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For the parabolic-elliptic Keller-Segel system in R? it has been proved that if the initial mass
is less than 8m/y, a global solution exists, and in case the initial mass is larger than 8w/,
blow-up happens. The case of several chemotactic species introduces an additional question:
What is the analog for the critical mass obtained for the single species system? We find a
threshold curve in the two species case that allows us to determine if the system is a blow-up
or a global in time solution. No radial symmetry is assumed.
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1 Introduction

The Keller—Segel model describes the aggregation of living organisms like cells, bacteria
or amoebae. This is the simplest mechanism of aggregation. The most famous example in
nature for this type of cell motion is the Dictyostelium discoideum or Slime mould; this
amoeba was discovered in the first half of the 20th century. The slime mould is a unicellular
organism that detect an extracellular signal and transforms it into an intracellular signal.
These signal activates oriented cell movement towards a signal, this is an aggregation
process. The signal is a chemical secreted by themselves and is called cyclic Adenosine
Monophosphate (cAMP).

A classical mathematical model in chemotaxis was introduced by Keller and Segel in
1971 [12]. The Keller—Segel model is as follows:

u=V-(uVu—yuVv) xe€Q, t>0,

1
v, = yAv — v + ou xeQ, t>0, (1)

where u(x,t) is the cell density and v(x, ) is the concentration of chemical at point x and
time t subject to the homogeneous Neumann boundary conditions and positive initial
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data u(x,0) = up and v(x,0) = vy. In this model, y is the chemotactic sensitivity, y is the
diffusion coefficient of the chemo-attractant, u is the diffusion coefficient of cell density, f
is the rate of consumption and « is the rate of production, all are positive parameters, and
Q < RY has smooth boundary dQ. It was conjectured by Childress and Percus [5] that
in a two-dimensional domain there exists a critical number C such that if [ ug(x)dx < C
then the solution exists globally in time, and if [ uo(x)dx > C, then blow-up happens. For
different versions of the Keller—Segel model, the conjecture has been essentially proved,
finding the critical value C = 8n/y; for a complete review of this topic, we refer readers
to [9,10] and the references therein, and [2,4,11,13,15].

In the case of several chemotactic species, a new question arises, namely: Is there a
critical curve in the plane of initial masses 010, delimiting on one side global existence and
blow-up on the other side? This question was previously formulated by Wolansky in [16],
and from Theorem 5 of this last paper we readily deduce the following result.

Theorem 1 Consider the system

Ouuy = pAuy — 1V - (u1 Vo)
Oty = Auy — oV - (up Vo)
0=Av+u; +u, —v,

along with Dirichtlet boundary conditions for v and initial radial data: ui(0,-) = ¢, u(0,*) =
p, v(0,°) = ¢, with @,p,¢ = 0 on the two-dimensional disc of radius 1. Further, let 0, 0
be the total preserved masses of the chemotactic species. Assume further that

4rpud;  4mb, 1

+——=—2(01+0:)>>0, 0; <8nu/y, 0,<8n/y. (2)
bal noo 2

Then for (u1(0,),u3(0,")) € Yy with

YNZ{L{],UQ B(O)—>IRjL :/ui=0i, / uilogui<oo},
B(0)

there exists a global in time classical solution.

A natural question arises from this last result. What happens if inequalities (2) do not
hold? Is it still possible to have global solutions? With regard to this question it is worth
recalling here a result from Conca et al. [6], who considered the following system in the
whole space in two dimensions:

Oiuy = pAuy — 1V - (u; Vo), xeR? >0
Oius = Auy — 1oV - (U2 Vo), xeR? >0
v(x, 1) = —5 [rolog|x — y| (ui(y, 1) +ua(y, 1)) dy, x€R?, >0
u(x,0) =upo =0, uy(x,0) =up =0, xecR? t>0

) A3)

where u; and u, are the density variables for two different chemotaxis species and v is the
chemoattractant, yi, y2, u are positive constants and positive initial conditions uyg, Uy are
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FIGURE 1. Regions of global existence in time and blow-up.

given. In their last paper it was proved that if 0, 0, satisfy any of the inequalities

4l 4710 1 8
M+L_,(91+92)2<o, 91>u—n, 0, > —,
11 12 2 vl e

then system (3) can blow up. It was also proved in [6] that the inequalities
8
01+ 0, < j, u=l1
12
8
91+92<j,u, p<l1
X2
guarantee global existence.

In the present paper we aim to give a step further improving the results of global
existence from [6] and to prove that even in the non-radial case, inequalities (2) guarantee
global existence for system (3). In consequence, we give a generalization of the threshold
number 87/y for the classical parabolic—elliptic Keller-Segel system in IR? to a curve for

the two species system. The global existence in time results of the present paper along
with the blow-up results from [6] are summarised in Figure 1.

2 Preliminaries

Let us proceed formally to find a free energy functional for our system. First we write the
equation for u; in (3) in the form

Ouy =V - V(nloguy — y1v). (4)

Next, we multiply both sides of (4) by plogu; — xiv and integrate to obtain

/2141: (uloguy — yiv)dx = /2(u10gu1 —x10) Vo urV(uloguy — yiv) dx. (3)
R R
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Then using mass conservation and integrating by parts, we see that (5) is equivalent to

d
I uuy loguydx — yy / uyvdx = —/ uy |V (uloguy — }511))|2dx. (6)
t JRr2 RR2 R2

Similarly,
d 2
— up logupdx — i Uy vdx = — uy |V (loguy — yov)|” dx. (7)
dt Jr2 R2 R2

Now we add 7% (6) and /% (7) to obtain

d{/ Lt logu1dx+i/ uzlogugdx}—/ (11 + ) vdx
dt | Jr: 11 X2 JRr R?

_ / ur |V (ulogu — 710)] dx — / uz |V (log s — 720) dx. (®)
R2 R2

We observe at this point that

1
/ (u1; + uz) vdx = s / (u1(x, 1) + ua(x, t))z/ log |x — y| (u1(y,t) + us(y, t)) dydx
R2 T JR2 RrR2

1 d
L4 / (15, 1) + 25, 1)) (s (v )+ wa(s 1)) log [x — | dydx
4TCdt R2xR?
_1d / (1 + u)od ©)
_Zd[ IRZM] uz)vdx.

In conclusion, we deduce from (8) and (9) that

i {/ ﬂul loguydx + l/ up log uydx — 1/ (uq +u2)vdx} <0. (10)
dt | Jr: 21 12 Jr2 2 Jre

Result (10) motivates us to define the free energy functional for system (3) as

E(t) = el uy loguydx + l/ uy log uydx — 1/ uvdx — l/ uyvdx. (11)
11 Jr2 72 JRr2 2 Jre 2 Jre

In order to give validity to our calculations, we suppose not only that wuj,u, €

CO(R™, L'(R?)) N L*((0, T); H'(IR?)) but also that uy(1 + |x|*), ua(1 + |x|*), uy logu; and

up log uy are bounded in L, (RT, L'(R?)). In addition, V. Jur,V Jur€ Ll (RT,L'(R?)) and

Vo € LE(RT x R?).

Then we have that

d

1 1
—E(t) = ——/ uy |uVloguy — Vlelzdx - — / uy |Vloguy; — V}(zv|2dx <0. (12)
dt x1 Jr2 12 JR2

As a consequence of (12) and the Hardy—Littlewood—Sobolev (HLS) inequality [5, 9], the
following entropy bound was obtained in [6].

Theorem 2 If uy and uy are positive solutions of (3) on the interval [0,T) and y1 < y2,
then we have the following entropy estimates:
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o [f u>1, then

( Mm) / / (ul(x t) iug(x, t)) log (1u1(x t)+ Aiug(x, t)) dxdt < Cr,
R2 %2 1 12

where Cr is a constant depending on T and M = 0, + 0,.
o If u<1, then

< MX2> / / <u1 x,t) + iug(x t)) log <1u1(x, 1)+ luz(x, t)> dxdt < Cr,
8mu R2 12 X1 12

where Ct is a constant depending on T and M = 01 + 0,.

Theorem 2 gives bounds for the entropy which is a key tool for the proof of global
existence for system (3). In order to improve this last result, it would be desirable to use
the HLS inequality for systems developed by Shafrir and Wolansky in [14]. However, as
we will show in Section 2, a direct application of this tool to our system does not give
the optimal result that we are looking for. We will show how an adequate introduction
of some auxiliary parameters in (12) allows us to improve the result of global existence
obtained in [6], namely we will show that if 0y, 0, satisfy

drud,  4nor 1 8m 8n
TR 0+ 0P >0, <p, <
X1 X2 x1 x2

then global solutions in time exist. No kind of radial symmetry is assumed.

The most fundamental tool used through this paper is the logarithmic HLS’s inequality
for systems, which we proceed to recall now. Following the notation in [14] we define the
space

I'v (R?) :{ﬁ:(ﬁi)iel 2,5,-20,/25,-\10gﬁi|dx<oo,
R

/ pi = M, ﬁilog(1+|x|2><oo,VieI},
2 R2

where M = (M), is given. Next we define the functional F : I'y(R?) — R by

PR =3 [ Atogpdx+ o> ay [ [ Gitotogl - 170 dxdy

iel Jriel

and the polynomial

Ap(M)=8r> Mi—> ayMM;, V@ +J<I.

icJ ijeJ

Then we have the following.
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Theorem 3 Hardy—Litlewood—Sobolev’s inequality for systems
Let A= (a,-j) a symmetric matrix such that a;; = 0 for all i,j € I and M € R’.. Then:
A (M) =0 and

A;(M)=0, forallJ <1
if 4;(M)=0 for some J, then a;; + Ay (M) >0, VieJ

are necessary and sufficient conditions for the boundedness from below of F on I'y(R?).
There exists a minimizer p of F over I'y(R?) if and only if

Ay (M)=0, and A;(M)>0, forall J&I

Proof See [30, Theorem 4]. O

3 Global existence

The first result of this section gives us bounds for entropy functionals. We achieve our
aim through an appropriate use of the HLS inequality for systems, Theorem 3. The
main idea of the proof reads as follows: Given that a direct application of the HLS
inequality would allow us to get bounds only on a curve of the 616;-plane for the entropies
f]Rz x,t)logui(x,t)dx, i = 1,2, we introduce some parameters before applying the HLS
inequality. This step will allows us ‘to move’, ‘to shrink’ and ‘to dilate’ this curve in such
a way the the full region (18) is swept and therefore obtain estimate (19) in this region.
We suppose throughout this paper that

ti0,u0 € L' (IR, (1 + [x[*)dx), } (13)

uio loguo, ux logux € L'(IR?, dx)

Lemma 4 (Lower bound for the entropy functionals) Consider a non-negative weak solu-
tion of (3) such that u;(1 + \x|2), i =1,2 are bounded in L (R*, L'(IR?)). Then we have

loc

/u,(xt)logu,(xt) MlogM —Mlog[n(1+t)]—C, i=1,2.
R>

Proof In the following, C will denote a generic constant. We have from [6, Theorem 1]

that
d 40 40 1
—/ ( K uy(x,t) + —uz(x t)) |x\2dx -1 uw+ 2 (91 + 02)2 (14)
de 1 o) 11 12
We define
1
n.= ﬁul + —uy;
X1 X2
and
40 40 1
K= —tu+=—=2— —(0,+6).
bal » 2n
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Thus, we obtain

/ n(x,t) |x|* dx =Kt+/ n(x,0) x> dx < C(1 + 1), (15)
R2 R?2

where C := max{K, [, n(x,0) x| dx}. From the inequality u; < Cn, where i = 1,2 and
(15) we deduce that

/ wix,0)|xPdx < C(1+1), i=1,2.
R2

Using the same idea presented in [4, Lemma 2.5], we observe that

/ s (%, 1) log uy (x,1) > 11 / s (1) x> = € + / s (x. ) log 1 (x, 1)
R? R2 RrR2

=/ u; (x,t)log [ui ()‘i’;)
R? e T

Let us now define the variable u as

(16)

- C.

u(x,t)=n

We then obtain from (16) that

/ u; (x, 1) log u; (x,t)>/ u; (x, 1) log [“i (’”)] dx — Mlog[n(1+1)] —C
R R2 p(x,1)

:/ w0 oo [ui(x’t)]u(x,t)dx—Mlog[n(l-l—t)]—C, (17)
R? ﬂ(X, t) ,U(X, [)

where M = X%Hl + 1%92. Using Jensen’s inequality we get from (17) that

/ u; (x,t)logu; (x,t) = MlogM — Mlog[n(1+1t)] —C.
R2

Theorem 5 (Upper bound for entropy functionals) Consider a non-negative weak solution
of (3) such that ui(1 + |x|*), uilogu;, i = 1,2 are bounded in L (R*, L'(IR%)). If (01,0,)

loc

satisfies
8 8 0 0
0 <Zu; 0,< sn <1u+ 2) — (01 + 02> > 0, (18)
X1 X2 X1 A2
then we have
/ ui(x, t) logu;(x, t)dx < C, (19)
R2
where i = 1,2 and C is a constant depending only on the parameters 0y and 0», 1, 11, 12,
E(0).
Proof From (12) we have that
E(t) < E(0), vt > 0.
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In consequence, we have the following estimate:

1
u1 (x,t)loguy (x,t)dx + — / uy (x,t)loguy (x,t) dx
4 12 JR2

FO == [ [ wom (otoglx = yldxdy
- f/ [ w0 0.0 log x vy
T JrR2 JR2
1 1
|| e om gatogix = yidsdy = o [ s txtjun o toglx — yldxdy.
n Jr: Jr2 4n Jr> Jr>
We introduce positive parameters a and b in the last inequality in the following way

Eol (e loguy (x.0) dx + / s (x, 1) log us (x, £) dx
R2 X2 JRr2

x1
2
E(0)— 3411/ / uul(x,t)uul(y,t)log‘x_y‘dxdy

/ / uu1xtu2 )lg\x—y\dxdy
/l4TE RrR2 JR2
) (X f) ¥,1)
lo
R

//“2(“ )1g|x y| dxdy. (20)
R JR2

By doing so, we can now apply the HLS inequality for systems (Theorem 3) to the
functions puy/a and u,/b in identity (20) getting that

— uy (x,t)loguy (x,t)—i—i/ uy (x,t)logu, (x,t)
R? X2 JR2

1
E0)—-C +/ umlog ﬂm dx+/ uz (x, 1) log us (X, 1) i,
R2 a a , b b

where the conditions for the existence of the constant C given by Theorem 3 are

2
A{l}( )= 87I,LL@ (9]) = 0;
a
0 0,\°
4 —=b () =0
2y (M) = 8Ttb b(b) 0
AN Y PRI Y AN
Agy2y (M) =8n ( +b> ( L+ 2ab— S b bb) 0.
Equivalently,
le 87“5 02<8?n
j 1)
8m(u + %) — (01 +0,)°=0
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In conclusion we have proved that condition (21) implies

w(=1) [t o+ (2= 3) [ wtobogu e
nooa) g w2 b)Jr

0 0 1
<SEO0) —C+Plog? + 2 10g - (22)

a a b b
We have from Lemma 4 that the functionals f u; log u;dx are bounded below for i = 1,2.
On the other hand, each of the coefficients of the entropy functionals in (22) are positive
as long as a > y; and b > y,. Then we take parameters a and b on the intervals (y;,00)

and (y,00) respectively We conclude that estimate (19) hold on region (18). O

Boundedness of entropies in the last theorem is the main tool that we will use to obtain
the following result of global existence.

Theorem 6 (Global existence of weak solutions) Under assumption (13) and

0 0
8 <1u + 2) —(0; + 6,)> > 0, (23)
X1 X2
0, < 8ju; 0 < g—n, (24)
X1 X2

system (3) has a global weak non-negative solution such that

(1 + |x* + [log ui)u; € L*(0, T; L' (IR?))

and
1 2 1 2
—— uy |[uVlogu; — Vyvl dx — — uy [Vloguy — Vyav|” dx < oo.
A1 [0,T]xR2 X2 [0,T]xIR?

Before giving the proof, let us first give some explanation of this result. Inequality
(23) corresponds to the interior of a rotated parabola in the plane 6,0,. Choosing the
parameters u, y; and y, appropriately, condition (24) may be relevant or can be simply
ignored. Next, Figure 2 illustrates the two possible cases:

More precisely we have that,

e if the parabola
8n (Qlu + 02) —(0;+6,)*=0 (25)
A1 12
intersects either of the lines 0y = 8nu/y; or 0, = 8n/y; in the first quadrant of the
010, plane (which happens exactly when y; < uy»2/2 or y1 > 2uy»), then system (3) has
global existence in time weak solutions as long as the initial masses satisfy inequalities
(23) together with (24).
e However, if the parabola (25) does not intersect either of the lines 6; = 8mu/y; or
0, = 8n/y> (when pyr/2 < y1 < 2uy») in the first quadrant of the 0,0, plane, then
inequality (23) is enough to guarantee that system (3) has a global in time weak solution.
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87/ X2

FiGURE 2. Two basic configurations of parabola (25).

On the other hand, we should point out that all of our results are formal so far. In
order to make them rigorous, we should have a local existence result of smooth solutions.
However, we will take another strategy which will allow us to obtain directly global
existence in time of weak solutions with the corresponding mathematical rigour. In order
to prove Theorem 6, we first modify the convolution kernel k°(z) = _217: log|z| in (3) by
truncating it around zero. This last will allow us to get a regularized version of system (3),
which is rather easier to work. After proving the existence of global solutions of this last
approximate problem, we look for uniform estimates of solutions and then pass to the
limit that will give us the result of global existence we are looking for. After getting this
result we recover properties such as mass conservation or the second moment formula by
testing properly our weak solution. A similar technique was made in the one chemotaxis
species case (see [4, 5]).

Proof (Sketch) For the reader’s convenience, we divide the proof into four steps giving
special attention where technical difficulties arise in comparison to the single species case.

Step 1. Regularization of the system. We define K€ by K¢ (z) := K' (£), where K' is a
radial monotone non-decreasing smooth function satisfying

—Liog|z| if |2| = 4
1 — 2n =
K@ { 0 iflzl<1

Assume also that

1
1
VK @) < 3 2]

1
K'(z) < —2—10g lzZ|; —AK'(z)>0; VzelR?
n
for any z € R2. Then we consider the following regularized version of system (3)

O = Auf — V- (uiVoe), >0, xelR?
o5 = Aus — 1pV - (usVoe), t=20, x¢€ R2, (26)
ve =K * (uf + us), t>0, xeR?
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which we interpret in the sense of distributions. Since K%(z) = K 1(%), we also have

1 z 1 1 1
é = — — < —-——— =
VK™ ()] € ‘VK (s)‘ T e2nlz/el  2mlz| @7)

The proof of global solutions in L*(0, T; H'(R*) N C (0, T; L>(IR?)) for system (26) with
initial data in L?(IR?) follows essentially the same lines as in [4, Proposition 2.8] and
therefore we omit the proof here.

Step 2. A priori estimates for the approximate solutions u§, uj and v°.

Consider a solution (u,u$) of the regularized system. If

8 8 0, 0
91<7“u; 0, < . 81t< 1u+;>—(91+62)2>o,
(1 2

then, uniformly as e — 0, with bounds depending only upon [p.(1 + Ix|*)uipdx and
f]RZ ujp loguipdx with i = 1,2, we have the following estimates:

(i) The function (x, 1) — |x|* (uf +u5) is bounded in L” (R} ; L'(R?)).

(i) The functions t — [p,u§(x,t)logu$ (x,t)dx and ¢ — [p, u5(x,t)v° (x,t)dx are
bounded for j =1,2.

(iii) The function (x,1) — uS (x,1)log (u5 (x,?)) is bounded in L” (R} ; L'(R?)) for j =
1,2.

(iv) The function (x,t) — V,/u%(x,1) is bounded in L? (R;}, x R?) for j = 1,2.

(v) The function (x,t) — u§ (x,) is bounded in L* (R}, x R?) for j = 1,2.

(vi) The function (x, ) — u5 (x, 1) Av° (x,1) is bounded in L' (R}, x R?) for j = 1,2.
(vii) The function (x,t) — /uS (x,1)Vv° (x,1) is bounded in L? (R} xIR?) for j =1,2.

The proof of estimates (i)—(vii) follows essentially the same steps as in the one species
case and therefore we refer the reader to [4, Lema 2.11].

As a consequence of estimate (ii), the first two equations of system (3) have the
hyper-contractivity property [4, Theorem 3.5], i.e. for any 1 < p < oo, there exists a
continuous function 1/ : (0,T) — R such that ||u§(~,t)HLP(R2) < Bi(t), j = 1,2. Hence,
uj € L*((6, T), LP(IR?)), p € (1,00) for any & € (0, T). Therefore, we have the following
result:

(viii) The function (x, ) — u§(x, ) is bounded in L*((5, T), LP(R?)) for j=1,2, p > 1.

Step 3. Construction of a strong convergence subsequence in L. To achieve our aim in
this step we will apply the Aubin-Lions compactness lemma.
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First we get a uniform bound on [[Vui| 2 (5 1)xgr2)- We observe that

i/ |u§|2dx=—2/ \Vuf|2dx+2;{1/ usuf-vadx<—2/ \Vus|* dx
dt JRr: R2 R2 R2
1/2 1/2
+2X1(/ |Vu§2) (/ lut|? Vuf|2dx> <—2/ Vs | dx
]RZ ]RZ ]RZ
1/2 1/3 1/6
+2y1 (/ |Vu§2) (/ |uf|3dx) (/ |Vu€6dx> . (28)
R2 R2 R2

where we have used the Holder inequality in the last line. The classical Gagliardo—
Nirenberg—-Sobolev inequality along with the Calderon—Zigmund inequality allow us to

conclude that
1/6 2/3
(/ |vuf"dx) <c</ |Auf3/2dx> . (29)
]RZ ]RZ

From inequalities (28) and (29) we deduce that

d €12
ﬁ/mz [uf|” dx
1/2 1/3 2/3
<—2/ IVuS|* dx +2Cy </ IVufz) (/ |u§|3dx> </ |Auf3/2dx)
R? R? R2 R2
1/2 1/3
g—z/ |Vui‘|2dx+2C;(1</ |Vu;|2) (/ u§|3dx)
R2 R? R2
2/3 2/3
X ((/ |u§|3/2dx) +(/ |u§|3/2dx) )
R? R?

Integrating with respect to ¢ and reordering last inequality, we now obtain

’ 1/3 2/3
2/ / |Vuf|2 dxdt—2CX1{ sup (/ |ul€|3 dx> < sup (/ |“i|3/2 dx)
o R2 te[d,T] R? t€[6,T] R?
2/3 T 1/2
+ sup </ |u§|3/2dx> >}/ (/ |Vuf|2> dt+/ |uf|2dx _/ \uf(x,O)\2 dx < 0.
te[0,T] R? 5 R? R R

We observe now that

T 1/2 T 1/2
/ (/ Vuf|2dx> dt < (T —9)'? (/ |Vuf|2dxdt) .
5 R? 0 JR2

Denoting by X := ||Vu{ || L2 ((5.T)xR?) and taking into account (viii), we conclude from last
two estimates that for positive constants a, b and ¢ we have that

aX?>—bX +¢ <0,

in consequence X := [[Vui|[;> (5 1)xg2) 15 bounded, ie there exists a constant C such
that
HV“fHL,ZW((é,T)xml) < C. (30)
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Now we obtain a bound for |duf/dt|»s5 1).5-1r2) - First of all we notice that in the

middle of the proof of estimation (30) we have proved that

1/3 2/3 2/3
Vo | o ey < (/ |u§|3dx) ((/ u§|3/2dx> + </ ug|3/2dx) > (31)
R? RrR? R2

It follows from the last estimate and (viii) that for some constant C we have
HuiVUGHLZ(]RZ) <C. (32)
Let ¢ € H'(IR?), then we have

(duj/dt, §) = [(Au; — V - (u;Vv°), §)| < [(Vui, V)| + [(ui Vo, V)|

< HV(ISHU(]RZ) HvuiHLZ(]RZ) + HV(ZSHU(]RZ) H”iVUGHLZ(]RZ) . (33)
Thus,
dui /dt 12y = H(Msup 1\<duf/dt, O < Vil | prey + (U gy -
HU(R2)™

From the last estimate and taking into account (30) and (32), it follows that
T 1/2
Hdu?/d[HLz(((s,T);Hfl(]RZ)) = (/6 |du?/dt|§11(ll{2)dt) <C. (34)

Compactness: In order to apply the Aubin-Lions Lemma, we define the spaces By =
HY(RY) N {f| |x|*f € L'(R?)}, B := LXR?) and B, := B). Let {fi} be an arbitrary
bounded sequence in By, then we have L’equi-integrability at infinity (cf. [1, Corollary
5.3.1]) as the following account shows:

/ flzdx< i/ (|x‘f,'1/2> fi3/2dx < i (/ |x2fidx>l/2 (/ f?dx)lﬂ
{Ix|>R} R Jix>ry R\ Jyx>ry {Ix>R)
1 1/2 1/2
()" (L)
R RR2 R2

lim fizdx =0 uniformly with respect to f;. (395)
R—+00 {\x\>R}

Thus,

From the Rellich-Kondrakov Theorem (cf. [1, Corollary 5.3.1] we obtain the compact
inclusion

By =< B.

Given that u} satisfies (30), (34) and (35), we can now invoke the Aubin-Lions—Simon
theorem to conclude that u? has a subsequence that converge strongly in L*(5, T, B).
Therefore, up to a subsequence we have that

ué — u; ae. in R? x [4, T1. (36)
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We have also proved uniformly boundedness for [[uf|l;,g2)x(s 7). from this, estimation
(36) and the Vitali theorem, we obtain

u$ — u; strongly in LP(R? x [0, T]) for p > 1. (37)

Step 4. Pass to the limit. We pass now to the limit in the weak sense to obtain our result
of global existence. The most significant technical difficulty to show that u;, u, solved (3)
arise with the nonlinear terms. In order to prove that

UV — u;Vo,in D'(R™ x R?), (38)

we first notice that the expression uf |Vv¢| is integrable as estimate (vii) of part 2 along
with the following estimate shows

2 2
( / us |Voe| dxdt) = ( Vs /us |V | dxdt>
[0,T]1xIR? [0,T]xR2

< / udxdt / u Vo< [ dxdt < 0;T / ul Vo< |* dxdt.
[0,T]xIR2 [0,T]xIR2 [0,T]xIR2

It follows that we can interpret ufVo© as an element of (CZ (R* x R?))" and therefore
its divergence is defined.

In order to prove that || Vv®|| ey < C for r > 2, we recall the HLS inequality: For all
fel’(R"),ge L{YR"),1<p,q<o0,suchthat 1/p+1/qg+1/n=2and 0 < A < n, there
exists a constant C = C(p,q,4) > 0 such that

/ L fg(y)dxdy
R |

<C HfHLn(]Rn) HgHLq(]R")'
"xR X — Y

Taking the supremum over the ball | g|| LaRr) = 1 on both sides of the last inequality, we

obtain
1
/ - f(x)dx
R [x — )|

< Clflpmwn) - (39)
LT (R7)

In particular

1
d
H/ ey

Thus, we have that

P < C|fllpyg2) where 1 <p,g <co, and 1/p+1/q+1/2=2.
La-T(R?)

HVUSHU(]Rn) = ||[VK* * (uj + ME)HU(W) (40)
1 1 c .

— | — d
21‘[/|x—y|(u1+u2) X

where we have used step 2 (viii). From r = q‘lfl and 1/p+1/q + 1/2 = 2 we obtain that

% = % — % In addition, p € (1,2) implies that r € (2,00). We conclude that (up to a

< ’

< C (i ey + I3 ey ) < €0 (41)
Lr(R")
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subsequence) Vo — h, where h is in L". In order to prove that actually h = VK *n we
have to do some extra work yet. With this end in mind, we now propose to show that

Vo - Vv ae. (42)

We have that

1 —
Ve —Vo=—r | 2
2 Jre |x — |

! X—y Ix —yl ..
" /X—ysze (VKI ( c ) + > (u§ +u5) (p,0)dy. (43)

e 2n|x — y|*

((u +us) — (u1 +u2)) (v, 1) dy

We deduce from (37) and (39) that (up to a subsequence) the first integral in (43) converges
to zero a.e. On the other hand, estimates (27) allows us to conclude that

1 X—y x =yl
~VK! + uj +u3) (v, t)d
~/xy<2€ <8 ( e ) 2 |x — y|2 ( 1 2) (v, t)dy

1
S —— | (u] +u5) (y,0)dy.
[ ) Gy

Last integral converges to 0 as ¢ — 0, therefore we conclude (42).
We therefore obtain from [8, Prop. 2.46 (i)] that Vv, — VK * n weakly in L" for r > 2.
Finally, we choose conjugate exponents r = 4 and p = 4/3 to conclude the convergence

(38). O

4 Conclusions and open questions

It has been proved in this paper that system (3) has a threshold curve that determines
global existence or blow-up. A more difficult task is to find out if the blow-up has to
be simultaneous or not and also to describe the asymptotics near the blow-up time. A
first step in this direction was given by Espejo et al. in [7], where it was shown that the
blow-up has to be simultaneous in the radial case. Should it be the same in the general
case? Or should it depend on more specific information on the initial data? With regard
to this point it is worth recalling that according to [6] it is possible to have blow-up even
in the case that the total moment

m(t) == x uy(x, 1) |>c\2 dx + 1/ uy(x, t) |x\2dx (44)
11 JRr? 12 JRr?
is increasing, that is when we have
4mtud 470
po1 | 4mb,
11 22

1
— 5(91 + 02)2 > 0.

This opens up a new possibility: The density of one chemotactic species could be increasing
meanwhile the other decreases. That is to say, the question of a simultaneous blow-up or
not as well as a possible collapse mass separation could eventually not only depend on
the radial symmetry of the initial data but also on the L' size of the initial data.
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On the other hand, if the parabola
4nub,  4m0, 1

+——3(014+0°=0 (45)
bal x2 2
intersects any of the lines
91 = 8£ or 92 = Sj’ (46)
A1 X2

it would be very interesting to study the behaviour of system (3) on this lines. Here
it is worth recalling that the proof of convergence towards a delta function at T = oo
in the one species case, when total mass is exactly 8m/y, uses in a essential way that the
second moment is preserved (see, for instance, [3]). In contrast, for the two species case,
the rotated parabola (45) can intersect any of the lines (46) and then we obtain threshold
lines on which the second moment is not preserved. A description of the asymptotic
behaviour in this case seems to require rather different techniques to those used in the
one species case.
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