belong to the list in Theorem 1 and
so it is the dynamical degree of an automorphism of degree 3 of A that is not conjugate
to an affine-triangular automorphism of any degree.

For the next theorem, we recall the definition of (weak) Perron numbers (see Theorem
3.2.4 for some equivalent characterizations).
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Definition 1.1.1. A Perron number (respectively weak Perron number) is a real number
A > 1 that is an algebraic integer such that all other Galois conjugates v € C satisfy |u| <
A (respectively || < A).

THEOREM 2. Each weak Perron number X is the dynamical degree of an affine-triangular
automorphism of A" for some integer n. Moreover:

(1) if A > 1is an integer, the least n possible is 2;

(2) if A is a quadratic integer and its conjugate is negative, the least possible n is 3;

(3) if A is a quadratic integer and its conjugate is positive, the least possible n is 4.

Note that statement (1) in Theorem 2 is well known, as {A(f) | f € Aut(A?)} = Z>1.
We include it to emphasize the relation between the degree of the weak Perron numbers
and the possible n. In view of the above theorems and of the techniques developed in this
text, it is natural to ask the following.

Question 1.1.2. Is every dynamical degree of any element of End(A") (respectively
Aut(A")) equal to a weak Perron number of degree < n (respectively of degree < n — 1)?

As already mentioned above, a positive answer to this question, where ‘weak Perron
number’ is replaced by ‘algebraic integer’, was conjectured in the recent preprint [DF,
Corollary 3] (that appeared after we asked the above question in a first version of this
text). In [DF], it is also proven that the dynamical degree of any element in Aut(A3) is
an algebraic number of degree at most six. More generally, they prove that the dynamical
degree of any element of End(A™) is an algebraic number of degree at most » in case the
square of the first dynamical degree is bigger than the second dynamical degree of f [DF,
Theorem 2].

In particular, Theorem 1 shows that the dynamical degree of every affine-triangular
automorphism of A3 is equal to the dynamical degree of a shift-like automorphism.
However, for each d > 3, the set of dynamical degrees of all affine-triangular auto-
morphisms of A3 of degree d strictly contains the set of dynamical degrees of all
shift-like automorphisms of A3 of degree d. Indeed, the latter set of dynamical degrees
consists of the numbers (a + ~/a? 4+ 4d — 4a) /2, where 0 < a < d, and does not contain
(1 4+ /1 +4d)/2, which is the dynamical degree of the affine-triangular automorphism
(x3 + x1x2, X2 + xld, x1), see Corollary 4.3.7.

Note that 24/2 and +/3 appear as dynamical degrees of affine-triangular automorphisms
in degree 4 and 3, respectively (and not smaller), even if 24/2 < 3 and +/3 < 2. Similarly,
for each prime p, the number ,/p is the dynamical degree of a shift-like automorphism
of degree p, but it is not the dynamical degree of an affine-triangular automorphism of
degree < p.

1.2. Dynamical degrees of affine-triangular automorphisms in higher dimensions. In
dimension n > 4, we are not able to compute all dynamical degrees of all affine-triangular
automorphisms, but can get some large families. The case of shift-like automorphisms
is covered by our method, and we retrieve a proof of the result of Mattias Jonsson
(Proposition 4.2.5), but we can also study wider classes. We give the dynamical degrees
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TABLE 1. Dynamical degrees of low degree shift-like and affine-triangular automorphisms.

Dynamical degrees of shift-like Dynamical degrees of affine-triangular
automorphisms of A3 of degree automorphisms of A3 of degree d
d d not appearing in degree < d not appearing in degree < d
{1 {1}
1 5 1 5
2 {fz +2f,2} ﬁ%fz}
1+ J 1+ f
3 (WA1+L3) V3, +vave LT fs}
3+ v 1+ \/ 1+ v
, {1+«/131+\/§3+\/13 4} WLIHVS, 23,
b b 9 3 3
2 +2\/>,1+«ﬁ, 7+2\ﬁ,4}

of all permutation-elementary automorphisms (a family that strictly includes the shift-like
automorphisms) in §4.2 (especially Proposition 4.2.3) and also give the dynamical degrees
of other affine-triangular automorphisms. In particular, we show that in any dimension
n > 4, there are affine-triangular automorphisms of A" whose dynamical degrees are
not those of a shift-like automorphism or, more generally, of a permutation-elementary
automorphism, contrary to the case of dimension n < 3. The reason is that dynamical
degrees of shift-like automorphisms are special kinds of weak Perron numbers. Indeed,
they are positive real numbers that are roots of a monic integral polynomial where all
coefficients (except the first one) are non-positive. These numbers are called Handelman
numbers in [Bas97] (see especially [Bas97, Lemma 10]) and they have no other positive
real Galois conjugates (Lemma 3.2.7). This implies that Handelman numbers are weak
Perron numbers (see Corollary 3.2.8). Theorem 1 implies that the dynamical degree of
an affine-triangular automorphism of A3 is a Handelman number (and the same holds
for all automorphisms of A! and A?), but for any n > 4, there are affine-triangular
automorphisms of A" whose dynamical degrees are not Handelman numbers. This follows
in particular from Theorem 2, applied to any weak Perron quadratic integer with a positive
conjugate, for instance to (3 4+ +/5)/2. We can also apply Theorem 2 to weak Perron
numbers of arbitrary large degree.

1.3. Results in the literature on dynamical degrees of endomorphisms of A". Let us

recall what is known on the dynamical degrees of elements of End(A").

(1) The case where n = 1 is obvious: in this case, we have A(f) = deg(f), so each
dynamical degree is an integer, which is moreover equal to 1 in the case of
automorphisms.

(2) When n =2, the case of automorphisms follows from the Jung—van der Kulk
theorem [Jund2, vdK53]: every dynamical degree is an integer, as deg(f") =
deg(f)" for each r, when f is taken to be cyclically reduced (this is explained in
Corollary 2.4.3 or in [Fur99, Proposition 3]). The set of all dynamical degrees
of quadratic endomorphisms of A% is equal to {1, \/5, 1+ \/5) /2, 2} by [Guel4,

https://doi.org/10.1017/etds.2021.90 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.90

Affine-triangular automorphisms 3555

Theorem 2.1]. Moreover, the dynamical degree of every element of End(Aé) is a
quadratic integer, by [FJ07, Theorem Al
(3) The case of dimension n > 3 is open in general: there is, for the moment, no hope of
classifying all dynamical degrees, even when studying only automorphisms.
The set of dynamical degrees of all automorphisms of A?C of degree 2 is equal
to {1, v/2, (1 ++/5)/2,2} by [Mae0Ola, Theorem 3.1] (and the same holds over any
field [BvS, Theorem 2]).

Apart from the above classification results, two natural families are also known: the
monomial endomorphisms and the shift-like automorphisms.

(A) A monomial endomorphism of A" is an endomorphism of the form f =

(f1, ..., fu), where each f; is a monomial. When we write f; = o;x, RN i
with o; € K* and m;1,...,m;, € N, and assume that f is dominant, then

the dynamical degree of f is the spectral radius of the corresponding matrix
M = (m;, J')?,jzl € Mat, (N). This classical result is proven again in Corollary 3.2.5.
The numbers arising this way are the weak Perron numbers (see Theorem 3.2.4).

(B) For each n > 1, a shift-like automorphism of A"™*! is an automorphism of the
form (x,+1 + p(x1, ..., Xn), X1, . . ., Xp) for some polynomial p € K[x, ..., x,].
These are particular examples of affine-triangular automorphisms. The dynamics
of such automorphisms have been studied in various texts (see for instance [BP98,
Mae00, Mae0Olb, Ued04, BV18]). The dynamical degrees of shift-like automor-
phisms are known, by a result of Mattias Jonsson (see Proposition 4.2.5). For a
proof of this result, together with a generalization, see §4.2.

1.4. Description of the techniques associated to degrees. In the rest of this introduction,
we describe the main technique that we introduce to compute dynamical degrees of
endomorphisms of A”. This is related to degree functions (or monomial valuations) and
may be applied to endomorphisms of A”, not only affine-triangular automorphisms. We
also give an outline of the whole article.

Definition 1.4.1. Foreach u = (u1, ..., i) € (R>0)" \ {0}, we define a degree function
degM: K[x1, ..., x,] &> Rso U {—o00} by degM(O) = —o0 and

deg, < Z Clay,an) X] X5 -x,‘f") = max { Za,-u,- Clay...an) O}.
(ay,...,an)eN" i=1
We say that a polynomial p € k[xy, . . ., x,] is u-homogeneous of degree 0 € R if p is

a finite sum of monomials p; with deg, (p;) = 6 for each i (where the zero polynomial is
p-homogeneous of degree 6 for each 6).

We can then write every element g € K[xy, . .., x,] \ {0} uniquely as
q= Z q6,
0eR>g
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where each gp € K[xy, ..., x,] is nu-homogeneous of degree 6 (and only finitely many
qp are non-zero). We then say that gg is the u-homogeneous part of q of degree 6. The
p-leading part of g is the -homogeneous part of g of degree deg , (¢).

Remark 1.4.2. Note that if 1 € (R=0)" \ {0}, then

k()Cl,...,xn)—)RU{OO}, f/g'_)degu(g)_degﬂ(f)

is a valuation in the sense of [Mat89, p. 75], where k(xy, ..., x;) denotes the field
of rational functions in xi, ..., x, over k. Such valuations are often called ‘monomial
valuations’ in the literature.

Definition 1.4.3. Let u = (i1, ..., tn) € R50)" \ {0}. For each f = (f1,..., fn) €
End(A") \ {0}, we denote the u-degree of f by

deg, (f) = inf{6 € R>¢ | deg,(fi) < Opu; foreachi € {1,...,n}}

and we say that deg,, (f) = oo if the above set is empty.
Moreover, we say that f is p-algebraically stable if deg, (f) < oo and deg,(f") =
deg, (f)" foreachr > 1.

Remark 1.4.4. If p=(1,...,1), then deg,(f) = deg(f) is the standard degree and
the notion of being w-algebraically stable is the standard notion of ‘algebraically stable’,
studied for instance in [GS02, Bis08, Bla16]. The fact of being algebraically stable can
be interpreted geometrically by looking at the behaviour of the endomorphism at infinity:
[Blal6, Corollary 2.16].

To compute the dynamical degree of an endomorphism f € End(A"), the following
endomorphism associated to f will be of great importance for us.

Definition 1.4.5. Let f = (f1,..., fn) € End(A") be a dominant endomorphism,
let p=(u1,...,un) € Rsp)" be such that degﬂ(f) =60 < o0o0. We define the
u-leading part of f to be the endomorphism g = (g1, . . ., g») € End(A"), where g; €
k[x1, ..., x,] s the u-homogeneous part of f; of degree O ; foreach j € {1,...,n}.

The degree functions are studied in §2. Basic properties are given in §2.3 and the
relation with pu-homogeneous endomorphisms is given in §2.5 (we explain in particular
when deg, (f) = oo in Lemma 2.5.6). In §2.6, we explain how degree functions allow
us to give an estimate on the dynamical degrees, and sometimes to compute it exactly. In
particular, we prove the following result (at the end of §2.6).

PROPOSITION A. Let f = (f1,..., fn) € End(A") be a dominant endomorphism. For
each = (U1, . .., Un) € R=)", the following hold:

(1) 6 :=deg,(f) <oo;
(2)  the dynamical degree of f satisfies 1 < A(f) <6,
(3) let g € End(A") be the u-leading part of f. If 6 > 1, then

M) =0 & fis w-algebraically stable < g" # 0 for each r > 1.
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Remark 1.4.6. Let u = (1, ..., 1). In this case, the u-degree is the classical degree and
Proposition A(2) is the classical inequality A(f) < deg(f).

Remark 1.4.7. Proposition A is false when we apply it to u € (R>0)" \ {0}. For instance,
if f = (xy, x%), w=(1,0), thendeg,(f) = 1but I <A(f)=2.

To apply Proposition A to compute the dynamical degree, we need to find some
eigenvectors and eigenvalues. This is done here by looking at monomial maps associated
to endomorphisms in End(A"). These behave quite well with respect to degree functions
(see Corollary 3.2.5).

Definition 1.4.8. Let f = (f1, ..., fn) € End(A") be an endomorphism such that f; # 0
for each i. We will say that a square matrix M = (m; ;)} j=1 € Mat, (N) is contained in f

if for each i € {1, ..., n}, the coefficient of the monomial []’_, x;ni’j in f; is non-zero.
The set of matrices that are contained in f is then finite and non-empty.
The maximal eigenvalue of f is defined to be

0 = max{|&] € R | £ is an eigenvalue of a matrix that is contained in f}.

Anelement u = (u1, . . ., tn) € (R>0)" \ {0} is a maximal eigenvector of f if deg,, (fi) =
O foreachi € {1,. .., n}. In particular, we then get deg,, (f) =6 < oo.

It often happens that we cannot apply Proposition A to compute the dynamical degree,
but that we can do it by allowing u to have some coordinates, but not all, to be equal to
zero. In fact, the following generalization of Proposition A is our main tool to compute
dynamical degrees.

PROPOSITION B. Let f = (f1, ..., fu) € End(A") be a dominant endomorphism with
maximal eigenvalue 6. Then the following hold.
(1) There exists a maximal eigenvector . = (U1, . . ., i) € (R>0)" \ {0} of 1.
2) Wehavel < A(f) <6 <deg(f).
(3)  For each maximal eigenvector | of f, we have 0 = deg,, (f), and the following hold:
(1) iffis u-algebraically stable, then M(f) = 6;
@) ifA(f)=06,0 > 1and u € R-)", then fis u-algebraically stable;
(iii) let g € End(A") be the u-leading part of f. If 0 > 1, then fis p-algebraically
stable if and only if for each r > 1 there is i € {1,...,n} with u; > 0 such
that the ith component of g" is non-zero.

Remark 1.4.9. In Proposition B(1), there are examples with no possibility for u to be
in (R>¢)", as the examples f = (x1, x%) € End(A?) or f = (x1, x3, x2 + x32) € Aut(A?)
show. Hence, Proposition A cannot be directly applied to prove Proposition B. However,
if some coordinates of p are zero, then a linear projection is preserved (this follows from
Lemma 2.5.6, see also Corollary 2.6.2). To prove Proposition B, we will use Lemma 2.6.1,
which is a version of Proposition A that also works for u € (R>¢)" \ {0}.

Remark 1.4.10. The implication of Proposition B(3)(i) is not an equivalence, as we show
in Example 3.4.2 below.
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The proof of Proposition B is given in §3. For each dominant endomorphism f €
End(A"), Proposition B(1) gives the existence of a maximal eigenvector ©. Moreover,
Proposition B(3) shows that if f is p-algebraically stable, then A(f) is equal to the
maximal eigenvalue 6 of f. We will use this to compute the dynamical degree of many
endomorphisms of A".

The following result allows to compute all dynamical degrees of permutation-elementary
endomorphism of A", and generalizes in particular Proposition 4.2.5. Its proof is given
in §4.2.

PROPOSITION C. Let f € Aut(A") be a permutation-elementary automorphism. If the
maximal eigenvalue 0 of f is bigger than 1, there exists a maximal eigenvector | of f such
that f is p-algebraically stable. In particular, the dynamical degree A(f) is equal to the
maximal eigenvalue 0 of f, which is a Handelman number.

Proposition C is false if we replace ‘permutation-elementary’ by ‘permutation-trian-
gular’ (see Example 4.3.4 for examples in dimension 3). However, we can obtain the
following result, which is proven in §4.3.

PROPOSITION D. Every affine-triangular automorphism f € Aut(A%) is conjugate to
a permutation-triangular automorphism f' € Aut(A3) such that deg(f’) < deg(f) and
such that f' has the following property: either the maximal eigenvalue 0 of f' is equal
to 1 or f" is u-algebraically stable for each maximal eigenvector . In particular, the
dynamical degrees A(f) and M(f") are equal to the maximal eigenvalue 0 of f', which is
a Handelman number.

The proof of Theorem 1 is given at the end of §4.3, directly after proving Proposition D,
as it follows almost directly from this result. We use these results in §4.4 to prove
Theorem 2.

2. Inequalities associated to degree functions and the proof of Proposition A

2.1. Definitions of elementary, affine and triangular automorphisms. Let us recall the
following classical definitions (even if our definition of elementary is slightly more
restrictive than what is used in the literature).

Definition 2.1.1. An endomorphism f = (fi, ..., f;) € End(A") is said to be:

e triangular if f; € K[x1,...,x;]foreachi € {1,...,n};

e clementary if f; = x; for foreachi € {1,...,n —1};

e an dffine automorphism if f € Aut(A") and if deg(f) = 1;

e a permutation of the coordinates if { f1, ..., fu} ={x1, ..., x.};

o dffine-triangular if f = o o T, where « is an affine automorphism and 7 is a triangular
endomorphism;

o dffine-elementary if f = o oe, where o is an affine automorphism and e is an
elementary endomorphism;

o permutation-triangular if f = o o T, where « is a permutation of the coordinates and
7 is a triangular endomorphism;
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e permutation-elementary if f = o o e, where « is a permutation of the coordinates and
e is an elementary endomorphism.

For each n < 4, if char(k) # 2, every automorphism of A" of degree 2 is conjugate, by
an affine automorphism, to an affine-triangular automorphism, see [MO91]. This result is
false in dimension n = 5 [Sunl4], as for example

f = (x1 + x2x4, X2 4 X1X5 -+ X3X4, X3 — X2X5, X4, X5) € Aut(A)

shows: the Jacobian of the homogeneous part of degree 2 of an affine-triangular automor-
phism of degree < 2 contains a zero-column, but the Jacobian of the homogeneous part of
degree 2 of f contains linearly independent columns (see also [Sun14, Theorem 3.2]).

There are quite a few automorphisms of A3 of degree 3 that are not conjugate, by
an affine automorphism, to affine-triangular automorphisms. More precisely, when K is
algebraically closed, then each automorphism of A3 = Spec(K[x, y, z]) of degree 3 is
conjugate, by an affine automorphism, either to an affine-triangular automorphism or to
an automorphism of the form

a(x + yz+zax, 2), y +ax, 2) + (), 2) € Aut(A?), (*)

where a € K[x, z] \ k[z] is homogeneous of degree 2, r € k[z] is of degree < 3 and « is
an affine automorphism, see [BvS, Theorem 3]. In fact, non of the automorphisms in ()
is conjugated, by an affine automorphism, to an affine-triangular automorphism, see [BvS,
Proposition 3.9.4].

For k = C, various (dynamical) properties of the affine-elementary automorphisms
(xo + x1 +x3x§i, x0, ax2) € Aut(A}) witha € C,0 < |a| < 1, g > 2,d > 1 are studied
in [DL18] and, in particular, their dynamical degree is computed, which is equal to the
integer q.

2.2. Existence of dynamical degrees. We recall the following folklore result, which
implies that the dynamical degree is well defined.

LEMMA 2.2.1. Let (a,)r>1 be a sequence of real numbers in R>1 such that a,4s <
ay - ag for each r,s > 1. Then, ((a,)l/ ")r>1 is a sequence that converges towards
infrzl((ar)l/r) € Ry

Proof. As (log(ay))r>1 is subadditive, (log(a,)/r),>1 converges to inf,>((log(a,)/r) >
0 by Fekete’s subadditivity lemma (see [Fek23, Satz II] or [Ste97, Lemma 1.2.1]). ]

In case = (u1,...,un) € R>p)* \ {0} is of the form pu; =---=puyp =0 and
Wmt1 =--- =y, =1 for some 0 <m <n, we denote for any polynomial p €
K[x1, ..., x,] its u-degree degu(p) by degxm+1 ,,,,, X (p). Moreover, we denote for an
endomorphism f = (f1, ..., fu) € End(A") by

degxm_H ..... Xn (f) - .Gma.’i(n} degx,,,+1 ..... Xn (fj)

If m = 0, then deg,, (f) is simply the classical degree that we denote by deg(f). If m >
0, then deg, (f) is in general not equal to deg, . . (f).In fact, deg,(f) is equal to

,,,,,
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x, (fi) =O0foralli € {1, ..., m} and otherwise it is equal

..........

degxm+l
to 00.

COROLLARY 2.2.2. Let f € End(A") be an endomorphism. For each integer m €
{0,...,n — 1}, the sequence

.....

converges to a real number ., > 1. This gives, in particular, the dynamical degree A(f) =
wo, which satisfies A(fd) = A(f)d foreachd > 1.

Proof. This follows from Lemma 2.2.1, as

...............

forallr,s > 1. O]

2.3. Basic properties of degree functions. Below we list several properties of degree
functions (see Definition 1.4.1). Apart from the easy observations deg, |[k* =0,

deg, (f - g) = deg,(f) +deg,(g) and deg, (f + ¢) < max(deg,(f), deg,(g)), which
correspond to say that —deg, is a valuation (see Remark 1.4.2), we have the

following.
Remark 2.3.1. We fix u = (u1, ..., in) € (R=0)" \ {0} and get the following.
(1) As explained in Definition 1.4.1, each polynomial p € k[xy, ..., x,]\ {0} can be

written uniquely as a finite sum,

p=

QERZ()
where each py € k[x1, ..., x,] is u-homogeneous of degree . We then obtain
deg,,(p) = max{6 | py # 0}.
2) Letme{0,...,n— 1} and assume that u; = 0 for i < m, but u; > 0 for i > m.
Then we have, for each polynomial p € K[x1, . . ., x,]\ {0},
Pmin - deg, o (p) < deg,(p) < fmax - degy ., . (D),

where (min = MiNy4+1<i<p Wi and fmax = MaX,41<i<n Mi. In particular, for each
dominant endomorphism f € End(A"), we have
. rN1/r _ 1; ryAL/r
Jim deg,, ., (F)V7 = lim max deg, ((f0)'",

""" r—>00 jefl

.....

where (f"); denotes the ith coordinate function of f”. Note that the left-hand side is
the dynamical degree A(f) in case m = 0, that is, when u € (R~¢)".

2.4. Endomorphisms that preserve a linear projection. The following is an algebraic
analogue of the application of [DN11, Theorem 1.1] to endomorphisms of A” that preserve
a linear projection.
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LEMMA 2.4.1. Let f = (f1,. .-, fn) € End(A") be a dominant endomorphism. For each
r > 1, we write

Fr=D - ()

Let m € {0, ...,n — 1} be such that fi, ..., fm € K[x1,...,xn]). Then, the dynamical
degree of f is given by A(f) = max{A1, A2}, where

by = lim max{deg((f")1). . ... deg((fIm}" = M((fi. .. f),

ho = lim max{deg,, , o, ((fms1). .. degy o (PO}

..........

,,,,,

are two limits which exist. (If m = 0, by convention we set A1 = 1.)

Proof. Foreachr > 1, we write

a, = max{deg((f")1), ..., deg((f"m)},
by = max{deg((f"m+1), - . - » deg((f )},

.....

= degxm+1’---’xn(fr)'

As b, > ¢,, we obtain foreach r > 1,
deg(f") = max{a,, b,} > max{a,, c,}.
It follows from Corollary 2.2.2 that the limits
_ T 1/r —_ 1; 1/r _ T ry1/r
A= 1lim @', X = lim ¢, and A(f) = lim deg(f")
r—00 r—00 r—00

exist (and all belong to R ). We obtain

A(f) = lim max{a’", by "} > lim max{a,.’", c}/"} = max{A1, X2}.
r—>00 r—>00

Thus we may assume that A(f) > A1, which implies that lim,_, brl/ " exists and is equal
to A(f). It remains to see that, in this case, A(f) < max{\Aj, A2}.

Forall r,s > 1 and each i € {m + 1, .. ., n}, the polynomial (f"*); is obtained by
replacing x1, . . ., x, with (7)1, ..., (f"), in (f*);, so the degree of (f"**); is at most

,,,,, o (i) - deg((fD1s oo, (fm)
+deg, 1w, () - deg((fmsts - (f D)

This gives by45 < by - a, + c5 - b,. Then when we choose s = r, we obtain

by < by - (ar +¢;).

As A(f) = lim, bgzr, we have )»(f)2 = lim; _ oo béir. The above inequality gives

https://doi.org/10.1017/etds.2021.90 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.90

3562 J. Blanc and 1. van Santen
A(f)? = lim by
r—00
1/r

< lim b:/r - lim sup(a, + ¢,)
r—00 r—00

< A(f) - lim sup(2 max{a;, e YT
= A(f) - max{A, A2},
so A(f) < max{Ai, Ap}. O

COROLLARY 24.2. Let n>2 and let f € Aut(A") be an automorphism such
that f1,..., fa—2 € K[x1,...,xp—2] and such that the dynamical degree of g =
(fis s fao2) € Aut(A"2) is an integer. Then, the dynamical degree of f is an integer.

Proof. By Lemma 2.4.1, one has A(f) = max{A(g), A2}, where

b= lim max{deg,, , ., (f)n-1). degy, , ., (FOn}".

It remains to see that A is an integer. As K[x1, ..., xy—2, fu—1, ful = Klx1, ..., x4],
one has K[ f,—1, ful = K[xn—1, xn], where K = k(x1, ..., x,—2). Hence, one can see
the automorphism (x1, ..., x,;) = (X1, ..., Xn—1, fa—1, fu) of A" as an automorphism
F € Autg (Az) of A? defined over K. For each i >0, the automorphism g*i o
(X1 -« s Xn—15 fu—1, fu) © gi of A" can be seen as an element of Autg (Az) that we denote
by F&' where we identify g with the automorphism (f1, . . ., fu—2, Xn—1, Xp) € Aut(A").
This gives

max{deg, | . ((f)n-1),deg, | . ((f)n)} = deg(G,),

r—1

where G, =F% o---0 ng oF8ocF e AutK(Az), because G, = g7 o f” when we
consider G, g and f as automorphisms of A”.

According to the Jung—van der Kulk theorem [Jun42, vdK53], one can write F =
Fio---0Fg,where each F; € Autg (Az) is either triangular or affine. Moreover, one can
assume that two consecutive F; are not both affine or both triangular (as otherwise, one
may reduce the description), and get then deg(F) = [];_; deg(F;) (follows by looking at
what happens at infinity or by [vdE0O, Lemma 5.1.2]). We prove that X, is an integer
by induction on s. If s = 1, then F is either affine or triangular; this implies that the
set {deg(G,) | r > 1} is bounded, so A, = 1. If s > 1 and F|, F; are both affine or both
triangular, so we replace F with (F1)8 o F o Fl_l. This replaces G, = F¢ 0. . 0F80
F with G, = (F])¢ oG, o Fl_l. As deg((Fl)gr) = deg(Fy) for each r > 1, one has

1 ~
———— deg(G,) < deg(G,) < deg(G,) - deg(F} 2,
deg(F1)2 g( r) = g( r) = g( r) g( 1)
so this replacement does not change the value of 1. As this decreases the value of s, we
may assume that F; and F; are not both triangular or affine. Hence, for each r > 1, G, is
a product of rs elements that are affine or triangular, with no two consecutive in the same
group. This gives deg(G,) = ]_[f;é [Ti=i deg(Fj‘g ) = ]_[f;é [Tj= deg(F)) = deg(F)".
Hence, A, = deg(F) is an integer. O
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COROLLARY 2.4.3. The dynamical degree of any element of Aut(A2) is an integer.
Similarly, the dynamical degree of any element of Aut(A3) (respectively Aut(A*)) which
preserves the set of fibres of a linear projection A3 — Al or A3 — A? (respectively
A* — A?) is an integer.

Proof. The fact that the dynamical degree of any element of Aut(A?) is an integer follows
from Corollary 2.4.2 applied to n = 2. If f € Aut(A?) is an automorphism that preserves
the set of fibres of a linear projection A3 — A! or A3 — A2, then one may conjugate by an
element of GL3 and obtain f = (f1, f2, f3) with either f; € k[x1] or fi, f> € K[x1, x2].
The fact that A(f) is an integer follows then from Corollary 2.4.2 and Lemma 2.4.1,
respectively (in the second case, one uses the fact that the dynamical degree of (f1, f2) €
Aut(A?) is an integer). Similarly, in the case of an automorphism of A* preserving a
linear projection A* — A2, one restricts to the case f = (fi, ..., f1) € Aut(A*) with
f1, f2 € K[x1, x2], and applies Corollary 2.4.2. ]

2.5. Homogeneous endomorphisms.

LEMMA 2.5.1. Let h = (hy, ..., hy) € End(A"), let u = (u1, ..., 1) € R>0)" \ {0}

and let 0 € Rxq. The following conditions are equivalent.

(1)  The polynomial h; is jn-homogeneous of degree O u; for eachi € {1, ..., n}.

(2) For each p-homogeneous polynomial p of degree & and each integer r > 1, the
polynomial p o h" is u-homogeneous of degree 0"&.

If additionally h; # 0 for eachi € {1, . .., n}, then conditions (1) and (2) are equivalent

to the following.

(3)  For each matrix M contained in h, | is an eigenvector to the eigenvalue 6.

Proof. The implication condition (2) = (1) is given by choosing p = x; fori =1, ... ,n,
so we may assume condition (1) and prove condition (2). It suffices to prove condition (2)
for r = 1, as the general result follows by induction.

If p = 0, then h(p) = 0 is u-homogeneous of any degree. It then suffices to do the case
where p is a monomial: we write p = ;xf‘xgz - oxpt withe e k¥ aq, ..., a, > 0, which
is p-homogeneous of degree deg, (p) = Y 'y aipi. As h; is p-homogeneous of degree
6, the polynomial p o h = ¢h{'h5* - - - hy" is u-homogeneous of degree Y ;| a;fp; =
0 deg,, (p).

Now, we assume additionally that &; # 0 for each i € {1, ..., n}. The equivalence
between conditions (1) and (3) follows immediately from the definition of the
u-degree. O

Definition 2.5.2. Let p = (1, . . ., n) € (R>0)" \ {0} andlet 6 € R>o. We say that h €
End(A") is u-homogeneous of degree 6 if the conditions of Lemma 2.5.1 are satisfied.

LEMMA 2.53. Let = (i1,..., Mun) € Rx0)" \ {0}. For each f = (f1,..., fn) €

End(A") and each 6 € Rx, the following are equivalent:

(1) we can write f as a finite sum f = 205559 ge, where each g¢ € End(A") is
u-homogeneous of degree &;

() deg,(f) <6.
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Proof. Condition (1) = (2): For each i € {1, ..., n}, the polynomial f; is the sum of
the ith components of the endomorphisms gs. As each of these polynomials has degree
§ui < Ou;, the polynomial f; is of u-degree deg, (fi) < Ou;.

Condition (2) = (1): As in Remark 2.3.1(1), we write each f;,i € {l,...,n}as f; =
205,(50“[_ Di«» Where each p; . is u-homogeneous of degree «.
We define go = (p1,0, - - -, Pn.o) € End(A"), which is u-homogeneous of degree 0.

For each £ € R with 0 < & < 6, we define the ith component (gz); of g¢ as follows:
if u; =0 and & > 0, then (g¢); =0 and otherwise, we choose (gz);i = pigu;- By
construction, gg¢ is u-homogeneous of degree §.

Moreover, f; = Zosxsem Dixk = Zosgge(g%‘)i for each ie{l,...,n} with
wi > 0. If u; =0, then f; = ZOSKSQM Dix = Pi0 = 205550(35)1" This yields f =
205559 ge here O

Remark 2.5.4. In the decomposition of Lemma 2.5.3(1), the ith component of each g¢ is
unique if w; > 0, but is not unique if u; = 0.

Example 2.5.5. We have deg(; )(f) =deg(f) and deg,(ida») =1 for each pn €
(R>0)" \ {0}. However, deg; 3 o) (x1, x2 + X12X3, X3) = %.

,,,,,

LEMMA 2.5.6. Let = (1,...,un) € R>0)*\{0}. For each f=(f1,..., fu) €
End(A"), the following are equivalent:

(1) deg, (f) < oo;
(2) for each i € {l,...,n} such that u; =0, the element f; is a polynomial in the
variables {x; | j € {1,...,n}, u; =0}
In particular, if u € (R~()", then the above conditions hold.

Proof. Condition (1) = (2): Suppose that ¢ = deg,(f) < oo. Foreach i € {1,...,n},
we getdeg, (fi) < 0u; (Definition 1.4.3). If 4; = 0, then deg, (f;) = 0, which means that
fi is a polynomial in the variables {x; | j € {1,...,n}, u; = 0}.

Condition (2) = (1): It follows from condition (2) that deg,(fi) <0 for
each i€f{l,...,n} such that p; =0. This gives deg,(f)=max{deg,(fi)/

mi | i > 0} < oo. U
LEMMA 2.5.7. Let f = (f1,- - -, fn) € End(A") be a dominant endomorphism. For each
maximal eigenvector pu of f, the w-leading part g = (g1, - . ., g») € End(A") of f has the
following properties:

(1) the maximal eigenvalue 6 of f is such that deg, (g) = deg, (f) =6 < o0;

(2) foreachi € {1,...,n}, the polynomial g; is non-constant.

Proof. As u=(u1,...,un) € (R>p)" is a maximal eigenvector of f, we have
deg, (fi) =0u; for each i € {l,...,n}, where 6 is the maximal eigenvalue of f.
This gives degu(f) =6 < oo and therefore degu(g,-) =0u; = degu(fi) for each
i €{l,...,n}. Hence, we get property (I). In case p; >0, we have deg,(gi) =

Opi >0 and thus g is non-constant. In case pu; =0, we have deg,(fi) =0u; =0
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and thus g; = f;. As f is dominant, the latter polynomial is non-constant. This shows
property (2). O

2.6. Inequalities obtained by iterations.

LEMMA 2.6.1. Let f = (f1,..., fn) € End(A") be a dominant endomorphism. Suppose

that = (1, - . ., un) € Rx0)" and that 0 = degu(f) eRso. Let g =(g1,...,8n) €

End(A") be the u-leading part of f. Then the following hold.

(1) We can write f as a finite sum f = g+ 205$<0 8e, where each gg € End(A") is
u-homogeneous of degree &.

(2)  The ith coordinate function (g"); of g" is the w-homogeneous part of degree 6" u; of

(f")iforeachi € {1,...,n}andeachr > 1.
(3) deg,(f") <0" foreachr > 1.
4) We have

1< lim  max deg,((f);)"" = lim (deg,(f"N'"" < 6.
r—>o0 jefl,....n} r—00

5) If0 > 1, the following are equivalent:

() limrew(degu(fr))l/r =0,
(i) fis w-algebraically stable;

(iii) foreachr > 1, thereisi € {1,...,n}with u; > 0and (g"); # O.
Proof. As deg,(f) =0, we have deg,, (fi) < 6u; foreachi € {1, ..., n}. Moreover, as
S is dominant and p # 0, there are i, j € {1, ..., n} such that 4; > 0 and deg, (f;) > 1.

This implies that deg,, (fj) > w; > 0 and thus

0 <deg,(f)=0.

We now observe that deg,(f —g) < 6. Indeed, for each j € {l,...,n}, the jth
component g; of g is the -homogeneous part of f; of degree O > deg, (f;). If uj =0,
then f; = gj,andif uj > 0, thendeg, (fj — g;) < Ou;.

By Lemma 2.5.3, we can write f — g as a finite sum f — g = 20§é<9 8¢, where each
ge € End(A") is -homogeneous of degree £. This gives assertion (1).

We now prove assertions (2)—(3) by induction on r > 1. For r = 1, assertion (2) follows
from the definition of g. Moreover, assertion (3) is given by hypothesis.

We now assume assertions (2)—(3) for some integer r > 1 and prove them for r + 1.
For each i € {1,...,r}, we write (f"); = (g"); + s;i, where (g"); is u-homogeneous of
degree 0" j1; and deg,, (s;) < 6" ;. This gives

(i =i +si)of
Qg i+siog+ Y (8N +5)0g.
0<&<6

As g is u-homogeneous of degree 0, the polynomial (g"+1); is u-homogeneous of degree
6"+ u; (Lemma 2.5.1). As s; is a sum of -homogeneous polynomials of degree < 6” u;
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and g¢ is u-homogeneous of degree & < 6, we have

deg, (51' og+ Y ((gi+si)o gs) <0y
0<&<6

(by using Lemma 2.5.1 again). This yields assertions (2)—(3) for r + 1.

We now prove assertion (4). We choose i € {1, . .., n} such that ; = max{u, ...,
WUn}, and observe that for each r > 1, there is j € {1, ..., n} such that degxl,((f’)j) >0
(as f is dominant), so deg,, ((f");) > p; = max{u1, ..., un} > 0. This implies that

1 < lim max degﬂ((fr)i)l/r
n}

r—>00 jefl

.....

(the limit exists by Remark 2.3.1(2)). Letus write Ip = {i € {1, ..., n} | u; = 0}. For each
i € Ip, we have deg, (fi) < 6Ou; =0, so f; is a polynomial in the variables {x; | j € lo}.
This implies that the same holds for (f");, for each integer > 1. Hence, deg,, ((f");) = 0
foreachi € Iyp. Writing I.g = {i € {I,...,n} | u; > 0}, we get foreachr > 1,

d "),
degﬂ(fr) = max {%f))'i € I>0}.

Asdeg, (f") < 0" (assertion (3)), we obtain

lim ( max deg, (fi)"" = Tlim (deg, (/)" < 6.

r—o0 " ie{l

.....

It remains to prove assertion (5); for this, we assume that 6 > 1. For each r > 1,
assertion (3) gives deg, (f") < 6", or equivalently deg, ((f");) <6"w; for each i €
{1,....n}. The equality deg, (/") = 0" holds if and only if there exists i € {1,...,n}
such that y; > 0 and degu((f’),-) = 0" ;. Because (g"); is the u-homogeneous part of
(f")i of degree 6" ; (follows from assertion (2)), this gives the equivalence between
assertions (ii) and (iii). It remains then to prove assertion (5) < (5).

‘Assertion (5) = (5)’: Suppose that for each r > 1, there is i € {1, ..., n} such that
wi > 0and (g"); # 0. There is then j € {1, ..., n} and an infinite set / C N such that
j > 0and (g"); # 0 for each r € I. Assertion (2) implies that deg,, ((f");) > 6", for
each r € I, which implies that

lim ( max deg,(f" ;)" = 0.
n}

r—>00 " jefl

.....

This, together with assertion (4), gives lim, _, o (deg, (f" )/ = 6.

‘Assertion (5) = (5)’: Conversely, suppose that there exists s > 1 such that (g%); =0
for each i € {1, ..., n} with u; > 0. For all such i, we obtain deg, ((f*);) < 6*u; (by
assertions (2) and (3)). As @ > 1, there exists then ' € R with 1 < 6’ < 4 such that

deg, ((f*)i) < 6" i
foreachi € {1, ..., n}. Applying the inequality of assertion (4) for f*, we obtain

lim ( Emaxn}(degﬂ(f”)i)l/r) <6",

r—->o00 " ieg{l

.....

https://doi.org/10.1017/etds.2021.90 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.90

Affine-triangular automorphisms 3567
which gives, by taking the sth root,

lim ( max (degu(f’)i)l/r) <6 <o. O
ie{l,...n}

r—0o0
Now we can give a short proof of Proposition A.

Proof of Proposition A. As u € (R~q)", we have 6 := deg, (f) < oo (Lemma 2.5.6).
Using Remark 2.3.1(2), we get

A(f)= lim m
r—00 igfl,..,

By definition, g is the u-leading part of f. Now, Lemma 2.6.1(4) implies that 1 < A(f) < 6.
If & > 1, we moreover obtain

Mf) =6 < deg,(f") =6"foreachr > 1 & g" # 0 foreachr > 1
(by Lemma 2.6.1(4) and Lemma 2.6.1(5)). O]

Another consequence of Lemma 2.6.1 is the following result, that generalizes
Proposition A to the case where some coordinates of u are zero.

COROLLARY 2.6.2. Let f = (f1, ..., fn) € End(A") be a dominant endomorphism and

let = (p1, ..., un) € (R>0)" be such that & = deg, (f) < oo, and assume that m €

{0, ..., n}exists, suchthat u; =0fori € {1,... ,m}and u; > O0fori e {m+1,...,n}

(which can always be obtained by conjugating with a permutation). Then, the following

hold.

(1) For eachi e {l,...,m}, we have f; € K[x1,...,xy]. Hence, the element f =
(f1, ..., fm) belongs to End(A™).

() IFA(f) =6, then A(f) = 6.

3) I]‘k(f) < 0, then L(f) =60 & f is pu-algebraically stable.

Proof. Assertion (1) follows from the fact that deg, (f) < oo and the choice of m (Lemma
2.5.6(2)).
Lemma 2.4.1 then gives A(f) = max{r(f), lim, o deg, . . ( £V}, By using

,,,,,

and Lemma 2.6.1(4)), we obtain
() = max{r(f), lim deg,(f1)'/").
r—00

Moreover, Lemma 2.6.1(4) implies that lim,_, o deg,, (fHYr < deg, (f) = 6. This pro-
vides assertion (2). To show assertion (3), we assume that A(f) < 0 and obtain A(f) =
0 < lim,_, oo deg,, (f "I/ = @. This is equivalent to ask that f is u-algebraically stable,
by Lemma 2.6.1(5) (note that 1 < A(f), since f, and thus f, is dominant). ]

We finish this section by the following simple observation.

LEMMA 2.6.3. Let f € End(A") be a dominant endomorphism. For each u € (R.¢)"
such that 6 = degﬂ(f) € R.; and each translation © = (x14+c¢1,...,Xp+¢Cy) €
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Aut(A"), where cy, . . ., ¢y € K, the following holds:

f is w-algebraically stable < t o f is p-algebraically stable.

Proof. Denote by g the u-leading part of . As u € (R~¢)", no component of g contains
any constant. Hence, g is also the u-leading part of v o f. By Lemma 2.6.1(5), f
(respectively T o f) is u-algebraically stable if and only if for each r > 1, there is
ie{l,...,n}suchthat (g"); #0. O]

3. Matrices associated to endomorphisms and the proof of Proposition B
3.1. Spectral radii of N-uples of matrices. In the following, we fix the usual Euclidean
norm on R”, and on n x n-matrices.

Definition 3.1.1. Letn > 1.
(1)  We endow R” with the usual norm:

x|l =

n
inz foreach x = (x1, ..., x,) € R".
i=1

(2) This endows the ring Mat, (R) of n x n-real matrices with the norm
Ml n
IM]|| = sup W veR"\{0}; foreach M € Mat,(R).
v

(3) The spectrum of M € Mat,, (R) is the finite subset o (M) C C of eigenvalues of M.
(4) The spectral radius of M € Mat, (R) is defined by
p(M) = max [A|
A€o (M)

and satisfies
p(M) = lim ||M"||'/".
n—0oo

IfM= (misj):l,j:l and N = ("i,j)?,jzl are matrices in Mat, (R) such that for each
(i, j), we have 0 < m; ; < n; j, then p(M) < p(N).
(5) We have a partial order on R" given by

x <y fifonlyif x; <y foralli=1,...,n,

where x = (x1,...,xy) and y = (y1, ..., y). Note that for 0 < x < y, we have

xl < llyll.
(6) For M € Mat,(R), we denote by s the characteristic polynomial of M.

3.2. The Perron—Frobenius theorem and its applications. The Perron—Frobenius theory
was first established for matrices with positive coefficients, then generalized to irreducible
matrices with non-negative coefficients and then to any matrices with non-negative
coefficients. There are three equivalent definitions of reducible matrices (see [Gan59,
Vol. 2, Ch. XIII, §1, Definitions 2,2/,2”]). Let us recall one of them.
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Definition 3.2.1. [Gan59, Vol. 2, Ch. XIII, §1, Definition 2/] For each n > 1, a matrix
M € Mat, (R>0) is called reducible if there is a permutation matrix S € GL,(Z) such that
the matrix SMS~! € Mat, (R>0) is block-triangular, that is,

A 0
MS~! =
SMS (C D),

where A, D are square matrices, and where the zero matrix has positive dimensions.
A matrix M € Mat,(Rxo) is called irreducible if it is not reducible.

LEMMA 3.2.2. [Gan59, Vol. 2, Ch. XIII, §4] For each reducible matrix M € Mat,, (R>0),
there is a permutation matrix S € GL,(Z) such that SM S -1 s a lower triangular
block-matrix

Ap) 0 . 0
A1 Az 0
: - 0
Am,l et Am,m—l Am,m
where A1, . .., Ay m are irreducible matrices.

THEOREM 3.2.3. (Perron—Frobenius theorem [Gan59, Vol. 2, Ch. XIII, §2 and §3,
Theorems 2 and 3]) For each M € Mat, (Rxo), there exists an eigenvector v € (R>0)" \
{0} to the eigenvalue p(M). Moreover, if M is irreducible, we can choose v in (R=¢)".

THEOREM 3.2.4. (Theorem of Lind on weak Perron numbers) For each A € R, the

following conditions are equivalent:

(1) A is a weak Perron number (see Definition 1.1.1);

(2) A is the spectral radius of a non-zero square matrix with non-negative integral
coefficients;

(3) A is the spectral radius of an irreducible square matrix with non-negative integral
coefficients;

@) A > 0and )" is a Perron number for some m > 1.

Proof. The equivalence between conditions (1) and (3) follows from [Lin84, Theorem 3,
p- 291], and the equivalence between conditions (2) and (3) follows from Lemma 3.2.2.
The equivalence between conditions (1) and (4) can be found, for instance, in [Sch97,
Lemma 4] or [Brul3, Theorem 2]. ]

As a consequence of Corollary 2.6.2 and of the Perron—Frobenius theorem, we obtain
the following result (which is classical, see for instance [FW12, Lin12]).

COROLLARY 3.2.5. For each matrix M:(m,-’j);’,j:1 € Mat,(N) and for each

(ar, . ..,ay) € (K", the monomial endomorphism
fu = (alxinl" ceexpt ,oe,,x;n"" oo xp™y € End(A™)
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is dominant if and only if det(M) # 0. In this case, the dynamical degree of fu is equal to
the spectral radius of M:

Mfm) = p(M) € Ry,

Proof. Note that the endomorphism fj; € End(A") restricts to an endomorphism &, €
End((A"\ {Oh™).

If det(M) =0, any non-zero element of the kernel of the transpose of M gives
rise to a non-constant element p in the Laurent polynomial ring k[xf—L, - ,xni] such
that p o hys is constant, so iy, and thus fjs, is not dominant. We then assume that
det(M) # 0. This implies that 4y, € End((A! \ {0})") is surjective on E-points and thus
fum is dominant. In particular, A(fp;) > 1. Thus we only have to show that A(fy) =
p(M). By the Perron—Frobenius theorem (Theorem 3.2.3), there exists an eigenvector
we Wi, ..., un) € Rxp)" of M to the eigenvalue p(M). Because the spectral radius
of M and the dynamical degree of fjs do not change if we conjugate M with a permutation
matrix, we may assume that there is m < n such that u; = - - - = u,, = 0and pu; > 0 for
each i > m 4 1. Because (fy)" = fur, we get for each r > 1 and each i € {1, .. ., n}
that deg, (((fm)")i) = (M" )i = p(M)" ;. This implies that deg,, ((fm)") = p(M)" for
eachr > 1. Thus fy is p-algebraically stable and deg,, (fm) = p(M) < oo. By Corollary

2.6.2(1), we may write
v ( Mo ) ’
* | %

where M € Mat,, (N) with det(M ) # 0. By induction, the endomorphism f; € End(A™)
satisfies A(fy;) = p(M) < p(M). By Corollary 2.6.2(2), (3), we get then A(fy) =
deg,, (fu) = p(M). O

COROLLARY 3.2.6. For each endomorphism f € End(A") and each matrix M €
Mat, (N) that is contained in f, we have p(M) < deg(f).

Proof. By the Perron—Frobenius theorem (Theorem 3.2.3), there exists an eigenvector

w=(Ui,-.. Uy € R>p)" of M to the eigenvalue p(M). Hence, Z?Zl mi ;=
p(M)u; for each i € {1, ..., n}. By choosing an integer r € {1, ..., n} such that u, =
max{ui, ..., Uy}, We obtain

n n
p(M)p, = Z mejlhj < [y Z myj.
j=1 j=1

The coefficient of the monomial ]_[;le x?”" in f, is non-zero (as M is contained in f,
see Definition 1.4.8). This monomial has degree }_; m, j, so deg(f) > > _; m, j. As

wr > 0, this gives p(M) < deg(f). O]

In the following, we will use the next basic property of Handelman numbers. It is a
straightforward application of Descarte’s Rule of Signs, see e.g. [Str86, p. 91].

https://doi.org/10.1017/etds.2021.90 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.90

Affine-triangular automorphisms 3571

LEMMA 3.2.7. (Basic property of Handelman numbers) Let n > 1. For each (ay, . . .,
an—1) € R>0)" \ {0}, the polynomial x" — ;’;01 a;jx' € R[x] has a unique positive real

root. In particular, a Handelman number has no other positive real Galois conjugate.
COROLLARY 3.2.8. Each Handelman number is a weak Perron number.

Proof. Let A € R.¢ be a Handelman number. There exists (ao, . .., an—1) € Z" \ {0}
such that A is a root of P(x) = x" — Z?:_ol aix' e Z[x). By Lemma 3.2.7, all roots of
P, except A, are either non-real or real and non-positive. Because P is the characteristic
polynomial of the matrix

an—1 ai ap
1 -~ 0 0

A= . . .. | € Ma,(R>o),
0 - 1 0

it follows by the Perron-Frobenius theorem (Theorem 3.2.3) that the spectral radius of A is
equal to A. This implies that A is a weak Perron number (Theorem 3.2.4). [

3.3. Sequences of matrices. To study endomorphisms of A", we will need to consider
finite sets of elements of Mat,, (R) that have the property that we can exchange rows. To take
the norm on such sets, we will have to see them ordered, and thus see these in Mat,, (]R)N
for some N > 1.

Notation 3.3.1. Letn, N > 1. We denote by ﬂn,N C Mat, (R)" the R-vector subspace of

N-tuples (M1, . .., My) that have the following property:
Foreachi, je{l,...,N}andeachl € {1, ..., n}, the replacement of the Ith row of
M; with the lth row of M gives a matrix which lies in {My, . . ., My}.

We then denote by M,y C .//\\/ln,N the subset that consists of the N-tuples
(My,...,My), where Mj,..., My are N distinct matrices with non-negative
coefficients.

Remark 3.3.2. If f € End(A") is an endomorphism, then there exists some integer N > 1
and some N-tuple (Sy, ..., Sy) € M, n such that {Sy, ..., Sy} is the set of matrices
that are contained in f (as in Definition 1.4.8).

The following two lemmas build the key ingredients for proving the existence of
maximal eigenvectors of endomorphisms of A" in the next subsection (see Proposition
3.4.1). This eventually leads then to a proof of Proposition B.

LEMMA 3.33. Let n, N > 1. For each M = (M, ..., My) € M, N, there exists a
sequence (Dy),cn of elements Dy = (Dy 1, . . ., Dy n) € My N that converges towards M
(with respect to the topology of Mat, (R)N that is given by the norm as in Definition 3.1.1)
and such that for each t € N, there is no complex number which is an eigenvalue of two
elements of Dy 1, . .., Di N.
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Proof. The result being trivially true for N = 1, we will assume N > 2. For each i €

{1, ..., n}, we denote by I'; C R” the finite set of ith rows of the matrices My, . .., My:
I'; = {r € R" | r is the ith row of one of the matrices M, ..., My}.
We then write I'; = {r; 1, . .., riy;}, where s; > 1 is the cardinality of I';.
As all matrices My, . .., My are pairwise distinct and as one can ‘exchange rows’ (see
Notation 3.3.1), we have N = s1 - - - - §,, and obtain a unique R-linear map

n
o: [[®D - Moy
i=1

with the following properties.
(1) For each ke{l,...,N}, the composition of ¢ with the projection map
7 : Mat, (R)Y — Mat, (R) onto the kth factor is of the form

Tk o@: [T= R —  Mat,(R)

UL, j
Wi i<i<ni<j<s; = N
vn’jn
where j; € {1,...,s;}foreachi € {1,...,n}.
2) My, ..., My)=@((rij)i<i<ni<j<s;)-

Indeed, the possibilities for maps m; o ¢ as in property (1) are parametrized by
the N possible choices of j; € {I,...,s;} for each i € {1,...,n}, and by property
(2), the image of (r; j)1<i<n,1<j<s; Dy the maps mj o, ...,y o ¢ give the matrices
M, ..., My; this gives the existence and the unicity of ¢.

We now identify []/_, (R")% with the real locus X (R) of the affine space X = A" 2si,

For any two matrices A, B € Mat, (R), the resultant of the characteristic polynomials
x4 and xp is denoted by r(A, B). Recall that r(A, B) = 0 if and only if A and B have a
common eigenvalue. Hence, for any distincta, b € {1, ..., N}, the set

n
Zap = {x e [[®ms
i=1

corresponds to the elements of X (R) that satisfy one polynomial equation P, ; € R[X].
We now prove that P, # 0, or equivalently that Z,; # X (R) = [[/_;(R")%, by
showing that 7, (¢(x)) and 7, (@(x)) have no common eigenvalue for at least one x €

the matrices 7, (¢(x)) and 5 (¢ (x))
have a common eigenvalue

X (R). We consider ji, ..., j, and j{, ..., j, so that 7, o ¢ and 7, o ¢ are respectively
given by
T2, (R"% - Mat,(R) Mo, R"S -  Mat,(R)
U1,j U]’ i
,jl and 1
(Ui,j) 1<i<n = : (vi,j) l<i<n =
l<j<si 1<j<s
Un, jn vn,j,’,
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Because the matrices M, and M, are distinct, the linear maps 7, o ¢ and 7, o ¢ are also
distinct. Thus, there is [ € {1, ..., n} such that j; # jl’. Suppose first that / = 1, that is,
Jj1 # j{- We may choose x € X (R) such that

0 |1 0 |o
na(go(x))=< I 0) and nb((p(x)):<1_l 0 )

These matrices have characteristic polynomials " — 1 and ¢", respectively. If [ > 1, we
simply consider conjugation of the above matrices by permutations. In all cases, we find
an x € X (R) such that 7, (¢(x)) and 75 (p(x)) are matrices without common eigenvalue
in C. This shows that Z, , # X (R), thatis, P, # 0.

The product of all polynomials P,; with distinct a, b € {1, ..., n} gives a non-zero
polynomial P € R[X]. Thus we can take a real affine linear map £: A — X = A" 2si
and such that the restriction of P to £(R) is non-zero. We obtain that P(£(1/n)) # 0 for
any sufficiently large positive integer n. It suffices then to fix a sufficiently large ¢ > 1 and
to define D; = ¢(£(1/(¢t + ¢))) for each integer ¢ > O. O]

LEMMA 3.3.4. Let S =(S1,...,Sn) € M, n and let v > 0 be an eigenvector of S1 to
the eigenvalue ). > 0. Moreover, suppose that ). > p(S;) for each i € {2,..., N}. Then
Siv < Av foreachi € {1,..., N}.

Proof. Assume for contradiction that there is i € {2, ..., N} such that S;v £ Av. Denote
by v; the jth component of v for each j € {I,...,n}. Because we may replace each
row R; in §;, such that R;v < Avj, with the jth row from §; and still get an element
in {S1, ..., Sy}, we may assume that S;v > Av > 0. As the coefficients of v and S; are
non-negative, we obtain by induction that (S;)"v > A"v > 0 for each r > 1. In particular,

ISH™I

SOl = >
1CSH 1 > 1ol

>

and we obtain p(S;) = lim,— o0 ||(S;)"||'/" > A. This contradicts the assumption that A >
P (Si). O

3.4. Existence of maximal eigenvectors of endomorphisms of A”".

PROPOSITION 3.4.1. For each n, N > 1 and each S =(S1,...,Sn) € M, n, there
exists j € {1,..., N} and an eigenvector v € (R>0)" \ {0} of S; to the eigenvalue ) =
max{p(S1), ..., p(Sn)} such that for eachi € {1, ..., N}, we have

Siv < Sjv=Av.

Proof. LetS = (S1,...,S5n) € M, ny. By Lemma 3.3.3, there exists a sequence (D;);eN
of elements D; = (D, 1, ..., Din) € M, n that converges towards S and such that for
each 1 € N, there is no complex number which is an eigenvalue of two elements of
Dy 1, ..., Dy . Inparticular, p(D; ;) # p(D,,;) for distinct i, j by the Perron—Frobenius
theorem (Theorem 3.2.3).
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By possibly replacing this sequence with a subsequence, we may assume that there

isa jef{l,..., N} such that p(D; ;) > p(Dy;) for all i € {1,..., N}\{j} and each
t € N. After exchanging the ordering of Si, ..., Sy, we may assume that j = 1. For
each i € {1,..., N}, the sequence (D;;);eny converges towards S;, so (0(D;;i))reN
converges towards p(S;) [Ost73, Theorem in Appendix A]. In particular, p(S;) =X =
max{p(S1), ..., p(Sy)}. By the Perron—Frobenius theorem (Theorem 3.2.3), there is for
each t € N an eigenvector v; > 0 of D;; to the eigenvalue p(D; ). Lemma 3.3.4 then
gives foreachi € {1,..., N}andeacht e N,

Dy jve < p(Dy1)vy.
Now, we may assume that ||v;|| = 1 for all ¢ (after normalizing v;). Let
S ={w e R" | w| = 1}.

Because S"~! is compact (with respect to the Euclidean topology), we may take a
subsequence and assume that (v;);en converges toa v > 0 in S"=L. Thus we get

Av=pS)v = lim p(Ds1)v; = lim D;jv; = S1v
t—00 t—00
and foreachi € {1, ..., N},
Siv=lim D;;v; < lim p(Ds1)v; = p(S1)v = Av.
1—00 11— 00
This finishes the proof of the proposition. O

Proof of Proposition B. By Remark 3.3.2, there exists (S, ..., Sy) € M, n such that
{S1,..., Sn} is the set of matrices contained in f. By Proposition 3.4.1, there exists j €
{1,..., N}and an eigenvector it = (i1, ..., 4n) € Rx0)" \ {0} of §; to the eigenvalue
0 = max{p(S1), ..., p(Sy)} such that S;u < Sju =0u for each i € {I,..., N}. We
now prove that this implies that deg,, (f;) = 6 u; foreach/ € {1, ..., n}, which shows that
w= (g, ..., MUy is a maximal eigenvector of f, and thus proves assertion (1). For each
monomial m = Xxi‘ - x," of fy with x € k*, there is a matrix S; with its /th line equal to
(ryrp - -+ rp). The Ith component of S;w isequal torjpy + - - -+ rppy = degu(m). The
inequality S;u < 6 then yields deg, (m) < 6. As this holds for each monomial of fj,
we obtain deg,, (f;) < 6. The equality follows from S;u = 6, because the monomial
m that corresponds to the /th row of S; has p-degree equal to 6.

‘We now prove assertion (2). The dominance of f implies that 1 < deg(f") for each r and
this in turn gives 1 < A(f). The inequality 6 < deg(f) follows from Corollary 3.2.6, so
we only need to prove A( f) < 6. This is done by inductionon n. If n = 1,then u € (Rop)!
and the statement follows from Proposition A(2). Now, let n > 1. We may assume (after a
permutation of the coordinates) that ;) < uy <--- < u,. Now, letm € {0, ...,n — 1}
with u; = 0fori <m and w; > 0 fori > m. From Remark 2.3.1(2), we get

A2 = lim deg, (fHYY = lim  max }degﬂ((fr),-)(l/r).
€ n

r—00 m1sesXn r—o00 jefl,...,
From Lemma 2.5.6, we get that for each i € {1, ..., m}, the element f; is a polynomial
in the variables {x1, . .., x,,;}. Thus we get from Lemma 2.4.1 that A(f) = max{X;, Az},
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where
A =A(f) = lim deg(fHY" and f:=(fi,..., f) € End(A™).
r—0o0
Because m < n — 1, by induction hypothesis we have

A1 <61 := max{|&] € R | £ is an eigenvalue of a matrix that is contained in f }.

Note that each eigenvalue of a matrix that is contained in f is an eigenvalue of a matrix
that is contained in f. Thus we get 61 < 6. From Lemma 2.6.1(4), it follows that 1, < 6. In
summary, we proved that A(f) = max{\A;, A} < @, that is, assertion (2) holds for .

We now prove assertion (3). We take a maximal eigenvector w of f. As deg, (fi) =
O for each i € {1, ..., n}, we have deg, (f) = 6. If 6 = 1, (i) follows from assertion
(2) and (ii) is trivially true, so we may assume that 8 > 1. If f is u-algebraically stable,
then Lemma 2.6.1(5) gives A, = 6 and thus A(f) =6, so (i) is proven. Conversely, if
un € (R-g)* and A(f) = 60 > 1, then f is u-algebraically stable by Proposition A(3). This
achieves the proof of (3). As 6 = degu(f) € R (that is, is not equal to +00), (3) is a
direct consequence of Lemma 2.6.1(5). O

We now give an example that shows that the implication of Proposition B(3)(i) is not an
equivalence.

Example 3.4.2. We consider the automorphism

=1 fs f3 f2) = (1) 4 x2, x1, 13 + (03 4+ x4)%, x4 — (13 + x4)%) € Aut(A*).

As deg(f) = 2, the maximal eigenvalue 6 of f (see Definition 1.4.8) satisfies 6 <2
(Corollary 3.2.6). Moreover, 6 = 2, as the matrix

2 0 00
1 0 00
0010
0 0 0 1

is contained in f. When we choose u = (0,0, 1, 1), we get degu(f) =2, and we see
that f is not p-algebraically stable, as deg, (f 2y = 2 < 4. Moreover, deg, (fi) =0 for
i €{1,2} and deg,(f;) =2 for i € {3,4}. Thus p is a maximal eigenvector of f (see
Definition 1.4.8). However, A(f) = 6. Indeed, A(f) < deg(f) = 2, and ((x1)? + x2, x1)
is algebraically stable for the standard degree, as its homogeneous part of degree 2 is
((x1)2, 0), which satisfies ((x1)2, 0)" = ((x1)¥', 0) for each r > 1 (see Proposition A).

4. Explicit calculation of dynamical degrees of affine-triangular automorphisms

In this section, we apply Proposition B to compute the dynamical degrees of
affine-triangular dominant endomorphisms of A”. We prove Proposition 4.2.3, which
implies Propositions 4.2.5 and C.

Notation 4.0.1. We denote by TEnd(A") and TAut(A”") (respectively EEnd(A") and
EAut(A™)) the monoid and group of triangular (respectively elementary) endomorphisms
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and automorphisms of A”. We denote by Aff(A”") the group of affine automorphisms of
A" and by Sym(A") C Aff(A") the group of permutations of the coordinates.

4.1. From affine-triangular to permutation-triangular endomorphisms. We can restrict
ourselves to permutation-triangular endomorphisms, as the next simple result shows.

PROPOSITION 4.1.1. Each affine-triangular endomorphism of A" is conjugate by an
element of Aff(A") to a permutation-triangular endomorphism.

Proof. We take o € Aff(A") and t € TEnd(A") and show that we can conjugate f =
« o T to a permutation-triangular endomorphism by an element of Aff(A").

Let p = (p1,- .., pn) € A" be the point such that «(p) = 0 and consider the transla-
tion 7, = (X1 + p1, ..., X, + pa) € Aff(A") N TAut(A"). Then o’ = o o 7, € Aff(A")
fixes the origin (0, . . ., 0) € A". We then replace « with ¢’ and 7 with T, U6 7, and may
assume that o belongs to the subgroup GL,, = GL, (k) C Aff(A") of elements that fix the
origin.

The group B = TAut(A") N GL,, is a Borel subgroup of GL,,. It consists of all lower
triangular matrices. The so-called Bruhat decomposition of GL,,:

GL, = B Sym(A™")B
yields 8, y € B and o € Sym(A") such that « = 8 o ¢ o y. This gives
B lofop=Bloaotropf=00yoro}p,
where y o 7 o 8 € TEnd(A"). This achieves the proof. O
4.2. Permutation-elementary automorphisms. Up to conjugation, each permutation-

elementary automorphism has a particular form. This shows the following easy obser-
vation.

LEMMA 4.2.1. Letn > 1 and let h € End(A"*') be a permutation-elementary automor-
phism. There is a permutation of the coordinates « € Sym(A" 1) such that

f=aochoa™ =(fi,.... fu EXng1 + P(XL, - o2 Xn)s Xnls - - - 5 Xn),
where0 <m <n, {x1,...,Xu} ={f1,..., fm}, E €k and p e K[xy, ..., x].

Proof. Wewriteh = o o t,whereo € Sym(A’”‘l) and T € EAut(A"t1). We may choose
o= (a1,...,04]) € Sym(A"‘“) such that 0,41 = x,4+1 and ¥ o0 o a~! induces the
following cyclic permutation on the last coordinates

-1 -1 -1
(@oo o™ Jypp1 =Xpq1, (@00 0U 2 =Xmyls --., (@00 0O g1 = Xy,

for some integer m with 0 < m < n. This gives

aoaoail = (fl, ey fm’xn—&-l,xm—&-l, e Xn),
where {x1,...,xn}={f1>-. ., fm}- AS &y41 = Xp+1, We obtain
-1
aotoa = (X1,...,X, EXpp 1+ P(X1, .., X))
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for some & € k* and p € K[xy, . .., x,]. This implies that @ o 1 o a lis equal to

(oo oofl)o(otoroofl)

= (fl» ey fWZ? éxl’l—Fl +p(xl7 e »-xn)yxm—‘,-l: .. »xn)' D

We will need the following result to obtain Proposition 4.2.3. Proposition 4.2.3 will be
the key ingredient to show Proposition 4.2.5 and Proposition C.

LEMMA 422. Let0 <m <n, let f = (fi,..., fm) € Aut(A™) and let ¢ € K[x, . .
Xn+11\ {0}. For each r > 1, every component of g" is non-zero where

L)

&= (fls- s fri> @ Xmils - - -, %) € End(A"T),

Proof. For each r > 1, we write g" = ((g")1,..., (g )ut1). The result is true by
assumption when r = 1. Foreachr > 1 and 1 <i < m, we have (g"); = (f’)i # 0.

As (f1,..., fm) € Aut(A™), we also have (f1, . . ., fm> Xm+1» - - - » Xp) € Aut(A"). In
particular, g is dominant if ¢ & k[xy, . . ., x,], that s, if degxn+] (g) = 1. Thus we assume
that g € K[x1, ..., x,]\ {0}.

Suppose first that m = n, in which case g = (f1, ..., fm,q). For each r > 2, we get
g =g, @m, q((g’_l)l, o (@h). As f is dominant and ¢ is not the
zero polynomial, every component of g” is not zero.

We then assume that n > m and prove the result by induction on n —m. As
(f1> s f» Xm+1s - - - » Xp) € Aut(A™), there is a polynomial & € K[xy, ..., x,] such
that A(f1, ..., fms Xm+1, - - -, Xn) = ¢q, because g € K[xy,...,x,]. We denote by
¢: A" — A"t the closed embedding that is given by

X1s e e esXn) > (X1, e ooy X, B(XT, .. ,xn),xm—i-l’ ey Xn)
and we write T = (f1, .. -, fm, By Xm+1, - - - » Xn—1) € End(A™). We now prove that g o
¢p=¢or:
g0¢(x1, AR 7xn)
= (fl’ e ey fm’ Q(xl, cee s Xms h,xm—i-l, e ,xn—l), h9 xm—‘rl’ CEE ,xn—l)
= (f19 RN} fm, h(fla RN ) fma h’xm+1s e 7xn—1), h; xm+15 .. sxn—l)
=¢ot(x),...,Xn).

Hence, g" o ¢ = ¢ o 7" for each r > 1. By induction, every component of 7" is non-zero,
so every component of g” is non-zero, except maybe the (m + 1)th component. However,
if the (m + 1)th component of g" were zero, then the (m + 2)th of g"*! would be zero,
which is impossible as the (m + 2)th component of g"+! 0 ¢ = ¢ o " *! is not equal to

Zero. O
PROPOSITION 4.2.3. Let 0 <m < n, let f =(fl,..., fm) € Aut(A™), E ek*and p €
K[x1, ..., x,]. Denote by I C N" the finite subset of indices of the monomials of p, and
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define
n
6 = max {x ER[A"™= " i;\"/ forsome (i1, ..., in) € 1}.
Jj=m+1

Then,

F=tse s for EXnp1 + PO+ o X0)s Xt 1 - - Xn) € Aut(A"H])

has the following properties.

(1) Ifdeg,, . . . (p) =1 theni(f)= A(f).
(2) Ifdeg, ., . . (p) =2 define

I"L = (/‘1‘17 L] l‘l’ﬂ+1) = (O’ LR ] 0» en_mv Gn_m_l’ A ] 99 1)5

that is, uj =0 for j <m and puj = gntl—j for j > m+ 1. Then we have 6 > 1,
deg, (fj) = Ou; for each j (in particular deg, (f) = 6) and [ is j-algebraically
stable. Moreover, i]‘k(f) < 0 (in particular, if m = 0), then A(f) = 6.

3) Assume {f1,..., fm}=1{x1,...,xm}- If degxm+] ’’’’’ x, (P) < 1, then the maximal
eigenvalue of f is equal to 1 and otherwise it is equal to 0.

Remark 4.2.4. The case m = n, not treated in Proposition 4.2.3, is rather trivial. We have
=1, fuExny1 + p(xt, ..., X)), where {f1,..., fu} ={x1,..., x,}. Every
matrix contained in f is then a block-matrix with a (n x n)-permutation-matrix and a
(1 x 1)-matrix with a O or a 1 on the diagonal, so every eigenvalue is either O or a root of
unity. This implies that & = 1 is the only possible maximal eigenvalue.

.....

where, by convention, A( f )=1incase m = 0.
(2) Foreachi = (i, ..., i,) € I, we set

n
pi= Y ijpx" ellx]

Jj=m+1

n—m

and g; = x — pi € Z[x]. Then 0 is the biggest real root of one of the polynomials in
{gi |'i € I}. Note that g; is monic and of degree n —m > 0. Asdeg, . . (p) = 2,there
isi = (i1,...,iy) € I such that p; (1) > 2. This implies that ¢;(1) =1 — p;(1) < 0, so
gi has areal root that is bigger than 1. This proves that & > 1. Moreover, for each i € I, we
have g; () > 0, because ¢; has no real root bigger than 6. This gives 0"~ > p;(0), with
equality for at least one i € .

We now prove thatdeg,, (f;) = 6u; foreach j € {1,...,n + 1}, where f; denotes the
Jjth component of f. For each j € {1, ..., m}, we have deg,, (fj) = 0 =6 and for each
Jje{m+2,...,n+1}, wehavedeg,(f;) =deg,(xj—1) = uj—1 = 6un;. Moreover, we
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have
n
deg,, (fm+1) = max ({degﬂ(xnﬂ)} U { > ijuy | Gree o in) €N D
Jj=m+1

=max({1}U{0 - pi(0) | i = (i1, ....in) € N"}) = 0" = 0111

This gives in particular 6 = deg,, (f).

It remains to prove that f is j1-algebraically stable, that is, that deg, (f") = 6" for each
r > 1; this will then give the result by Corollary 2.6.2.

By Lemma 2.6.1(5), this corresponds to ask that for each r > 1, there exists j € {m +
I,...,n}suchthat (g"); #0, where g = (g1, ..., gnt1) € End(A"t1) is the wu-leading
part of f and (g"); denotes the jth component of g". We observe that

8= (fl’ ce. afm7 8m+1> Xm+15 - -« , Xn)s

where g;,+1 € K[x1, . . ., xu4+1] \ {0}. The result then follows from Lemma 4.2.2

(3) The maximal eigenvalue of f is the biggest real number that is an eigenvalue
of one of the matrices contained in f. Each such matrix is either contained in
(f1s -« s fms EXnt 1 Xmt1s - - - ,xn), but then has spectral radius equal to 1, or is
contained in (f1, ..., fm, I—[’}zl x;j, Xm+1s - - - » Xp) for some (iy,...,i,) € I. In this
latter case, the spectral radius is the one of the matrix

imgl - in O
1 ... 0 0
0 ... 1 0

and thus equal to the biggest real root of the polynomial x"~™" — Z;l:m i jx”_f If
deg, . .x (p) =1, the maximal eigenvalue is again equal to 1, and if deg,
2, we get that 6 is the maximal eigenvalue of f. O

As mentioned in the §1, the following result is attributed to Mattias Jonsson (unpub-
lished).

PROPOSITION 4.2.5. For each n > 1 and each polynomial p € K[x1, . . ., x,] of degree
>2lete, € Aut(A"*1) be the automorphism

ep = Xpr1+pE1, ..., X0, X1, .., Xy) € Aut(A"Th).

Let I C N" be the finite subset of indices of the monomials of p. We get

n
A(ep) = max {A R =) "i;A" forsome (i, . .. .in) € 1}.
j=1
Proof. Apply Proposition 4.2.3(2) withm =0and & = 1. O
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Proof of Proposition C. Let h € End(A"*!) be a permutation-elementary automorphism.
By Lemma 4.2.1, there is a permutation of the coordinates @ € Sym(A”"*!) such that

f=aohoa™ = (fi..... fmEXnp1 + P(XL .o X))y Xig 1 - Xn),
where 0 <m <n, {x1,...,xXn} ={f1,---» fm}, & €k* and p € K[xy, . .., x,]. In par-
ticular, A(f) = 1, where f = (fi, ..., fm) € Sym(A™).

As the maximal eigenvalue 6 of f is bigger than 1, we have m < n (see Remark 4.2.4).
Moreover, Proposition 4.2.3(3) yields that deg, . (p) = 2. Then, Proposition 4.2.3(2),
(3) give the existence of a maximal eigenvector u such that f is p-algebraically stable and
prove that the dynamical degree A(f) is equal to the maximal eigenvalue 6 of f (this latter
fact also follows from Proposition B). Because a € Sym(A"*!), we get that al(p) is
a maximal eigenvector of 4 = a ™' o f o a, h is @~ ! (u)-algebraically stable and @ is the
maximal eigenvalue of 4. Moreover, A(h) = A(f). Proposition 4.2.3(2) shows that 6 is
the root of a monic integral polynomial where all coefficients (except the first one) are
non-positive, so it is a Handelman number by definition. O

4.3. Affine-triangular automorphisms of A3.  In this section, we apply Proposition B to
affine-triangular automorphisms f € Aut(A%) and prove Proposition D and Theorem 1.
By Proposition 4.1.1, we can reduce to the case of permutation-triangular automorphisms.
If the maximal eigenvalue 6 of f is equal to 1, then Proposition B gives A(f) = 6. If
6 > 1, there is a maximal eigenvector u = (i1, . . ., Un) € (R>0)" \ {0} of £, and if f is
w-algebraically stable, we obtain A(f) = 6 (Proposition B(3)). We will then study the
cases where f is not p-algebraically stable. This implies that the w-leading part g of f
is such that one component of g” is equal to zero for some r > 1. The possibilities for
such endomorphisms g are studied in Lemma 4.3.2 below. The following result is a simple
observation, whose proof is left as an exercise.

LEMMA 4.3.1. Letn > 1 and let f = (f1, ..., fu) € TEnd(A") be a triangular endo-
morphism. Then:
(1) fis dominant if and only if deg, (fi) > 1 foreachi € {1, ..., n}; and

(2)  fis an automorphism if and only if deg, (fi) = 1 for eachi € {1, ..., n}.

LEMMA 4.3.2. Let g = (g1, g2, 83) = 0 o T € End(A>), where t € TEnd(A?) is a trian-

gular endomorphism and o € Sym(A3) is a permutation of the coordinates, where all g;

are non-constant and such that one of the components of g" is a constant for some r > 2.

Then, one of the following holds:

(1) g2, 83 €k[x1], g1 € K[x1, x2, x3] \ (K[x1, x2] UK[x1, x3]) and there exists ¢ € k
such that g1(t, g2, 83) = ¢ foreach t € k;

(2) g1, 83 €klxi1], g2 € K[xy, x3] \ K[x1];

(3) g1, 8 €KkIx1], g3 € Klx1, x2] \ K[x1]; and

4 g1, 8 € klxy, x2] \ K[x1], g3 € K[x1] and g1(g1, 82) = {1, 82(81, &2) = &2 for some
‘.2 €k
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Proof. We distinguish some cases, depending on which of the polynomials g1, g2, g3

belong to K[x1].

We first observe that g1, g2, g3 € K[x1] is impossible, as each component of g”, for
each r > 1, would then be obtained by composing dominant endomorphisms of A! and
thus would not be constant.

e Suppose that g1, g3 € k[x1]. By induction, we obtain (g")1, (g")3 € k[x;] \ k for each
r>1,s0 (g")2 € k for some r > 2. If g € k[x1, x3], we obtain possibility (2). Oth-
erwise, deg, (g2) =d > 1 and proceeding by induction, we obtain deg, ((§")2) =
d” > 1 for each r > 1, impossible.

o If g1, g2 € k[x1], we do the same argument as before (by exchanging the roles of x;
and x3) and obtain possibility (3).

e Suppose now that go, g3 € K[x1]. As g1 € K[x1, x2, x3] \ K[x1], the closure of the
image of ¢ € End(A%) is then equal to A! x ', where I" C A? is the irreducible curve
that is the closure of the image of Al — A2, x| — (g2(x1), g3(x1)). The restriction
of g gives an endomorphism /& = g[,1,. € End(A! x I).

We now prove that 4 is not dominant. For each » > 1 and each i € {1, 2, 3}, the
restriction of (g7); to Al x T is equal to r; o A", where 7; : Al x ' > Al is the ith
projection. Choosing i and r such that (g"); is constant, we find that r; o A" is constant,
so A" is not dominant, as 7r; is dominant. This proves that / is not dominant.

Denote by I'" C Al x T the closure of Z(A! x I'), which is an irreducible curve
that contains {(g1(x, g2(y), g3(»)), g2(x), g3(x)) | (x, y) € A2}. This implies that
the polynomial s = g1 (x, g2(y), g3(y)) € K[x, y] is contained in k[x]. Moreover, we
observe that s is a constant. Indeed, otherwise the restriction of 4 to I’ would be
a dominant map I — I'” and because m;|: I — A! is non-constant for each
i €{l, 2,3}, the restriction of (g"); to I'" would be non-constant for each r > 1 and
each i € {1, 2, 3}, which is a contradiction. Hence, 1 o h = g1|p14r: Al xT —
Al is equal to a constant ¢ € k. This yields g1(t, g2, g3) = ¢ for each ¢ € k and
implies that g1 ¢ k[x1, x2] UK[x1, x3], because g1, g2, g3 are non-constant, whence
possibility (1).

e It remains to assume that, at most, one of the g; belongs to k[x]. We write t =
(11, T2, T3) and observe that {g1, g2, g3} = {71, 72, T3}. As 71 € k[x1] \ k, we get that
exactly one of the g; belongs to k[x;] and that v, € k[x{, x] \ k[x{]. As g is not
dominant, neither is 7; Lemma 4.3.1 then implies that 3 € k[x{, x2]. So g1, g2, g3 €
k[x1, x2] and exactly one of the three belongs to k[x1]. Note that the endomorphism
h = (g1, g2) € End(A?) is not dominant. Indeed, otherwise no component of g” is
constant for each r > 1, as g3 € K[x1, x2] is non-constant. Thus it is impossible that
g1 € k[x1] or g» € K[x1], as (g1, g2) (respectively (g2, g1)) would be a dominant
triangular endomorphism of A% (Lemma 4.3.1). Hence, g3 € k[x;]\ k and g1, g €
K[x1, x2] \ k[x{]. As & is not dominant, the closure of 4(A?) is an irreducible curve
[ c A%

If g;(I") is not a point for j =1 or j =2, then the restriction h|r: ' = I
would be dominant. As g3 is not constant on I' (because g3(gi(x1,x2)) is not
constant), we get that (g"); is non-constant for each » > 1 and each i € {1, 2, 3},
which is a contradiction. Thus g; (I") = {¢;} for i = 1, 2, where ¢; € k. This gives
possibility (4). O
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LEMMA 4.33. Let f =0 ov € Aut(A®) be a permutation-triangular automorphism,

where o € Sym(A%) and v € TAut(A®). Suppose that the maximal eigenvalue 6 of f is

bigger than 1 and let © be a maximal eigenvector of f such that f is not p-algebraically
stable. Then, one of the following cases holds.

i) f = (&x3+ p3(x1, x2), p1(x1), &2x2 + pa(x1)), where &, &3 € K*, p1, p2 € k[x1],
p3 € K[x1, x2], deg(p1) =1, and deg(pz) = 02 > 1. Moreover, there exists s €
K[x2] such that the conjugation of f by (x1, x2, x3 + s(x2)) does not increase the
degree of p3 and (strictly) decreases the degree of p;.

(i) f = (&2x2 + pa(x1), &3x3 + p3(x1, x2), p1(x1)), where &, &3 € K*, p1, p» € K[x1],
p3 € K[xq, x2], deg(p1) = 1 and deg(pa2) = 6 > 1. Moreover, there exists s € K[x1]
such that the conjugation of f by (x1, xo + s(x1), x3) (strictly) decreases the degrees
of p2 and p3.

Proof. Denote by g = (g1, g2, g3) the wu-leading part of f. As w = (41, U2, U3) €
(R20)3 \ {0} is a maximal eigenvector of f, g; & k for each i € {1, 2, 3} (Lemma 2.5.7).
Moreover, as f is not p-algebraically stable, there is some r > 1 such that (g"); = 0 for all
i €{l,2,3}with u; > 0 (Lemma 2.6.1(5)). We write g = ¢ o 7, where 7 = (11, T2, T3) €
TEnd(A?%); Lemma 4.3.2 gives then four possibilities (1)—(4) for g, which we consider
separately. We will show that cases (i) and (ii) occur in possibilities (1) and (4), respectively
and that possibilities (2)—(3) do not occur.

Possibilities (2)—(3): Let us first observe that possibility (2) (respectively (3)) of Lemma
4.3.2 does not occur. Indeed, otherwise the first and the last (respectively the first two)
components of g" belong to k[x{] \ k for each » > 1, so u© = (0, 2, 0) (respectively u =
(0,0, u3)), because (g"); = 0 for each i € {1, 2, 3} with u; > 0. This gives deg, (g;) =
0 for i =1,2,3, as g1, g2, g3 belong to k[xy, x3] (respectively K[xi, x2]), which is
impossible as deg, (¢) = deg,, (f) =6 > 1 (Lemma 2.5.7).

Possibility (1): Suppose now that possibility (1) of Lemma 4.3.2 occurs. As g1 €
K[x1, x2, x3] \ (K[x1, x2] UK[x1, x3]) and because the monomials of g; are some of those
of fi, that is, one of the coordinates of the triangular automorphism v € TAut(AS), the
polynomial f; is equal to the third coordinate of v and g; is of the form g; = &3x3 +
q(x1, xp) for some & € k* and g € k[x1, x2] \ k[x1]. Because g1(¢, g2, g3) = ¢ € k for
each t € k, we obtain &3g3 + ¢q(t, g2) = ¢ foreach t € k, so g € k[x»] \ k and

g = (&3x3 + q(x2), g2, (£ — q(g2))/%3),

where g2 € k[x1]. By definition (Definition 1.4.5), g; is the u-homogeneous part of f; of
degree O ;, for each i € {1, 2, 3} so each monomial of g; is of u-degree 6 ;. The explicit
form of g1, g2, g3 directly gives

Opy = pu3 =deg(q)uz, Our = deg(ga)i1 and Ouz = deg(gs)u1 = deg(g) deg(ga) 1.

In particular, @y, na, u3 € Roo and deg(gz) = deg(q) deg(g2) = 62 > 1. Because two
monomials in the same variables have distinct p-degrees, we find that ¢, g» and g3 are
monomials, so ¢ = 0.

One component of f (and of t) belongs to k[x1] and is of degree 1. As g1 & k[x]
and deg(g3) > 1, we find that f> € k[x] is of degree 1. This yields ¢ = (x3, x1, x2) and
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deg(f2) = deg(g2) = 1, whence deg(q) = deg(g3) = 62 > 1. We obtain the form given
in case (i): the automorphism f is equal to

f = (&x3 + p3(x1, x2), p1(x1), &2x2 + p2(x1)),

where &, & € k*, pi, po € K[x1], p3 € k[x1,x2], deg(p1) =1. Moreover, g3 =
—q(g2)/&3 € k[x1] is the pu-leading part of f3 =&yxy + pa(x1), so g3 is only one
monomial, of degree 02 = deg(g3) = deg(p2).

To prove that we are indeed in case (i), it remains to show that the conjugation by
h = (x1, x2, x3 + &5 1q(xz)) does not increase the degree p3 and strictly decreases the
degree of p>. We calculate

ho foh™ = (&x3 + p3(x1, x2) — g(x2), p1(x1), E222 + pa(x1) + q(P1(x1))/E3).

As every monomial of g1 = &3x3 4+ g(x2) is contained in f1 = &x3 + p3(x1, x2), the
degree of p3(x1, x2) — g (x2) is at most that of p3(x1, x2). It remains to see that deg(p> +
q(p1)/&3) < deg(p2), which follows from the fact that g3 = —q(g2)/&3 € K[x1] is the
p-leading part of f3 = &x» + pa(x1), and that g, is the leading monomial of p; (of
degree 1).

Possibility (4): It remains to consider possibility (4) of Lemma 4.3.2. As g1, g2 €
Kk[x1, x2] \ k[x1], the only component of f which belongs to k[x1] (and is of degree 1) is
f3,800 = (x3, x2, x1) or o = (x2, x3, x1). Let j € {1, 2} be such that f; = v, where v =
(v1, v2, v3). We then have f; = &x2 4+ pa(x1) for some & € k* and some p> € k[x1]. As
gj € k[x1, x2] \ K[x1], we get g; = &2x2 + g(x1) for some g € K[x1], which consists of
some monomials of p>. Because ¢; = g;(g1, g2), we obtain ¢; = &282 + g(g1).

We now show that j = 2 leads to a contradiction. It gives

g =50 +qx) =& " —q(g)).

Because &x; + g(x1) is irreducible, the polynomial ¢, — g(gy) is irreducible, and thus
deg(q) = 1, which in turn implies that g and thus g is of degree 1. Hence, g1, g2, g3 are
of degree 1, which is impossible, as & > 1 is the eigenvalue of a matrix that is contained
in g (Lemma 2.5.1).

This contradiction proves that j = 1, so 0 = (x3, x3, x1). This yields

[ = &x2 + pa(x1), &3x3 + p3(x1, x2), p1(x1)),

where &, &3 € k¥, p1, p2 € K[x1], p3 € K[x1, x2] and deg(p1) = 1, as in case (ii).

We also have g1 = &xp + g(x1) and ¢ = &282 + g(g1), which yields g» = ({1 —
q(81))/&2 = (&1 — q(&ax2 + q(x1)))/52. As g is the u-leading part of f, the polynomial
g2 is not constant (Lemma 2.5.7), so deg(g) > 1. Recall that g; is the u-homogeneous
part of f; of degree O;, for each i € {1, 2, 3} (Definition 1.4.5) so each monomial of g; is
of u-degree 6 ;. We thus obtain

Oy = pp =deg(g)pnr  and  Ouz = puy.

This proves that w1, w2, u3 € Rog, that deg(q) = 6 > 1 and that u = (O u3s, 92M3, n3).
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Because two monomials in the same variables have distinct p-degrees, we moreover
find that ¢ is a monomial, the leading monomial of p», so deg(p2) = deg(g) =6 > 1, as
stated in case (ii).

To prove that we are indeed in case (ii), it remains to show that the conjugation by
h = (x1, x2 + q(x1)/&2, x3) strictly decreases the degree of py and p3. We calculate

hofoh™ = (&x2+ py(x1), &3x3 + pi(x1, x2), pr(x1)),

where

ph(x1) = pa(x1) — q(x1),
pi(x1, x2) = p3(x1, x2 — g(x1)/&) + g (E2x2 + ph(x1)) /&2

As ¢ is the leading monomial of p;, this conjugation decreases the degree of p», that is,
deg(p}) < deg(pz) = 0. It remains to see that deg(p}) < deg(p3). To simplify the calcu-
lations, we replace p by a multiple of itself (this is still a maximal eigenvector) and may
assume that = (1,0,07"). As g2 = ({1 — q(E2x2 + g(x1))) /&> is the n-homogeneous
part of f> = &x3 + p3(x1, x2) of u-degree O, = 62, the polynomial A = p3 — g7 €
k[x1, x2] is equal to

6—1
A= XA
i=0

where each A; € Kk[x1] is such that deg(A;) +i6 < 62. As 6 > 1, this implies that
deg(xéA,-) =i +deg(A;) < 0 for each i, so deg(A) < 62, which implies that the degree
of p3 = A + g is equal to 02, because deg(gz) = 62. We then need to show that
deg(p}) < 62. Because deg(p}) < deg(q) = 0, we have deg(q (52x2 + p5(x1))/&2) < 62,
so we only need to show that deg(p3(x1, x2 — g(x1)/£2)) < 62. This is given by

p3(x1, x2 —q(x1)/82) = A(x1, x2 — q(x1)/62) + g2(x1, x2 — q(x1)/62)

0—1
= (2 —qx)/E) A + (61 — g(62x2)) /&2
i=0
and by the fact that deg(A;) +i0 < 62 for each i. O]

Example 4.3.4. We now give two distinct examples to show that cases (1) and (2) of

Lemma 4.3.3 indeed occur.

(1) Letn>2, and let f = (x3 —xj, X1, X2 +x) € Aut(A3). Because of the matrix
contained in (X3,x1,xf), the maximal eigenvalue satisfies § > \/n > 1 and as
2= (x2,x3 — x4, x1 4+ (x3 —x)") and f> = (x1,x2,x3), the map f is not
w-algebraically stable for any maximal eigenvector u of f. It has then to satisfy
case (i) of Lemma 4.3.3, 50 6 = /n.

(2) Letn>2andlet f=(x2—x{,x3+ (x2—x])", x1) € Aut(A3). Because of the
matrix contained in (—x{‘,x3,x1), the maximal eigenvalue satisfies 6 > n > 1
and as f2 = (x3, x1 + x5, x2 — x7) and f3 = (x1, x2, x3), the element f is not
wu-algebraically stable for each maximal eigenvector u of f. It has then to satisfy
case (ii) of Lemma 4.3.3,s0 60 = n.

https://doi.org/10.1017/etds.2021.90 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.90

Affine-triangular automorphisms 3585

We now give examples of permutation-triangular automorphisms of A3, which are
w-algebraically stable. These will be useful in the proof of Theorem 1.

LEMMA 4.3.5. For all a, b, c € N such that » = (a + v/ a? + 4bc)/2 # 0, the maximal
eigenvalue and the dynamical degree of the automorphisms

f= (xfxé’ +x3,x0+x7,x1) and f'=(x3+ xfxé’c, X1, X2)

are equal to A. Both automorphisms are [-algebraic stable for each maximal
eigenvector |L.

Proof. The matrices that are contained in f are

a b 0 a b 0 0 0 1 0 0 1
c 0 0],10 1 O0)J,}{c O OfJand |O 1 O]},
1 00 1 00 1 00 1 00

whose characteristic polynomials are x(x2 —ax —be), x(x —a)(x — 1), x(x2 — 1) and
(x+ D2 =1), respectively. The corresponding spectral radii are respectively A, a, 1
and 1. Hence, the maximal eigenvalue of f is A.

Similarly, the matrices contained in f’are

a bc O 0 0 1
1 0 O)and {1 O O],
0O 1 0 01 0

whose characteristic polynomials are x (x> — ax — bc) and x3 — 1. The maximal eigen-
value of f” is then also .

As neither f nor f’ satisfies any of the two cases (i) and (ii) of Lemma 4.3.3, both f and
f' are p-algebraically stable for each maximal eigenvector u (of f and f’, respectively).
This gives then A(f) = A(f") = A (Proposition B) and achieves the proof. O

LEMMA 4.3.6. The maximal eigenvalue 6 of a permutation-triangular automorphism f €
Aut(A3) of degree d > 1 is a non-zero number equal to (a + ~/a? + 4bc)/2 for some
(a,b,c) e N3, where a +b <d and ¢ < d. It is thus a positive integer or a quadratic
integer and a Handelman number.

Proof. Each real number 6 = (a + ~/a? + 4bc)/2 # 0, where (a, b, c) € N3 is a root
of the polynomial P(x) = x2 — ax — be, with a, b, c € N? \ {0} so it is a Handelman
number. If P is irreducible, then 6 is a quadratic integer, and otherwise it is a positive
integer. It remains to see that the maximal eigenvalue of every f is of the desired form.

We write f =0 ot, where o € Sym(A3) and 7 € TAut(A?) is a triangular auto-
morphism, which we write as t = (vix] + €, vax2 + p(x1), 13x3 + g (x1, X2)), Where
vi, 12, 13 € k¥, € €k, p € k[x1] and g € Kk[x], x2]. The matrices contained in t are all
of the form

m
k

o o 3
oS = O
- o o
o = 3

0 0\ /m 0 0 0 0
0 0}J,]0 1 0O}, 0 0],
0 1 i j o i j o
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where m, k, i, j are non-negative integers and 0 <m < 1, k < deg(p) <d andi+ j <
deg(q) < d. Because the spectral radius is order-preserving on real square matrices
with non-negative coefficients (see Definition 3.1.1(4)) and because v; # 0, the maximal
eigenvalue is the spectral radius of a matrix where m = 1. The matrices contained in f are
obtained from one of the above four types by permuting the rows. Permuting the rows of
the identity matrix only gives a spectral radius equal to 1. In the second case, we conjugate
by the permutation of the last two. In any case, we obtain that 6 is either equal to 1 or
is the spectral radius of a matrix ¢’M, where o’ is a permutation matrix and M is of
the form

—_

1 00\ /1 00
01 0|.{o 1 of,
koo \i jo

~
~. O O
= =l]

where k < d andi 4+ j < d. We obtain

myy mpz 0

)

o'M=|my mp

=}

m3y  msp

for some m;; € N, so 6 is the spectral radius of the matrix

mip mip2
may  ma

This last matrix is one of the following:

COGOCO6GNEDCH )

where r, s € {1, 1, j, k}. In the first four cases, 8 is an integer in {1, ..., d}, so has the
desired form, with a = 6, and b = ¢ = 0. In the fifth case, the characteristic polynomial is
x2 —ix — jr.Choosing a =i, b= j and ¢ = r, we get 0 = (a + ~/a? + 4bc)/2. In the
sixth case, the characteristic polynomial is x> — jx — i. When we choose a = j, b = i and
¢ =1, we getagain @ = (a + v/ a? + 4bc) /2. In the last case, the characteristic polynomial
is x2 — rs. We then choose a = 0, b = r and ¢ = s. O

We can now give the proof of Proposition D.

Proof of Proposition D. We take an affine-triangular automorphism f € Aut(A%). By
Proposition 4.1.1, there exists o € Aff(A%) such that f' = «afa~! is a permutation-
triangular automorphism. We then have deg(f’) = deg(f). Moreover, Proposition B
shows that there exists a maximal eigenvector of f. We denote by 6 the maximal
eigenvalue of f/. If @ = 1 or if f’ is w-algebraically stable for each maximal eigenvector
u, the dynamical degrees A(f) and A(f’) are equal to the maximal eigenvalue 6
of f’ (Proposition B), which is a Handelman number (Lemma 4.3.6) so the result
holds.
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Suppose now that 6 > 1 and that f is not u-algebraically stable for some maximal
eigenvector . Lemma 4.3.3 gives two possibilities for f”:

f'= (&x3 + p3(x1, x2), pi(x1), &2x2 + pa(x1)) or
1= (Eaxz + pa(x1), &3x3 + p3(x1, x2), p1(x1)),

where p1, p2 € K[x1], p3 € K[x1, x2], &, &3 € k*, deg(p;) = 1 and deg(p>) > 1. In both
cases, Lemma 4.3.3 shows that one can replace f’ by a conjugate, decrease the degree of
p2 and not increase the degree of f’. After finitely many steps, we obtain the desired case
where @ = 1 or fis u-algebraically stable for each maximal eigenvector w. Moreover, we
still have deg(f’") < deg(f). O

Proof of Theorem 1. Let f € Aut(A’) be an affine-triangular automorphism of A3 of
degree d. Proposition D gives the existence of a permutation-triangular automorphism f' €
Aut(A3) such that deg(f’) < deg(f) and such that either the maximal eigenvalue 6 of f’
isequal to 1, or @ > 1 and f’ is u-algebraically stable for each maximal eigenvector p. In
the first case, the dynamical degree A(f) is equal to A(f”) = 1, by Proposition B(2). In the
second case, we obtain A(f) = A(f’) = 6, by Proposition B(3). Moreover, Lemma 4.3.6
proves that 8 = (a + v/a? + 4bc)/2 for some a, b, c € Nwitha + b < d, ¢ < d (and that
6 # 0).

Conversely, for all a, b, ¢ € N such that 8 = (a + +/ a? + 4bc) /2 # 0, the element 0
is the dynamical degree of (xfxé’ + x3, x2 + x{, x1) and (x3 + xfxé’c, x1, x3) (Lemma
4.3.5), and thus of a permutation-triangular automorphism of A3. This achieves the
proof. O

COROLLARY 4.3.7. For each d > 3, the set of all dynamical degrees of shift-like
automorphisms of A® of degree d is strictly contained in the set of all dynamical degrees
of affine-triangular automorphisms of degree d.

Proof. As each shift-like automorphism is also an affine-triangular automorphism, we
have an inclusion that we need to prove to be strict. From Proposition 4.2.5, it follows that
the set of dynamical degrees of all shift-like automorphisms of A of degree d is equal to

{(a+Va2+4d —4a)/210<a<d).

From Theorem 1, it follows that A; = (1 4+ +/1 +4d)/2 is the dynamical degree of
the affine-triangular automorphism (x3 + x1x2, x + xf, x1). To show that A, is not the
dynamical degree of any shift-like automorphism of A3 of degree d, for each d > 3, we
only have to show that there exists nod > 3 andnoa € {0, . . ., d} such that

V1+4d =(a—1)+Va?+4d — 4a.

Indeed, if this would be the case, then 1 4+ 4d = (a — 1)2 4+ 2(a — 1)va? + 4d — 4a +
a® + 4d — 4a, which yields

a(3—a) = (a—1)va2+4d — 4a.

This implies thata < 3 and a ¢ {0, 1}, thatis, a = 2. However, in this case, d = 2. O
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4.4. Automorphisms of affine spaces associated to weak Perron numbers. In this
section, we construct some affine-triangular automorphisms associated to weak Perron
numbers and prove Theorem 2.

LEMMA 4.4.1. Letn > 1andlet A = (ai,j)?,j:1 € Mat, (N) be an irreducible matrix with
spectral radius p(A) > 1. The automorphism f € Aut(A>") given by

n n n
api a i An,i
(x"+1+l_[xi stn+2+l_[xi l»~o-sx2n+l_[x,'m,xl’-'-»xn> (%)
i=1 i=1 i=1

has dynamical degree A(f) = p(A).

Proof. Let us write 6§ = p(A) and choose an eigenvector v = (vy, ..., vy) € (R5g)”
of A to the eigenvalue 6 (which exists by Theorem 3.2.3). We then choose u =
Ovy,...,0v,,v1,...,0,) € (R>o)2”. The matrix
A 0
M= Maty, (N
<I” 0) € Matp, (N)

is contained in f; its spectral radius is 6 and p is an eigenvector of M to the eigenvalue 6.
Writing f = (f1, ..., fon), We nowprovethatdegu(fj) =0u;foreachj € {1,...,2n},
and compute the p©-homogeneous part g; of f; of degree O ;.

(1) For each j e{l,...,n}, we have degu(x,,ﬂ-) =v; and degu(niyzl xl{lj.i) _
Z?:l 961.1",'1),' = 92Uj, SO degu(fj) = 921)]' e QI,L]' and 8j = 1—1?:1 xiaj’i.
(2) Foreach jef{n+1,...,2n}, we have deg,(fj) =deg,(xj—n) =0vj—n =0u;
and g; = f;.
This implies that deg, (f) = 6. As the endomorphism g = (g1, . . ., g2n) € End(A?")

is monomial, it satisfies g" # 0 for each r > 1 (and, moreover, each component of
g" is not zero). This implies that f is p-algebraically stable and that A(f) =6 (see
Proposition A). O

PROPOSITION 4.4.2. Let ) € R be a weak Perron number that is a quadratic integer and
let x> — ax — b be its minimal polynomial, with a, b € Z. We then have a > 0 and the
following hold.

(1) Ifb =0, then X is the dynamical degree of the shift-like automorphism
(x3 + xi‘xé’, X1, x2) € Aut(Ad).

(2) Ifb <0, then X is not the dynamical degree of an affine-triangular automorphism of
A3, but is the dynamical degree of a permutation-triangular automorphism of A* of
the form (*) in Lemma 4.4.1.

Proof. Let us write x2 —ax —b = (x — A)(x — p) for some p € R. Note that p # A,
as otherwise A% € Z and 2\ € Z would imply that A € Z, which is impossible as A is a
quadratic integer. Because X is a weak Perron number, we have A > 1 and —A < p <
A. In particular, a = A+ > 0. As x? — ax — b is irreducible and has a real root by
assumption, the discriminant is az+4b>1.

If b > 0, assertion (1) follows from Lemma 4.3.5 (and also from Proposition 4.2.3).
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Suppose now that b < 0. As Ay = —b, this implies that u > 0, so A is not a Handelman
number (Lemma 3.2.7) and thus is not the dynamical degree of an affine-triangular
automorphism of A3 (Proposition D). It is now enough to show that

f =03+ xfxg, xq 4+ 77O v x0) € Aut(AY)

is a permutation-triangular automorphism with dynamical degree A(f) = A.

First, we prove that f is a permutation-triangular automorphism of A* by showing
that the exponents are non-negative. As a > 0, the numbers o = [a/2]| and a — «
are non-negative integers, so we only need to see that a(a —«) + b > 0. Because
a?+4b > 1, we get in case a is even, that w(a — ) + b = o +b = (a? +4b)/4 > 0
and in case a is odd, that = (@ — 1)/2,s0x(a —a) +b = ((a — 1)/2) - ((a + 1)/2) +
b=(@*>+4b—1)/4> 0

Second, the matrix

a(a—a)+b a—«o

A=< ¢ 1)6Mmm)

has characteristic polynomial x> — ax — b and thus spectral radius p(A) = A. As x% —
ax — b is irreducible by assumption, it follows that A is an irreducible matrix. Moreover,
as b < —1 and as x2 — ax — b has a real root, we get a # 0 and hence a > 1. Because
a’+4b > 1, we get A = (a +~/a>+4b)/2 > 1. Now, if . = 1,then 1 < a < 2 and thus
a’+4b <0 (as b < —1), which is a contradiction. Thus A > 1 and we can apply Lemma
4.4.1 and get that the dynamical degree of f is A(f) = p(A) = A. O

Proof of Theorem 2. Let A > 1 be a weak Perron number. By Theorem 3.2.4, A is the spec-
tral radius of an irreducible square matrix with non-negative integral coefficients. Lemma
4.4.1 then shows that X is the dynamical degree of an affine-triangular automorphism of
A" for some integer n. We denote by ng the least possible such n.

If » =1, then nyp = 1, by taking the identity.

If A > 1is an integer, then ny > 2, as every automorphism of Al is affine and thus has
dynamical degree 1. Moreover, nop = 2 as f = (xlk + x2, x1) has dynamical degree equal
to A (f is p-algebraic stable for u = (1, 0) and deg, (f) = 2).

If A is not an integer, then ng > 3, as the dynamical degree of every automorphism of
A? is an integer (Corollary 2.4.3). If A is a quadratic integer, the minimal polynomial of
A is equal to x> — ax — b with @ > 0 and b € Z (Proposition 4.4.2). If the conjugate of
A is negative, we have b > 0, so ng = 3 by Proposition 4.4.2(1). If the conjugate of A is
positive, we have b < 0, so ng = 4 by Proposition 4.4.2(2). O

To complement Theorem 2, we now give a family of examples of quadratic integers
that do not arise as dynamical degrees of affine-triangular automorphisms of Aut(A3) but
which arise as dynamical degrees of some other automorphisms of A>.

LEMMA 4.4.3. For all integersr,s,t > 1, the dynamical degree of the automorphism

f=04+x"7, 2, x+2(y +x"z")) € Aut(A®)
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TABLE 2. Small dynamical degrees provided by Lemma 4.4.3.

r s t f ACS)
1 1 1 y+xz,z,x+z(y +x2)) B+V5)12
1 1 2 (v +xz% z,x + 2(y + x2%) 2443
1 1 3 (y+x23, 2, x +z2(v + x2)) (5+/2D)12
1 2 1 O +xz,2,x +22(y + x2)) 242
1 2 2 v+ x22, 2, x + 22(y + x22) (5+V/THI2
1 3 1 (y+xz, 2, x +22(y + x2)) (5+V13)2
2 3 1 (v +x2z, 2, x + 22(y + x22)) 3443

is the biggest root of x> —ax+b e R[x], with a=r+s+1t, b=rs and satisfies
A(f) > s + L. In particular, if L(f) is not an integer, it is not the dynamical degree of
an affine-triangular automorphism of A3, so f is not conjugate to an affine-triangular
automorphism of A3.

Proof. Let 0 be the biggest root of P(x) = x2—ax+b= x—r)(x —s) —tx € R[x].
AsPs+1D)=G6+1—-r)—t(s+1)=(6+1)1A—-1t)—r <0,wefindthatd > s + 1.
In particular, u = (0 — s, 1,60) € R>1.

We compute degﬂ(x’zs“") =r@—s)+G+0)0=0+s+0)0 —rs=0% and
degM(x’z’) =02 — 50 =0(0 —s). This gives deg, (f) =6, with p-leading part g =
(x"z', z, x"z* ). Hence, A(f) = 6 by Proposition A.

If 6 is not an integer, the other root of P(x) is positive, so 6 is not the dynamical
degree of an affine-triangular automorphism of A3 (Theorem 2). This implies that f is not
conjugate to an affine-triangular automorphism of A3 O

Example 4.4.4. We now apply Lemma 4.4.3 to small values of r, s, ¢, and find some exam-
ples of automorphisms f = (y + x"z’, z, x + z°(y + x"z")) € Aut(A?) whose dynamical
degree A(f) is not that of an affine-triangular automorphism of A3. We give in Table 2
all examples of A(f) < 5 given by Lemma 4.4.3. Exchanging r and s does not change the
value of A(f), so we will assume that r < s < 3.

Remark 4.4.5. Let A be a weak Perron number that is a quadratic integer.

By Theorem 2, A is the dynamical degree of an affine-triangular automorphism of A*
but is the dynamical degree of an affine-triangular automorphism of A3 if and only if
its conjugate A’ is negative. If .’ > 0, then one can ask if A is the dynamical degree of an
automorphism of A3 (which would then necessarily be not conjugate to an affine-triangular
automorphism). Writing x> — ax + b the minimal polynomial of A, with a, b positive
integers, Lemma 4.4.3 shows that this is indeed true if one can write b = rs with r, s > 1
and a > r + 5. In particular, this holds if b < 4, as a>—4b>0,s0a > 2Vb.If b =5,
then a > 5 (as a > Zﬁ), and Lemma 4.4.3 applies as soon as a > 6. The case where
a=>b =275 corresponds to A = (5 + +/5)/2, which is then the ‘simplest’ weak Perron
quadratic integer that is not covered by Theorem 2 or Lemma 4.4.3.
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According to Remark 4.4.5, it seems natural to ask if every quadratic weak Perron
number is the dynamical degree of an automorphism of A3. A first intriguing case concerns
the following question, which was in fact already asked to us by Jean-Philippe Furter and
Pierre-Marie Poloni.

Question 4.4.6. Ts (5 + /5) /2 the dynamical degree of an automorphism of A3?

Acknowledgements.  The authors thank the referee for his careful reading and helpful sug-
gestions. We thank Jean-Philippe Furter and Pierre-Marie Poloni for helpful discussions
on dynamical degrees of automorphisms of A® and Christian Urech for indicating to us the
result of Mattias Jonsson (Proposition 4.2.5) that inspired our generalization.
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