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The Hopf bifurcation from spike solutions for the classical Gierer—Meinhardt system in a one-
dimensional interval is considered. The existence of time-periodic solution near the Hopf bifurcation
parameter for a boundary spike is rigorously proved by the classical Crandall-Rabinowitz theory.
The criteria for the stability of the limit cycle are determined, and it is shown that the limit cycle is
unstable.
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1 Introduction

In this paper, we consider the following canonical one-dimensional Gierer—Meinhardt system

[6, 13]
. . A2 .
At—EAxx_A'i'ﬁa A>0 for 0<x<1,t>0,
TI:I,=D~XX—FI+ ~2, H>0 for0<x<1, >0, (1.1
A.=H,=0, for x=0,1, >0,

where the unknowns 4 = A~(x, ¢y and H = H(x, f) characterise the concentrations of the activator
and inhibitor at a point x € (0, 1) and at a time # > 0. Throughout this paper, we assume that

€ > 0 is a small parameter independent of x and ¢,
T > 0 is a fixed constant independent of x, # and €, and
D > 0 depends on € but is independent of x and .

We further assume that D = D(¢) — oo as € — 0 and call this the weak coupling, or shadow
limit, case.
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Using the reduction techniques of [24], one can easily show that the stationary system of (1.1)
has solutions with a single boundary spike at x =0, as € — 0 and D = D(¢€) — oo at a suitable
rate. (See also early work [18].) Since we consider a boundary single-spike solution at x =0, it
is convenient to consider the even extension (with respect to the spatial variable x) of the system
(1.1) on the interval [—1, 1]. In this case, the spike solution becomes symmetric about x = 0.

The aim of this paper is to rigorously prove that, for € > 0 sufficiently small, there exists a
Hopf bifurcation threshold for T beyond which a time-periodic solution of (1.1) bifurcates from
the single-spike stationary solution. In addition, we prove that this Hopf bifurcation is subcritical,
i.e., the bifurcating time-periodic solution is unstable. Previous studies into Hopf bifurcations
for the one-dimensional Gierer—Meinhardt have used matched asymptotic expansions to derive
leading order (NLEPs) with purely imaginary eigenvalues for specific, numerically computed
values of  [21, 22]. The numerical simulations in these studies suggest that the Hopf bifurcation
is subcritical, though a rigorous proof has not yet been given. The aim of this paper is to give the
first rigorous proof of the existence of time-periodic patterns and its sub-criticality.

To prove the existence, uniqueness and stability of the Hopf bifurcation, we use the classical
Crandall-Rabinowitz bifurcation theory [1]. More precisely, we use a more concise formulation
given in Theorem 1.8.2 of [10].

Theorem 1.1 (Theorem 1.8.2 of [10]) For the parameter-dependent evolution equation

dx
— =F(x, A), 1.2
g = Fed) (1.2)

in a Banach space Z, we make the regularity assumptions

F:U x V — Zis a C* mapping, where 0 € U C X (a Banach space),

1.3

and A € V CR are open neighbourhoods, (.3

F@O,2)=0, D.,F(0,A) existsin L(X,Z) forall A€V, (1.4)

X C Z is continuously embedded, (1.5)

ikg(#£ 0) is a simple eigenvalue of D F(0, Ly) with eigenvector (1.6)
@0 & R(ikol — D,F(0, Ao)), %ikol — DcF(0, Lo) are Fredholm operators of index zero, =

Ay =D, F(0, 1) as a mapping in Z, with dense domain of definition D(4y) = X, (17
generates an analytic semigroup €' € L(Z, Z), t > 0, that is compact fort > 0, '

D.F(0, )p(A) = u(X)e(r) with (k) = ikg, i(X) are simple eigenvalues, (18)

and we assume the nondegeneracy (transversality) Re(i'(Ag)) # 0.

Then, there exists a continuously differentiable curve (x(r), M(r)) of (real) 2w /k(r)-periodic
solutions of (1.2) through (x(0),A(0))=(0,x9) with 2r/x(0)=2m/ky in (Czljf/"f{(r)(R, Z)N
an/K(r)(R, X)) x R. Every other periodic solution of (1.2) in a neighbourhood of (0, Ay) is
obtained from (x(r), M(r)) by a phase shift Sox(r). In particular, x(—7) = Sz ()X (¥), kK (—1) =k (1),

and AM(—r) = A(r) for all r € (=34, ).
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We remark here that » € (-4, §) is a technical parameter comes from the Liapunov reduction
procedure in the proof of the bifurcation theorem. Interested readers can consult the book [10]
for more details.

The linear stability of the bifurcating periodic solutions is obtained using Corollary 1.12.3 in
[10]. Specifically, besides the conditions required for Theorem 1.1, stability is determined by
the sign of certain Floquet multipliers relative to a nondegeneracy condition of (1.8), only in this
case, we also need to know the sign of Re('(1¢)) (cf. Theorem 7.1 and the explanation before it).

To apply these results, we need to write (1.1) in the form of an evolution equation

U=FU)=LU+R(z,U), (1.9)

where

U A—A,

U: = - ,

U, H—-H,
and

2 2

Le= = 2 1 dzs
‘CZ ?Ae 7 (DdAz — 1)

denote the perturbation and linearisation about the stationary single-spike solution (4., H.)T,
respectively, and R(z, U) indicates the remaining higher-order term

(Ae+U? A2 24c
R(t, U) — H5+U2 He He
1772
4 (]1

T

HE (1.10)

To motivate the remaining sections, we outline briefly the key components of the Hopf bifur-
cation theorem derived in [10]. This theorem states that under suitable spectral conditions on
the operator £, at some critical parameter 7 := 7/, as well as additional regularity conditions on
the non-linear term, there exists a family of unique time-periodic solutions bifurcating from the

stationary steady state. Central to the conditions is the study of the eigenvalue problem

2

A A
62(¢e)xx - ¢e +2F¢e - mwe :)"e(ﬁe; (1 11)

D)V — Ve +24cpe = TA e,

where A, is some complex number,

¢ € Hy([—1.1]), Ve € Hy([=1,1]), (1.12)
and (4., H,) is the stationary solution of (1.1). Here,
Hy([—1,1D) = {¢ e H* ([~ 1,1]): p(—1) = (1) =0}. (1.13)
Closely related to L. is its adjoint:
a2 24c 2
E*— Ezﬁ_l_‘_H_e ;Ae
€ — A2

Pl
H?

(D%_l) : (1.14)

o=
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and the corresponding eigenvalue problem is

20 4% * AE * 2 * * gk
€ (¢€))QC_¢E +2[7¢€ + ;AEI//e :)“e(pe’
< (1.15)
=Ty,

€

A
DE) Y — V¥ — T

€
]? e — “Me
To make the definition of adjoint clear, we establish the following definitions. For two functions
¢; € L*([—1,1]),j = 1, 2, their inner product is defined by

1
(D1, D2) 12-1,1 Z/l ¢1(x)a(x)dx,

where the overbar denotes the complex conjugate. Set Z = L*([—1, 1]) x L?([—1, 1]). Then, for
two function pairs ®; = (¢;, ;) € Z (j = 1, 2), their inner product is defined by

(©1,02)z = (b1, ®2) 2117 T (V1. ¥2) 2 (-1,19)- (1.16)
With these definitions, the defining characteristic of the adjoint operator £* is that
(LcO,02)7 =(01,LIO,)7, (1.17)

for @1, @2 eX.

Additionally, we have the following relationships between the eigenvalues and eigenfunc-
tions of £, and L. First, it is easy to see that A € C is an eigenvalue of L. if and only if A is
an eigenvalue of L. Furthermore, if A € C\ R is a simple eigenvalue of £, with a nontrivial
eigenfunction ®, and ©* is a nontrivial eigenfunction of £} corresponding to 1, i.e.

L0 =210, LiO* =10%,
then
MO, 0%) = (L0, 0%) = (0, LIO*) = (0, ,0%) = 1(0, OF),
and therefore
(©,0%) =(0,08%) =0. (1.18)
On the other hand, if (A — £.)~" is compact for all A € p(L.), we have that
(0,0%) #0. (1.19)

for the simple eigenvalue A.

The main results of this paper can be summarised as follows: we rigorously prove that there
exists a unique 7 = 7 for which Hopf bifurcation appears (Lemma 4.1), and near 7 ~ 7 a time-
periodic solution bifurcates (Theorem 6.1). Furthermore, this time-periodic solution is unstable,
and hence the Hopf bifurcation is subcritical (Theorem 7.1).

The study of localised patterns in the so-called Turing’s diffusion-driven-instability reaction-
diffusion systems has been a very active field of research for the last couple of decades [12].
The one-dimensional canonical model system such as the Gierer—Meinhardt system [6, 13] has
been intensively studied in many papers. For the existence and stability of steady spiky patterns
in a bounded interval or the whole space, we refer to [3, 5, 9, 15, 19, 25] and the book [26].
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The dynamics of spiky patterns for one-dimensional Gierer—Meinhardt system has been studied
in [4, 17]. For Hopf bifurcations out of spiky patterns for one-dimensional Gierer—Meinhardt
system, we refer to [21, 22]. The existence of slowly varying amplitude Hopf bifurcation for
the one-dimensional Gierer—Meinhardt system in R is studied in [20], by geometric singular
perturbation technique. It is unclear if the same technique works for bounded intervals.

We believe that the techniques and computations presented in this paper can be used for the
study of sub-criticality or super-criticality of Hopf bifurcations of spiky patterns in many other
Turing systems. For the successful treatment of the Gray—Scott system and the Shnakenberg, we
refer to our recent paper [7], where we proved that for the Shankenberg system the Hopf bifur-
cation is usually supercritical (stable limit cycle), while for the Gray—Scott system, the stability
of the limit cycle depends on the range of certain parameters.

It is highly desirable but a difficult problem is to obtain some effective ‘envelope’ equations
for the oscillations at a slow-time scale that describes more precisely the growth of oscillations,
at least close to the Hopf bifurcation. For works in this direction, we refer to the works of M. J.
Ward and his collaborators.

The remainder of this paper is organised as follows. In Section 2, we summarise important
properties of the stationary single-spike solution (4., H,.)” for 0 < € < 1. Then in Section 3, we
discuss the spectral properties of the leading order NLEP obtained from (1.11) for € <« 1, which
lays important foundations for the spectral analysis for the perturbed problem. Sections 4 and
5 are dedicated to the analysis of the spectral properties of the perturbed problem (1.11) for €
sufficiently small, where we prove the main conditions in the Hopf bifurcation theorems: the
existence of the unique pair of conjugate complex eigenvalues for the linearised equation, the
setup of semigroup framework, and most importantly, the sign of Re(u'(1¢)). This is followed
by Sections 6 and 7 where we apply, setup and state the Hopf bifurcation theorem. Finally, in
Section 8, we numerically compute an unknown quantity whose sign dictates the criticality of
the Hopf bifurcation, while in Section 9 we perform some numerical simulations which illustrate
the theoretical predictions.

2 Preliminaries

As remarked in the Introduction, investigating the eigenvalue problem (1.11) is crucial to estab-
lishing the main results of this paper. It is therefore imperative that the properties of the stationary
solution (4, H)T, appearing as coefficients in (1.11), be well understood. Indeed, the study of
the stationary solutions to (1.1) has been the subject of numerous studies. Specifically the two-
dimensional case for small € > 0 was studied in [24]. The one-dimensional case is similar, and
we review here the most pertinent characteristics for our analysis.

We begin by supposing that

1
D(e)= ——, @.1)
B*(€)
so that D = D(e) — oo is equivalent to 8 = B(e) — 0. The stationary system for (1.1) is then
A2
ezAxx—A—f—E:O, A>0 in (0, 1),
1

gl H + A2 =0, H>0 in(0,1), (22)
A,=H,=0, for x=0, 1.
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As stated in the Introduction, we consider the even extension of 4 and H to the interval [—1, 1].
In this sense, (2.2) becomes

AZ
EAn—A+— =0, A>0 in(—1,1),
H
1
g2t —H+4>=0, H>0 in(=1,1), (23)
A, =H,=0, for x=—1, 1.

The equation in H can be solved using a S-dependent Green’s function whose properties we now
review. Let Gy(x, £) be the Green’s function satisfying

(Gl §) = 5 +36—§)=0  in (=1, 1)
(GO)x(xa g) = Os fOI‘ xX=— 1 5 13 (24)

1
/ Go(x, &)dx=0.
-1

For a complex number B € C such that ;i—zz — B Hy([—1, 1]) = L*([—1, 1]) is invertible, we
let Gg(x, &) be the Green’s function given by

(Gpx — B*Gg+8(x—&)=0  in (=1, 1),
(2.5)
(Gpi(x,§) =0, for x=—1,1,
We can relate Gg and Gy as follows. From (2.5), we get
1
/1 Gg(x, E)dx = 2.
Set
1 _
Gp(x, §) =387+ CGp(x,§).
Then
_ -1
(Gp)ux — B*Gp — 5+ Sx—&)=0  in (=1,1),
1
/ Gp(x, &)dx =0, (2.6)
-1
(Gp(x,£)) =0 for x=—1,1.
(2.4) and (2.6) imply that

1

] e N[
(" 2N L 821 Goto, &)+ F2Got €)
= de dxz 0As 0%As

& B
= Go(x,§) + (ﬁ— 21) Go(x, §).
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Since Gy(-, &) € L*([—1, 1]), we have by the spectral radius theorem

2 d2 2 - -2 d2 -
B (ﬁ ~p 1) Golw, §) = (ﬂ - —1) Golw, §) = O(1),

in the operator norm of L?([—1, 1]) — H?([—1, 1]). Hence,

1 a2 ! 1
Gp(x,8) = zﬁ_z + Go(x, §) + p* (ﬁ - ﬂ21> Go = 5/3_2 + Go(x, &) + O(1),

in the operator norm of L*([—1, 1]) — H?*([—1, 1]).
We assume that for € sufficiently small and D = t% sufficiently large such that

B(e) =0(e%) for some constant o > 0.

From the argument found in Theorem 1.1 of [24], we have the following theorem.

Theorem 2.1 Problem (2.3) has a solution with the following properties:

(i) Ac(—x)=A(x), x e [—1,1], and
A0 =t () +0(8)

uniformly for x € [—1, 1], where

2
%-e - € fR wz(y)dy’
and w is the unique solution of the problem
wyy—w—i—wz:O, w> 0, in R,
w(0) = max w (y),
yeR
w(y)—0, as |y| — oo;
(ii) He(—x)=He(x), xe[-1,1]
H.(x) =&.(1 4+ O(B?)) uniformly for x € [—1,1].

119

(2.7)

(2.8)

2.9)

(2.10)

2.11)

(2.12)

Remark 2.2 The symmetry requirement of A. and H, implies that problem (2.2) has a boundary

spike solution at x = 0 with corresponding properties.

3 The nonlocal eigenvalue problems
In this section, we study the following nonlocal eigenvalue problem (NLEP)

2 Jp, W
14+ Tho flR+ w2

Lo =y — ¢ + 2wep — w2 =rop, ¢ € HA(RY),

as well as the corresponding adjoint problem given by

2 Jp, WO

oY, ¢ e HAR,).
Ttk Jo, w2 o? ¢ cHyR+)

L¢" =5, — ¢" + 20" —
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As we will demonstrate in the next section, these two NLEPs serve as the limiting problems for
both eigenvalue problems (1.11) and (1.15), respectively, when € > 0 tends to zero.
It is easy to see that (3.1) can be extended to the entire real line

2
L= = ¢+ 206 — - % =g, BB, PN=P(-). (B3
R
We define the function
_ 2 Jwe
V= L+1hg fpw? G4

Similarly the adjoint problem (3.2) is equivalent to

2 .[]R W2¢*
L+ 75 [ w?

w=hid*, pEH'R), ¢*()=0*(-y).
(3.5)
For the remainder of this section, we will establish several properties of the spectrum of (3.3).
We first recall the following well-known result:

L*¢* =g, — ¢" +2wep" —

Lemma 3.1 The eigenvalue problem
Lip:=¢y—d+2wp=pd, ¢l R), (3.6)
admits the set of eigenvalues
mr>0, ur=0, wu3<0,---. 3.7

The eigenfunction ¢ corresponding to [ can be made positive and even; the space of
eigenfunctions corresponding to the eigenvalue 0 is

Ky :=span {wy} . (3.9)
For the proof of this lemma, we refer to Theorem 2.1 of [11] and Lemma C of [14]. In fact

w(y) = % sech? (g) (3.9)

Note that the nontrivial eigenfunctions corresponding to the eigenvalue 0 are odd functions.
A noteworthy identity for w is obtained as follows. Multiplying the equation for w by yw,, and
integrating over R, we obtain

1 2 1 2 1 3
— - — - =0.
2/]1~§wy+2/1;w 3/1;w

Multiplying the equation for w by w and integrating over R, we obtain

—/wi—/w2+/w3=0.
R R R

Therefore, we have the integral identities

1/ 1
wr=— wzz—/w3. (3.10)
/;R 7S5k 6 Jr
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Integrating the equation for w over R we obtain

/szfsz' G.11)

Lemma 3.2 There exists a unique T = tj, > 0 such that for t < 1y, (3.1) admits a positive eigen-
value, and for T > t;, all nonzero eigenvalues of problem (3.1) satisfies Re(ry) < 0. At T =1y,
(3.1) has a complex conjugate pair of eigenvalues io(ty) = xic; with oy € (0,00) uniquely
determined by t),. Moreover, the following transversality condition holds

Re(M)(th)) #0. (3.12)

Proof The existence and uniqueness part of the lemma is essentially part of Theorem 2.2 and
Lemma 2.4 of [24], which treats interior spike solutions in a two-dimensional space. The proof
found there can be applied here almost without modification but for the sake of completeness we
reproduce it here. The transversality condition (3.12) and its proof here are new.

Note we here only consider even functions. By Theorem 1.4 of [23], for T = 0 and by perturba-
tion for v small, all eigenvalues lie on the left half-plane. By [2], for 7 large, there exist unstable
eigenvalues. Therefore, for an intermediate value of T = t;, an eigenvalue Ay must cross the
imaginary axis into the positive real-part half-plane. We first show that this eigenvalue may not
cross through the origin, and then we show the value of t;, must be unique.

Suppose that there is a zero-eigenvalue crossing, Ao = 0, when 7 = 7. Let

Lop = (byy — ¢+ 2w,

so that at the zero-eigenvalue crossing the NLEP (3.3) becomes

Ja 9

Lo —2 =0,
Ja 2
and hence
<¢ 2 Je 9 ) —0.
fR w?
Thus,

Jo wo
Jaw

and since ¢ is even by Lemma 3.1, we must have

Jr W¢
Jew

AWP#O-

¢ —2—7F—

WGK(),

-2 =0, (3.13)

It follows from ¢ = 0 that
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But on the other hand, multiplying (3.13) by w and integrating over R, we arrive at the

contradiction
/ wop =2 / we.
R R

From the preceding argument, we deduce that there must exist a t;, € (0, o) at which L has a
pair of pure imaginary eigenvalues

Ao(Th) = Tayi,

where i = /—1 and «; > 0. Next, we show that 7, is unique. From

2 Jawo
Lo — Ao)po = R 2,
(o =20} I+1th [pn?
we obtain for Ay = «;i that
2 Jpwdo 12
= Lo —Xo)” W,
$o ey waz( 0—Ao)" W

and hence o7 is a simple eigenvalue in the sense that
Ker(L — a;i) = Span{(Lo — ;i)' w?}.

Thus, we may assume that ¢y = (Lo — a;i)~'w? whence (3.3) becomes

| .
/w¢0=ﬂ/w2. (3.14)
R 2 R

Let o = ¢ + ¢4 with ¢f and ¢{ real. Then from (3.14), we obtain

1
W¢R=_-/W25
/R T2 )k

and
T
/ weh = Lkl e
R 2 Jr
But from
o . -1
$o = (Lo — i)' w* = (Lo + i) (Lg + ) W,
we have
—1 -1
¢)§ =1L (L(z) + ot,z) wz, ¢>(1) =y (L% +0412) w.
It follows that

/R[WLO (L3+a,2)’1w2]=%/Rw2, (3.15)

/R[W(Lnga})’lwz]zgf]sz. (3.16)
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Let h(ay) = [p[WLo(L + o)~ 'w?]. Then

h (ap) = —2a7 / [WLO (Lé + a%)_z Wz].
R

By integration by parts, the last equation yields
-2
[w2 (L% + a,z) wz].

Noting L2 + o7 is a positive symmetric operator and so is (L3 + «7)~2, we conclude that

(@) = —2a /

R
/ [wz (L + a12)72 wz] >0, and therefore, #'(a;) <0.
R
Since

h(O):fw(Lalwz)szz, and  h(a;)— 0 as a; — 00,
R R

there exists a unique o, € (0, 0o) that (3.15) holds. The unique value of 7 =1, € (0, 00) then
comes from (3.16).
It is left to show that (3.12) holds. Setting Ao = Az(7) + iA;(t) we have the system of equations

1+tAR/'W_/ _ Lo—Ar w2
R (Lo — AR)2+k, ’

1
N
2 Jr R (Lo —Ap)* + A7

Suppose that %(rh) =0 and differentiate the second equation of (3.17) with respect to T and
evaluate it at T = 1), to obtain

1
Z/RW ——2)»1(Th)

where we have used Ag(z;) = 0. This implies that %(rh) # 0. If we now differentiate the first
equation of (3.17) with respect to t, we obtain

(3.17)

e [ wlt+ s (3.18)

(A7 -
0= _%(m/ wLo [L2 + 32(z)] W, (3.19)
R
2
However, %(rh) # 0 and integrating by parts, we see also that
/ wLo [L2 4 32(m)] WP = / WA(LE + o) *w?] > 0,
R R

which yields a contradiction. Therefore, "(’\R)(t )#DO. O

The next lemma is a continuation of Lemma 3.2.

Lemma 3.3 Let Ay = toyi be the unique imaginary eigenvalue pair described in Lemma 3.2 (at
T =1). Then

Re(A)(t1)) > 0. (3.20)
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Proof Consider the eigenvalue problem

2 fRW¢
w
1+1ho [pw?

Lop — 2 = roo. (3.21)

As in the proof the transversality condition of Lemma 3.2, we have

2 Jawe

T+ 1ho fo w? (Lo = ho) ™"

¢=

so that multiplying by w and integrating gives

1412
+Th / w2:/ w(Lo — 2o)~ W2 (3.22)
2 R R

Differentiating (3.22) with respect to 7, we obtain

Ao+ TA,
20t Thy / w? =) f w(Lo — Ao)"2w?, (3.23)
2 R R

W2 —1
A =ho Je ( / W(Lo — ho)w? — = / w2> . (3.24)
2 R 2 Jr

Letting t = 75 and using Re(Ao(7;)) = 0, we obtain

w? 2.2 T 2 -

or equivalently

Re(ho(th)) = —Im(o(Th)) Je

Denote
/ w(Lo — ho(t))*w? = a + ib, c= o w?, with a, b, c e R.
R 2 Jr
Then we have
-1
Im [( f W(Lo — ho(zy)) WP — 2 / w2> ]
R 2 Jr

=Im [(a + bi — c)_l] (3.20)
_ —b
S

On the other hand,

_ 2.2 L(Z)_)\I(Th)z"i‘zikl(fh)LO 5
/R W(Lo — ho(Th)) " w" = / Camorr " (3.27)

and consequently by integration by parts, we obtain

Lo w2
b= 2)»1(711)/ m

—20(mh) /R (Low) (L2 + A(m)?) WP

=2(th) /1; w? (L§ +A1(rh)2)_2 w?
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Hence,
(th)? [, w? _
Re(1(ma)) = % /}R W2 (L2 + () > w? > 0. (3.28)
0

We conclude this section with an alternative representation of A;(t;) and bounding the spec-
trum of (3.1). In (3.3), we write o = TAg, ¢ as ¢y and differentiate the equation with respect
tot

2 wa¢6 2, 2y fRW¢0W2=< Mo

Loy — w -+ +
0¢0 1+M0 waz (1+M0)2 f]sz 72 )¢0 ¢0

Multiplying by the conjugate of the adjoint eigenfunction qb_g and integrating over R, we obtain

/[¢L0¢o] 2 fRW%/ W + (12“" fRW¢°AW2$§

1 2 2 2
+ 1o fpw +140)* fpw (3.29)
I Mo
= <__+ 0) / ¢0¢0 / ¢o¢o
Taking conjugate of (3.5) and recalling that A = X,, we obtain
= 2 v
L * R
0% 1+ o o fR Wz ¢0
Multiplying by ¢, and integrating over R, we obtain
el 2 W Ho [ —
BoLody | E / wep = =2 / Pid). 3.30
/R[ooo 1+M0fRW2RO T Jp Po%0 (3.30)

Note that by integration by parts,

[ (@] = [ [oza5)

We obtain from (3.29) and (3.30) that

2
C 2py fRW¢0/ WoEE = (__+Ho)/¢0¢0 (3.31)

(4 o) o w?

Therefore, we have the formula

Mo(Th) [g dod

2‘(,'},
(14 ()] [ w?

Finally, we have the following bound estimates for the spectrum of (3.1) which will play a key
role in showing the unperturbed linear operator is sectorial.

to(Th) = (332)

f]R ‘150‘75_(3k - f]R weo fR WZ‘P_S

Lemma 3.4 Let Ay be an eigenvalue of (3.1). Then one of the following alternative cases
happens:
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(i) Im(ho) =0 and Lo < 1, where 1 > 0 is the first eigenvalue of Ly, or
(ii) Im(ro) # 0 and |thg — 1] < /2.

Proof Multiplying (3.1) by w and integrating over R, we obtain

24
/chﬁ—( 1+fkowa2>/ wg. (3.33)

Using (3.10), we obtain

12
/R Wl = <AO+ m) fR we. (3.34)
Taking the conjugate
/ who = (x_o+ #) f we. (3.35)
R 514+1tho)/ Jr
Multiplying (3.1) by ¢ and integrating over R, we obtain that
| 0 10 = 2wi0) = =20 [ 10— ; fw S K CED

Combining (3.35) and (3.36), we obtain

2 AP N 2 2% 24 | o wol?
[ 108 —2mig = =20 [ 10 - (o + g ) e 63

Writing
ho=Ar + ik, ®=o¢r+ iy,
and considering the imaginary part of (3.37), we obtain

2 20(1+2thp) | frwol?
)"I |¢| = P 212 o
A+ TAr)2+ 1207 fpw
We first consider the case that A; # 0. In this case, we have

/ |¢|2 2(1+2tag) | fR wo|?
(A +1trp2 + 1207 [pw?

(3.38)

Using the Schwartz inequality
[ [wor < [ o [ 1p.
R R R

2(1 +27Ag)
(1+trp)? + 1207 ~

we get

>

which is case (ii).
Now assume that .; = 0. If TAr + 1 =0, then

1
AM=Ag=——<0<pu;.
T
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If tAg + 1 # 0, we then use the Rayleigh’s formula

[|¢y|z+/ |¢|2—2/W|¢IZZ—M1/ 612,
R R R R
and (3.37) to get that

2R 24 |/, ¢|2
A 2+< + ) R / 2,
RfR|¢| T ST oaE) o |

If Az <0, we are done. If Az > 0, we then have

AR/ I¢|2§u1/I¢|2-
R R

Hence, case (i) happens. U

4 Spectral analysis of (1.11)

We want to show that the operator L, is an infinitesimal generator of a strongly continuous and
analytical semigroup. Since it suffices to show that L. is a sectorial operator, this naturally leads
us to study the following eigenvalue problem

A2
(¢e )yy ¢e + 2 ¢e 62 we = e ¢es

4.1)
,32 (we)xx I//e + 2Ae¢e = f)"ewsa
where y = e 'x,D= B2, A, is some complex number, and
b € Hr([—€7', €71, Ve Hy([—1,1]). 4.2)
It is convenient to set A, = &' 4, and H, = £, H,, so that (4.1) becomes
2
AG
(¢€)yy ¢e +2 ¢€ - A_zl[fe = )‘€¢€a
H, (4.3)
'32 (Wf)xx Ye + 2§e~"ie¢e =TAVe.
The second equation in (4.3) is equivalent to
(Ve — B Ve + 2B%6cAcpe =0, (44)
where
Bi. =B (1 + o). (4.5)

We may assume that ||@e || 2 _e-1 17 = 1.
Let x be a smooth cut-off function which is equal to 1 in [—%, %] andequalto 0 in R\ [—1, 1].
Let

X0 =x (), ye[-e '€l (4.6)
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Define the cut-off of ¢.:
(V) = Pe(Mxc ), 4.7
where x = €y. Then, if Re(1 + A.) > ¢, or [Im(A¢)| > c, for a small constant ¢ > 0, we have
¢ = +est.  in H([—e ' e ). (4.8)

Here and in the rest of the paper, e.s.t. stands for the exponentially small terms. Extend ¢¢ to a
function defined on R such that

Pl 2wy < Coll@ell 2—e-1.e-17)

1@ 2wy < Coll( @yl 2—c—1.e-1y) (4.9)
1Dy ll 2y < Coll( @By ll 12— 1 17y
for a constant Cp > 1. Since ||@e [l 21 17 = 1, we have ||¢¢ (| 2y < Co-
Using the Green’s function introduced in Section 2, we write
b2 - (& §
0= [ 266Gy, 00d () o (£) a. (4.10)

At x =0, we calculate

1
Ve(0) = 262 f Gy 0.6 @ o (é) dé +o(1)

1 -2
=26 [ (P 0.6+ 0w (£) o (£) e o)
-1 € €

=2 /l <; + B2Go(0,€) + 0(,32)> Ecw <§> b <§) d§ +o(1)
\2(14TA) ’ €) 7 \e @.11)

— e / W ()W) + O(Bc€) +o(1)

_1+o(1) .
= Tron EEe/W@

14+ o0(1)
(1"‘”\)wa2/ we? as € —> 0.

Substituting (4.11) into the first equation of (4.3), we arrive at

2[1 +o(1)] fp wes

(¢e)yy_¢e + 2w — 1+ A, fR 2 W= A[1 + o(1)]Pe. (4.12)
As in the proof of Theorem 1 in [2], one obtains
he = ko, $e() > ¢o()  in Hp (R), as € — 0, (4.13)

where (Ao, @o) is an eigenpair of the NLEP (3.1).
We can now prove the following spectral result for the eigenvalue problem (4.1).
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Lemma 4.1 [fe > 0 is sufficiently small, then there exists a unique value T = t!* for which (4.1)
has a pair of purely imaginary eigenvalues A, = %ia with oj > 0. Moreover, this pair is unique
in the sense that ifiB; is an eigenvalue of (4.1), then B; = o or B; = —aj. Furthermore, at this
value of T = t2, all other eigenvalues have negative real parts.

Proof For € > 0 sufficiently small, as in the proof of Lemma 3.2 all eigenvalues of (4.1) have
negative real parts when 7 > 0 is small, whereas there exist eigenvalues with positive real part
when 7 > 0 is sufficiently large. Furthermore, we can show that there are no zero eigenvalues for
any 7 > 0. Thus, there exista 7/ € (0, 0o) such that (4.1) has a pair of pure imaginary eigenvalues.

The uniqueness comes from the fact that for Re(A.) > —c, we define (A7) := [, wRe(¢¢) for
the unperturbed problem (4.12) so that subject to a subsequence, o — oy and ¢ — ¢p as € — 0
we have

B —>HO)<0  ase—0, (4.14)

according to the calculation in the proof of Lemma 3.2 and the uniform continuity of 4'(%)
in A I O

The following two lemmas establish the semigroup framework.

Lemma 4.2 Let A, € C be an eigenvalue of problem (4.1). Then for sufficiently small € > 0, one
of the following cases happens:

(i) Im(re)=0and ,he <3uy, or
(ii) Im(re) #0and |The| <7.

Proof We may assume that the constant Cy > 1 in (4.9) is arbitrarily close to 1. Multiplying
(4.12) by ¢¢ and integrating over R, we get

2[1 1 ¢ —
R R R R R

1+the  [pw?
(4.15)

Multiplying (4.12) by w and integrating over R, we get

2[1 +o(1
[1+o(1)]AE/Rw¢§=/R[wyy—w+2w2]¢§— [1 ::i ) ﬁwz/ wes. (4.16)

Using (3.10), we obtain

/W2¢>c=[1+0(1)] (x +L>/w¢f (4.17)
R Cs(l+ta)) e T '

From (4.15) and (4.17), we obtain

[+ o(1)] /R (16 + 1951 — 2wl P)

2Ae 24 wee|?
=—)»e/ 1> — + | Jg wocl - (4.18)
R 1+1he  S|147A)? Jo W?
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Consider the imaginary part of (4.18), we get

205(1 4 27A% wot|?
[1+o(1)w/ 6c1? = (Hﬂ( )j+ 12(1 o 'fif;' .19)
If A # 0, we have
a +21'()1~R—|)_22i); 2)()\6)2 >1+o0(1)> l for sufficiently small € > 0,
therefore, for small € > 0,
(thg —3)" + (t45)” < 13, (4.20)
From here we obtain the coarse bounds
3-VI3<1AS <3413, —V13 <7 < V13,
and
ITAd| <3+/13 < 7. 4.21)

If A{ =0, then A, = A%, and (4.18) becomes

(1+o(0] [ (1), P+ 1P ~ 20107

R e T+Tag S+ TAg2)  [pw?

Using the inequality

[ 1@ + 18P — 2wlgeD) = — / 6e2,
R R

we obtain that for € > 0 sufficiently small

206 24 | Jg wobl|?
—2[1 +o(1 Y 2 _ R . (422
[1+o( )]m/l;|¢e| < Rlefﬁel <1+m;+5|1+n\§|2) [

Then A% <0, or AR > 0. In the case A; > 0, we obtain from (4.22) that

i [ 10 <201 ol [ 1ocP
R R
and hence
AR <3uy. (4.23)
Note (4.23) contains the case A% < 0 naturally. This finishes the proof of the lemma. O

In view of Lemma 4.2, there exist constants €y > 0, @ > 0 and 6 € (£, ) such that the sector
Sep:={reC:larg(A —a)| <0} U {a} (4.24)

is contained in the resolvent set of £, for all € € (0, €].
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Lemma 4.3 The operator L. is a sectorial operator and hence generate a strongly continu-
ous and analytic semigroup on the space L*([—1, 1]) x L*([—1, 1]). Moreover, for ) € S, with
a>> 1, the operator R(r,a)= (A — L)~ is compact as an operator mapping L*([—1,1]) x
L*([—1, 1)) into itself and there exists a constant M > 0 such that

IR, a)| < Jor A€ Syp. (4.25)

|» —al’

Proof Forany A €.S,4, we consider the resolvent equation

el A
(Le — 1) [ w]—[/z], (4.26)

namely,
A ~2
Ae A,
62(¢e)xx - ¢e + 2T¢e - 72105 = )\(1)5 +f],
He  H, 4.27)
1 n
E(wE)m — Y + 28 Acpe =TAY + sz-
From the second equation of (4.27), we get
: 2 o (& § 2 (&
vw=[ ouwofed (Lo (5)-wn (5)]a  aam
As before, we calculate at x = 0 to get that
_ 2 o wet 2t .
“’f(")—“”(”](Hm o —1+m/l;fz). (4.29)

Here, f; is defined in the same manner of ¢¢. We assume a > 1 and 6 be fixed. Then from the
first equation in (4.27), we get

& A7 42
2 € €
c=|e?—= —(1+1)+2= — . 4.30
o[ enent] (o) -
Since for € small,
Ae
max — < 2w(0) =2 maxw,
[-1,11 H, R

there exists, by the standard resolvent estimate, a constant M > 0, such that

M ,
Bell 2117 < m(w OVl =11y + Wil 2q=1.17)-
While
el < 16202y + 5
2(1— = 2 —_ 2
ellL2([-1,1]) ||W||L2(R)|1+T)"| ellL=(R) TR 2 IL2(R)
STy (el 21,1y + W2 ll2-11)-
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Let a > 0 to be sufficiently large, then if A € S, 4, we have

Mw?(0)C 1

T+ oA+ 1 —4w(0) 2’

and hence

CM
el 21,17 < i —al (Al 203 + V2l 2q-rp)- (4.31)

From (4.29), we then have

Vel 2q—1,1p) < i (|V1 l2q1ay) + Vol 2giap)s (4.32)

and therefore
IR, @) < al for L € S,.. (4.33)
The compactness of (A — £.)~! is obvious. This finishes the proof of the lemma. O

The semigroup generated by L. is defined by the formula
1
T(1)=e ' = — / MRk, a)da, (4.34)
2mi r

—0i

where T is a smooth curve in S, that connects coe™ and ooe?".

5 The transversality (nondegeneracy) condition for the perturbed system

We begin from the eigenvalue problem

A A2

(¢e)yy ¢e + 2 ¢e 52 We = )»e¢e,

5.1
1 n
E(we)xx — Ve + 28 depe = TA Y.
We let i = tA. Then, (5.1) is equivalent to the following eigenvalue problem
i Az
T {(d’e)yy e +2 (be Aéz WG} = [hePe,
H, (5.2)
’32 (WE)XX Ye + zfsjed)e = e Ve
Namely,
@} [d&]
Z = ) 53
[we “e Ly )

with . = t L. We note that ¥* =t L*.
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Let 7. be the parameter value from Lemma 4.1, so that Re(A.(t/))=0. Then, via the

relationship

e (T) = TAL(T) + Ae(T), (5.4)

we obtain that Re(u. (")) = t/Re(1.(z"))). We now show that u1.(z/') > 0 for € > 0 sufficiently
small.

Let O, = (e, ¥e)” be a nontrivial eigenfunction of . corresponding to . and OF =
(¢, ¥)T be a nontrivial eigenfunction of £* corresponding to 7z.. We have the argument in
the Introduction

(0,07 = (0,0 =0. (5.5)

Since A is a simple eigenvalue, u. is simple. Moreover, we also have

(O, ©F) = (O, ©F) #0. (5.6)
Write
O . | ®2
O, = , Of=|"¢|. 5.7
] =[4] G

Using the Green’s function introduced in Section 2, we write

1
v = [ 267Gy, 0, (§> b (i) dt. (55)
1 € €
By (4.11), we have
1 1
00 = 2Bt [ 59)

Similar to the calculation of (4.11), we write

1 /12
Yi)=— /_ 1 rﬂzGﬂkt(x,aHA—; (%) ¢ (é) dg,

and calculate
! 2 S *\C é/':
Gs,o 0.6 (=) (90" (= ) d& +o(D)

= [ (P v auoerrom) v (£) o (£) e +o)

_ 1 1 2 2 2 E *\C ‘%_
=-—1& /;1 (m + B°Go(0,8) + O(B )) w (Z) (9] <E) dé +o(1)

£y (0) = —PE, /
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__L& 2 A%\C 2
T2+ 1a) RW()/) (@) ()dy + O(B%)

(1 +o(1)) -
(L Ta) [y w? /RW (@)

r(l +o(1))

Differentiating (5.3) with respect to t, we find that

A 00, I 00,
— 0.+ — = s .
0T ot ot

Taking the inner product with ®} gives

0.7 00, * Ofde * 00, *
a ®€>® + 31_ s T | = _'L'®E’®€ + /1/6__[965 .

Note we have
270 =nu0;.

Taking the inner product with % gives
00, 00,
L—,0f) = —,0%).
< = > “‘< ot >
Combining (5.12), (5.13), (5.2) and (5.3), we obtain

l/L/ (Th) — a/JLG ('L' ): <%®69 @:) _ &f—ll ¢€E
o L (O, OF) th (O, 0%)"

We compute

—1

1 €
[ sdia=c [ omow
=e[1+o<1)]/R¢oﬁdy,
and
1 - 1 1 -
/ T = / V) d

N ZTeh 2
= [l + o /R W fR wéo,

so that in view of (3.32), we obtain

[1+ o(1)]ro(Th) [ Pt

1 oh
I’Lg(re ) = — 27
fR body — (1+Th)~0(fhh—))2 T f]R we -flR W2¢0
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As a consequence of Lemma 3.3, we therefore have

Re(), (r )= LRe(ue) =[1+ o(1)JRe(ry(zs)) > 0, for sufficiently small € > 0. (5.18)

6

6 Hopf bifurcation: Existence, uniqueness and symmetry

We have now established all the assumptions of the Hopf bifurcation theorem of [10]. Indeed,
the relevant spectral and semigroup assumptions on the linearisation Dy F, = L. at T =t/
were established in Sections 4 and 5. Furthermore, with X = HZ([0, 1]) x H3([0, 1]) and Z =
L([0, 17) x L*([0, 1], the map F, : X — Z satisfies the required regularity assumptions. We

introduce the spaces

)., (R, X):= {U :R—>X|U(t+2mp)=U(t) teR,

(6.1)
_ U1 — UG)llx
Ullx,, 7= max U@®)|]x + Sf:&lr) ETE <o,
and
Gl (R, Z) = {U R—>Z|UeC) (R,2), ¥ecC) (R 2),

(6.2)
WUl z14y = 11Uz + 1% 112, <OO}

where y €(0,1] is the Holder exponent. The relevant space for solutions to (1.9) is Y =
(R, X)N C,7 (R, Z) with the norm

27rp
Uy = 1UlLxy + 11%2])2,. (6.3)

The Hopf bifurcation theorem thus applies and yields the following result.
Theorem 6.1 There exists an €y > 0 such that for every 0 < € < € there are numbers 8¢, n. > 0

and continuously differentiable functions p.(s), T.(s) and (Ae(s), H. (s)) € Y defined in —n. <s <
Ne such that (A¢(s), H. (5)) is a 2w pc(s)-periodic solution to (1.1) and

(0)=1", p(0)=1/af, A(0)=Ac, H(0)=H..

In addition, the solutions are nontrivial in that (A (s), H (s)) # (4e, He) for 0 < |s| < ne.
Furthermore, we have uniqueness in the sense that if (t¢,, A 6,1, e.1) is a 2mpe 1-periodic solu-
tion of (1.1) with |pey — 1/af| <8, |teq — | <8, and ||(A€,1,H€,1) — (e, HO)|ly < b, then
there exist numbers s € [0, ne) and 6 € [0, 2 pc 1) so that T | = 1(s) and the solution (A;l , I:[E,l)
is obtained from a 6-phase shift of (A.(s), H(s)), i.e.,

(ers He)(t) = [So(Ae(s). HiN(1) = (Ae(s), He(s)(t +6)  forall 1€R.
Finally, the bifurcating solutions have the following symmetry property

(/IE(—S), ]:[e(_s)) = Snpg(s)(ffe(s)a ]:IS(S)), Te(—8) = Te(5),  Pe(—5) = pe(s)
forall —ne<s<n..
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7 Linearised stability of the Hopf bifurcation

In this section, we investigate the linearised stability of the periodic solutions obtained in
Theorem 6.1 from the previous section. This stability analysis is carried out in the context of
a generalisation of Floquet Theory from ODEs to semilinear parabolic PDEs and we refer here
to Section 1.12 of [10]. We briefly summarise the main aspects of this theory so that our stability
result may be accurately stated.

Suppose A(f) is a time-dependent linear operator which is p-periodic in ¢ and consider the
problem

‘;—V: —A(Hw=0. (7.1)

The Floquet multipliers of (7.1) are the eigenvalues of U(p), where w(f) = U(#)x is the solution
of (7.1) satisfying w(0) =x. We say that « is a Floquet exponent of (7.1) if and only if e™ is
a Floquet multiplier, or equivalently if « is an eigenvalue of % — A(?) in the space of p-periodic
functions.

The concepts of Floquet Theory arise in the study of periodic solutions as follows. If u is a
p-periodic solution of the non-linear problem

W e (72)
a8 '
then the linearisation about this periodic solution results in the variational equation
dv
i gu(u(®)v =0, (7.3)

from which the Floquet multipliers and exponents are defined as for (7.1) with A(¢) = g,(u(?)). If
U= ‘;—‘; # 0, formally differentiating (7.2) shows that

di .
= = &),

so that 0 is always a Floquet exponent and 1 is a Floquet multiplier for . It has been shown that
the stability properties of a periodic solution to (7.2) are determined by the moduli of its Floquet
multipliers (see Section 8. 2 of [8]). Specifically, if the Floquet exponent x = 0 is simple and all
remaining Floquet exponents have positive real parts, then the p-periodic solution u is linearly
stable.

The Floquet exponent for the 2mp.(s)-periodic solutions Uc(s)= (Al (s), He(s)) from
Theorem 6.1 are therefore numbers « such that the problem

1 d
K (Le + Ru(ze(s), Ue(s)(oe()0)w = kew, w(0) =w(2m) (7.4)
pe(s) dt
has a nontrivial solution. At s =0, (7.4) becomes
d
ol 7;” — Low=rkw, Ww(0) = w(2r). (1.5)

The set of values of « for which (7.5) has a nontrivial solution is {ajni —o(Lc):n=
+1,42,,...}, so the corresponding multipliers are *"(£)/¢i Thus, 1 is clearly a Floquet
multiplier with multiplicity two corresponding to the double eigenvalue x =0 inherited from
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Fio; € 0(Le). On the other hand, Lemma 4.1 implies that the remaining eigenvalues of L. at
s =0 have negative real part and therefore the remaining Floquet exponents have positive real
parts.

Since a zero Floquet exponent persists for all values of —n. < s < 7, it is a second, nontriv-
ial, Floquet exponent, k.(s), with k.(0) = 0 which determines the linear stability of the periodic
solution. Specifically, if Re(kc(s)) > 0, then the periodic solution is linearly stable in the sense of
[8], and is otherwise unstable. With - denoting a derivative with respect to s, Theorem 1.12.2 of
[10] implies that k.(0) = 0 and 7.(0) = 0. Moreover, formula (I.12.34) of [10] relates the second
derivatives according to

i (0)=27.(0)Re (1. (z)).

€

From Section 5, we know Re(A.(t/")) > 0 and therefore the first part of Corollary 1.12.3, or the
Principle of Exchange of Stability, of [10] applies.

Theorem 7.1 Let the hypotheses of Theorem 6.1 be satisfied. Then

sgn(te(s) — /) = sgnke(s)) for —ne<s<ne.

Hence, the bifurcating periodic solutions of Theorem 6.1 are linearly stable (resp. unstable) if
the bifurcation is supercritical (resp. subcritical).

To conclude the stability question, it remains therefore to determine the sign of 7.(0). For this,
we use the formula (see equation (1.9.11) of [10])

. 1
Te (O) = WR@(K(G)), (76)

where
K(€)= — (Dyuu R, 0)[O, O, Bc], ©7)
+ (DR, 0)[Oc, (Le — 205i) ' Dy R(zL, 0)[Oc, O], ©F) o
+2(Dyy Rz, 0[O, L' DyR(z), 0)[O, B,]], ©7)
=Ki(€) + Ka(€) + Ks5(¢),

where ©, = (¢, ¥¢) is a nontrivial eigenfunction of £, corresponding to the eigenvalue «;i,
and ©f = (¢, ¥) is a nontrivial eigenfunction of £} corresponding to the eigenvalue —o;i,
moreover,

(0, 0%)=1. (7.8)

As calculated before
o I
(0, 07) = / P dx + / Vet dx
-1 -1

(7.9)
_ —= 21, e
=cti+ol)] UR D% Tt Jy w2 fooo [ ¢°]'
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Therefore, we have

— 21, —  l+4o(l)
Podt — /w¢ /wqb*: . (7.10)
/1; O U mho@)? ot JrJe 0T e
Recall that
Rl(ta U)
R(z,U)= , (7.11)
Rz(t, U)
with
A+ U 42 24U, AU
Ry, v)= Gt U A 24 A5
H, .+ U, H, H, H?
and

2
Ro(t,U)= = (Ae + U1 — 42 —24.U)) = ;Uf.

_ &
& [gz]’

2 24
DiyRi(z,0)g, h] = e = [g1h2+gzh1]

Q| =

For functions

we calculate
2

2 44,
DyyuRi(x, 0)g, b, 1 = ——2[g1h211 + @l + gihib] + — [g2hali + g1hob + g2hilh]

H3
6A2
H4

4
Dl Ro(z,0)[g, h] = —gih,

DiyyRa(, 0)[g. h, [1=0.
Therefore,

Ki(e) = — (D} Rz, 0)[O, O, ], ©F >

1 _ (7 12)
_ il 2 2
—L [H3(2|¢e| Ve + 627

be +2¢c|Ye*) mP} ¢ dx

£Ky(e) = <D%,UR (!, 0) [@T, & (Lc—2a5) " D2yR (<1,0) [0, ®5]], ®j>
T2, 24—, — . 242 ]— 4 [ (7.13)
= [ |7 - G+ TG 5 [ oo

£cK3(e)=2 (D%JUR(Q,O)[@@& ' DyyR(e! 0)[®e,0

1 2 e
=2 /_] |:E¢ehi - H_ez((behg + I/IJlT)—i— 1»/fe}l€:| dx + — / h€¢€1//* dx.
(7.14)
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Here

1 2 2 4Ae 242 o
[ﬂ =&(Lc — 2050) DY (), 0)[Oc, O] = E(Lc — 2a5i) ! | e e A R A
2

a9
Namely,
2
@) — (1 +2050)2 + %zj - ;—:zzg = 2}5 ¢?
4& Ve + 2& =yl in [—1,1], (7.15)
(25)" — ﬁ (1+27) 11)22 +2p°Aez] = 4B6¢7 in [—1,1],
() =)' =0 for x=—1,1.

By the discussions in previous sections, we can derive a limit equation of (7.15)
2 Ja(wz1 —2¢7) W2
1+ 215050 Jz W
=265 — 4weoo + 2w Y1 in R,

2 fR(wzl — 2¢§)
1 4 274050 Jo W?

2 — (1 + 2ayi)z; + 2wz —

in R.

) =

While

€ 2 2 24¢
[h} (L Dtk 00, 0=t | 1O TE@T 4y + T

€ 2
h Te,,lcﬁel
Namely,
ey pe e A 2% 26.4
*(hy)" — hi + F:hl Hezh = —€|¢e| - = E(d’el/fs + Vede)
2 :
”2 <Yl in [—1,1],
(hz)”— 2h€+2,32A6h§=4ﬂ2§e|¢6|2 in [—1,1],
(h)) =(hy) =0 for x=—1,1.
(7.16)
Accordingly, the limit equation of (7.16) is
(whi —2|¢o|°) .
K} — hy +2wh; =2 fRf‘—w° 2 =210l — 2w(doVo + Yoo + 2w Yo in R,
R
hi — 2|¢o?
hy _zw in R.

Ja 2

Therefore, we have, as € — 0, that

e 'E2K 1 (e) =1 +o(1)] /1; [2(21¢p01* 0 + ¢ o) — 4w(Wrg o + 20 |0 l*) + 6W* Yol vrol*] B dy.
(7.17)
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Using the estimate (5.10), we obtain, as € — 0, that

e E2K(e) = [1 + o(1)] /R (2601 — 200z + Yom1) + 202 W022] B dy

4 (7.18)
_ — [ a0
[+ o e /R o fR W db.
Similarly, as € — 0,
e 'E2K3(e) =2[1 + o(1)] / [2¢0h1 — 2w(oha + Yoh1) + 2w Yohs | & dy
R g (7.19)
ey
-1 —|—0(1)](l ) [ A@hl% /Rw oq dy.
Here
Vo 2 Jxwo (7.20)

T 1+ Jaw?

Remark 7.2 Thus for € > 0 sufficiently small the criticality of the Hopf bifurcation for the
perturbed problem is the same as for the corresponding limiting € — 0 problem.

8 Numerical computation of Re(K(¢))

It remains to compute the sign of Re(K(¢)) as given by (7.7) and using the limiting behaviour as
€ — 0 of K, K; and K3 found in equations (7.17), (7.18) and (7.19), respectively. This requires
us to first calculate the Hopf bifurcation time constant 7, and purely imaginary eigenvalue 1 as
well as its corresponding eigenfunction ¢y and adjoint eigenfunction ¢;. Following this, we must
evaluate the auxiliary functions z; and 4y for £ = 1, 2 satisfying the limiting equations of (7.15)
and (7.16), respectively.

To calculate the Hopf bifurcation threshold t;, and eigenvalue Xy =ic;, we first rewrite the
NLEP (3.1) as

00 1,2
1+rhk0—2f_°° W(LOZ_AO) A (8.1)
S w?

The term (Lo — Ao)~'w? appearing in the numerator is calculated by solving the boundary
value problem (Lo — Ao)¢ =w? with boundary conditions ¢’(0) =0 and ¢(y) — 0 as y — oc.
Numerically, this is solved on the truncated domain 0 < y < L for which the exponential decay
of the solution can be leveraged to replace the decay at infinity with ¢(L) =0 provided L is
sufficiently large. For this and subsequent truncated domain computations, we will use a value
of L = 500. Additionally, we use the solve_bvp routine from the scipy.integrate library. Having
computed the relevant boundary value problem it is then straightforward to solve (8.1) for 7, and
Ao = ia; using a zero-finding routine. Specifically, by equating real and imaginary parts, we first
solve

© w(Lo — icey) " 'w?
1—2Re{f_°° Lo — fer) }:0,

ffooo w2dy
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for «; and then obtain ), from

T, =—Im
" [P widy

2 { 2% wiLo - iaz)—lwz}

Using the brentq routine from the scipy library, we compute
7, =0.77107, Ao = iay = 1.2376i, (8.2)

for which (8.1) evaluates to an O(10~'%) value. We remark that these values are in agreement
with those found in Table 1 of [21].
The corresponding eigenfunction ¢, can then be found by solving the boundary value problem

(Lo—r)po=w?, O<y<oo,  ¢y0)=0,  ¢o(»)—>0 asy— +oo.

Numerical integration then gives ¥y &~ 1 which can be verified explicitly from the definition of
Y. The adjoint eigenfunction ¢y is found similarly. We first solve the problem

(Lo—ro)gg=w, O<y<oo,  ¢p(0)=0,  o(»)—>0 asy— +oo,

and then let ¢j = qu where the constant 8 is chosen so that ¢y and ¢; adhere to the
normalisation (7.10) which yields

51 f‘” gt — 2 Losmdn [ v
T el) el (1 + itpoy)? oo w? ’

To calculate z; and z;, we first rewrite the z; limit equation of (7.15) as

( ) f f e ,( ) (V)
Lo —2XMo)z1 =f1 + we, z;(0)=0, z1(p)) > 0 asy— +oo,
0 051 ! 1 +21hA.0 foo W2 1 1 Y

where

=202 —4 + 2wyl —
Ji:=2¢5 — dwgovo + 2wy — 5 T 2u [ W

Let & and &, be the solutions to

(Lo —2r0)61=fi, O0<y<oo,  &(0)=0, &()—>0 asy— oo, (8.3)
and

(Lo —2r)er=w?, O<y<oo, £(0)=0, &) —>0 asy— +oo, (8.4)

respectively. Then,

L+2mh0 [, w2

2 [Swm
z1=§+

&,
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so that multiplying by w and integrating allows us to solve for [ wz; from which we deduce

2 72w
S N B (8.5)
z1=§+ 2- .
2 [ w

B 14+ 2t,A0 ffooo w2

Therefore, z; can be computed by solving the two corresponding boundary value problems
numerically. It is then straightforward to numerically calculate z; & —1.402 — 1.373i. The
function /; can be found similarly by writing the limit equation of (7.16) as

2’f—oooo Whl 2 ’
Loh=f+ —=—w,  mh0)=0, m()—>0 asy— +oo,
Joew
where
- 4 [ Igol?
fo= 20008 = 2gndo + oo+ 27 ol - =25

We then let n; and n, be the solutions to

Lom =/, 0<y<oo, n1(0) =0, my)—>0 asy— oo, (8.6)
and

Lym=w?, O<y<oo, n(0)=0,  m()—>0 asy— +oo, (8.7)

respectively. Solving these two boundary value problems, we obtain % in the form

2% wm
h=m+ %7]2’ (8.8)
] — = =
[
and obtain /; &~ —0.14669. Using (7.17), (7.18) and (7.19), we thus calculate
E2K; = —1.2732 —2.5039i + o(1),
£2K, = —1.3820 — 0.39262i + o(1),
£2K3 =2.6454 + 7.0406i + o(1),
and therefore
£2K(g) = —0.0098061 + 4.1441i + o(1), (8.9)

where the € 7! term from the normalisation of ¢ has cancelled out the € ~! in front of the expres-
sions (7.17), (7.18) and (7.19). The negative sign of Re(K(¢)) indicates that the Hopf bifurcation
is subcritical, and the bifurcating periodic solutions are therefore linearly unstable.
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FIGURE 1. Numerical simulations performed for D = 5000 and € = 0.02. (a) The onset of oscillatory insta-
bilities as 7 exceeds the Hopf bifurcation threshold. (b) Long-time behaviour illustrating the instability and
annihilation of a time-periodic solution for values of T =0.79 (top), 0.9 (middle) and 1.2 (bottom).

9 Numerical verification

In this section, we illustrate the theoretical results of the previous sections by numerically com-
puting solutions of the time-dependent system (1.1) for a variety of t values and fixed values of
D =5000 and € = 0.02. For convenience, we introduce the scaling

Ax, )y =¢ulx, ),  Hx )= v, 1),

so that the nontrivial equilibrium from Theorem 2.1 becomes O(1). Furthermore, the system (1.1)

becomes
2
U= €Uy —u+ —, u>0 for0O<x<l1,t>0,
v
tvt=DvXX—v+e_lu2, v>0 forO<x<l1, >0, ©.1)
Uy =0, =0, for x=0,1, t>0.

With the (scaled) equilibrium from Theorem 2.1 as the initial condition, we can illustrate the
theoretical results given above by solving (9.1) numerically for values of 7 below and above the
predicted Hopf bifurcation threshold.

The numerical solutions are calculated by discretising the interval 0 <x <1 into 1000
equidistant points and using a second-order semi-implicit backwards difference (2-SBDF)
implicit-explicit (IMEX) time stepping scheme (see [16] for details) with a time-step size of
0.0001. Since IMEX schemes use explicit (resp. implicit) methods for the non-linear (resp.
diffusive) terms, they are well suited for reaction diffusion systems where they can avoid the non-
linear solvers used in fully implicit schemes and the small time steps required in fully explicit
schemes. In Figure 1, we collect results of the numerical simulations for different values of 7.
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In Figure 1(a), we observe the onset of an oscillatory instability of the value of T = 0.79 exceed-
ing the Hopf bifurcation threshold 7, =0.77107. On the other hand, when 7 =0.75 < 5, we
observe the solution settles to the original equilibrium. The long-time behaviour is shown in
Figure 1(b), where we have chosen to plot log(1 + u(0, ¢)) to better demonstrate the solution’s
variability. While the uppermost subplot (z = 0.79) appears to exhibit a stable limit-cycle solu-
tion, these oscillations are instead large-amplitude instabilities caused by the instability of the
trivial equilibrium for t < 1 (see [21] for details). Indeed the middle subplot (z = 0.9) shows how
the oscillations eventually subside and then lead to a substantial jump from the unstable zero-
solution. Meanwhile, the bottom subplot (t = 1.2) shows how the initial oscillatory instabilities
subside and the solutions settle to the trivial equilibrium solution. Together, the numerical results
shown in Figure 1 support the theoretical prediction that the Hopf bifurcation is subcritical.
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