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Abstract. We construct a renormalization operator which acts on analytic circle maps
whose critical exponent « is not necessarily an odd integer 2n + 1, n € N. When o =
2n + 1, our definition generalizes cylinder renormalization of analytic critical circle maps
by Yampolsky [Hyperbolicity of renormalization of critical circle maps. Publ. Math. Inst.
Hautes Etudes Sci. 96 (2002), 1-41]. In the case when « is close to an odd integer, we prove
hyperbolicity of renormalization for maps of bounded type. We use it to prove universality
and C!*+*-rigidity for such maps.
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1. Introduction

Renormalization theory of critical circle maps was developed in the early 1980s to explain
universality phenomena in smooth families of circle homeomorphisms with one critical
point, the so-called critical circle maps. By definition, a critical circle map is a C3-
homeomorphism of the circle T = R/Z with a single critical point of an odd integer order
o > 1. A canonical example is given by Arnold’s family, which is constructed as follows.
For 6 e R, let

1
Ag(x) =x 4+ 60 — — sin2mx.
27

The maps Ag are analytic orientation-preserving homeomorphisms R — R with critical
points of cubic type at integer values of x. Since Ag(x + 1) = Ag(x) + 1, it projects to
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a well-defined critical circle map fy. Of course, values of 8 which differ by an integer
produce the same maps fy, so it is natural to consider the parametric family 6 — fy
with6 € T.

To give an example of universality phenomena, let us describe the golden-mean
universality. Let gg be a family of critical circle maps with critical exponent ¢, depending
on a parameter 6 € T which is smooth in 6 and has the property dgg(x)/96 > 0 for all
x € R, where gy : R — R is any lift of the family to a smooth family of homeomorphisms
of the real line. Arnold’s family is an example of such a family with o = 3. Fix ps =
(+/5 — 1)/2, the inverse golden mean. This irrational number has a continued fraction
expansion

I+
1+

1+
(further on, we will abbreviate such expressions as [1, 1, 1,...] for typographical
convenience). The nth convergent of this continued fraction is a rational number

pn/qn=1[1,1,1,...,1].
N ——

N —
n

Suppose that 6, is a parameter for which the rotation number

p(fo,) = Px.

It is not hard to see that there is a sequence of closed intervals I, consisting of parameters 6
for which p(fg) = pn/qn, which converges to the parameter 6. The empirical observation
in this case is that their lengths

[ n| ~ad™"

for some a > 0 and § > 1. Moreover, § is a universal constant—its value is the same for
all families of critical circle maps gy with the same critical exponent « (so § = §()).
In [ORSS83] and [FKS82], this universality phenomenon was translated into
conjectural hyperbolicity of a renormalization transformation R, a certain nonlinear
operator acting on the space of commuting pairs, where commuting pairs are pairs of
maps closely related to critical circle maps (see §§2.2 and 2.3 for precise definitions). The
conjectures were fully developed in the works of Lanford [Lan86, Lan87, Lan88] and
became known as Lanford’s program.
Let us mention here the key steps of Lanford’s program, while a detailed discussion can
be found in [Yam02, YamO03]. The program consists of proving the following statements.
(1) Global horseshoe attractor. The renormalization operator R possesses a ‘horseshoe’
attractor in the space of commuting pairs equipped with a C"-metric. The action of
‘R on the attractor is topologically conjugated to the shift on the space of bi-infinite
sequences of natural numbers. Moreover, the orbits of commuting pairs with the
same irrational rotation number converge to the same orbit in the attractor.

(2) Hyperbolicity of the attractor. There exists a neighborhood of the attractor that
admits a structure of an infinite-dimensional smooth manifold compatible with
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a C’-metric. The horseshoe attractor is a hyperbolic invariant set of the
renormalization operator with respect to this manifold structure, and the unstable
direction at each point of the attractor is one dimensional.

Another important consequence of Lanford’s program is rigidity of critical circle
mappings. The question of rigidity in the context of circle homeomorphisms goes back
Poincaré, who showed that every circle homeomorphism with an irrational rotation
number is semi-conjugate to a rigid rotation. In the particular case of critical circle
maps, Yoccoz [Yoc84] proved that any two such maps fi, f> with the same irrational
rotation number are topologically conjugated. This result can be thought of as an analog
of Denjoy’s theorem for circle diffeomorphisms. Later, Yoccoz showed that the conjugacy
between critical circle maps f1 and f> is quasisymmetric (see [dFdM99] for a modern
exposition). Finally, Khanin and Teplinsky [KT07] proved that exponential convergence
of the orbits of fi and f> under renormalization implies C!-smoothness of the conjugacy.
Furthermore, if f] and f> are of bounded combinatorial type (cf. Definition 2.1), then,
according to [dFdM99], this conjugacy is C'*#-smooth for some g > 0.

A key breakthrough in the study of renormalization of one-dimensional dynamical
systems in general and of critical circle maps in particular was made by Sullivan
[Sul87, Sul92], who introduced methods of holomorphic dynamics and Teichmiiller theory
into the subject. Extending the ideas of Sullivan, McMullen [McM96], Lyubich [Lyu99],
de Faria [dF99], and de Faria and de Melo [dFdM99, dFdMO00], the second author
brought Lanford’s program for analytic critical circle maps with & € 2N + 1 to a successful
completion in a series of works [Yam99, Yam01, Yam02, Yam03, Yam17]. In particular,
in [Yam02, YamO03] he introduced a new renormalization transformation, known as
the cylinder renormalization operator Ry, and then showed that this operator has a
hyperbolic horseshoe attractor with a one-dimensional unstable direction.

It is well known that successive renormalizations of a C3-smooth map with a critical
point of an odd order @ > 1 converge to a certain space of analytic maps (cf. [dFdM99])
and the above developments happened in the analytic realm. However, empirical
observations of universality were made for families of differentiable homeomorphisms
of the circle with the critical point at 0 of the form

Y ogqog, (1)
where ¢ and 1 are local C3-diffeomorphisms, ¢ (0) = 0, and
goa(x) =x|x|*"! where & > 1 )

even when « is not an odd integer. It is clear that such maps cannot be analytic at zero,
which does not allow us to apply previously known analytic methods for maps of this type.

The above discussion naturally suggests the following definition: a homeomorphism
f : T — Tis called an analytic critical circle map with critical exponent « if it is analytic
everywhere except possibly the critical point, in the neighborhood of which f can be
represented in the form (1), where ¢ and ¢ are analytic.

In this paper we complete Lanford’s program for analytic critical circle maps of
bounded combinatorial type with values of the critical exponent sufficiently close to odd
integers greater than 1. In particular, we:
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(1) extend the definition of renormalization operator Ry in a suitable fashion to a space
of maps with critical points of the type (1);

(2) extend the hyperbolicity results of [Yam02, Yam03] to maps with critical points of
non-integer order, sufficiently close to odd integers greater than 1, and with bounded
combinatorics;

(3) prove existence of a global horseshoe attractor for renormalizations of such maps.

As a corollary of the above results, we prove:

(4) universality for families of analytic critical circle maps with values of critical
exponents sufficiently close to odd integers greater than 1;

(5) C'"*B_rigidity for such maps of bounded combinatorial type.

Let us mention that a very different approach to questions similar to (1)—(2) for

renormalization of unimodal maps was suggested in [CS].

Before formulating our results, let us give a few useful definitions. Suppose that B is a
complex Banach space whose elements are functions of the complex variable. Following
the notation of [YamO2], let us say that the real slice of B is the real Banach space BR
consisting of the real-symmetric elements of B. If X is a Banach manifold modeled on B
with the atlas {W, }, we shall say that X is real-symmetric if W, o W, '(U) c BR for any
pair of indices y1, y; and any open set U C BR for which the above composition is defined.
The real slice of X is then defined as the real Banach manifold X® = Uy v IBR) c X
with an atlas {W, }. An operator A defined on a subset ¥ C X is real-symmetric if A(Y N
XRy c XR,

We prove the following theorems.

THEOREM 1.1. For every positive integer k > 0, there exists a real-symmetric analytic
Banach manifold N***1 containing a disjoint union of sets C*, parameterized by a €
Rk +1—¢€,2k+1+€), e =€(k) > 0, so that for each such «, the set C* N (N*FTHR
is non-empty and consists of analytic critical circle maps with critical exponent o. The
cylinder renormalization operator Ryl extends to a real-symmetric analytic operator on
an open subset of N**! and, if f € C* for some parameter « and Rey1(f) is defined,
then Rey1(f) € C.

THEOREM 1.2. For every positive integer k > 0, there exist a real-symmetric analytic
Banach manifold M**1 an open interval I, C R such that 2k + 1 € Iy, and a family
of real-symmetric analytic maps iy : M2t — C* c N**1 that analytically depend on
o € Iy. In addition to that, there exists a family of real-symmetric analytic operators R,
that analytically depend on « € Iy, and are defined on a certain open subset of M*+1, so
that the diagram

R,

M2k+1 o M2k+l

Ji L

Ca 7zcy] Ca
commutes whenever all maps are defined. Moreover, for any positive integer B > 1, the

operator Roy41 has a hyperbolic horseshoe attractor of type bounded by B with a one-
dimensional unstable direction.
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The manifolds M?*! are ‘large’: the image izt (M**!) contains an open neigh-
borhood of the renormalization horseshoe attractor in the space of critical cylinder maps
with the exponent 2k + 1 constructed in [Yam02]. Furthermore, in a forthcoming paper,
we will demonstrate that renormalizations of smooth circle homeomorphisms with a
unique singularity of the form (1) converge to i, (M?+1).

It is worth pointing out that the maps iy : M?**t! — C? are not injective when o is
rational.

As a consequence of Theorem 1.2, we derive the following result.

THEOREM 1.3. (Renormalization hyperbolicity) For any pair of integers B, k > 1, there
exists € >0 such that for any o € 2k + 1 —¢,2k + 1+ ¢), the operator Ry has a
hyperbolic horseshoe attractor of type bounded by B with a one-dimensional unstable
direction.

Hyperbolicity of the attractors in all of the above theorems is understood in the sense of
Definition 2.20, given in the next section.

In order to simplify the notation, we will provide proofs of Theorems 1.1-1.3 only for
the case when k = 1. For k > 1, the proofs are identical, so for the remaining part of the
paper we assume that in the above theorems the parameter k is always set to k = 1.

The above theorems establish the local hyperbolic structure of the horseshoe attractor
of renormalization. What follows next are the global results.

For every o > 1, we naturally define the space A% of analytic commuting pairs with the
critical exponent «, so that renormalizations of analytic critical circle maps with singularity
of the form (1) belong to A% (cf. Definitions 9.1 and 9.3). Our first result is the following.

THEOREM 1.4. (Global renormalization attractor) Foreveryk, B € N, there exists an open
interval J = J(k, B) C R such that 2k 4+ 1 € J and, for every o € J, the renormalization
operator restricted to A% has a global horseshoe attractor T C A% of type bounded by
B. Furthermore, renormalizations of any two commuting pairs {1, & € A% with the same
irrational rotation number of type bounded by B converge exponentially in C"-metric for
every non-negative r.

In §9 we formulate and prove an expanded version of this theorem (cf. Theorem 9.6).

We will say that {f; |t € (=1, 1)} is a C'-smooth one-parameter family of analytic
critical circle maps with critical exponent « if there exist neighborhoods V>, C V| C C/Z
such that T C Vi, 0 € V,, and, for every ¢, the critical circle map f; extends to an analytic
function in V{\{Re z = 0} and to an analytic (multiple-valued) function in V5\{0}, where
it can be represented as f; = Y, o g, o ¢; for some conformal maps ¢, and v; defined on
V> and g, (¢;(V2)), respectively. Furthermore, ¢, and 1, are required to be C I_smooth in
t and ¢;(0) = 0.

As a first consequence of Theorem 1.4, we obtain a universality statement.

THEOREM 1.5. (Universality) We adopt the notation of Theorem 1.4. Let p be an
irrational rotation number of type bounded by B which is periodic under the Gauss map
with period p:

p=1lro.ri,....rp—1,70, ..., Fp—1,...].
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There exists a positive integer N = N (k) with the property that for every a € J(k, B),
there exists § = §(p, o) > 1 such that the following holds. Suppose that { f; |t € (—1, 1)}
is a C'-smooth one-parameter family of analytic critical circle maps with critical exponent
o such that:

e forevery x € T, the derivative (3/9t) f;(x) > 0;

e the rotation number p( fo) = p.

Let I, — 0 denote the sequence of closed intervals of parameters t such that the first Npm
numbers in the continued fraction of p(f;) coincide with those of p. Then

|Iy| ~ a8~  for some a > 0.

Furthermore, we prove the following rigidity result.

THEOREM 1.6. (Rigidity) Every two analytic critical circle maps with the same irrational
rotation number of type bounded by B and with the same critical exponent o €
Uken J (k, B) are C'*B-conjugate, where B > 0 depends on B and a.

Having stated the main results, let us also highlight several conceptual issues that we
handled in the paper. In the case of analytic critical circle maps (that is, when k € N)
there are two complementary approaches for defining renormalization. The ‘classical’
one, going back to [ORSS83, FKS82], is done in the language of commuting pairs (see
Definition 2.2 below). In contrast, cylinder renormalization defined in [Yam02] acts on
analytic maps of an annulus, which restrict to critical circle maps (critical cylinder maps).
Neither the classical definition of an analytic critical commuting pair nor the definition of
a critical cylinder map makes sense for the case when the singularity is of type (1) with
o ¢ 2N + 1, since in this situation the iterates of our circle map cannot be analytically
continued to a neighborhood of the origin. We finesse this difficulty in §9 for the case
of commuting pairs and in §3 for critical cylinder maps. Moreover, we give a new proof
of the existence of fundamental domains for cylinder renormalization which works for
locally analytic maps and does not require any global structure. Finally, in §6 we introduce
a new framework which bridges the gap between the two definitions of renormalization
and allows us to extend renormalization hyperbolicity results to o ¢ 2N + 1.

The structure of the paper is as follows. In §2 we recall the relevant facts of
renormalization theory of critical circle maps. The reader can find a more detailed
introduction in [Yam02]. In §3 we introduce the functional spaces that are used in the
construction of Banach manifolds from Theorems 1.1 and 1.2 and discuss their properties.
In §4 we lay the ground for extending cylinder renormalization of [Yam02] to maps
with non-odd-integer critical exponents and generalize the results of [Yam02] on the
existence of fundamental crescents. In §5 we give a generalized definition of cylinder
renormalization. Then in §6 we construct the family of renormalizations R, acting on
MZ+1 In §7 we extend the renormalization hyperbolicity results of [Yamo02, Yamo03]
to a convenient setting. In §8 we complete the proof of renormalization hyperbolicity for
o close to odd integers and derive Theorems 1.1-1.3. Finally, in §9 we prove the global
renormalization convergence, universality, and rigidity theorems (Theorems 1.4—1.6).
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2. Preliminaries
2.1. Critical circle maps.  To fix our ideas, we will always assume that the critical point
of a critical circle map f is placed at 0 € T.

Being a homeomorphism of the circle, a critical circle map has a well-defined rotation
number p( f). It is useful to represent p(f) as a finite or infinite continued fraction

po(f)=Ilro, r1, 172, ...] with r; € N.

Note that an irrational number has a unique expansion as a continued fraction, so the
following definition makes sense.

Definition 2.1. We will say that an irrational rotation number o (f) = [ro, r1, r2, . . .] (or
f itself) is of a type bounded by a positive constant B if sup, > r» < B.

For convenience of representing rational rotation numbers, let us add the symbol co
with the convention 1/00 =0. Then 0 = [oco]. For a non-zero rational rotation number
o(f), we will use the unique finite continued fraction expansion

p=Ilro,ri,..., rm, o0]

specified by the requirement r,,, > 1. For a rotation number p( f) = [ro, 71, 72, . . .] Whose
continued fraction contains at least m + 1 terms, we denote by p,,/q,, the mth convergent
Pm/qm =170, . . ., rm—1] of p(f), written in the irreducible form.
If f4(0) # 0, then we let
Iy = [0, f"(0)] 3)

denote the arc of the circle which does not contain f an+1(0). We note that fIm(0) is a
closest return of 0, that is, I,,, contains no iterates f k(0) with k < qm-

2.2. Commuting pairs. For two points a, b € R, by [a, b] we will denote the closed
interval with end points a, b without specifying their order.

Definition 2.2. Let a, b € R be two real numbers, one of which is positive and the other

negative, and consider two intervals I, = [a, 0] and I¢ = [b, 0]. A commuting pair of class

C", r >3 (C*, analytic) acting on the intervals I, Iz is an ordered pair of maps { =

m, &), n: 1, — la, bl, § : I¢ — [a, b] with the corresponding smoothness, such that the

following properties hold:

(i) a=£&(0)andb=n(0);

(i) there exist C3-smooth (C™® analytic) extensions 7) : f - R and?:f ig — Rofnand
& respectively to some intervals I 3 I and Ig 5 I¢ such that 7) and$ are orientation-
preserving homeomorphisms of I and Ig, respectively, onto their images and

Hok=E&o,
where both compositions are defined;
(iii) 7'(x) # 0 for all x € I,\{0}, £'(y)#£0 forall ye I:\{0}, and O is a cubic critical

point for both maps;
(iv) &on(0) e,
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Definition 2.3. An analytic commuting pair ¢ = (n, &) will be called a critical commuting
pair.

Given a commuting pair ¢{ = (1, £), we can identify the neighborhoods of the points
n(0) and & o n(0) by the map .f:f from property (ii) of Definition 2.2. As a result of this
identification, the interval [1(0), & o (0)] is glued into a smooth one-dimensional compact
manifold M diffeomorphic to a circle. It also follows from property (ii) of Definition 2.2
that the map

noé&(x) ifx €[n(0), 0],

n(x) if x € [§ 0on(0), 0]
projects to a smooth homeomorphism F; of M to itself that has a unique critical point at
the origin. Notice that there are many ways of putting an affine structure on the manifold

M, which gives rise to the whole conjugacy class (the smoothness of the conjugacy is the
same as that of the commuting pair) of critical circle maps that are conjugate to F;.

Se(x) =

2.3.  Renormalization of commuting pairs.

Definition 2.4. The height x (¢) of a commuting pair ¢ = (1, §) is the positive integer r
such that

0 [n EWO), n" T EWO))).

If no such r exists, we set x ({) = oo.
If x(¢) =r # oo and " (£(0)) # 0, one can verify that
C=0o& 1)

is a commuting pair acting on the intervals /¢, [n"(£(0)), O]. It is known as the pre-
renormalization of ¢ and denoted by pR¢.

Definition 2.5. If x(¢) =r # 0o and " (£(0)) # 0, then the renormalization R¢ of a
commuting pair { = (1, §) is defined to be the affine rescaling of the commuting pair
¢ =pR¢:

Re=(hon okoh ,honoh™h),

where h(x) =x/n(0). It is a commuting pair acting on the intervals [0, 1],

h([n"(5(0)). 0D).

Definition 2.6. For a commuting pair ¢, define its rotation number p(¢) € [0, 1] to be
equal to the continued fraction [rg, ry, . ..], where r,, = x (R"¢). Here, as before, 1/00 is
understood as 0.

It is easy to see that the renormalization operator acts as a Gauss map on rotation
numbers: if p(¢) = [r, r1, 12, .. .], then p(R¢) =[ry, 12, .. .].
The following proposition can be easily verified.

PROPOSITION 2.7. For a commuting pair ¢, the rotation number of the map Fy from §2.2
is equal to p(¢).
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2.4. From critical circle maps to commuting pairs. Consider a critical circle map f
with rotation number p(f) = [ro, 71, . . .] whose continued fraction expansion contains
at least m + 2 terms. As before, set pu/qgm =1[ro,-.., m—1]1 and pmi1/qm+1 =
[ro, ..., rm] and let I,, = [0, f9"] and I, = [0, f9+1] be as in (3). At the cost of a
minor abuse of the notation, identify these intervals with their lifts to (—1, 1) C R. The
pair of maps

;‘m — (fqm+1’ fqm)

is a commuting pair acting on the intervals I, I,,+1. Note that, if for a given critical circle
map f, the corresponding commuting pairs ¢, and ¢, are defined, then ¢, is the
pre-renormalization of ¢,,. This motivates the following definition.

Definition 2.8. For a critical circle map f and a positive integer m as above, we denote
PR" [ =&m
and we define R"™ f to be the affine rescaling of the commuting pair &,:
R"f=(ho fi"' oh™! ho fim o h™1),
where h(x) = x/f9(0).

2.5. Epstein class. Given an open (possibly unbounded) interval J C R, let C; =
C\(R\J) denote the plane slit along two rays. We will say that a fopological disk is an
open simply connected (not necessarily bounded) region in C.

Definition 2.9. Fora € R, a # 0, let I denote the interval I = [0, a]. The Epstein class E;
consists of all maps g : I — R such that g is an orientation-preserving homeomorphisms
of I onto its image g(I) = J and there exists an open interval J > J with the property
that g extends to an analytic three-fold branched covering map of a topological disk G D 1
onto the double-slit plane C; with a single critical point at 0. Let E denote the union
E =, E; over all non-degenerate intervals /.

Any map g € E in the Epstein class can be decomposed as

g=0Qcoh, “)

where Q.(z) =z +cand h: 1 — Ris an analytic map with 2(0) = O that extends to a
biholomorphism between G and the complex plane with six slits, which triple covers C ;
under the cubic map Q.(z). In what follows, we will always assume that for an Epstein
map g: I — R, and J = g(I), the interval J D J is the maximal (possibly unbounded)
open interval such that g extends to a triple-branched covering of a topological disk G
onto Cj.

We say that two positive constants « and 8 are K -commensurable for some K > 1 if

K o <B <Kuq.

Definition 2.10. Forany s € (0, 1) and an interval / = [0, a] C R, let E; ; C E; be the set
that consists of all g € E; such that both || and dist(Z, J) are s~'-commensurable with
|J], the length of each component of J\J is at least s|J|, and g’(a) > s.

https://doi.org/10.1017/etds.2018.82 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2018.82

Critical circle maps with non-integer exponents 1291

We recall that the distortion of a conformal map f in a domain U C C is defined as

Distortiony (f) = Z,SJ)JEU || JJ:/ ((5)))|| .

The following lemma was proved in [Yam01].

LEMMA 2.11. [Yam01, Lemma 2.13] For any s € (0, 1) and an interval I = [0, a] C R,
there exists a domain Oy D I such that for any g € Ej 5, the univalent map h in (4) is
well defined in Oj s and has K (s)-bounded distortion in Oy ;.

We will often refer to the space E as the Epstein class, and to each E; ; as an Epstein
class.

We say that a critical commuting pair { = (, £) belongs to the (an) Epstein class if
both of its maps do. Allowing some abuse of notation, we will denote the space of all
commuting pairs from the Epstein class by E. Similarly, for any s € (0, 1), by E; we will
denote the space of all commuting pairs (1, &) such that n € Ej 1,5 and § € E; 5, where
I =10, n(0)]. It immediately follows from the definitions that the following lemma holds.

LEMMA 2.12. If a renormalizable commuting pair ¢ is in the Epstein class, then the same
is true for R¢.

The following lemma is a consequence of real a priori bounds (cf. [dFdM99]).

LEMMA 2.13. Forany s € (0, 1), there exist positive constants C > 1 and A < 1 such that
if ¢ € Eg is k-times renormalizable and 1 é‘ =1 ,’7‘ Ul ék denotes the domain of the commuting
pair pR¥¢, then

If] < CAk.

2.6. Carathéodory convergence. Consider the set of all triples (U, u, f), where U C C

is a topological disk, u € U is a marked point in U, and f : U — C is an analytic map.

Recall (cf. [McM94]) that the Carathédory convergence on this set is defined in the

following way: (Uy, un, fn) — (U, u, f) if and only if:

o u,—>ucl,

e for any Hausdorff limit point K of the sequence @\U,,, U is the component of @\K
containing u; and

e for all n sufficiently large, f,, converges to f uniformly on compact subsets of U.

For a topological disk U C C,U # C,andu € U, let R(y,,) : D — U denote the inverse
Riemann mapping with normalization Ry ,)(0) = u, REU’M)(O) > 0. By a classical result
of Carathéodory, if neither U nor U, is equal to C, then the Carathédory convergence
(Un, un, fu) — (U, u, ) is equivalent to the simultaneous convergence Ry, u,) —
R,y and f, — f uniformly on compact subsets of D and U, respectively.

As before, for an Epstein map g € E, let J be the maximal (possibly unbounded) open
interval such that g extends to a triple-branched covering of a topological disk G onto Cj.
Notice that the pair (g, J) uniquely determines the topological disk G and hence we can
associate to any g € E the triple (G, 0, g). In this way, the space E of all Epstein maps can
be equipped with Carathéodory convergence.

Let us make a note of an important compactness property of E; ;.
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LEMMA 2.14. [Yam01, Lemma 2.12] For any s € (0, 1) and an interval I = [0, a],
where a € R, a #0, the set Ej is sequentially compact with respect to Carathéodory
convergence.

The space of all commuting pairs from the Epstein class can be equipped with
Carathéodory convergence defined as Carathéodory convergence of each of the maps
forming the commuting pair. Now Lemma 2.14 implies the following statement.

PROPOSITION 2.15. For any s € (0, 1), the set Eg of critical commuting pairs is
sequentially compact with respect to Carathéodory convergence.

Proof. By definition, the set E; consists of all critical commuting pairs (1, &) such that
n € Eqo,1],s and & € E; ¢ for some interval /. According to Lemma 2.14, the set E[g 1},5 is
sequentially compact. Since £(0) = 1, it follows from the definition of the class Ej s that
the number || is K (s)-commensurable with 1, where K (s) is some constant that depends
on s. This implies that the set of all maps & such that (1, §) € E; is also sequentially
compact. The rest of the proof follows easily. O

2.7. Renormalization horseshoe. The following theorem was proved by the second
author in [YamO1]. It generalizes the results of de Faria [dF99] and de Faria and de Melo
[dFdMO00] for pairs of a bounded type. Consider the space of bi-infinite sequences

Y={(..,r—kyeuuy s F—1, 40, 1, v, Tk,...) Withr; € N}

equipped with the weak topology—the coarsest topology in which the coordinate
projections are continuous. Denote by ¢ : ¥ — X the right shift on this space:

01 (r) % > (k1) X

THEOREM 2.16. There exists > 0 and an R-invariant set T C Eg consisting of commuting
pairs with irrational rotation numbers with the following properties. The action of R on T
is topologically conjugate to the shift o : ¥ — X

toRoi ! =o,
where 1 : T — X is the conjugacy and, if
{:Fl(...,r_k,...,r_l,ro,rl,...,rk,...),
then
p&)=1lro, 71, ..., ks .. -]

The set I is sequentially pre-compact in the sense of Carathéodory convergence: its
closure T C E is the attractor for renormalization. That is, for any analytic commuting
pair ¢ € E with irrational rotation number, we have

R'c —>7T
in the sense of Carathéodory convergence. Moreover, for any two commuting pairs ¢, {' €
E with equal irrational rotation numbers p(¢) = p(¢'), we have
dist(R"¢, R"¢") — 0 5)

for the uniform distance between analytic extensions of commuting pairs on compact sets.
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Remark 2.17. In [dFdAMO00], de Faria and de Melo extended the result of Theorem 2.16 by
proving the convergence (5) for all (not necessarily Epstein) critical commuting pairs ¢, ¢’
with equal irrational rotation numbers p(¢) = p(¢’). They also showed that for any integer
k > 0, this convergence is exponential in C¥-metric on the real line. In addition to that, it
was shown in [GAM17] and [GMdM18] that such exponential convergence in C2-metric
also holds for C*-smooth commuting pairs in general and C>-smooth commuting pairs
with bounded combinatorics.

Furthermore, in [Yam02, Yam03], it was shown that the above attractor is hyperbolic
in a suitable sense. More specifically, in [Yam02], the second author constructed a real-
symmetric Banach manifold W of critical cylinder maps such that the elements of WR
are analytic critical circle maps. Furthermore, he constructed a continuous projection ww
from an open neighborhood of Z in E to W, which, on the image, semi-conjugates R*
for a fixed k € N to a real-symmetric analytic operator 7A2Cy1 :V — W called the cylinder
renormalization and defined on an open set VV in W:

TTW © Rk = 7%0},1 OTTW.
The projection w also satisfies the following properties.

PROPOSITION 2.18.

1)  Ifrw(&) = mw (&) for some &1, & from a neighborhood of T in E, then the Epstein
pairs R¢y and REo are conformally conjugate in a neighborhood of their intervals
of definition.

(1) Conversely, suppose that ¢ and ¢ are conformally conjugate in some
neighborhoods of their intervals of definition and p(Z1) = p(&2) € Q. Then there
exists n > 0 such that tw(R"¢1) = ntw(R"$).

(iii) The rotation number of the critical circle map ww(¢) is equal to the image of p(¢)
under the Gauss map.

Finally, we have the following.

THEOREM 2.19. [YamO03] Denote 1= aw (ZL). Then the attractor IcVisa uniformly
hyperbolic set for Rcy1 with a complex one-dimensional unstable direction.

It is important to note that the operator ﬁcyl is not injective on V: the images under 7A€Cy1
of two analytic maps which are conformally conjugate in a sufficiently large neighborhood
(see Proposition 2.18 or [Yam02] for details) coincide. Uniform hyperbolicity of 7 is
understood in the sense of Definition 2.20 below.

Before proceeding to Definition 2.20, we need to introduce the following notation: let
U be an open set in a smooth Banach manifold M. Consider a C°°-smooth (not necessarily
injective) mapping f : U — M that possesses a forward invariant set A C U. Let A be the
subset of the direct product AN that consists of all histories in A, i.e.

A ={(xi)i<o: xi € A; f(xi) =xit1).
The metric on AY is defined by
d(Cx), i) =Y 2'Ixi = yill.

i<0
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The restriction f|a lifts to a homeomorphism f : A — A defined by f ((x)) = (xi41).
The natural projection from A to A sends (x;) to x¢, and the pullback under this projection
of the tangent bundle TAM is a tangent bundle on A. We denote this tangent bundle by
T; . Explicitly, an element of T} is of the fOI‘rfl ((x;), v), where (x;) € A and v € T, ;M.
The differential D f naturally lifts toamap D f : T; — T;.

Definition 2.20. We say that the map f is hyperbolic on A if there exists a continuous
splitting of the tangent bundle 73 = E* & E* such that D f(E"/%) = E*/s and there exist
constants ¢ > 0 and A > 1 such that for alln > 1,

IDfr )| = cA™v]l, veE",
IDFr )| <c A" |v]l, veE".

Note that the fiber of the stable bundle £ at a point (x;) C A depends only on the point
xo C A.

We also notice that the set Z is not compact in W and its closure is not contained in V.
In particular, this means that, a priori, the existence of local stable/unstable manifolds is
not guaranteed at every point of 7. However, the following was shown in [YamO03].

THEOREM 2.21. Forany f € 7, there exists a local stable manifold W* (f) C V passing
through the point f. Moreover, WS () N WR consists of all critical circle maps g that are
sufficiently close to f and such that p(g) = p(f).

2.8. Holomorphic commuting pairs and complex a priori bounds. De Faria [dF99]

introduced holomorphic commuting pairs to apply Sullivan’s Riemann surface laminations

technique to the renormalization of critical circle maps. They are suitably defined
holomorphic extensions of critical commuting pairs which replace Douady—Hubbard
polynomial-like maps [DH85]. A critical commuting pair ¢ = (1], §|;,) extends to

a holomorphic commuting pair H if there exist three simply connected R-symmetric

domains D, U, V C C, whose intersections with the real line are denoted by Iy = U N R,

Iy =V NR, Ip=DNR, and a simply connected R-symmetric Jordan domain A such

that:

e D, U, VCA; UNV ={0}C D; the sets U\D, V\D, D\U, and D\V are non-
empty, connected, and simply connected; I, C Iy U {0}, I C Iy U {0};

e thesets U NH, V NH, D NH are Jordan domains;

e the maps n and & have analytic extensions to U and V, respectively, so that 5
is a conformal diffeomorphism of U onto (A\R) U n(ly) and & is a conformal
diffeomorphism of V onto (A\R) U &(1y);

e themapsn:U — A and & : V — A can be further extended to analytic maps 77 : U U
D— Aand&:V UD — A, so that the map v = /) 0 £ = £ o 7} is defined in D and is
a three-fold branched covering of D onto (A\R) U v(Ip) with a unique critical point
at zero.

We shall identify a holomorphic pair # with a triple of maps ‘H = (n, &, v), where n:

U— A, E:V—> A, and v: D — A (cf. Figure 1). We shall also call ¢ the commuting

pair underlying H and write ¢ = {y. When no confusion is possible, we will use the
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FIGURE 1. A holomorphic commuting pair.

same letters 1 and & to denote both the maps of the commuting pair ¢, and their analytic
extensions to the corresponding domains U and V.

The sets 2y = DU U UV and A = Ay will be called the domain and the range of a
holomorphic pair H. We will sometimes write €2 instead of €27; when this does not cause
any confusion.

We can associate to a holomorphic pair H a piecewise-defined map Sz : @ — A:

n(z) ifzeU,
Sn@)=1£&() ifzeV,
v(z) ifzeQ\(UUYV).

De Faria [dF99] calls Sy the shadow of the holomorphic pair H.

If ¢4 is renormalizable with height r, then the pre-renormalization of the corresponding
holomorphic pair H is defined in an obvious fashion as a holomorphic commuting pair
PR(H) = (n" o0&, n, n" ov) with range A and the following domains U’, V', D’:

o V' =U,;

o U'=(E"on D)D), where U = (U\R) U (0, ("' 0 £)(0));

e D' =7/~ (U’), where 7 is the analytic extension of 7 to the domain D U U and /™!
denotes the full pre-image.

The renormalization R(H) is, as usual, the linear rescaling of pR(H) sending 1(0) to 1.

Clearly, H is renormalizable if and only if &7 is renormalizable and we have

IRH) = R(1)-

We can naturally view a holomorphic pair 7 as three triples

WU, £0), m, (V,n(0),§), (D,0,v).
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We say that a sequence of holomorphic pairs converges in the sense of Carathéodory
convergence if the corresponding triples do. We denote the space of triples equipped with
this notion of convergence by H.

We let the modulus of a holomorphic commuting pair H, which we denote by mod (),
to be the modulus of the largest annulus A C A, which separates C\ A from Q.

Definition 2.22. For p e (0,1), let H(u) C H denote the space of holomorphic
commuting pairs H : Q9 — Ay with the following properties:

() mod(H) = u;

(i) Iyl =1, [lz] > p, and [n~1(0)] > p;

(iii) dist(n(0), dVy)/diam Vg > p and dist(§(0), dUy) /diam Uy > w;

(iv) the domains Ay, Uy NH, Voy N H, and D3y N H are (1/p1)-quasidisks;

(v) diam(Az) < 1/

LEMMA 2.23. [YamO01, Lemma 2.17] For each u € (0, 1), the space H(w) is sequentially
compact.

We say that a real commuting pair { = (n, §) with an irrational rotation number has
complex a priori bounds if there exists u > 0 such that all renormalizations of ¢ = (7, &)
extend to holomorphic commuting pairs in H(u). The existence of complex a priori
bounds is a key analytic issue of renormalization theory. Before proceeding with the
theorem on complex bounds for critical circle maps, we need to give the following
definition.

Definition 2.24. For aset S C C and r > 0, we let N, (S) stand for the r-neighborhood of
S in C. For each r > 0, we introduce a class .4, consisting of pairs (7, £) such that the
following holds:

e 7, & are real-symmetric analytic maps defined in the domains

N([0,1]) and N0 ([0, n(0)D),
respectively, and continuous up to the boundary of the corresponding domains;
e the pair
¢ = (lo.115 &ljo.n))

is a critical commuting pair.

For simplicity, if ¢ is as above, we will write ¢ € A,. But it is important to note
that viewing our critical commuting pair ¢ as an element of .4, imposes restrictions on
where we are allowed to iterate it. Specifically, we view such ¢ as undefined at any
point z ¢ N, ([0, £(0)]) U N, ([0, n(0)]) (even if ¢ can be analytically continued to z).
Similarly, when we talk about iterates of { € A, we iterate the restrictions 1|y, ([0,£(0)]) and
&|N,((0,5(0)]- In particular, we say that the first and second elements of pR{ = (n" 0 &, 1)
are defined in the maximal domains, where the corresponding iterates are defined in the
above sense.

For a domain Q2 C C, we denote by D(S2) the complex Banach space of analytic
functions in €2, continuous up to the boundary of €2 and equipped with the sup-norm.
Consider the mapping i : A, — D(N, ([0, 1])) x D(N, ([0, 1])) defined by

i, €)=, ho&oh™") where h(z) =z/n(0). (6)
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The map i is injective, since 1(0) completely determines the rescaling 4. Hence, this
map induces a metric on A, from the direct product of sup-norms on D(N, ([0, 1])) x
D(N, ([0, 1])). This metric on A, will be denoted by dist, (-, -).

THEOREM 2.25. (Complex bounds) There exists a universal constant u > 0 such that
the following holds. For every positive real number r > 0 and every pre-compact family
S C A, of critical commuting pairs, there exists N = N(r, S) €N such that if ¢ € S
is a 2n-times renormalizable commuting pair, where n > N, then pR"{ restricts to a
holomorphic commuting pair H, : Q, — A, with A, C N.(I;)) U N, (I¢). Furthermore,
the range A, is a Euclidean disk and the appropriate affine rescaling of H,, is in H(w).

Theorem 2.25 was first proved in [Yam99] for critical commuting pairs from the Epstein
class. This proof was later adapted by de Faria and de Melo [dFdMO00] to the case of
non-Epstein critical commuting pairs. We note that both in [Yam99] and in [dFdMO00]
this theorem was formulated for a single critical circle map (or commuting pair) with
an irrational rotation number; however, the uniformity of the estimates in a pre-compact
family stated above is evident from the proofs.

3. The functional spaces
3.1. The spaces of generalized analytic critical cylinder maps C, and C¥.  According
to the standard terminology, an analytic critical circle map is a critical circle map which
is analytic at every point of the circle including the critical point. This implies that the
critical exponent is an odd integer not smaller than 3. In this section we generalize the
class of analytic critical circle maps to include maps with other critical exponents.

For a fixed positive real number 0 < r < 1/2, let A, C C be the r-neighborhood of the
interval [0, 1] with the points 1 and 0 removed:

A, ={z € C|dist(z, [0, 1]) < r}\{O0, 1}.

The universal cover A, of A, can be identified with the space of all pairs (z, ¥) such that
z € A, and y is a homotopy class of paths in A, which begin at % and end at z. We define
the surface U, as the subset of the universal cover A,, consisting of all pairs (z, y) € A,
such that y has a representative that enters the disks D, (0) or D, (1) no more than once and
lies either entirely to the left or entirely to the right from the vertical line Re z = 1/2. The
surface U, inherits a complex analytic structure as well as the Euclidean distance from A,
via the projection of U, onto the first coordinate. If f is an analytic function on U,, then
f can be viewed as a multiple-valued analytic function on A,. We will write f(z, y) for
the value of f at (z, y) € U, and we will write f(z) when we view f as a multiple-valued
function. If y has a representative that lies in A, \((—oo, 0) U (1, 400)), we will shorten
the notation for f(z, y) by writing f(z, y) = f(z) provided that this does not cause any
confusion. By U,, we denote the completion of U, with respect to the Euclidean distance.

Definition 3.1. For a positive real number r > 0, let A, denote the space of all functions
f :U, — C that are analytic on U,, continuous on U, and satisfy the identity f(0) =
f(1). Equipped with the sup-norm, the space A, is a complex Banach space.
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Let 7 : C — C/Z be the natural projection. Every map f : R/Z — C/Z naturally lifts
to a (non-uniquely defined) map f : [0, 1] — C such that

mof=fom. (7

Definition 3.2. Given a positive real number r > 0, we define the set of generalized
cylinder maps C, to be the space of all continuous maps f : R/Z — C/Z such that any
lift of f to a map of [0, 1] — C has an analytic extension f : U, — C that is continuous
onU, and f(1) = f(0) + 1.

Let V, € C/Z be an equatorial neighborhood defined by
Vi={zeC:|Imz| <r}/Z C C/Z. ®)

Let f € C, and let f : U, — C be as in Definition 3.2. Pushing f down by the covering
map 7 : C — C/Z, we obtain a multiple-valued map from V, to C/Z, which restricts to
f on the circle. In what follows, we will identify f with this particular multiple-valued
analytic continuation. Whenever we iterate the multi-valued map f, we will specify the
choice of the branches.

PROPOSITION 3.3. For any positive real number r > 0, the set C, has a structure of an
affine complex Banach manifold modeled on A,.

Proof. For any map f : U, — C which is a lift of a map f € C, via the relation (7), and

for any map g € C, from a sufficiently small neighborhood of f, let g : U, — C be the

unique lift of g via the same relation (7) such that the mappmg g > g is continuous in

the uniform metric and takes f to f. Then for any such f we can consider a local chart
o7 1 (Cy, f) = A, defined in a small open neighborhood of f in C, by the relation

ofig> 8- f.
It is obvious that the transition maps o 7o of?l are affine and hence C, is an affine complex
2
Banach manifold modeled on A, .. O

We denote by CIrR the real slice of the Banach manifold C,. It consists of all maps from
C, which map the circle R/Z to itself.

Definition 3.4. Let U C C be a simply connected neighborhood of a point zg and consider
a possibly multiple-valued analytic map f : U\{zo} — C. We say that f has a critical
exponent o € C at zg if in a neighborhood of zg the map f can be represented as

F@=v(¢()%,

where ¢, ¢ are locally conformal maps, ¢(z9) =0, and z — z* is an appropriate branch
of the power map.

Definition 3.5. Given a positive real number r > 0 and a complex number « € C, o # 1,
we define the set of generalized critical cylinder maps C¥ C C, to be the set of all maps
f € C, whose lift to the interval [0, 1] has an analytic extension f : U, — C/Z with
critical exponent « at 0 and 1.
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Definition 3.6. When o = 3 (or any other odd integer greater than 3), we define é‘," cc
to be the proper subset of C% that consists of all maps f € C¥ which are analytic in V,.. In
other words, all branches of the map f in the disk of radius » around zero coincide.

Remark 3.7. For any a € 2N + 1, the set é‘;‘ is a submanifold of C, (cf. [Yam02]).

3.2. The spaces of critical triples Py ;  and P‘z‘“’ »- In what follows, we will find it
convenient when perturbing an analytic critical circle map f to a map with a critical
exponent « # 2n + 1 to first decompose f into the form (1) and then perturb each of the
terms in the decomposition separately. To lay the ground for this discussion, we introduce
a suitable space of decompositions (1) below. We note that the main difficulty here is to
define these decompositions globally in a neighborhood of the circle (rather than just in a
neighborhood of the critical point), so that the space of decompositions is invariant under
renormalizations.
Given a positive real number « > 1, the function

Pat :C\R™ = C

is defined as the branch of the map z — z% which maps positive reals to positive reals.
Similarly, we define the function

Pa— :C\RT = C
as the branch of the map z — —(—z)* which maps negative reals to negative reals.

Remark 3.8. Functions py4+ and py— can be defined for any @ € C by means of analytic
continuation in the a-coordinate.

Given a positive real number 7 > 0, let I;* denote the straight-line segment connecting
the points % + it and % — it. Similarly, let /;~ denote the straight-line segment connecting
the points —% + it and —% —it.

Consider a simply connected domain U which contains both I;” and I, as well as
the interval [—%, %]. For a complex number o # 0 and a univalent analytic function
¢ :U — C, let us assume that ¢(1z+) and ¢(I;7) lie in the domains of the functions
Pa+ and pq_, respectively. We define a closed curve yy o, C C which consists of four
pieces: pa+(¢(1;+)), Pa—(¢(I;)) and the two straight-line segments ¢, £, connecting
Pa+(@(5 +i1) With pe_(¢p(—3 +in) and pu+(@(5 —in) with pa—($(=3 —it),
respectively.

Let us make the following simple observation.

PROPOSITION 3.9. The curve yy o is simple, closed, and bounds a quasidisk if and only

if the following four conditions hold:

e the curves pa+(¢(1,+)), Pa— (@ (1)) are simple and disjoint;

e the line segments {1, £, are disjoint;

o the segments £1, {> do not intersect with the curves pa+(¢(1,+)), Pa— (9 (1)) except
at the end points; and

e the curves pa+(¢(1,+)), Pa— (@ (1)) are not tangent to €1, £y at their intersection
points.
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FIGURE 2. A domain Qg ¢ ;-

Definition 3.10. Suppose that y, « ; is simple, closed, and bounds a quasidisk. Then we
denote this quasidisk by Q¢ «,; (see Figure 2).

Definition 3.11. For a positive real number ¢ > 0, a complex number « # 0, and a Jordan

domain U C C that contains the set Iﬁ Uil u [—%, %], by B‘l"]’[ we denote the set of all

analytic maps ¢ : U — C that satisfy the following properties:

(i)  the map ¢ continuously extends to the closure U and ¢ (0) =0, ¢'(0) = 1;

(i) the map ¢ is univalent in a neighborhood of I;’ Ul u [—%, %];

(iii) the quasidisk Qg «.; as well as the curves pa_(qﬁ((—%, 0])) and pq+ (¢ ([0, %))) are
defined and po—(¢((—3, 0D), Pt (@ (10, 7)) C Qp.a.r3

(iv) every straight line through the origin intersects the boundary of the quasidisk Q¢ «
transversally at exactly two points.

Let U C C be a simply connected domain containing the origin. By Ay, we denote the
space of all bounded analytic functions ¢ : U — C that are continuous up to the boundary
and satisfy the properties ¢(0) =0 and ¢'(0) = 1. We note that Ay equipped with the
sup-norm forms an affine complex Banach space (the space Ay — id is a complex Banach
space).

The next statement follows from obvious continuity considerations.

PROPOSITION 3.12. For every t, o, and U as in Definition 3.11, the set B‘l"],t is an open
subset of the affine Banach space Ay and hence it is a complex Banach manifold, modeled

on Ay.

Proof. Tt follows from Proposition 3.9 that the quasidisk Qg 4, exists for all maps ¢ from
a certain open subset of Ay;. All other properties of Definition 3.11 also define open subsets
in Ay. The set B‘Z‘]’t is the intersection of these open subsets and hence it is also open. O

Definition 3.13. We define the set By ; as the union of all pairs (¢, ¢) such that « € C,
a #0,and ¢ € By ,.
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Similarly to Proposition 3.12, considerations of continuity yield the following proposition.

PROPOSITION 3.14. The set By ; is an open subset of the direct product of Banach spaces
C x Ay and hence it is a complex Banach manifold, modeled on C x Ay.

For a positive real number /2 > 0, we denote by Uy, the set of all 1-periodic functions that
are defined and analytic in the strip {z € C : [Im z| < &} and continuous up to the boundary
of this strip. The set Uj, equipped with the uniform norm is a complex Banach space. As
before, for a positive real number /, we denote by V}, the h-neighborhood of the equatorial
circle in C/Z defined in (8).

Definition 3.15. For a fixed real number & > 0, we denote by Dj, the set of all analytic
functions v : V, — C/Z such that the following properties hold:

e 1 continuously extends to the boundary of Vj;

e the image of the unit circle under v is homotopic to the equatorial circle T C C/Z;

e 1 is univalent in a neighborhood of T C C/Z.

We immediately notice the following result.

LEMMA 3.16. Each set Dy, has a structure of a complex Banach manifold modeled on Uy,.

Proof. For amap g € Uy, the map

f@=g@+z

is a lift of some f € Dy, via the relation (7). The constructed correspondence g +— f is
an affine covering map from Uj, onto the space of all analytic functions v : Vj, - C/Z
that satisfy the first two properties of Definition 3.15. The last property of Definition 3.15
defines Dy, as an open subset of the former space and hence D, is an affine complex Banach
manifold, modeled on Uj,. O

Definition 3.17. Given a neighborhood of the origin U C C with Jordan boundary and
positive real numbers ¢, & > 0, by Py ; , we denote

Py :n=By; x Dy.

In other words, Py ; j, is the set of all triples (o, ¢, ¥) suchthata € C, ¢ #£0, ¢ € B"L‘,’t,
and ¢ € Dy,.

Definition 3.18. For a fixed o € C such that o # 0, we denote by Pf, , , C Py, the set
of all elements from Py ; ; whose first coordinate is equal to «. The set P, , , can be
identified with the direct product By, , x Dy,.

Finally, let us formulate an immediate corollary from Proposition 3.12,
Proposition 3.14, and Lemma 3.16.

LEMMA 3.19. The space Py ;.5 has the structure of a complex Banach manifold. For each
ae€C, a #0, the space P , , is a complex Banach submanifold of Py, of complex
codimension 1.
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3.3. Generalized critical cylinder maps in Py and P({J,z,h' In this subsection we
construct a correspondence between elements of Py, and generalized analytic critical
cylinder maps and show that this correspondence is an analytic map (cf. Lemma 3.22).

Let U C C be a sufficiently large neighborhood of the origin and let t >0 be a
sufficiently small real number such that the space By ; is defined and non-empty. For
every (o, ¢) € By, we notice that the function

V(@) = pat (@@ (pel(2) + 1)

is analytic and univalent in a neighborhood of the curve p,_ (¢ (I;)). (Here p(;l denotes
the inverse branch, for which 4)‘1 o p(;l maps po—(¢(1;7)) to I;”.) Because of that, the set
Q¢.a,t U pa— (@)U pas(d (Iﬁ)), factored by the action of the map v, can be viewed
as a Riemann surface

Apai = 0p.ar VU Pa—(@U7)) U par(pU1)/v ©)
conformally isomorphic to an annulus.

LEMMA 3.20. Let U C C and t > 0 be such that the space By ; is defined and contains
an element (ag, ¢o) € By ;, where ag € R and ¢g is real-symmetric. Then there exists a
Sfamily of conformal maps wy o1 * Qp.a,r = C/Z parameterized by (a, ¢) € By ; such that
forevery (a, ¢) € By ;, the map my o s projects to a conformal map of the annulus Agp o 1,
Tp,a,i(0) =0, and my o is real-symmetric if @ € R and ¢ is real-symmetric. Moreover,
forevery z € Q¢ o1, the dependence of mp o +(z) on (o, @) is analytic.

Proof. For every (a,¢)<By,, two sides of the quasidisk Qg o ,—the curves
Patr(@(I77)) and py_(¢(I;))—are injective holomorphic images of fixed intervals I;"
and /;” and hence there exists a holomorphic motion

Xy * Pag+ (@0, )) U Pag— (@0(1,7)) = pat (@) U pa—(@ (1))

over (a, ¢) € By 4, given by the formula

(Pat 0oty 0 Pai) (@) if 2 € pugi (Po(11)),
(Pa—o0 oty 0 pal )(2) if 2 € pay—(Po()).

Since the other two sides of the quasidisk Qg o, are straight-line segments

Xa.p(2) = { (10)

whose end points move holomorphically, the holomorphic motion (10) extends to a
holomorphic motion xu.¢ : 0 Q¢y,ay,r = 0Q¢,q«,:- Finally, it follows from property (iii)
of Definition 3.11 that zero belongs to Qg and, according to property (iv) of
Definition 3.11, the quasidisk Qg 4, is a star domain and hence the holomorphic motion
Xa,¢ Of the boundary of the quasidisk extends to a holomorphic motion

Xa,¢ :afpo,oto,t - §¢,a,t with xq,4(0) =0 for all @, ¢ an

of the closure of the quasidisk over the whole space By ;.

We construct the family of maps 74 o, in the following way: for (o, ¢) = (o, ¢o),
We put 7Ty ap,¢ t0 be the unique conformal map with the property that g, 4,/ (0) = 0 and
T o, a0, iNduces a conformal diffeomorphism between Ay, «,,; and an annulus Ao C C/Z
whose boundary consists of two circles parallel to the equator.
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For an arbitrary (o, ¢) € By ;, we make the following construction: by the lambda
lemma [MSS83, Lyu84], for each («, ¢) € By ;, the map xq,¢ is quasiconformal. Pulling
back the standard conformal structure on Qg 4, by the map xq,¢ o 7y 1 ap.> We obtain
a conformal structure py 4 on Ag. We extend the conformal structure py,¢ beyond the
annulus Ag by the standard conformal structure. We obtain a conformal structure fiq ¢
on the whole cylinder C/Z, and the dependence of pq,¢ on (o, ¢) is analytic. By the
measurable Riemann mapping theorem, there exists a unique map fy ¢ : C/Z — C/Z that
straightens the conformal structure 114, and fixes the point 0 and the two boundary points
at infinity. Moreover, f, 4 depends analytically on (o, ¢) € By ;. We define the map 7 « s
as the composition

-1
Tp.ar = Jo.p © Tpp.a. © Xa,g

It follows from the construction that if & € R and ¢ is real-symmetric, then 7y o, is
also real-symmetric. Analytic dependence of 74, on ¢ and « follows from analytic
dependence of fy 4 and xq 4 on the parameters (cf. [Lyu99, Remark on p. 345]). O

Definition 3.21. For a positive real number r > 0, let U," C U, be the surface that consists
of all pairs (z, y) € U, such that z € A, N {Re z < 0.5}. Similarly, let U,~ be the surface
that consists of all pairs (z, y) suchthat (z+ 1, y) e U, and z+ 1 € A, N {Re z > 0.5}.

Let U C C be a neighborhood of the interval [—1/2, 1/2]. Assume that the analytic
map ¢ : U — C is such that ¢ (0) = 0 and ¢’(0) is a non-negative and non-zero complex
number. Then, for « € C, the composition py o ¢ is defined on some interval (0, ¢) C R
to the right of the origin. Similarly, the composition py_ o ¢ is defined on some interval
(—e¢, 0) C R to the left of the origin. Let a positive real number r > 0 be sufficiently small,
so that the projections of U™, U~ onto the first coordinate are contained in U. Then the
first composition can be extended to an analytic map on U, and the second composition
can be extended to an analytic map on U,”. Let us denote the first map by pg o+ : U — C
and the second map by py o— : U~ — C.

Now we fix a neighborhood U C C and a real number ¢ > 0 that satisfy Lemma 3.20.
We also fix a family of maps 74 o Whose existence is guaranteed by Lemma 3.20.
For a positive real number & > 0, we consider the space Py and, for an element
T = (, ¢, V) € Py 1.5, we define the map g; : [—%, %] — C/Z according to the formula

V(T art(Ppa—(2)) ifze[—3, O,
U (Tp.ai(Ppat (2)) ifz€[0, 3],

provided that the above compositions are defined.
It follows from the construction of the space Py ; ; that the map g, projects to the
continuous map of the circle f; : R/Z — C/Z defined by the relation

Jr(m(2)) = 82 (2). 13)

If, for some positive real number r > 0, the first and the second compositions in (12)
are defined in the domains U, and U ,+ , respectively, then, according to Definition 3.2, this
implies that f; is a generalized critical cylinder map from C,. It also follows from (12)
that the critical exponent of f; at zero is equal to o and hence f; € C?.

8:(2) = 12)
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LEMMA 3.22. Assume that U C C and t > 0 satisfy the conditions of Lemma 3.20 and
let y o be a fixed family of maps from Lemma 3.20. Assume that for some ro > 0,
h >0, and 9 € Py 1 p, the first and the second compositions in (12) are defined in the
domains U, and U;g , respectively. Then, for all positive real numbers r < ro, there exists
a neighborhood U, C Py ;1 of 1o such that the correspondence T — f; is an analytic map
from U, to C,.

Proof. 1t follows from continuous dependence of f;(z) on the parameters that since
fr, € Cyy, then for all r < rg there exists a neighborhood of 79 such that for every
from that neighborhood, the map f; belongs to C,. We denote this neighborhood by ;.
Analytic dependence of f; on the parameters follows from analytic dependence of the map
p,a,r Ona and ¢ (cf. Lemma 3.20). O

4. Fundamental crescents
4.1. Fundamental crescent of an analytic map. The following discussion mirrors
[Yam02]. Let 2 C C be a domain and let /2 : 2 — C be an analytic map.

Definition 4.1. A simply connected Jordan domain C C C is called a crescent domain for
h if the boundary of C is the union of two piecewise-smooth simple curves / C €2 and
h(l) C h(S2), the end points a, b of [ are two distinct repelling fixed points of 4, and
INh{)={a, b}.

Definition 4.2. A domain C° C C is called a fattening of a crescent domain C as above if
C? is the union
C’°=CUW,Uh(W),

where W; € Q is a neighborhood on which the map 4 is univalent, the arc [ is contained in
Wy, sothat! N dW; = {a, b}, and W; N h(W)) = {a, b}.

Finally, we have the following definition.

Definition 4.3. A crescent domain C as above is called a fundamental crescent for h if it
has a fattening C° and the quotient of C° by the action of the map # is a Riemann surface
conformally isomorphic to the cylinder C/Z (see Figure 3). We note that this Riemann
surface is independent of the choice of a fattening C°.

If C is a fundamental crescent for a map £, then the conformal isomorphism between
the Riemann surface C?/h and the cylinder C/Z is uniquely determined up to the post-
composition with a conformal automorphism of the cylinder C/Z. Hence, a lift of this
isomorphism to the universal cover of the cylinder C/Z is uniquely determined up to the
post-composition with translations and multiplication by —1. This observation motivates
the following definition.

Definition 4.4. Let h : 2 — C be an analytic map with a fundamental crescent C and its
fattening C? = C U W; U h(W;). For a fixed base point w € C, we denote by

Mo : C2—C
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the unique conformal map which conjugates & with the unit shift z+> z 4+ 1 in W; and
such that 7% (w) = 0. We also denote by 77, : C — C/Z the composition

R =1 ol (14)

Finally, by n& and 72 we denote the restrictions of 7%, and 7&, respectively to the
fundamental crescent C:

nE=nflc and TE=7flc.

We note that the maps 7 and 7 depend only on the fundamental crescent C and are
independent of the choice of its fattening C°.

Remark 4.5. Whenever the base point is chosen to be equal to zero, w =0, we will
simplify the notation by writing wco, 7Tco, ¢, and ¢ instead of rrg’,,, ﬁé"o, né‘), and
7T, respectively.

For a domain 2 C C, we denote by D(2) the Banach space of analytic functions in €2,
continuous up to the boundary of 2 and equipped with the sup-norm. The following key
lemma mirrors the statements proved in [ Yam02].

LEMMA 4.6. Let C be a fundamental crescent of a map h € D(2) with the boundary
consisting of the curves | and h(l) whose common end points are the points a, b € Q2. Let
C? = C U W, Uh(W)) be a fattening of C such that some other fattening ce of C contains
C° and 9C° N IC° = {a, b}, and let w € C be a fixed base point. Then there exists an
open neighborhood WW(h) C D(2) of h such that every map g € W(h) has a fundamental
crescent Cy and a fattening Cg of Cg with the following properties.

() For g = h, we have Cg = C and Cg = C°, and the mappings

g>Cg and g Cy

are continuous with respect to the Hausdorff metric on the image.

(ii) If the map h, the fundamental crescent C, and its fattening C° are real-symmetric,
then Cqy and Cg are also real-symmetric for all real-symmetric maps g € W(h).

(iii) For all g € W(h), the base point w is contained in Cq. Moreover, for every go €
W(h) and z € COO, the number JT‘C"g (2) is defined for all g € W(h) that are sufficiently
close to go, and the dependence

8= ”ccug (2)
is locally analytic in g € D(S2).

Proof. We construct a neighborhood W(h) and the family of fattenings Cg that move
holomorphically over g € W (k). More precisely, we construct a holomorphic motion of a
fattening C of the fundamental crescent

X CO> C;,’ (15)
over a neighborhood W(h), so that

Xg(h(2)) = h(xg(2)) (16)
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whenever both sides are defined. Then C, is defined as

Ce = xg(0).

The construction is made in two steps.

The first step consists of constructing the holomorphic motion x, of W; U h(W;)
over some neighborhood W (h) C D(2), satisfying the equivariance relation (16). This
construction is analogous to the construction made in [Yam02, Proposition 7.3]. We refer
the reader to the proof of that statement and omit further details. In the second step,
applying the theorem of Bers and Royden [BR], we extend the previously constructed
holomorphic motion y, to a holomorphic motion (15) over a possibly smaller open
neighborhood W (%) with an additional property that

Xg(@) =ow.

The holomorphic motion (15) defines the family of fundamental crescents C, and
their fattenings Cg that continuously depend on the map g € W(h) and hence satisfy
property (i). It also follows from the construction that these families satisfy property (ii)
(cf. [Yam02, Proposition 7.3]).

To prove property (iii) for the constructed family of fundamental crescents, we use
a version of the argument given in [Yam02, Proposition 7.5]. Namely, by the lambda
lemma [MSS83] all maps x, are quasiconformal on C°. Even though the map 7, is not
univalent on C?, the equivariance relation (16) implies that the pullback of the standard
conformal structure on Cg by the map y, o (ﬁf’}v)_l is well defined. This pullback provides
a conformal structure on the cylinder C/Z and the dependence of this conformal structure
on g is analytic. By the measurable Riemann mapping theorem, there exists a unique
map f, : C/Z — C/Z that straightens this conformal structure and fixes the point 0 and
the two boundary points at infinity. The composition f; o 7% o x < ! induces a conformal
isomorphism between the Riemann surfaces Cg/g and C/Z, and fg o ¢ 0 xo L(w) =0.
The uniqueness of such an isomorphism implies that

gy = fy 0 R 0 Xg - (17)
Finally, analytic dependence on the parameter in the measurable Riemann mapping

theorem implies that f, depends analytically on g € WW(h) and hence (17) implies that
for a fixed z, the point 7%, (z) depends analytically on g. Now analytic dependence of
8

7 &0 (z) on g follows from (14). O
8

4.2. Fundamental crescents of maps in C,. We let V, be as in (8).

Definition 4.7. A simple piecewise-smooth arc [ C V, will be called a separating arc if |
is an image of an arc [ C A, \((—o0, 0) U (1, +00)) under the projection 7 and [ connects
two points strictly above and below the equator.

Note that since a separating arc / has to intersect the equator at least at one point, its
pre-image Ic A\((—00, 0) U (1, 400)) is uniquely determined.

Let f € C, be a generalized cylinder map. We denote by f : U, — C some fixed lift
of f via the relation (7). If [ C V, is a separating arc, then by f; we denote the analytic
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continuation of f to a neighborhood of [, obtained as the projection of f restricted to a
neighborhood of the curve [. This specifies a branch of f in the case it is multiple valued
in V. In particular, this analytic continuation satisfies the relation 7 o f = f; o 7. If both
[ and f;(l) are separating arcs, then, in order to simplify the notation, by fl2 we denote
the composition f,) o f;. Similarly, by induction we can define f" = f 710 © fl"_1 for

any positive integer n, provided that fl”fl (1) is a separating arc.

Definition 4.8. Let f € C,.. We say that a domain C C V, is a fundamental crescent of f
with period n if the boundary dC contains a separating arc / with end points a, b, the map
f{" is defined and univalent in a neighborhood of [, dC =1 U f/'(I), L N f"(I) = {a, b},
and C is a fundamental crescent for the map f;".

In the remaining part of the paper we will always require that 0 € C and we set the base
point w = 0.

4.3. Fundamental crescents of holomorphic pairs. In [Yam02], the existence of
fundamental crescents was stated for all maps in the Epstein class. In this paper it will be
more convenient for us to prove the corresponding statement for holomorphic commuting
pairs. We start with some notation. Let H = (5, &, v) be a holomorphic pair with domains
U, V, D and range A, as above. By Denjoy—Wolff theorem, there exists a unique point

anr e HN U, such that the iterates of n~! converge to pf{ uniformly on compact subsets

of HN A. We define the point p, € C as Py = p,7+. It p,‘7“ # p, » then both p;/“ and p, are
repelling fixed points of the map 7. Otherwise, if p;” = p,, then p;]" lies on the real line
and is a parabolic fixed point of the map 7.

Definition 4.9. In the above notation, we say that a simply connected domain Cy € A is
a fundamental crescent for the holomorphic pair H, if the domain Cy is a real-symmetric
fundamental crescent for the map 7, such that p,;r . Py €09Cy, and 0 € Cyy (see Figure 3).

For the remaining part of the paper we again set the basepoint w =0, so that the

projection

Teg, ¢y —C
is the unique holomorphic map that conjugates n with the unit shift z +— z + 1, and
ﬂcg;_[ (0) =0.

We notice that according to our definition of a holomorphic pair, the domains U N H
and A N H have Jordan boundary and hence the map n’] | AnH continuously extends to the
closure A N H. In order to simplify further notation, we will write n~! instead of ™! | 5=z

The main result of this subsection is the following lemma.

LEMMA 4.10.

() Let H = (n, &, v) be a holomorphic commuting pair such that the map n~" does not
have fixed points on the real line. Then there exists a fundamental crescent Cy for
the holomorphic pair H such that wc,,(Cy() contains the interval (—1/2,1/2) C R.
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~, Oz

FIGURE 3. A fundamental crescent of a holomorphic pair .

(ii) For every s € (0, 1), there exist a real number ag > 0 and a domain Dy C C such
that [—1/2, 1/2] C Dy and, if H = (n, &, v) is the same as in part (i) of the lemma,
and &y € Ey, then the fundamental crescent Cyy has a fattening C5, such that Dy C
s, (C,), and |nggi(1/2) - nc—gi(—l/zn > ay.

The proof of Lemma 4.10 is based on the following construction.

PROPOSITION 4.11. Let H = (n, &, v) be a holomorphic commuting pair with range A
such that the map n~' does not have fixed points on the real line. Then there exists a
unique conformal change of coordinates 6, : A NH — C such that 0,( pn+ ) =0, the map
0y, conjugates n~" with the linear map z — Az, where A is the multiplier of the fixed point
p,;r for the map n~", and 0y has a continuous extension to the boundary (A N H).

Proof. Since the map n does not have fixed points on the real line, the point p,;r is an
interior point of A N H and hence is a globally attracting fixed point for the map n~!. Then,
by Koenig’s theorem, there exists a conformal change of coordinates 8, in a neighborhood
of p;’ which linearizes the map 1~!. Since the map 1! is univalent on A N H, the local
linearizing conformal chart around p;“ can be extended to the whole domain A N H by
pullbacks under the dynamics of n~'. Thus, we obtain the linearizing conformal chart
defined on the whole domain A N H.

Since 1 does not have fixed points on the real line, this implies that there exists an
integer k > 0 such that for every z € 8(A N H), the point % (z) is contained in A NTH.
This means that the linearizing chart 8, extends to the boundary (A N ) by finitely many
pullbacks and hence 6, has a continuous extension to (A N H). O

Assume that H = (n|y, |y, v|p) is the same as in Proposition 4.11. Since n~! does
not have fixed points on the real line, the forward iterates of the interval Iy = U N R under
the map n! converge to the point p;I“ . Notice that n(Iy) U Iy is an interval on the real
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FIGURE 4. The curve §; and its image under the log-linearizing coordinate.

line; hence, the set

o
Sy =1{py} U( U n—f'@)
j=—1
is a simple curve and the point pn+ is one of its end points.

Passing to logarithmic coordinates log ¢, in the image 6, (A N H), we obtain a domain
W C C that is invariant under the shifts by 277 and contains a half-plane {z € C|Re z <
x0} for some xo € R (see Figure 4). The map ¢, : W — A N H defined by ¢, (z) = 9,7’1 (e%)
is a covering map from W onto (A N H)\{ pn+ }. Tt follows from Proposition 4.11 that the
map ¢, semi-conjugates the map n~! with the shift z — z + wy, where w, € C is such
that Re w; <0 and —7 <Imw, < 7.

Let S,, C W be an arbitrary fixed lift of the curve S, to W under the covering map oy-
In particular, it follows from the previous observation that the simple curve S‘,, is invariant
under the shift by w;, and a part of this curve belongs to the boundary of W. The curve
S, splits the domain W into two subdomains and we let W, C W be the one of these
subdomains whose boundary contains S’,, (see Figure 4). Further, let pg € 3,7 be the point
that projects to zero under the covering map: ¢, (po) =0.

PROPOSITION 4.12. Let H = (n, &, v) be the same as in Proposition 4.11. Then there
exists a unique conformal map v : Wy, — C such that ©(z + wy) =t(z) — 1 for all z €
W,, the map T continuously extends to the boundary curve S,, so that t(S,) C R and
T(po) =0, and there exists a simple curve y C t©(Wy,) that does not have common points
with its shift by 1 and whose projection onto the imaginary axis is either {ix | x > 0} or
{ix | x < O0}. Furthermore, the curve ¢, (t='(y)) is simple and has an end point at p;]*'.

Proof. Since the domain W contains a half-plane {z € C | Re z < x¢} for some xg € R,
this means that there exists an infinite ray / C W, with the end point in S',, such that [ is
not parallel to the vector w, and the projection of / onto R is an infinite interval of the
form (—o0, a]. Let I’ C W,, be the shift of / by w,. Since [ is not parallel to w,,, the rays
[ and !" have no common points. Let C; C W, be the subdomain of W, bounded by the

https://doi.org/10.1017/etds.2018.82 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2018.82

1310 L. Gorbovickis and M. Yampolsky

curves [, I, and S‘n. Again, since [ is not parallel to wy, the set C; Ul U!’, factored by
the action of the shift by w;, is a Riemann surface conformally isomorphic to a punctured
disk.

Let p; € S, be the unique point such that p( € 9C; and py — po = kw,,, where k € Z.
Then there exists a unique conformal map 7 defined in the relative neighborhood of C;
in W), such that 7(z + wy) = t(z) — 1 whenever both sides are defined, T continuously
extends to Sn Now,, t(§,, NoW,) CR, and r(p(’)) = —k. Finally, we extend the map t to
the whole domain W), by pullbacks or pushforwards under the dynamics.

Since the rays [ and I’ have an empty intersection, the curve 7 (/) does not have common
points with its shift by 1. Since the set C; Ul Ul’, factored by the action of the shift by
wy, is a Riemann surface conformally isomorphic to a punctured disk, the simple curve
7(l) has an unbounded projection onto the imaginary axis. Finally, we set y = t(/) and we
notice that since the projection of / onto R is an interval of the form (—oo, a], the curve
o (r~! (¥)) = ¢,(I) is simple and has an end point at p;)F. O

Proof of Lemma 4.10. (i) Let 7:W, — C be the conformal map provided by
Proposition 4.12 and let y C (W) be the curve from the same proposition. Then there
exists a straight-line segment in 7(W,) that connects the point 1/2 with the curve y.
The point at which this line segment intersects the curve y splits y into two pieces. Let
I C ©(W;) be the curve obtained as the union of the unbounded piece of y and the line
segment. We define I’ C (W, as the shift of / by —1. It follows from Proposition 4.12
that the image under the map ¢, o 7! of the subdomain of 7(W,) bounded by the curves
[ and !’ is the upper or lower half of a fundamental crescent for 7. The other half of this
fundamental crescent is obtained by reflection about the real axis.

(i1) We fix the real number s € (0, 1). All constants in the following proof will depend
only on the number s and not on a particular commuting pair ¢ € Eg, unless otherwise
stated. We split the proof into the following simple steps.

Step 1. For every ¢y = (1, §) € Eg, we have n € Ejg,1},5, which implies that there exist
two constants C; > ¢; > 0 such that ¢; < |n(0)| < C; (cf. Definition 2.10).

Step 2. Lemma 2.11 together with Step 1 implies that there exists a constant ¢z > 0 such
that 2 < [~ (0)] < 1.

Step 3. There exists a constant r > 0 such that the map 7¢,, analytically extends to
N, ([r + n(0), n‘l (0)]), where N, (S) is the complex r-neighborhood of the set S C C.

Proof of Step 3. It follows from Proposition 4.12 that the map 7¢,, analytically extends
to A\S,. Now Lemma 2.11, Step 2, and injectivity of n~! imply that n3(A N H) has an
empty intersection with N, ([r + 1(0), n~'(0)]) for some fixed r. In particular, this means
that S, N N, ([r + n(0), n~1(0)]) = (7(0), n71(0) +r), so the map e, analytically
extends to N, ([r + n(0), n~1(0)]) N H. Finally, c,, extends to the whole neighborhood
N ([r + n(0), =1 O)]) according to the reflection principle.

Step 4. Letz_1 2 € [0, n~1(0)] be the point for which ¢, (z_1/2) = —1/2. Then there
exists a constant ¢3 > 0 such that z_ 2 > c3.

Proof of Step 4. Since the interval ¢y, ([0, z—1,2]) has a fixed length equal to 1/2,
Step 2, Step 3, and the Koebe distortion theorem imply that if the interval [0, z_1/2] is

https://doi.org/10.1017/etds.2018.82 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2018.82

Critical circle maps with non-integer exponents 1311

too small, then the interval mc,, ([0, n_l (0)]) is larger than the unit interval, which is a
contradiction.

Step 5. Consider the point 71,2 = n(z—1,2). It follows from Lemma 2.11 and Step 4 that
there exists a constant ¢4 > 0 such that z12 — 7(0) > c4.

Step 6. It follows from Step 1, Step 2, and Step 4 that the interval [z1,2, z—1/2]
is commensurable with a unit interval. Now, since the interval mc,, ([z1/2, 2—1/2]) has
a fixed (unit) length, Step 5, Step 3, and the Koebe distortion theorem imply that
ey (N ([r + 1(0), n~1(0)])) contains a fixed domain Dy such that [—1/2, 1/2] C Dj.
If Dy is sufficiently small, we can always choose a fattening Cg_l of Cy so that Ds C

e, (C5)-
Existence of the constant a; immediately follows from Step 4. Namely, we can put
ag = C3. O

4.4.  Holomorphic commuting pairs and critical circle maps. Choice of constants.  For
a positive integer B € N, consider the space £ C X of all bi-infinite sequences of positive
integers that are not greater than B.

Definition 4.13. For a positive integer B > 0, let Zp C E be the set of all commuting pairs
from Z that are images of X p under the map ¢ (cf. Theorem 2.16). Let us denote by  C Z

the union
K= Zs.
BeN

It follows from Theorem 2.16 that for every integer B > 0, the set Zp is sequentially
compact and has a topological structure of a Cantor set.

LEMMA 4.14. Let ;t > 0 be the universal constant from Theorem 2.25. Then there exists
a continuous embedding { — H; from K to H(w) such that for every critical commuting
pair ¢ € K, the image Hy =H = (1, &, v) is its holomorphic pair extension, and that the
inverse map n~' =n~! Im does not have fixed points on the real line.

Proof. Let s > 0 be the same as in Theorem 2.16. It follows from Theorem 2.16 that for
every ¢ € K, there exists an infinite sequence of commuting pairs ¢_1, {3, . . . € Eg such
that R¥¢_ = ¢ for all k € N. It follows from Lemma 2.11 and Proposition 2.15 that E; is
a compact subset of A, for some r > 0. Then Theorem 2.25 implies that ¢ extends to a
holomorphic pair H = (, &, v) from H(x). Theorem 2.25 also implies that if n~! has a
fixed point on the real line, then this point is a periodic point of a critical commuting pair
¢— € K for some k € N. However, the latter is not possible, since {_j has an irrational
rotation number.

Now, for each ¢ € K, the constructed correspondence ¢ +— H can be extended to a
continuous map from a sufficiently small neighborhood of ¢ in E to the space H(w)
preserving the property that the map 1! does not have fixed points on R. Finally, the
set K C E is a countable union of nested topological Cantor sets. Hence, it can be covered
by a countable collection of small enough open disjoint neighborhoods in each of which we
can choose the holomorphic pair extension H; in such a way that it depends continuously
on ¢. Continuity of the inverse map H, — ¢ follows easily. O
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Definition 4.15. For every positive integer B > 0, we denote by T C H(p) the image of
Zp under the map
{ [and Hg.

Similarly, we denote by Kc H(w) the image of & under the same map.

LEMMA 4.16. For every holomorphic pair H € K, there exists a fundamental crescent Cyy
with a fattening C3, such that the mapping H — C3, is continuous on K. Moreover, there
exist two Jordan domains U € U, C C such that

(—1/2,1/2]1cU

and, for every H € K and the corresponding fattening C5,, the map nc_,,l is defined and
H
univalent on the domain U, and

g (1/2) — 75 (=1/2)| > a >0 (18)
H H
for some universal constant a € R.

Proof. First, we notice that JC C E; for the fixed value of s >0 from Theorem 2.16.
Now it follows from Lemmas 4.14 and 4.10 that for every holomorphic pair H C K, we
can choose a fundamental crescent Cy that has a fattening C;’_L such that a certain fixed
domain Uy D [—1/2, 1/2] is compactly contained in Ty, (C;_[) and condition (18) holds.
According to Lemma 4.6, this fundamental crescent and its fattening may be chosen to
depend locally continuously on H € H(u). Since K c H(w) is a countable union of nested
Cantor sets, the global continuous dependence H — C7, is obtained in the same way as in

Lemma 4.14.
Finally, we choose the domain U so that U € U; and [—1/2, 1/2] C U, which
completes the proof. O

LetH € Kbea holomorphic commuting pair with a fundamental crescent C; provided
by Lemma 4.16. For a point z € C, whose iterates under ‘H eventually return to Cz;, we
define Rc,,(z) to be the first return of z to Cy; under the dynamics of H. Then, according
to [Yam02, Proposition 7.9], there exists an equatorial neighborhood in the cylinder C/Z
such that for every 7 € K, the map

fH=7cy 0 Reyy 0 ﬁ’c_w; (19)
is defined and analytic in that neighborhood.

LEMMA 4.17. There exists a positive real number t > 0 such that for every holomorphic
pair H € K, the map ¢y = JT’CH ) - JTC_:L is contained in the space B% v where U is the
same as in Lemma 4.16. ’

Proof. According to Lemma 4.16, the family of maps
—1 =

o Hek
{nCH |U1 H }

is defined and since, by Definition 2.22, the image 71501 (U1) C A is uniformly bounded,
H

this family is normal. According to (18), every map 7 ~! from the closure of this family
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is non-constant and hence univalent and there exists a positive number ¢ > 0 such that
70 -7 e B% R Now the existence of > 0, satisfying the conditions of Lemma 4.17,
follows from corrfpactness arguments. O

LEMMA 4.18. Let U and t be the same as in Lemmas 4.16 and 4.17, and fix a family
of maps g o i: Qg oi = C/Z (a, §) € By ; provided by Lemma 3.20. Then there exist

positive real numbers ri > 0 and hy > 0 such that for every H € K and the corresponding
map ¢y from Lemma 4.17, there exists a unique real-symmetric map Y3y € Dy, with the
property that the composition

2 Y (T4, 0/ (01 ())) (20)

is defined in the domain {z € C | |Re z| < 1/2; |Im z| < r} and coincides with the map
2> (ficy, o Rey, 06 )(2)

on that domain.

Proof. Since, for every n € N, every ¢ € K has a pre-image R™"¢ € K, it follows from
Theorem 2.16 that each map 7, &, v from the holomorphic pair H; = (5, &, v) can be
represented in the form

2 8@,
where g is a conformal map. Since R¢,, is a composition of such maps and is a first return

map to the neighborhood of the origin, it can also be represented in the same form. Thus,
we get the following identity:

(Fey 0 Rey 070, ) (2) = ey, (8((n g, (20)7)),
where g is a conformal map that depends on Rc,, . On the other hand, we have

Y Ty 0 i (D1 (@) = Ya (T, 07T, (0) - () (2))).

Now, canceling the identical cubic parts, we get the following equation that should be
satisfied by ¥rg:

iy (8(2) = Y (g, 0 (L, (0) - 2)). 1)

Since all maps in this equation are conformal, the equation uniquely determines the map
Yrqy on the domain, where appropriate compositions are defined.

Finally, since the map f from (19) is also defined in a fixed equatorial neighborhood,
independent of H € I@, the left-hand side of (21) is defined in some fixed neighborhood.
Now the existence of positive numbers r; and 41 is proved using a compactness argument,
similar to the one used in the proof of Lemma 4.17. O

Remark 4.19. In particular, Lemma 4.18 implies that for every H € K, we have the
inclusion

=G du, vn) €Py

and the map f; defined in (13) belongs to the class C,, and coincides with the map fy
from (19).
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Definition 4.20. For a positive integer B > 0, by fB C C;’l we denote the image of the set
Zp C H(w) under the map # — f3; given by (19). Similarly, by K c Cfl we denote the
image of the set Kc H(w) under the same map.

Definition 4.21. Let the constants 7, i1, and the domain U be the same as in Lemma 4.17,
Lemma 4.18, and Lemma 4.16. For a positive integer B > 0, by Zp C Py » n, We denote

the image of I under the map

H 3, ¢, ),

where ¢3; and vy are the same as in Lemma 4.17 and Lemma 4.18, respectively. Similarly,
by Kc P 7, we denote the image of the set K C H(u) under the same map.

We recall that if positive numbers r and & are such that r < r; and h < hy, then there
are natural inclusions C,; C C, and Py ; n C P 7,5 hence, we can view the sets IC and

K as subsets of C, and Py ;> respectively.

LEMMA 4.22. There exist positive constants fz, 7, and an open set Uc Py such that
0<h< hi,0<7<ry, K @LV{, and the mapping

T fr

is an analytic map from U C PU,?,ﬁ to Cj.

Proof. Fix a constant h <h. According to Lemma 4.18, for every T = (3, ¢34, ¥) from
the closure of K, the map Vg is defined on the annulus Vj,. If we view 3y as the
same map but restricted to a smaller annulus V;, then, according to Lemma 4.18 and
the Koebe distortion theorem, the composition (20) is guaranteed to be defined in the set
{ze C||Rez| < 1/2; |Imz| < F}, where r is some constant such that 0 < 7 < r{. Finally,
we set 7 =7 /2. Then Lemma 3.22 implies the existence of an open set Uc Py ;j with
the required properties. O

For future reference, we formulate the following lemma.

LEMMA 4.23. There exists a positive real number r >0 such that every critical
commuting pair & = (n|1,, &11,) € K belongs to the class A, from Definition 2.24 and,

ifH="H ek, then
7icg, (C3 N (Nr(Iy) U Npjyoy (1)) C Vi

Furthermore, there exists K € N with the property that for every positive integer k > K,
and for every ¢ € K, the critical commuting pair pR¥C restricts (in the sense of
Theorem 2.25) to a holomorphic commuting pair Hy : Qi — A such that Ay @ Cy N
(Nr(I)) U Npppoy (g)), and Hy is an affine rescaling of a holomorphic pair from K.

Proof. Existence of the number r that satisfies the first part of the lemma follows easily
from Lemma 2.11, Lemma 4.16, and the Koebe distortion theorem.

Let s and pu be the same as in Theorem 2.16 and Theorem 2.25, respectively. Since
K CE; and K C A,, the set K is pre-compact in 4,; hence, by Theorem 2.25, there
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exists N = N(r, KC) such that for every ¢ € K, the pre-renormalization pRN¢ restricts
(in the sense of Theorem 2.25) to some holomorphic pair G; whose appropriate affine
rescaling lies in H(u) and the range of G; is compactly contained in Cy N (N, (I;) U
Nyn))(I)). Then we note that the range of holomorphic pairs RK (G¢) is the same for all
k=0,1,2,...; hence, Lemma 2.13 and properties (ii) and (v) of Definition 2.22 imply
that there exists a positive integer L € N with the property that for every k > L and ¢ € K,
if G is a holomorphic pair extension of pR¥*¥ ¢ such that an appropriate affine rescaling
of G lies in H(y), then G is a restriction of the holomorphic pair pR* (G¢). This implies
that the range of G is compactly contained in Cy N (N (1) U Nyjy0)(Ig)) and G is a
restriction of pR¥*N ¢ in the sense of Theorem 2.25.

We finish the proof by putting K = N + L. Now the choice of holomorphic pairs Hy is
possible, since R(K) = K. O

5. Renormalization in C,

5.1. Renormalization with respect to a fundamental crescent. We let V. be as in (8).
Assume that f € C, for some real number r € R, 0 < r < 0.5. Then we can restrict f to
an analytic (single-valued) map f :V:\{Rez=0}— C/Z.

Definition 5.1. Let f € C, be a generalized critical cylinder map and let Cr C V, be its
fundamental crescent of period n. For a point z € C ¢ such that { f i( f@)}jenNCyr #2,
we define R¢ ; (z) to be the first return of f(z) to C ¢ under the map f . In general, Rcf is
a multiple-valued map, since f is also multiple-valued.

Definition 5.2. Given a generalized critical cylinder map f € C, and its fundamental
crescent C ¢ C V, of period n, let us say that f is renormalizable with respect to the
fundamental crescent Cy if there exists a positive real number r’ > 0 such that the
composition
f=ﬁ'cf o Re, ofrc_fl

belongs to C,.

We will say that the generalized critical cylinder map f € C,- is the renormalization of
S with respect to the fundamental crescent C ¢ and we will denote it by

f=Re, .
The following lemma is easy to verify.

LEMMA 53. If f € CY for some a € C, and f is renormalizable with respect to a
fundamental crescent Cy, then R¢ ; fe C‘r’/. In other words, renormalization does not
change the critical exponent at zero.

5.2. Cylinder renormalization operator Reyl.  Let u be as in Theorem 2.25 and let

Kc C;’ be the same as in Definition 4.20. We also fix r; > 7 as in Lemmas 4.18 and 4.22
and let U be as in Lemma 4.16.

Remark 5.4. 1t follows from real a priori bounds (cf. Lemma 2.13) and the Koebe
distortion theorem that there exists a positive integer L > 0 with the property that for every
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fe K and for every real-symmetric conformal map % : U — C such that A([—1/2, 1/2])
is contained in the domain of the commuting pair pRZ f, we have

Ih'(0)] < 1/3.

Set N to be the smallest even integer greater than max(K, L), where K is the same as
in Lemma 4.23 and L is the same as in Remark 5.4.

Remark 5.5. The fact that the number N is even will be important in §6.

LEMMA 5.6. There exist a positive real number ry > F, an open neighborhood Uy C C
with U & U,, and an open set U C C; such that Kcu and, for each f € U, there exists
a choice of a fundamental crescent Cy C Vi and its fattening C (; C Vi such that both C ¢
and C ;ﬁ depend continuously on f C U and the following holds:

(1) Cy has period qn_1, where qn_1 is the denominator of the (N — 1)st convergent of
o (f), written in the irreducible form;

(ii) the dependence f +— e (2) is analytic for any fixed z € Cf’-;

(iii)

RCf f € Crg s

the map JTEOI is defined and univalent on U,, and |(7TE,})’(0)| < 1/2;
f f

(iv)fort e, H=H; € K, and f = fH e K, the fundamental crescent Cy and its
fattening C ‘f’ satisfy the relations

Cf :ﬁC'H(C’Hl)s C; :ﬁCH(C’(})-[l)7

where H\ is a linear rescaling of the holomorphic pair Hpn, and Cyy, and C;’_L] are linear
rescalings of C'HRN[ and C%RN{, respectively.

Proof. For an arbitrary f = fy € K with the corresponding holomorphic commuting
pair H € K and the underlying critical commuting pair ¢ € K, the renormalization RY ¢
belongs to K and hence it extends to a holomorphic commuting pair Hyewr, € H(n).
Let H; be the holomorphic pair extension of the pre-renormalization pR™¢ such that
My is a linear rescaling of Hpwn,. Let Cy be the fundamental crescent of H from
Lemma 4.16. From Lemma 4.23, we can see that Ay, € Cy and the projection mc,,
conjugates 7 with a holomorphic pair extension H, of pRN=1(f) such that Ay, € V7
and the correspondence f +— H, extends to a continuous map from a neighborhood of
fe éf to H.

Let Cy, and Cg-h be the fundamental crescent and its fattening that are linear rescalings
of the fundamental crescent CHR N and the corresponding fattening C;’_[RN E provided by

Lemma 4.16. Then we set
Cr=1c;(Cy,) and C;i =Tcy (C;’_Ll).

We notice that our construction satisfies property (iv) of the lemma. Now it follows
from the above argument that Cy is a fundamental crescent for H»>; hence, according
to Definition 4.8, it is also a fundamental crescent for f € K of period gy—_; and C;’( is
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a fattening of Cy. Moreover, since ¢y, is a conjugacy between H; and H>, we have
Re, f = fu, € Cr, where ry is the same as in Lemma 4.18.

Now Lemma 4.6 implies that the correspondence f +— C ; extends to a continuous map
on some neighborhood of f € Cj, satisfying property (ii). Choose r, € R and U, C C
so that ¥ <ry <r; and Ue U, € U;. Then, according to Lemma 4.16, Remark 4.19,
Remark 5.4, and a continuity argument, by possibly shrinking the neighborhood of f, we
can ensure that property (iii) also holds. Finally, in order to construct the open set U/, we
use the fact that the set K is a countable union of nested Cantor sets: the rest of the proof
goes in the same way as the proof of Lemma 4.14. O

Definition 5.7. Let U C Cj be the open set constructed in Lemma 5.6. Then we define the
cylinder renormalization operator Ry : U — Cj as

7?/cyl(f) = RCffy
where Cy is the canonical fundamental crescent for f € U, constructed in Lemma 5.6.

Our definition extends the definition given by the second author in [Yam02] to a wider
class of analytic maps.

Definition 5.8. By ﬁcyl’ we denote the restriction of the cylinder renormalization operator
Reyi to the subset U N Cg, where Cg C Cg is the set from Definition 3.6.

In the following proposition, we summarize some basic properties of the cylinder
renormalization operator.

PROPOSITION 5.9.
(1)  The cylinder renormalization operator Ry is a real-symmetric analytic operator

U—>C;.

(ii) For every critical commuting pair ¢ € K, we have
Rcyl f’}‘[[ = fH

(iii) Reyi(Zp) = Lp for every B € N.
(iv) For every complex number o € C sufficiently close to 3, we have

RNo) where fH(RNg) isasin (19).

Rey(U N CY) C CY.

V) RegUNnC)cCl
(vi) Atevery point f € U N C3, the differential D fRey : TrC2 — Tr.. ¢C3 is a compact
yp I3 f Yy L5 cylf r P
operator.

Proof. The analyticity part of the statement (i) follows from Lemma 5.6. Real symmetry
is evident from the construction. Properties (ii), (iii), and (v) were established in [Yam02].
Finally, (iv) follows from Lemmas 5.6 and 5.3.

By Montel’s theorem, a bounded set in the tangent space 75 1 foz is normal and hence
cyl

pre-compact in T3 1 fé; Since differential is a bounded operator, property (vi) follows

from this and property (iii) of Lemma 5.6 (cf. [Yam02, Proposition 9.1]). O
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6. Renormalization in Py ;
Let the maps pg o+ and py — be defined in the same way as in §3 after Definition 3.21.
The following technical statement is straightforward to verify.

PROPOSITION 6.1. Let the maps py o+ and py o— be as above and let ¢ € C be a non-zero
complex number such that Re ¢ > 0. Assume that Re ¢’(0) > 0. Then

1 1
Depat+ aRd Py o— =
Pat ()" P par©)

LEMMA 6.2. Let ry and U, be the same as in Lemma 5.6. There exist a positive
real number hy > h and an open set Uc Py such that K C U and, for every T =
(o, P, ¥) € U, the following properties hold:

(1)  the generalized critical cylinder map f; from (13) is contained in the open set U
from Definition 5.7 and, hence, has the canonical fundamental crescent C s, with the
fattening C ;’cr, constructed in Lemma 5.6,

(i) Re né(}r 0) > 0;

Ppa+ = Pega—-

(iii) the map ¢ = n/cf 0)-¢o nc_ul is defined in Uy;
JT id
iv) ¢e B(les ffor every domain Uz such that U C Uz € Uy,

(V) there exists a unique map V € Dy, such that the following identity holds in the
domain {z € C | |Rez| < 1/2; [Im z| < rp}:

- 1 _ 7 ) )
cyp © Rcfr © anr =vo n(P,ot,f ° p¢,a:|:’

where {77(1),(1,? | (o, @) € By ;} is the same family of maps as in Lemma 4.18 and both
sides of the identity are multiple-valued functions.

Proof. Let hy > h be the same as in Lemmas 4.18 and 4.22 and choose /5 € R so that
h < hy < hy. According to Lemma 4.22, we can choose U so that K C U, and (i) holds. For
tel,letCy, and C;’Cr be the canonical fundamental crescent and its fattening, constructed
in Lemma 5.6. Then it follows from Lemma 5.6 that for all T € {, the map é= n’cf ) -
¢o nc_(,l is defined in the domain U,, which proves property (iii).
fr
For t = (3, ¢34, ¥y) € K, where ¢4, and 3 are the same as in Lemmas 4.17 and 4.18,
it follows from part (iv) of Lemma 5.6 that
/ -1 / —1
7e,, O $u ooy =7y, O0) 7y (22)

where | is a linear rescaling of a holomorphic pair from K. Now Lemma 4.17 implies

that n’cH ) - JTEUI € B% : and, because of property (iii), by continuity considerations,
1 Hy )

shrinking u , if necessary, we can make property (iv) hold for all T € U.
Since the constant N is even, this implies that for t € X, the number n’cf (0) is positive.

Again, by continuity, shrinking U, if necessary, we guarantee that property (ii) holds.
Now the composition 7¢,, o Rc, o 7o fl can be naturally represented as
T

~ -1 _
7cy, © Rey, oflc, =80 p¢,oﬂc—fl_ ke
T
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where g is a conformal map on some sufficiently large domain. By Proposition 6.1 and
property (ii), we have
1

= — p~
Pt (g, (0)) TF

quong}r ,at
and hence
7icy, o Rey, o nEflf =810 D5 4t
for some conformal map g;. Now, if f; € l%, then, by Lemma 4.18, we know that both

sides of the above identity are defined in the domain {z € C | |Re z| < 1/2; [Im z| < r1}
and the map g; can be represented as

81 = KD o ﬂqg’a’;,
where V¥ € Dy, for hy from Lemma 4.18. Using a continuity argument and possibly

shrinking the neighborhood u again, we guarantee that the above representation of the
map g; with ¢ € D, holds for every T e U. O

Definition 6.3. We define the renormalization operator Rp : U— P ; 7 by the relation

Re(a, ¢, ¥) = (o, ¢, V),

where ¢ and 1} are the same as in properties (iii) and (v) of Lemma 6.2.

In the following proposition, we summarize some basic properties of the
renormalization operator Rp.

PROPOSITION 6.4.
(1)  The operator Rp is real-symmetric and analytic.
(i) Foreveryt e U, we have

Rcylfr = prr-

(iii) For every B € N, let the map V : Ip — Ig be defined by the relation
W) =G, s Vi),

where ¢y, and Yy, are the same as in Lemma 4.17 and Lemma 4.18, respectively.
Then WV is a homeomorphism between Lp and Ip that conjugates RY | 7 and Rp| Iy

In particular, Tp is an invariant horseshoe for the operator Rp.
(iv) For every t € U, the differential D Rp is a compact operator.

Proof. Properties (i) and (ii) are evident from the construction of the operator Rp.

In property (iii), we will first prove that W is a homeomorphism. Indeed, if ¢ € Zp
and 7 = (3, ¢y, ¥,) = W(¢), then fr together with the local coordinate ¢z, around
the origin completely determines the critical commuting pair R¢ € Zp. Since, according
to Theorem 2.16, the operator R is bijective on Zp, the inverse map W~ is defined.
Continuity of W and its inverse follows from the definition of ¥. Now computation (22)
and the fact that H; is a linear rescaling of a holomorphic pair from K (cf. Lemma 5.6,
part (iv)) yield the conjugacy statement of property (iii).

The proof of property (iv) is analogous to the proof of (vi) from Proposition 5.9 and is
based on the fact that according to Lemma 6.2, Rp(U) C Py, 7., for some domain Uz 5 U
and, by Montel’s theorem, a bounded set in TRy Py, 7 , is pre-compactin TRy Py ; . O
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Now we are ready to prove the hyperbolicity results for the renormalization operator
Rp.

Definition 6.5. For a complex number « € C close to 3, we denote by Rp  the restriction

of the operator Rp on the set Uun P‘zf/ e

7. Hyperbolicity of renormalization for odd integer o
The goal of this section is to establish the following theorem.

THEOREM 7.1. For every B € N, the set Yv,'B is a uniformly hyperbolic invariant set for the
operator Rp,3 with a complex one-dimensional unstable direction. Moreover, for every
TE IB and the corresponding local stable manifold W*(t), the set W*(t) N (P3 )]R
)R

consists of all w € (P?./ Y that are sufficiently close to Tt and such that p(f;) = p(fw .

Before giving a proof of Theorem 7.1, we formulate its immediate corollary.

COROLLARY 7.2. For every positive integer B > 0, there exists an open interval I =

I(B) C R such that 3 € I and, for every o € I, the operator Rp UN P‘zf] - P‘Z‘] i

has a hyperbolic horseshoe attractor fg C (PO‘U ; }E)R of type bounded by B. The action of

Rp.o on ig is topologically conjugate to the shift o : £ — Zp:

KaORP’aOKa_l =oV
and, if
-1
=Ky (oos Tk ooy T, 70, Ty oo Thy o2 2)y
then
o(fr)=1Iro,r1, .- Tky...)

Moreover, for every T € 72, the corresponding local stable manifold W*(t) has complex
codimension 1 and, if o € W*(t) N (P‘Zﬁ] ”;)R, then p(fz) = p(fu).

Remark 7.3. In Theorem 9.6, we will strengthen Corollary 7.2 by showing that for every
T€E Ig, the set W¥(z) N (P“ ) consists of all w € (P‘Zﬁ] ”;)R that are sufficiently close
to 7 and such that p(f;) _,o(fw o

Proof of Corollary 7.2. For all « sufficiently close to 3, the operator Rp, can be thought
of as an operator acting on a neighborhood of Pfj i by the correspondence (3, ¢, ¥) —
@3, q~> 1}), where ¢~5 and 1} are such that Rp 4 (o, ¢, ¥) = (, ¢~S 1}). Then this operator is
a real-symmetric analytic perturbation of Rp 3 in a small neighborhood of the attractor Ip
of type bounded by B. Since this is a hyperbolic horseshoe attractor, it survives for « close
to 3.

For every 7 € f"‘ the corresponding local stable manifold W¥ () must have complex
codimension 1 and if we (PD‘ )R is such that the combinatorics of f; and f, are
asymptotically different, then because of part (ii) of Proposition 6.4 the point w does not
belong to W* (7). O
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We will prove Theorem 7.1 at the end of this section. Now let us start by formulating a
theorem which is a special case of Theorems 2.19 and 2.21.

THEOREM 7.4. For any positive integer B > 0, the set jB C éf is a uniformly hyperbolic
invariant set for the operator ,ﬁrcyl with a one-dimensional unstable direction. Moreover,
forany f € 7 and the corresponding local stable manifold W*(f) C éf the intersection
wWo(f)N (CE)R consists of all critical circle maps g that are sufficiently close to f and
such that p(g) = p(f).

We proceed with the following construction: according to part (iii) of Lemma 5.6, there
exists a real number R > 0 such that for every g € U the map 715,,1 is defined in the disk
8

D,k and
o (DR) C Dagys. (23)
8

We denote by L the space that consists of all bounded analytic functions ¢ : D — C
that are continuous up to the boundary and satisfy the properties ¢ (0) = 0 and ¢’(0) = 1.
The space L equipped with the sup-norm forms an affine complex Banach space (L — Id
is a complex Banach space).

Definition 7.5. For each cylinder renormalizable map g € U, we define an affine operator
A, : L — L by the formula

) . —1
Ag(@)=mc, (0)-¢pomc,,
where C, is the canonical fundamental crescent provided by Lemma 5.6.

Condition (23) implies that the operator A, is well defined for every g € U/ and it follows
from Lemma 5.6 that A, analytically depends on the parameter g.

Definition 7.6. We set V =U N ég and we define the operator R:LxV—Lx ég as
the skew product

R(p, &) = (Ag(#), Rey &)

The following lemma is an immediately corollary from (23) and Proposition 5.9, part

(vi).
LEMMA 7.7. For every k € L x V, the differential D Risa compact operator.
We denote by J C L x V the image of the set K under the map

H > (¢, (0) gy . fr0). (24)

Note that the projection of the set J onto the second coordinate is the set K. Similarly,
for every positive integer B > 0, we denote by Jp C L x V the image of Zp under the
map (24).

LEMMA 7.8. For every B € N, the set Jp is a forward invariant set for the operator R.
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Proof. For ¢ € Ip and the corresponding H = H; € Ig, let H; C Zp be the holomorphic
pair 1 = Hgn,. Then, for (JT’CH 0) - JTE,;I , f1) € Jp, we have
H

- . »
R, 0) -7y s f1) = (Apy, (0, (O) 7y ) )
-1
= (néHl ) - T[Cg‘[l . fr,) C Js.
(We notice that the last equality follows from (22).) 0

For maps ¢o €L and g € V, one can consider a sequence of iterates {7@" (¢0, 8)}.
Restricting to the first coordinate, this corresponds to the sequence of functions ¢g, ¢ =

Ag(¢0). b2 =Ap_ (D1), ¢3= Afzzylg(qbz), cees Prp1 = Alegylg(¢k), . ... For simplicity

of notation, we will write ¢ = A’;, (¢0), provided that ¢ is defined.

LEMMA 7.9. There exist a positive real number v < 1 and a positive integer M > 0
such that for any (m > M)-times cylinder renormalizable g € V and ¢1, ¢2 € L, we have

IAG (P1) — AG ()|l < vlig1 — d2ll, where ||§]| = sup cp, [P (2)]-

Proof. Assume that ||¢; — ¢»| = cR? for some positive real number ¢ > 0. Then for all
z € Dg we have the inequality

1(2) — $2(2)| < clz|*.

We notice that if g € V is n-times cylinder renormalizable, then there exists a sequence
C, €--- € Cy C V;of n nested fundamental crescents for g such that ’R’C"yl g="Rc, g and

Ay @) =7¢, 0) - pome,

for m <n. By part (iii) of Lemma 5.6, there exists a positive integer M > 0 such that
for all m > M, if g € V is m-times cylinder renormalizable, then for the corresponding
fundamental crescent C,,, we have | (7 ’:)/ O < 1/17.

Since JTC_’: is defined in the disk D, g, then again from the Koebe distortion theorem it
follows that
ey ()] < 4Gt (O)] - 2]

for all z € Dgr. Combining the above estimates for all z € Dg, we obtain
A7 ($1]1(@) — [AZ (@)1 < I, O)] - I (g (2)) — () (D))
< |mg, (O] - - 16](rc ) () - [z1* < {5e(R)*.
Thus,
AT (¢1) — A7 ()| < 8111 — gall. o

LEMMA 7.10. For every B € N, the set Jp is a uniformly hyperbolic invariant set for the
operator R with a one-dimensional unstable direction. Moreover; the stable manifold of
every point (¢, f) € Jp is L x W¥(f), where W*(f) is the stable manifold of f for the
cylinder renormalization 7A€Cy1.
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Proof. Since L is an affine Banach manifold, the tangent space to each of its points can be
naturally identified with the same Banach space, which we denote by K. Let E* C Tfs C;

be the stable bundle of the hyperbolic set 7 p for the operator D7A€Cy1. Then the set
=K x E*

is an invariant subbundle of the tangent bundle 77, (L x (Alg) for the operator DR. It
follows from Definition 7.6 that the action of DR on the second factor of E* is independent
from the first factor. Hence, the differential DR uniformly contracts in the second factor
of ES.

Now, by compactness of [Jp, the derivative of Ag(¢) with respect to g is uniformly
bounded over all (¢, g) € Jp and, by Lemma 7.9, the derivative of A, (¢) with respect to
¢ uniformly contracts. Together with uniform contraction in the second factor, this implies
that the differential DR contracts in the first factor of E* as well. Thus, ES is the stable
subbundle for the differential DR.

In a similar way, one shows that if E* is the unstable subbundle (in the sense of
Definition 2.20) of the hyperbolic set 1p for the operator Dﬁcyl, then E* =0 x E" is
the unstable bundle for the operator DR. Since, according to Theorem 7.4, the fibers of
E" are one dimensional, so are the fibers of Eu, Finally, by dimension count we see that
there are no neutral directions and hence the set Jp is uniformly hyperbolic. O

Proof of Theorem 7.1. The analytic map @ : P3 e L x C2 defined by the relation
¢:T=(3,¢, W)'_’(‘Ps f‘[)

is injective, since the maps ¢ and f; determine the map v (cf. Lemma 4.18). Now we
notice that the map & maps 7 p to Jp and con]ugates the operator Rp 3 with the operator
R| o) ON the neighborhood of the invariant set IB Then Lemma 7.10 and Theorem 7.4
imply the statement of the theorem. O

8. Proofs of Theorems 1.1-1.3
Now we are ready to prove Theorems 1.1-1.3. As mentioned in the Introduction, we prove
these theorems with the parameter k set to k = 1. For k > 1 the proofs are identical.

Proof of Theorem 1.1. We set N> = C; and define Rey1 as in Definition 5.7. Then C* =
C?, for all complex « in a suitably small neighborhood of 3, and Theorem 1.1 follows
from Proposition 5.9. O

Proof of Theorem 1.2. We set M> to be an open subset of P3 . ﬂ U, where U is the same

as in Lemma 4.22, such that the closure of M? in P3 P is contalned in 2/ and K c M°.
Then for all @ € C which lie in a small open nelghborhood of 3, the map i, can be defined
by

a (P, V)~ fr,
where T = (o, ¢, ¥) € P%/,f, i It follows from Lemma 4.22 that the map i,, is analytic and

analytically depends on «. Finally, for all « close to 3, we define Ry (¢, V) = ((5, 1}),
where ¢ and v are such that Rp(a, ¢, ¥) = (o, ¢, ¥) whenever Rp(«, ¢, ¥) is defined.
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The required properties of the operator R, follow from Proposition 6.4 and
Theorem 7.1. Analyticity of the map i, follows from Lemma 3.22. O

Proof of Theorem 1.3. The proof immediately follows from Corollary 7.2. O

9. Global attractor, universality, and rigidity

9.1. Generalized critical commuting pairs. We start by generalizing the notion of a
critical commuting pair to the case of an arbitrary real critical exponent. In order to make
this generalization, we need to substitute the commutation relation with a more general
condition. The following definition generalizes the class .4, from Definition 2.24.

Definition 9.1. For positive real numbers 7, o > 0, the class A? consists of all pairs of

real-symmetric analytic maps ¢ = (7, £) such that the following holds:

(i) the maps n and & are analytic on the sets N,([0, 1])\(—o0,0] and
Ny Ue)\[O, +00), respectively, where Iz =[b, 0] C (=00, 0] and N,(S) CC
stands for the r-neighborhood of a set S in C; furthermore, n and & extend
continuously to the boundary of their corresponding domains (here we distinguish
the upper and lower boundaries of slits);

(i) the maps 1 and & can be locally represented as

n=vYpopatop; and & =g o0 py_ o,

where v, ¥, and ¢; are real-symmetric conformal maps in a neighborhood of the
origin and ¢, (0) =0, ¢2 0)=1;

(iii) the compositions vT =& on and v~ =7 o & are defined in some neighborhood of
the origin and can be represented in it as

vi=proparod; and v =p;ope oy,

where p; is a real-symmetric conformal map in a neighborhood of the origin;
(iv) for every z € (0, 1], we have n'(z) > 0 and, for every z € I:\{0}, we have &'(z) > 0;
furthermore, n(0) =b < 0, £(0) =1, and n(£§(0)) = £(n(0)) € I,,.

If a pair of maps ¢ = (1, &) belongs to AY for some r, @ > 0, then we say that ¢ is a
critical commuting pair with critical exponent o. We also note that A, C Af.

Definition 9.2. For a positive real r > 0 and a set J C (0, +00), we define
A= A

ael

Similarly to the case with the class A, the map (6) induces a metric on .Ar] from the

sup-norm on
D(N,([0, 1D\ (=00, 01)) x D(N, ([0, ID\(—00, 0])).

We will denote this metric by dist, (-, -), since it coincides with the previously defined
metric on A,.

Renormalization of pairs from A/ is defined in exactly the same way as renormalization
of ordinary critical commuting pairs (cf. Definition 2.5) and is determined by the dynamics
on the real line. In particular, the nth pre-renormalization pR"¢ of ¢ = (n, &) € Arj can
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be viewed as a pair whose elements are certain compositions of n and £. We will say that
the domains of the maps that constitute pR"¢ are the maximal domains in C, where the
corresponding compositions are defined.

Definition 9.3. We let A* (or A”) denote the set of all real-analytic pairs (17, £) such that
an analytic extension of (1, &) belongs to A% (or A/ ) for some r > 0.

We think of critical commuting pairs ¢ from A% or A’ and their renormalizations R¢
as pairs of maps defined only on the real line, though having analytic extensions to some
domains in C.

It is convenient for our purposes to introduce a smaller class of critical commuting pairs.

Definition 9.4. For positive real numbers r, a > 0, the class B C A” consists of all £ =
(n, &) € A such that the following holds:
(1) the maps n and & can be represented as

n=vYyopet and &= o po_,
where v, and ¢ are conformal diffeomorphisms of py4 (N, ([0, 1]1)\(—o00, 0)) and
Pa— (Nrpn0) (Ie)\ (0, +00)), respectively;

(ii) the compositions vF=&on and v =nof& are defined in the domains
D\ (—o0, 0) and D;\ (0, +00), respectively, where 7 = min(r, r|1(0)|), and there
exists a conformal diffeomorphism p; : Dz« — C such that v = p; o pe+ and
VT = p; O Dy—-

Definition 9.5. We let B* (or B”) denote the set of all real-analytic pairs (1, £) such that

an analytic extension of (1, &) belongs to BY (or Brj ) for some r > 0.

The following theorem is an expanded version of Theorem 1.4. As before, we define
Tz ={l,..., B}

THEOREM 9.6. (Global renormalization attractor) For every k, B € N, there exist an open
interval J = J(k, B) C R and a positive real number r = r (k) such that 2k + 1 € J and,
for every a € J, there exists an R-invariant set Ly C BY with the following properties.
(i)  The action of R on 1}, is topologically conjugate to the shift o : Xp — Xp:

1

luoRot, =0
and, if
{:L(;l(...,r_k,...,r_1,ro,r1,...,rk,...),
then
o) =1lro,r, .- Tk ...

(ii) For every ¢ € A% with an irrational rotation number of type bounded by B, there
exists M € N such that for all m > M the renormalizations R™¢ belong to A% and,
for every ¢ € T with p(¢) = p(¢'), we have

dist,(R™¢, R™¢) < CA™ (25)
for some constants C > 0, A € (0, 1) that depend only on B and .

We give a proof of Theorem 9.6 in §9.4. We note that Theorem 1.4 is an immediate
corollary of Theorem 9.6.
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9.2. Generalized holomorphic commuting pairs and complex bounds.

Definition 9.7. Let ¢ = (n, £) be either an element of some class B or a linear rescaling

of such an element. We say that ¢ extends to a holomorphic commuting pair with critical

exponent « if there exist domains U, V, D, A C C that satisfy the same conditions as the

corresponding domains in the definition of a holomorphic commuting pair (cf. §2.8) and

the following properties hold:

(i) n and & extend to analytic maps 7:(U U D)\(—o0, 0] — C and é (VU
D)\[0, +00) — C, respectively, and

=y o0pe+ and &=1g o0 pa_,

where v, and V¢ are real-symmetric conformal diffeomorphisms of py4 (U U
D\(—o00, 0)) and py—(V U D\ (0, +00)), respectively;

(ii) 7|y is a conformal diffeomorphism of U onto (A\R) U n(Iy), where Iy =U N
R, and é |y is a conformal diffeomorphism of V onto (A\R) U n(ly), where
Iy =V NR;

(iii) the compositions v+ :é onandv™ =17 oé are defined on the sets D\ (—oo, 0) and
D\ (0, +00), respectively, and can be represented in these sets as v = 1 o py. and
V™ =Y o py—, where ¥ is some conformal real-symmetric map; furthermore, we
have H N v (D\(—00, 0)) =HN v~ (D\(0, +00)) =HN A.

We let H* denote the space of all holomorphic commuting pairs with critical exponent
. It follows from the above definition that H®> ¢ H, where H is the same as in §2.8.

For a subset J C (2, +00), we let H be the space of all holomorphic commuting
pairs with critical exponent o in the set J. This space can be equipped with
the Carathéodory convergence in exactly the same way as the space of ordinary
holomorphic pairs H, namely, by viewing an element of H’ as three triples
(U, £(0), 1), (V, (0), &), (D, 0, vT). Similarly, we define the modulus of a holomorphic
pair H = (1, &) € H’ in the same way as for an ordinary holomorphic pair from H.
We denote the modulus of 4 by mod(#) and we say that the domain A in the above
definition is the range of a holomorphic pair H and ¢3; € B’ is the commuting pair
underlying H. Finally, we define the pre-renormalization pR(H) and the renormalization
R(H) of a holomorphic pair H with critical exponent « in the same way as we defined
renormalization of ordinary holomorphic pairs. In particular, we note that the ranges of H
and pR(H) are the same.

Definition 9.8. For i € (0, 1) and a closed set J C (2, +00), we let H/ (1) c H/ be the
space of all holomorphic commuting pairs H = (5, £) € H’ with corresponding domains
Dy, Uy, Vg, Ay such that all properties (i)—(v) from Definition 2.22 hold.

LEMMA 9.9. For each € (0, 1) and a closed set J C (2, +00), the space H' () is
sequentially compact. Furthermore, if a sequence of holomorphic pairs {Hy | k € N} C
H’ (1) with corresponding critical exponents ay converges to a holomorphic pair with
critical exponent o, then limg_, oo 0t = @.

Proof. Exactly the same argument as in the proof of Lemma 2.23 (cf. [YamO1,
Lemma 2.17]) shows that every sequence of holomorphic pairs from HY(u) has a
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subsequence that converges to a holomorphic pair that satisfies properties (i)—(v) from
Definition 2.22. In order to complete the proof, we need to show the convergence of critical

exponents.
Consider a sequence Hi, Ha, ... € H’ () of holomorphic pairs with corresponding
critical exponents a1, oo, ... and let Uy, Vi, Dy denote the corresponding domains of the

maps that constitute the holomorphic pair Hy. We note that because of property (iv) from
Definition 2.22, Carathéodory convergence of these domains is equivalent to Hausdorff
convergence of Uy NH, Vi NH, and Dy N H. Furthermore, properties (ii) and (iv) from
Definition 2.22 imply that all domains Dy contain a disk of some fixed positive radius,
centered at zero. Then it follows from property (i) of Definition 9.7 that all boundaries
Uy contain a straight-line segment of fixed positive length with one end point at 0,
forming angle 7 /oy with the ray [0, 4-00). Now convergence of the domains Uy implies
convergence of the critical exponents oy. O

The following theorem was proved by the second author in [Yam99] for critical
commuting pairs in the Epstein class with « = 3; the proof was later generalized in
[dFdMO00] to remove the Epstein class condition. The proof extends to the case of a general
o > 2 mutatis mutandis.

THEOREM 9.10. (Complex bounds) For every bounded set J C [2, +00), there exists a
constant 1 = u(J) > 0 such that the following holds. For every positive real number
r > 0 and every pre-compact family S C B,J of critical commuting pairs, there exists
K =K(r, S) € N such that if ¢ € S is a 2n-times renormalizable commuting pair, where
n> K, then pR"¢ restricts to a holomorphic commuting pair H, with range A, C
N, (I))) U N, (I¢). Furthermore, the range A, is a Euclidean disk and the appropriate affine
rescaling of H, is in H’ (11).

9.3. The maps between By and P% .. Let Uy denote the set of all T € U U (P ; )
for which 'R%(‘L’) is defined. Then this implies that the rotation number of the generalized
critical circle map f; has at least 2N elements in its continued fraction expansion. Let
PR™ fr = (f"1 £™) be the mth pre-renormalization of the circle map f;, considered

in the sense of commuting pairs (cf. Definition 2.8). Then one can consider a map & :
Uy — BO+%) defined by

d:t=(a,p, Y)> (hodpo fPNop L oh™  hopo ff¥ o~ on™,

where h(x) = x/p ([ (¢~1(0))). In other words, ®(r) is the (2N — 1)st pre-
renormalization pR>¥~! f,, taken in the ¢-coordinate and then rescaled so that the first
map in the pair acts on the interval [0, 1].

For 71 = (a1, ¢1, Y1), 12 = (02, 2, ¥2) € Py 7, we define

distp(z1, 72) = |1 — 2| + sup [p1(2) — $2(2)|

zeU
+ ;ng( sup |¢1<z>—x/3z(z>|),
V1.¥2 \[Im z| </

https://doi.org/10.1017/etds.2018.82 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2018.82

1328 L. Gorbovickis and M. Yampolsky

where the infimum is taken over all ¥, v that are lifts of y; and v, respectively via the
projection (7). We note that distp(-, -) is a metric on the Banach manifold PU i induced
by the norm in the Banach space that Py; ; ; is modeled on.

The following two lemmas establish a relation between the two metrics dist, (-, -) and
distp(-, -) in a neighborhood of the attractors Zp and fg, respectively.

LEMMA 9.11. For any B €N and any closed interval J C I(B), where I(B) is
the interval from Corollary 7.2, there exist positive constants C =C(B, J) >0, r =
r(B, J) > 0, and an open set Z/{B J C UO such that the following holds:
(i) o

U I% CUB,J;

aeclt
(i) foreveryt € Z;{B, J, the critical commuting pair ®(t) analytically extends to a pair

from Brj and, for any t1, 7o € Z/?B’j, we have distp(t1, 72) > C dist, (P (11), ©(12));

(iii) foreveryt = (a, ¢, V) € Z;{B J witha € J, the sequence of iterates

Re(1), Rp(1), Rp(T), .

either eventually leaves the set L{B, J or stays in it forever and converges to the
attractor T3,

Proof. The set Uae ;I is compact and hence there exists a positive real number r > 0
such that for every t € |, Z§, the critical commuting palr P(1) analytlcally extends to
a pair from BZJ and we can choose an open set Vp j C U so that Uges I C Vp.s and,
for any v € Vp, s, the pair ®(7) analytically extends to a pair from B, .

Let i be the map defined in (6). Since, according to Lemma 4.22, the map f;
analytically depends on t, it follows from the definition of the map @ that the composition
io® is an analytic map from the neighborhood Vg ; C Py ;; to the Banach space
D(N; ([0, 1D\ (=00, 01) x D(N,([0, I)\(—o0, O).

The derivative of an analytic operator is locally bounded, which means that there exist
a constant ¢ > 0 and an open set VB J C Vg, such that (|, I“ C VB g and ||D;(i o
PD)|| <cforallt e VB,/.

Since the set |, f% is compact, the set ® (|, fj‘é) is also compact and hence it
has a finite diameter with respect to the Banach norm. Finally, we choose an open set
Z/NlBJ C ]}3,/ so that UaeJ fg C Z/N{B“], the set CD(Z/NlBJ) has a finite diameter D > 0, and,
if Ty, 2 € Up, y, distp(71, T2) < ¢, for some sufficiently small € > 0, then 7| and 75 can be
connected by the shortest geodesic contained in ]}3’ J- Now it is easy to check that for any
T, 77 € Z:lB,J and C = min(c, /D), the inequality

distp(t1, 72) = Cl|i(P(71)) — i (P ()]l

holds, which immediately implies property (ii) of the lemma.
Finally, it follows from Corollary 7.2 that shrinking the open set Up_; if necessary, we
can guarantee that property (iii) of the lemma also holds. O

LEMMA 9.12. Fix B € Nand pu = (1), where I = I (B) is the interval from Corollary 7.2
and (1) is the same as in Theorem 9.10. Then there exist a set Wy C B! and a map
W Wpg — P ; j such that the following properties hold:
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(1)  Wa is the projection of an open neighborhood Wg C H (1) under the map H — ¢y
and Ip C Wpg;
(1) for every integer m > 0, the following holds whenever both sides are defined:

YR (@ () = Ry e
(iii) for every integer m > 0, the following holds whenever both sides are defined:
DR (¥(¢) = RN
(iv) there exists a closed interval J C I such that 3 € J lies in the interior of J and
W(Wp) CUs,s.

where Z;{B’ J is the set from Lemma 9.11;

(V) there exist two real constants s > 0 and C = C(B, o) > 0 such that every { € Wpg
analytically extends to a pair from BSI and, for any ¢y, & € Wp with critical
exponent o, we have dists (¢1, &) > C distp(V (¢1), V().

Proof. Lemmas 4.16—4.18 provide a continuous mapping

U:H > 3, dw, v)

from £ ¢ H3(w) to Py ;- According to Lemma 4.6, the fundamental crescent Cy; of a
holomorphic pair H and its fattening C3, can be chosen to depend locally continuously
with respect to # € H' (). Then, since K is a countable union of nested topological
Cantor sets, the standard argument from the proofs of the above-mentioned lemmas shows
that the map W continuously extends to some open set WcH! (1) such that £ C W and,
for every H € W with W (H) = (a, ¢34, ¥3). the identity

- + -1
ey © RE,, 0 e, = Vi 0 Ty, o7 © Poyy.at (26)

holds in the domain {z € C | |Re z| < 1/2; |Im z| < rp}, where r, > 0 is the same as in
Lemma 5.6, the family of maps {r, , ;| (&, ¢) € Bg’;} is the same as in Lemma 4.18,
and REH (2), REH (z) are the first returns of 7(z) and é (z) respectively to the fundamental
crescent Cy under the dynamics of H. (Here 7 and £ are the same as in Definition 9.7.)

We note that if YW C B! is the projection of the set W under the map H +— ¢y and
h : W — W is some continuous lift of WV with respect to this projection, then the map

U=Uoh

defined on the set WV satisfies properties (ii) and (iii) of the lemma. Furthermore, for every
B € N, we can choose an open subset WB C W such that ig C WB and define W C W
as the projection of this set under the map H +— {7y, so that the restriction of ¥ to Wp
satisfies property (iv).

Now we will show that, possibly after shrinking the set Wg and correspondingly its
projection WWp, we can establish property (v).

First of all, since every holomorphic pair H C K restricts to a pair from Bg . for some
constant s > 0 independent of #, by shrinking the open set Wp if necessary, we can
guarantee that every H C W restricts to a pair from B..
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Now we note that for every H = (n,&)€Wsp and the corresponding triple
(a, 1y, Yy) = W(H), the map ¢, is completely determined by the map 7. Furthermore,
according to Lemma 4.6, at every such n: Uy — Ay, the correspondence n+— ¢y
extends to a locally analytic map from a neighborhood in D(ﬁH) to D(U), where 07-[
is some open set, compactly contained in Uy;. Analyticity of this map implies local
boundedness of its derivative and the Koebe distortion theorem implies that for all Ho =
(no, &) from some neighborhood of  in W, we have

sup  [no(z)| = c1 sup [no(2)]
ZeN;([0,1]) €Uy
for some universal constant ¢; > 0. Now, arguing in the same way as at the end of the
proof of Lemma 9.11, using the above inequality and analyticity of the map n + ¢ from
D(ﬁH) to D(U), we conclude that possibly after shrinking the neighborhood W, the
following conditions are satisfied: fB C WB and, for every H1, Hs € WB, the inequality

disty (H1, H2) = c2 sup |p3q, (2) — P31, (2]
zeU
holds for some constant ¢» > 0, independent from #; and H,.
Similarly to how it is done in the proof of Lemma 4.18, we can represent the left-hand
side of (26) as
(Fey 0 RE,, 0 T, )(@) = Feay (8(Pgyy,ax(2))),

where g is a conformal map that is a composition of a linear rescaling by py—(1/ JT’CH 0)),
the map pg,, from property (ii) of Definition 9.4, and a finite number of the maps 7.
Combining this with (26), we get
1

TN

so g analytically depends on ¢ € B% 0 Pon € D(D;«), and n e D(Ns([O, 1D\
(—o00, 0]); hence, it has a locally bounded derlvatlve with respect to each of them. Finally,
applying the argument from the end of the proof of Lemma 9.11, shrinking the open set
Wg and its projection Wp again if necessary, we obtain property (v) of the lemma while
property (i) remains true. O

wH—TrcHogon

9.4. Global attractor. Now we are ready to give a proof of Theorem 9.6.

Proof of Theorem 9.6. We will give a proof for the case k = 1. For other k € N the proof
is identical.
Let I C R be the interval from Corollary 7.2. Then, for every « € I, we define

7% = &(1%).

It follows from Lemma 4.23 and the choice of the constant N, made in §5.2, that for
all o from some open interval J; C R with 3 € J;, every element of CD(f%) extends to
a holomorphic commuting pair from Wg, where Wp is the same as in property (i) of
Lemma 9.12. Thus, for all @ € J;, we have

I}xg C Ws.
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Furthermore, since according to Corollary 7.2 the operator Rp is bijective on 7o,
property (ii) of Lemma 9.12 implies that the map @ provides a bijection, and hence a
homeomorphism, between fg and Z%. This homeomorphism, composed with the map
from Corollary 7.2, induces a homeomorphism

lo 15 — Zp.
First, we will prove part (ii) of Theorem 9.6 only for ¢ € B“. We start with a proposition.

PROPOSITION 9.13. Let i = (1) be the same as in Theorem 9.10. Then there exist an
openinterval Jo C I and a positive integer L € N such that 3 € J, and, if a commuting pair
¢ € B2 with an irrational rotation number of type bounded by B extends to a holomorphic
commuting pair from H2 (1), then R ¢ € Wg.

Proof. Tt follows from compactness of H3(i) and real a priori bounds [Her86, Yoc84]
that there exists a positive integer K > 0 such that for every H € H?(u) with p(z3) of
type bounded by B and every k > K, the range of the renormalization R¥(?{) contains
a disk of radius 2/u. Then, since the set I% is a global attractor of type bounded by B
(cf. Remark 2.17) and the class H3(u) is sequentially compact, there exists a positive
integer L > K such that for every H € H3(u) with p(¢3) of type bounded by B, the
renormalization RE () restricts to a holomorphic pair G € Wg, where Wy c H/ (w) is
an open set from property (i) of Lemma 9.12. -

Finally, by continuity and sequential compactness of H' (1), we conclude the existence
of an open interval J, with 3 € J, such that for every H € H’2(u) with p(¢y) of type
bounded by B, the renormalization R () restricts to a holomorphic pair from Weg. This
completes the proof of the proposition. O

We define J = J; N J> and we set 7 = min{s, (B, 7)}, where s is the same as in
property (v) of Lemma 9.12 and r(B, J) is the same as in Lemma 9.11. Assume
that ¢ € B* for some o € J and p(¢) is of type bounded by B. Then, according to
the complex bounds (Theorem 9.10), there exists an integer K > 0 such that for all
k > K, the renormalization R¥¢ extends to a holomorphic commuting pair from H” (1).
Then Proposition 9.13 implies that R¥*tL¢ € Wg. Now it follows from property (v) of
Lemma 9.12 that R¥+L¢ extends to a commuting pair from B¢ and, finally, exponential
convergence (25) for any r <7 follows from properties (iii)—(v) of Lemma 9.12 together
with Lemma 9.11 and Corollary 7.2.

Now we will prove part (ii) of Theorem 9.6 for all ¢ € A%. Assume that ¢ € A% has
an irrational rotation number of type bounded by B. Then, according to the real a priori
bounds [Her86, Yoc84], there exists a positive integer K > 0 such that the dynamical
intervals of pRX ¢ are contained in the domain of the map ¢ from Definition 9.1. Thus,
there exists a conformal map ¢y with ¢o(0) =0 and ¢(’) (0) = 1 such that RX¢ = (&g Is
0 © go. by © €0 0 o), where Lo = (1. o) € B*.

Now it is easy to check that for every n € N, we have

RE¥e = @y om0 du, ¢ 0 8 0 ),
where &, = (n,, &) = R"¢o and ¢, can be defined recurrently by

1
0 (2) = ———— b1 (1a—1(0)2). 27
n(2) nn—1(0)¢ 1(Mn-1(0)z) 27
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Since ¢o € B*, the above argument implies that all sufficiently high renormalizations of
¢o lie in B and exponential convergence (25) with r < 7 holds for these renormalizations.
At the same time, real bounds and (27) imply that the domains of the maps ¢, increase
exponentially and the maps ¢,, converge to the identity map exponentially fast in sup-norm
on any compact set. This implies that all sufficiently high renormalizations of RX ¢ belong
to the class AY 1 and satisfy the exponential convergence condition (25) for all r < 7/2.
This completes the proof of part (ii) of Theorem 9.6.

Finally, we give a proof of part (i) of Theorem 9.6. It follows from the construction of
the map @ that this map conjugates the operators Rp o and R" on the sets ig and 7%,
respectively. This implies that the set R(Z%) is an invariant set for the operator RN. Then
it follows from part (ii) of Theorem 9.6 that R(Z%) C Z§. This means that the composition
ty o R o ;! is defined for all « € J and depends continuously on «. Then, since Xp is a
totally disconnected space, this composition must be independent from «. Now part (i) of
Theorem 9.6 follows from the fact that for o = 3, this composition is the shift o. O

9.5. Proof of universality (Theorem 1.5).  Let B, N be as before. Denote by 6 € Z% the
periodic orbit of R given by
RIP fo— 0

(Theorem 9.6). Let [ be sufficiently large, so that for some real number #; > 0 and forall 7 €
[—11, #1], the domain of definition of the pre-renormalization pRl fi =y, 5,) is contained
in V2. It follows from complex bounds (Theorem 9.10) that, possibly after increasing / and
decreasing #; > 0, the commuting pairs
G =yopion; °¢;_1 Oht_l, hiogy ok °¢t_l Oht_l),
where h;(z) =z/¢; (ét (O ! (0))), belong to B* and extend to holomorphic pairs from
H*(w) for all t € [—11, t1]. Then, according to Proposition 9.13, after further increasing /
and decreasing t; > 0, we can make sure that §; € Wpg forall ¢t € [—11, #1]. Then 7, = W (&)
is defined for all r € [—¢1, #1] and 7o belongs to the local stable manifold of W (6).
It was shown in [Yam02, Lemma 9.3] that the condition

g 500
implies that the tangent vector to the family { f7,} at # = 0 lies inside an invariant cone field
C defined on the tangent bundle to the set of all infinitely cylinder renormalizable f € CZ.
Furthermore, it was shown in [Yam02] that this cone field is expanded by DRy1. Pulling

back C by the analytic mapping 7 > f; gives a cone field C’ defined on a subset of the
tangent bundle of P‘Zi/ PP It follows from Proposition 6.4 that C’ is invariant and expanding

under the map DRp 4. Since the tangent vector to the family {z,} at = 0 lies in C’, the
expanding property of C’ implies that the family {z;} intersects the local stable manifold
Wi (W (0)) transversely. Now the statement of Theorem 1.5 follows immediately, with §
being equal to the absolute value of the unstable eigenvalue of the linearization of Rf,‘ o at
v (0).

9.6. Proof of C'*P_rigidity (Theorem 1.6).  The proof repeats identically the argument
from [dFdM99]. We show that exponential convergence of renormalizations in the case of
bounded combinatorics implies C'+#-rigidity.
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For a critical circle map f :R/Z — R/Z with an irrational rotation number, let /,, be
as in (3) and define I, = f J(I,). The dynamical partition of level n, associated to f, is
defined as

Pulf) =Tt Iy, I YU, I T
The intervals from P, (f) partition the circle modulo the end points and P,4+1(f) is a
refinement of the partition P, (f).

According to the real a priori bounds [Her86, Yoc84], the length of a maximal interval
in P, (f) goes to zero as n — oo. This implies that, given two critical circle maps fi, f>
with the same irrational rotation number, there exists a unique homeomorphism 4 : R/
Z — R/Z that maps 0+ 0 and conjugates f; with f>. In particular, for any n € N,
this homeomorphism # is an isomorphism between the dynamical partitions P, (f1) and
Pu(f2).

The following proposition is a reformulated version of [dFdM99, Proposition 4.3].

PROPOSITION 9.14. Let f be a critical circle map with an irrational rotation number of
type bounded by B and let h : R/Z — R/Z be a homeomorphism. If there exist constants
C >0and0 < X < 1 such that
ML DU _ oy (8)
J1 - 1h(D)]
for each pair of adjacent atoms I, J € Py(f) for all n>0, then h is a C'TA-
diffeomorphism for some B > 0 that depends only on A and B.

The estimate from [dFdM99, §4.4], together with Theorem 9.6, implies the following
result.

PROPOSITION 9.15. In the above notation, suppose that the rotation number of f1 and
f> is of the type bounded by B € N and the critical exponent of fi and f> lies in the
union UkeN J(k, B). Then there exist positive real numbers C >0, 0 <o, A < 1 such
that for every n € N, the following holds. Let I, J € P,,(f1) be two adjacent atoms of the
nth partition, both of which belong to the domain of the pre-renormalization pR"~17" f;.
Then (28) holds.

Finally, possibly after increasing the constants C and A < 1, the Koebe distortion
theorem together with real a priori bounds readily implies that (28) holds without the
assumption that the atoms 1, J € P, (f1) belong to the domain of the pre-renormalization
pR™* o7 £ Thus, the homeomorphism & satisfies the conditions of Proposition 9.14 and
hence it is a C'*#-diffeomorphism. This completes the proof of Theorem 1.6.
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