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Local intertwining relation for metaplectic groups

Hiroshi Ishimoto

ABSTRACT

In an earlier paper of Wee Teck Gan and Gordan Savin, the local Langlands correspon-
dence for metaplectic groups over a nonarchimedean local field of characteristic zero
was established. In this paper, we formulate and prove a local intertwining relation
for metaplectic groups assuming the local intertwining relation for non-quasi-split odd
special orthogonal groups.

1. Introduction

In his long-awaited book [Art13], Arthur obtained a classification of irreducible representations
of quasi-split symplectic and special orthogonal groups over local fields of characteristic zero
(the local Langlands correspondence, which we shall refer to as LLC for short). Recall the basic
form of the correspondence over nonarchimedean local fields of characteristic zero. Let F' be
a p-adic field, i.e. a finite extension of Q,, for some prime number p. Let I'r and W be the
absolute Galois group and the absolute Weil group of F', respectively. We shall write WDpg for
the Weil-Deligne group Wr x SLy(C).

Let G be a connected reductive algebraic group defined over F'. The LLC proposes a classifica-
tion of irreducible tempered admissible representations of G(F') in terms of tempered admissible
L-parameters for G. Let G be the connected complex Langlands dual group of G. We write
Miemp(G) for the set of equivalence classes of irreducible tempered admissible representations
of G(F), and ®iemp(G) for the set of equivalence classes of tempered admissible L-parameters
¢: WDp — G x Wp. The basic form of the LLC is the following.

CONJECTURE 1.1.

(1) There exists a canonical map
LL : Iiemp(G) — Premp(G)

with some important properties.
(2) For each ¢ € Premp(G), the fiber I1, = [14(G) = LL™*(¢) is a finite set, called a packet.

There are further expected properties. We refer the reader to [Bor79], [Art89b], or [Kall6]
for details.

As mentioned above, Arthur [Art13] established the LLC for quasi-split SOg,,, SO2,,+1, and
SPay,, 1.e. the even special orthogonal, odd special orthogonal, and symplectic groups of rank n,
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LOCAL INTERTWINING RELATION FOR METAPLECTIC GROUPS

respectively. Moreover, Mceglin and Renard [MR18] provided a classification of irreducible tem-
pered representations of non-quasi-split odd special orthogonal groups over p-adic fields, hence
the LLC of Vogan type. Recall the LLC of Vogan type [Vog93, Conjecture 4.15] over p-adic
fields. Let G* be a quasi-split connected reductive algebraic group over a p-adic field F. The
LLC of Vogan type treats pure inner twists of G* at the same time. For each ¢ € ®iemp(G), we
let Sy = S4(G) denote the centralizer Cent(Img, G) and m0(Sg) its component group. Then the
LLC of Vogan type proposes the following.

CONJECTURE 1.2.

(1) There exists a canonical map

LIV | | Miemp(G) — Promp(G¥),
€2)

where (&, z) runs over the isomorphism classes of pure inner twists of G*, i.e. £ : G* — G is
an inner twist and z € Z}(I'p, G*) is a 1-cocycle such that oo of oo™ = Ad(z(0)) for
all o € I'p. This map satisfies some important properties.

(2) For each ¢ € @remp(G*), the fiber Iy = LLV !(¢) is a finite set.

(3) For each ¢ € @iemp(G™), there exists a bijective map

v Ily — Irr(mo(Se)),

where Irr(m(Sy)) denotes the set of equivalence classes of irreducible representations of
the finite group my(5g4), and this bijection ¢ satisfies the endoscopic character relations and
other nice properties. Moreover, once we fix a Whittaker datum of G*, the map ¢ is uniquely
determined.

In this paper we consider the metaplectic groups, which are possibly not algebraic groups
but whose representation theory is similar to that of algebraic groups. The LLC for metaplectic
groups, which we now introduce, was established by Gan and Savin [GS12]. The metaplectic
group, denoted by Mp,, (F), is a unique nonlinear two-fold cover of Sp,, (F) with an exact
sequence

1 — {£1} — Mpy, (F) — Spy, (F) — L.

Thus we identify Mp,, (F) with Spy,(F) x {£1} as sets. We say that a representation m of
Mp,,, (F) is genuine if w((1, —1)) is not trivial. Let ITtemp(Mpy,,) be the set of equivalence classes
of irreducible genuine tempered admissible representations of Mp,,, (F'), and let @¢emp(Mpy,) =
Piemp(SO2n,41). Fix a nontrivial additive character ¢ : F' — C!. We have the following LLC for
Mp,,, (F') depending on the choice of 1, due to Gan and Savin [GS12].

THEOREM 1.3.

(1) There exists a map

LLw : Htemp(Mpzn) — (I)temp(MPQn)

with some important properties.
(2) For each ¢ € ®iemp(Mpy,,), the fiber I1y 4 = LL;l(gzﬁ) is a finite set.
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(3) For each ¢ € ®iemp(Mpy,), there exists a unique bijective map
vy + gy — Trr(mo(Sy))
which depends on the choice of ¢, and this map satisfies some nice properties.

Although in general the map LL may not be bijective, there is a formula that describes
how the bijection ¢ classifies elements in the same packet in terms of intertwining operators.
Specifically, this formula can distinguish the elements of each packet 114 more precisely by means
of the eigenvalues of intertwining operators. We call this formula the local intertwining relation.
This of course is closely related to the endoscopic character relations. Also, it is related to global
theories such as the trace formula: global intertwining operators appear in the main terms of the
trace formula, and local intertwining operators are their local factors.

In [Art13], Arthur proved the local intertwining relation for quasi-split special orthogonal and
symplectic groups [Art13, Theorem 2.4.1]. Mok [Mok15] and Kaletha et al. [KMSW14] proved
it for inner forms of unitary groups. Our aim in this paper is to formulate and prove a local
intertwining relation for Mp,,, (F') under the assumption that the local intertwining relation for
the non-quasi-split odd special orthogonal groups holds.

Now we explain the local intertwining relation and our result in more detail. Let G be a
classical group defined over F', and let P be a proper parabolic subgroup of G with a Levi sub-
group M defined over F'. We then have a canonical inclusion McQG. Composing this inclusion
and an L-parameter for M gives an inclusion ®iemp(M) C Premp(G). Let ¢ € Piemp(M) be an
L-parameter for M, and also regard it as an L-parameter for G. Then the LLC and LLC of
Vogan type conjecture that the packet Il4(G) consists of the irreducible constituents of the rep-
resentations that are parabolically induced from the elements of I1,(M). For simplicity, we shall
consider only the Vogan-type conjecture. The local intertwining relation can distinguish these
constituents 7 of Ind%(mys) in terms of the eigenvalues of certain maps for each 7y € T4 (M).
The relation asserts that for any = € my(Sy), one can construct an endomorphism Rp(z, )
of Ind%(mps) explicitly such that Rp(x, ) acts on 7 by a scalar multiplication by ¢(7)(z). In
other words, we expect that for any = € my(Sy), the concretely defined endomorphism

Rp(z,myr) € Endg(Ind%(may))

satisfies
Rp(z,mar)|, = u(m)(x)

for 7 € Ind%(ms). This endomorphism is called the normalized self-intertwining operator.

In general, not only the proof of the local intertwining relation but also the definition of the
normalized self-intertwining operator are not trivial. This is because we have to consider some
constant factors, such as the e-factors, Kottwitz sign, and Langlands constants (A-factors), to
define the normalizing factors. In particular, e-factors depend on the representation s, so they
are particularly important. See [Art89b] or [Art13] for details.

In this paper we treat the case where G is a metaplectic group Mp,,,. We shall define
normalized intertwining operators Rp(x,mys) for Mps,, in §7.3 by

RP($7 WM) = IYF(IJZ))d(m’WM)’}/(%v ¢ma ¢)_1’7(07 pv © d)a Q/J)M(f’?a 7-‘-M)a (11)
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where d(z,my) is a certain nonnegative integer, ¢, and pY o ¢ are certain L-parameters, and
M(x,mpr) is an unnormalized intertwining operator. Our definition of the normalized intertwin-
ing operators resembles that of classical linear algebraic groups, but there are three subtle and
important differences. First, unlike the case of linear algebraic groups, we can have the Weil
index vp (1)) appearing in the normalizing factors; this is a constant that depends only on the
additive character . Second, the gamma factor 7(%,@6,@&)*1 at % appears. Third, the choice
of the Haar measure on the unipotent radical of a parabolic subgroup of Mp,, (F') is slightly
different from that in the case of linear algebraic groups. These issues will be dealt with in
§§7.2 and 7.3.

Then we define the normalized self-intertwining operator Rp(z,mys) in §7.3 by using the
normalized intertwining operator (1.1). The main theorem (Theorem 4.2) is the following.

THEOREM 1.4. Assume the local intertwining relation for the odd special orthogonal groups
(Hypothesis 5.2 below). Let ¢ € ®iemp(M) be an L-parameter for a Levi subgroup M of a
parabolic subgroup P of Mp,,, (F), and let mps € Ilg (M ). Then for any x € m(Sy(Mpsy,)), the
normalized self-intertwining operator

Rp(x,my) € Endyy, (7) (Indl\Pfpo"(F) (mar))

satisfies
Rp(z,mar)|, = ty(m)(x)

for m C Ind%pﬁ(F) (7ar)-

Notation. Let F' be a p-adic field and | — | the normalized absolute value on F. We shall write
Wr and WDp = Wg x SLa(C) for the Weil group and Weil-Deligne group of F', respectively. We
also write I'r for the Galois group of F. Let (—, —)p denote the quadratic Hilbert symbol of F.
The Hilbert symbol defines a non-degenerate bilinear form on F*/F* 2 Fix a nontrivial additive
character ¢ : ' — C' = {2 € C | 2z = 1}. For any ¢ € F, we define an additive character 9. of
F by

Ye(z) = Y(cx).

For a non-degenerate quadratic form ¢ on a finite-dimensional vector space over F, we write
vr (¢ o q) for the unnormalized Weil index of 9 o g, a character of second degree. See [Ran93,
Appendix] for the definition of the Weil index. Note that if a quadratic form ¢ is an orthogonal
direct sum ¢ + g2 of two non-degenerate quadratic forms ¢; and ¢, then

V(Yo q) = vr(Y o q1)vr (Y 0 g2).

Let us write vz (1) for the unnormalized Weil index of [x + ¢ (z?)] and vr(a,v) for the nor-
malized Weil index, which is defined by ~vp(a,v) = vp(¥a)/vr(¢) for a € F*. For a totally
disconnected locally compact group G, let Irr(G) denote the set of equivalence classes of
irreducible smooth admissible representations of G. In this paper, we deal only with smooth
admissible representations over C, except for representations of WDp. For simplicity, by repre-
sentations of G we mean such representations of G. If G is a linear algebraic group (respectively
a metaplectic group) over F', we write Iliemp(G) for the set of equivalence classes of irreducible
tempered representations (respectively irreducible genuine tempered representations) of G(F),
and we may write G = G(F') with an abuse of notation. For an algebraic group H, we define
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the component group of H by mo(H) = H/H®°, where H® is the identity component of H. The
connected complex Langlands dual group of a connected reductive linear algebraic group G is
denoted by G. For any finite-dimensional vector space X over F, we write S(X) for the space
of compactly supported locally constant C-valued functions on X. For any representation p, we
write p¥ for its contragredient.

2. Metaplectic and orthogonal groups

Let us begin with a brief review of the metaplectic and orthogonal groups. In this section, we fix
some notation for the groups of interest in this paper.

2.1 Symplectic group
First we introduce some notation for symplectic groups. Let (W, (—, —)w ) be a symplectic vector
space of dimension 2n over F', with associated symplectic group

Sp(W) = {g e GL(W) ‘ (gw, guw")w = (w,w)w Yw,w' € W } .
Choose a symplectic basis { y1,...,Yn, Y], ...,y } of W, and define

Yy =spang(y1, ..., yk), Yy =spanp(yl, ..., y5)

for k =1,...,n, so that we have a standard complete polarization W =Y, @ Y. We also let

Wik = SPanp(Ykt 1, -+ Uns> Y 1> - - Un)
so that

If n =0, then W = {0}, Sp(W) = {1}, and the basis is the empty set.

We now describe the parabolic subgroups of Sp(W) up to conjugacy. Let k = (ki1, ..., ky) be
a sequence of positive integers such that ki + - - + ky, < n, and put kg = 0 and np =n — (k; +
-+« + k). Consider a flag of isotropic subspaces

Yip C Yoty €00 C Yoyt

in Y;,. The stabilizer of such a flag is a parabolic subgroup Py whose Levi subgroup My is given
by

My = GLg, X -+ x GLg, x Sp(Wh,,),

where GLy, is identified with the general linear group of a k;-dimensional space

SpanF(yk0+'"+k¢71+17 s 7yk0+“'+k‘¢71+ki)-

The reason we use the overlines for My and Py will become clear in the next subsection. We shall
write Ny for the unipotent radical of Py. Parabolic subgroups of this form are standard with
respect to the splitting splg, ) defined in §7.1. Any parabolic subgroup of Sp(W) is conjugate
to a parabolic subgroup of this form. If m = 1 and k = (k), we shall write P, My, and Ny
instead of Py, My, and Ny, respectively, for simplicity.
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2.2 Metaplectic group

Next we come to metaplectic groups. If n = 0, we put Mp(W) = {£1}. If n > 1, then the sym-
plectic group Sp(W) has a unique nonlinear two-fold central extension Mp(W), which is called
the metaplectic group:

1 — {1} — Mp(W) — Sp(W) — 1. (2.1)

As a set, we may write
Mp(W) = Sp(W) x {+1}
with group law given by
(9,€) (g, €) = (99, €' c(g,9)),

where ¢ is Ranga Rao’s normalized cocycle, which is a 2-cocycle on Sp(W) valued in {£1}. See
[Ran93, § 5] or [Szp07, §2] for details. For any subset A C Sp(W), we write A for its preimage
under the covering map Mp(W) — Sp(W). Also, for any subset B C Mp(W), we write B for its
image under the covering map.

By the parabolic subgroups of Mp (W) and their Levi subgroups we mean the preimages of the

parabolic subgroups of Sp(W) and their Levi subgroups, respectively. Not only the metaplectic
group Mp(W) but also its parabolic subgroups and Levi subgroups are in general nonlinear.

Let us describe the parabolic subgroup Py = Py of Mp(W), which we shall call a standard
parabolic subgroup (with respect to the splitting splg,yy). The covering (2.1) splits over the
unipotent radical Ny of Py by n — (n,1), so we may canonically regard Ny as a subgroup of
Mp(W), and we have a Levi decomposition

Pk:MkD(Nk

where My = M is a Levi subgroup. The covering My over My = GLg, x GLy, x --- x GLy,, X
Sp(Wh,) is given by
My = GLg, Xpa =" Xpg GLg,, X i Mp(Wno)'

Here, the restriction of the covering to Sp(Whp,) is nothing but the metaplectic cover Mp(Wp,)
of Sp(W,, ), and the covering over GLy, is

GLy, = GLy, x {£1}

with group law
(9,€) - (g, €') = (99, €€ (det g, det g') ).

Let k be a positive integer. The (genuine) representation theory of (f}\ik can be easily related
to the representation theory of GLj. Indeed, to any irreducible representation 7 of GL; we can
attach an irreducible genuine representation 7 of GA}ik as in [GS12, §2.4], and this attachment
T +— T gives a bijection between Irr(GLg) and Irr(@k), where Irr(ﬁk) is the set of equivalence
classes of irreducible genuine representations of GLj. We stress that this bijection depends on
the choice of the additive character ¢ because 7 is the twist 7 ® xy by a genuine character x,
which is defined using 1, as in [GS12, §2.4].

2.3 Orthogonal group

Now we come to the orthogonal groups. Let V be a (2n + 1)-dimensional vector space over
F equipped with a non-degenerate quadratic form ¢ = ¢y of discriminant 1. Then we define a
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symmetric bilinear form b, associated to ¢ by
bg(v,v") = q(v +v') — q(v) — q(v").

If n» > 1, then up to isomorphism there are precisely two such quadratic spaces V. One
of them, denoted by VT, has maximal isotropic subspaces of dimension n, whereas the other,
denoted by V~, has maximal isotropic subspaces of dimension n — 1. As such, we call the former
the split quadratic space and the latter the non-split quadratic space. We shall write

1, v=vt
G(V) — + Y )
1, V=V-.

If n = 0, we have only one such V up to isomorphism, and we put V" =V and (V) = +1.
Let

O(V)={heGL(V) | q(hv) =q(v) YveV}
be the associated orthogonal group. Then observe that O(V) = SO(V) x {£1}, where
SO(V) =0O(V)NSL(V)

is the special orthogonal group. The group SO(V') is split (respectively non-quasi-split) if V'
is the split (respectively non-split) quadratic space. If n > 1, then up to isomorphism there are
precisely two pure inner twists of SO(V™"), namely SO(V*) and SO(V ™). Note that the Kottwitz
sign [Kot83] of SO(V) is equal to €(V).

Let r be the dimension of a maximal isotropic subspace of V', so that r =n — (1 — €(V))/2.
Choose a basis { 1, ...,Zn, o, 2],..., 2z} } of V such that

by(wi, 25) = by (7, x5)

P2 X5 be(wi, 75) = i j,

=0, :
bg(z0, i) = by(wo,27) =0, q(z0) =1
for1<i,j<rand, ifr=n-—1,

bg(@n, i) = bg(wn, x7) = be(ay,, xi) = be(ay,, x7) =0
for any 1 <4 <r. For each 1 <k <r, put
Xy = spanp(x1,...,25), Xp =spang(z],...,z%),
Vi = spanp(Tri1, - - Tn,y T0, Ty s - - - L),
so that
V=XV, ® X}

We now describe the parabolic subgroups of SO(V') up to conjugacy. Let k = (k1, ..., kn)
be a sequence of positive integers such that ky + -+ + ky, < 7. Put kg =0 and ng =n — (k1 +
-+« + k). Consider a flag of isotropic subspaces

Xy C Xpypky Co o0 C Xby ot

in X,. The stabilizer of such a flag is a parabolic subgroup Qx whose Levi subgroup Ly is given
by
Lk = GLk1 X o+ X GLkm X SO(VnO),
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where GLy, is identified with the general linear group of a k;-dimensional space

SpanF($k0+m+ki—1+1’ s ?xk0+"'+k‘i—l+k‘i)'

We shall write Uy for the unipotent radical of Q). Parabolic subgroups of this form are standard
with respect to the splitting splgg(y+) defined in §7.1 if V' = V*. Any parabolic subgroup of
SO(V) is conjugate to a parabolic subgroup of this form.

3. Tempered L-parameters for Mp(W) and SO(V)

In this section, we recall the notion of L-parameters for Mp(W) and SO(V). See [GGP12] for
details.

3.1 Symplectic representations of WDpE and their component groups
We say that a homomorphism ¢ : WDr — GL4(C) is a representation of WDp if:

— ¢(Frob) is semi-simple, where Frob € W is a geometric Frobenius;
— the restriction of ¢ to SLa(C) is algebraic;
— the restriction of ¢ to Wy is smooth.

We say that ¢ is tempered if the image of W is bounded, and we say that ¢ is symplec-
tic if there exists a non-degenerate anti-symmetric bilinear form B : C? x C? — C such that
B(¢(w)z, p(w)y) = B(z,y) for any 2,y € C? and w € WDp; in this case, ¢ is self-dual.

Let ¢ : WDp — GL4(C) be a tempered symplectic representation. By changing bases if
necessary, we may assume that ¢ : WDp — Spy(C). Then, by [GGP12, §4], we can write

¢=EPligi® (p® "),

iEI¢

where the /; are positive integers, I, is an indexing set for mutually non-equivalent irreducible
symplectic representations ¢; of WDg, and ¢ is a representation of WDg such that all irreducible
summands are non-symplectic. Let Sy = Cent(Im¢, Sp;(C)) be the centralizer of the image Im(¢)
in Spy(C). Then, by [GGP12, §4], its component group 7m(S4) is canonically identified with a
free Z/27Z-module of rank #1:

m0(Ss) = D (Z/2Z)a;,

i€l

where {a;} is a formal basis associated to {¢;}. In the rest of this paper, we identify mo(Sy) with
D,(Z/2Z)a;. We shall write z, for the image of —1 € Sy in mo(Sy).

3.2 Tempered L-parameters for Mp(W) and SO(V)

Let ®temp(GLy) be the set of equivalence classes of tempered L-parameters for GLy. Recall that
it can be identified with the set of equivalence classes of tempered representations ¢ : WDp —
GLy(C) of dimension k. Now let ®emp(Mpy,) and Premp(SO2,41) be the sets of equivalence
classes of tempered L-parameters for Mp(W) and SO(V'), respectively. Then, by [GGP12, §§11
and 8], we can identify ®temp(Mps,) and Pemp(SO2,41) with the set of equivalence classes of
tempered symplectic representations ¢ : WDg — Sp,,, (C) of dimension 2n.
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Let k= (ki,...,ky) and let ng be as in the previous section. For (G,P,M) =
(Mp(W)7PkaMk) or (SO(V)va’Lk)v put

G = Sp2n((c)7 M = GLlﬂ ((C) X X GLkm (C) X Sp?n() (C)7

with a standard embedding M — G as a Levi subgroup of a standard parabolic subgroup P of
G. Let ¢ be a tempered L-parameter for G with the image Im(¢) in M. This is of the form

P=p1 D DI D P Dy D DY, (3.1)

where ¢; € ®emp(GLy,) for i =1,...,m and ¢g € Ptemp(Mpay,,) = Premp(SO2ne11). Let Ay, be
the maximal central torus of M. Put

Ny (M, G) = Norm(A;, Sy)/Cent (A, S3),
Wy(M,G) = Norm(Ay;, Sg)/Cent(A,;, S¢),
SE(M,G) = Norm(Ay, Sy)/Norm(A ;, S3).
We have a natural surjection
Ny(M,G) — S4(M,G), (3.2)
natural inclusions
Wy(M,G) C W(M,G), S5(M,G) C mo(Sy),
and a natural short exact sequence
1 — mo(Sgy) — Ny (M, G) — Wy(M,G) — 1.

By applying [Art13, p. 104] or [KMSW14, p. 103, after (2.4.1)] to SO(V), the injection 7 (S4,) —
Ny(M,G) admits a canonical splitting

mqﬁ(M’ G) = 7r0(5¢0) X W¢(M7 G).

4. Local Langlands correspondence for Mp(W) and the main theorem

In this section, we summarize some properties of the LLC for metaplectic groups and state the
main theorem (Theorem 4.2). The correspondence is defined by combining the local Shimura
correspondence with the LLC for odd special orthogonal groups, which we shall summarize in
§85 and 6 below.

The local Langlands correspondence for metaplectic groups was established by Gan and
Savin; see [GS12, Corollary 1.2 and Theorem 1.3], and [Han19] for the last assertion of the
theorem.

THEOREM 4.1.

(1) There exists a surjection (depending on )
LLy : Miemp(Mp(W)) — Ptemp(Mpyy,),

with finite fibers Iy, = Iy ,,(Mp(W)) = LLJI(@-
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(2) For each ¢ € ®iemp(Mpy,), there exists a unique bijection (depending on 1))
Ly = Uy — Trr(mo(Sy)).
(3) Let k = (ki,...,km) and ng =n— (k1 +--- + ky,) > 0, and let ¢ € Piemp(Mps,,) be of the
form (3.1). Then we have

gy = { T ‘ T C Indl\l.ip(w) (T1 ® -+ ® Ty ® M), irreducible constituent, my € Iy 4 } ,

)

where 7; is the representation of GLj, which corresponds to ¢;, for i =1, ..., m. Moreover,
for any g € Ily, y, we have

m€lly .y
Lw(ﬂ)|w0(s¢o)=tw(7r0)

In the setting of Theorem 4.1(3), for w € Wy(My, Mp(W)) let

Rpk(w,ﬂ®---®ﬁ;®7ro)€Ende( )(Ind Mp(W )( & - ®Tm®ﬂ'0)>

be the normalized self-intertwining operator defined in § 7.3 below. Then we can state the main
theorem as follows.

THEOREM 4.2. Assume the local intertwining relation for the odd special orthogonal groups
(Hypothesis 5.2 below). Let x,, € Si(Mk,Mp(W)) be the image of w € Wy(My, Mp(W))
under the natural surjection (3.2). Then the restriction of Rp (w, 71 @ -+ ® Ty, ® M) to ™ C

Indp, p( )( T ® -+ & Ty ® mo) is the scalar multiplication by ty(m)(xw).

We will reduce the main theorem to Proposition 7.3 in § 7.4, and we will complete a proof of
the proposition in §9.3.

5. Local Langlands correspondence and the local intertwining relation for SO(V')

The LLC for odd special orthogonal groups was established by Arthur [Art13] and by Moeglin
and Renard [MR18]. In this section, we summarize some properties of the correspondence and
the local intertwining relation.

Arthur [Art13] studied representations of SO(V™') and Moeeglin and Renard [MR18] rep-
resentations of SO(V ™). Their results imply the LLC of Vogan type for SO(V), stated as
follows.

THEOREM 5.1.

(1) There exists a surjection
LLV : Temp(SO(VT)) U Hiemp (SO(V7)) — @remp(SO2n11),

with finite fibers Il = T1,(SO(V ™)) UTI4(SO(V ™)) = LLV ().
(2) For each ¢ € Piemp(SO2,+41), there exists a unique bijective map

t: 11y — Irr(mo(Se))
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such that
I(SO(VF)) = {0 € Iy | 1(0)(2g) = £1} .
(3) Let V.=Vt or V=. Let k = (k1,...,kmn) be a sequence of positive integers such that ki +

<+ ky <ryandputng =n— (ki1 + -+ kp,). Let ¢ € Premp(SO2pn41) be of the form (3.1).
Then we have

I, = { o ’ o C Indzcz(v) (1 ® -+ ® Ty ®0y), irreducible constituent, og € Ily, } ,

where T; is the representation of GLj, which corresponds to ¢;, for i =1,...,m. Moreover,
for any og € Ily,, we have

SOV
Inko( )(7'1®"'®7’m®00) = EB 0.
UEH¢
L(U)lwo(s%):L(Uo)

In the setting of Theorem 5.1(3), for w € Wy(Lk, SO(V)) let

R, (w, 71 ® -+ ® Ty ® 09) € Endgo(v (Ind%i(v) (M@ Ty ®0p))

be the normalized self-intertwining operator defined in §7.3 below. The next hypothesis is the

local intertwining relation for SO(V'), and it has already been proven in the V =V case by
Arthur [Art13, §2.4].

HyYPOTHESIS 5.2. Let z,, € Si(Lk, SO(V)) be the image of w € Wy(Ly, SO(V)) under the nat-

ural surjection (3.2). Then the restriction of Rg, (w,71 ® -+ ® T, ® 0¢) to o C Ind%ok(v) (11 ®
< ® Ty ® o) is the scalar multiplication by ¢(o)(xy,).

6. Local Shimura correspondence

Gan and Savin [GS12] showed the local Shimura correspondence, which is the natural bijection
between the set of isomorphism classes of irreducible genuine representations of Mp(WW') and
the set of isomorphism classes of irreducible representations of SO(V™) and SO(V ™). This is
given by the local theta correspondence, and we can construct the LLC for Mp(W) (Theorem
4.1) by combining the local Shimura correspondence with the LLC of Vogan type for SO(V)
(Theorem 5.1). In this section we review their results. First we recall the Weil representation for
Mp(W) x O(V) and the notion of local theta correspondence.

6.1 Weil representation
The group Mp(WW) x O(V') has a natural representation wy v, depending on ¢, given as follows.
The tensor product W =V ®@p W has a natural symplectic form (—, —) defined by

(v @w, v @w') = by(v,v") - (w,w ).

Then there is a natural map
Sp(W) x O(V) — Sp(W). (6.1)

One has the metaplectic Cl-cover Mp(W) of Sp(W), and the additive character ¢/ determines
the Weil representation wy, of Mp(W). Kudla [Kud94] gives a splitting of the metaplectic cover
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over Mp(W) x O(V'), and hence there exists a commutative diagram

Mp(W) x O(V)) —— Mp(W)

l !

Sp(W) x O(V) —— Sp(W),

where the right vertical map is given by the metaplectic C'-covering map, the left vertical map
is given by the two-fold cover (2.1), and the lower horizontal map is (6.1). Thus, we have a Weil
representation wy,y, of Mp(W) x O(V). Later, in §8.6, we will give some realizations of the
WEeil representation wy v, to show the main theorem. Here, a splitting over Mp(WW) x O(V) is
not unique, and we choose one following [Kud94].

6.2 Local theta correspondence
In this subsection, we summarize the Gan—Savin result [GS12]. First, note that the theorems
in [GS12] had been verified only for the case of odd residue characteristic, as the Howe duality
for even residue characteristic was conjecture at the time. However, the Howe duality for even
residue characteristic was then verified by Gan and Takeda [GT16], so now we have the results
of [GS12] for arbitrary residue characteristic.

Given an irreducible representation o of O(V'), the maximal o-isotypic quotient of wy . is
of the form

o XOywy(o)

for some representation Oy (o) of Mp(W) (called the big theta lift of o). Then Oy (o)
either is zero or has finite length. The maximal semi-simple quotient of Oy (o) is denoted by
Ov,w, (o) (called the small theta lift of o).

Similarly, if 7 is an irreducible genuine representation of Mp(W), then one has its big theta
lift O, v, (m) and its small theta lift Oyyv,(7), which are representations of O(V).

By the Howe duality, each small theta lift is irreducible or zero [Wal90; GT16]. Gan and
Savin [GS12, § 6] showed that:

(i) for m € Irr(Mp(W)), exactly one of Oy + () or Oy .y~ () is nonzero;
(ii) given o € Irr(SO(V)), with the extensions ot and o~ to O(V), exactly one of Oy, (c™)
or Oy, (0~) is nonzero.

Here Irr(Mp(W)) is the set of equivalence classes of irreducible genuine representations of
Mp(W), and oF denote the extensions such that —1 € O(V) acts as +1, respectively. Then
Gan and Savin derived the following theorems [GS12, Theorems 1.1 and 1.3].

THEOREM 6.1. There is a bijection
Oy : Irr(Mp(W)) «— Trr(SO(VT)) U Trr(SO(V 7)),
given by the theta correspondence with respect to .

THEOREM 6.2. Suppose that o € Irr(SO(V')) and 7 € Irr(Mp(W)) correspond under ©,,. Then
the following hold.

(1) o is a discrete series representation if and only if 7 is a discrete series representation.
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(2) o is tempered if and only if w is tempered. Moreover, suppose that

SOV
o C Inko( )<7'1 ® QT ® 00),
where k = (ky, ..., k) is a sequence such that ki + - - - + kyp, < r, the 7; are tempered rep-
resentations of GLy,, oq is a tempered representation of SO(V,,,), and no =n — (k1 +--- +
k). Then

7 cndp? (7A@ @ 7 @),
where my = ©y(09). In particular, ©, gives a bijection between the (isomorphism classes
of ) irreducible constituents ofIndZi(V) (11 ® -+ @ Ty, ® 0p) and those ofIndlgkp(W) (M- ®
Tm @ ).
3) If o is an irreducible representation of SO(V') and p is an irreducible representation of GL,
p
then there is a Plancherel measure j(s,o X p,1) associated to the parabolically induced

(V)(

representation Indz(l) ps ® o), where ps = p @ |det|}.. If m = Oy (0), then one has

(s, 0 x p,) = s, x p, ).
See [GI14, Appendix B] and [GI16, Appendix A.7] for details on Plancherel measures.
By combining Theorem 6.2 with Theorem 5.1 and [Hanl19], we obtain Theorem 4.1.
7. Intertwining operators

In this section, we define the normalized self-intertwining operators of SO(V') (following [Art13,
§2.3]) and those of Mp(W), which are used in Theorem 4.2 and Hypothesis 5.2 above. The
definition of the normalized self-intertwining operators is very subtle because one has to choose
the following data appropriately:

representatives of a Weyl group element w;

— Haar measures on the unipotent radicals to define the unnormalized intertwining operators;
— normalizing factors rp(w,ms) and ro(w, ors);

an intertwining isomorphism A,,.

Let k = (k1,...,kn) be a sequence of positive integers such that k; +---+ k,, < r. Put
ko=0,k=ki+---+kn,ng=n—k, and

P:Pka M:Mlﬁ N:Nk7 Q:Qka L:Lka U:Uk

7.1 Representatives of a Weyl group element
Let w € W(M,Sp,, (C)) be a Weyl group element. We shall identify w with elements in
W(M,Mp(W)) and W(L,SO(V)) in a standard way, and take representatives wp € Mp(W)
and wg € SO(V) following the work of Langlands and Shelstad [LS87] and Gan and Li [GL18].
In this subsection we review the procedure; see [LS87, §2.1], [Art13, §2.3], or [GL18, Definition
4.1] for details.

First, we realize the relative Weyl group W(M,Sp,,(C)) in &,, x (Z/2Z)™ and identify it
with relative Weyl groups W(M, Sp(W)) and W(L,SO(V)). We can do this in a canonical way,

~

because the Levi subgroups M, M, and L are of the form
GLg, x -+ x GLy,, x G_

over C or F, where G_ is a semi-simple algebraic group.
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Next, we take standard splittings splg,yy of Sp(W) and splggy+) of SO(V™) by
sPlspy = (Bw, Tw, {Xa, ti=1,..n)s  SPlsov+) = (Bv, Tv,{Xp }i=1,...n),

where:

— By and By are, respectively, the Borel subgroups stabilizing the F-flags
Fy. CFyi+Fya C--- CFyn+ -+ Fyn, Fri CFri+Fop C-- CFop - F Fag;
— Tw and Ty are, respectively, their maximal tori which are diagonalized by the bases

{vis o s Uny¥ls - sun by {1, o Ty o, 27, .o 20 b

— Xq,; and Xpg, are simple root vectors given by

=it i =i, |
Xo, cyjo 0 TN i Y I for 1<i<n-—1,
0 otherwise, 0 otherwise,
Yn J=n,
Xa, 1y —0 i
¢ ! 7 / 0 otherwise,
Xg, taj— 4" J o i i+l J o for1<i<n-—1,
0 otherwise, 0 otherwise,
2x =0, —x | =n,
Xg, 1 xj— " T; 0/
0 otherwise, 0 otherwise.

Then M and P (respectively L and ) are standard, in the sense that they contain T; and B;
(respectively Ty and By ), respectively. Let ® (T, Sp(W)) and A(Bw) = {a1,...,a,} denote
the set of roots and the set of simple positive roots with the indices relative to the basis. Then we
can see that the simple root vectors X, do indeed correspond to ;. Let X_,, be the root vector
for —a; such that the Lie bracket [X,,;, X_q,] is the coroot for a;. Let us take ®(Ty,SO(V™)),
A(By) =A{p1,...,0n}, and X_g, similarly.

Now let us take representatives wp and wgq of w. First assume that V = V7. Let wy and
w). denote the representatives of w in the Weyl groups W(Ty, Sp(W)) and W(Ty,SO(VT))
that stabilize the simple positive roots inside M and L, respectively. We shall write wy for the
reflection corresponding to a root A\. We then have Langlands—Shelstad representatives

WP = Wagy "+ Wayy, WQ = Wy, W

where wr = Wa,, * - Way, and whh = W)+ W, Are reduced decompositions of wp and w/. in

W(Tw,Sp(W)) and W(Ty,SO(VT)), respectively, and
Wa = (exp(Xa) exp(—X_qa) exp(Xa), 1), wp = exp(Xp)exp(—X_p) exp(Xp)

for any o € A(Byw) and 3 € A(By).

In the case of V =V, the representative wg € SO(V ™) is defined to be the corresponding
element via the canonical pure inner twist (£,2) : SO(V*') — SO(V ™). The following lemma is
obvious but important.
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LEMMA 7.1. Let w = wy ---w; be a reduced decomposition of w as an element of the relative
Weyl group W(M, Sp,,,(C)). Then we have

aP:uf\)IP'..,u\}-l,P and @QZU/HQ”'/H‘)-Z/Q'
The representatives can be given more explicitly in the m = 1 case. See Proposition 8.1
below.

7.2 Haar measures on the unipotent radicals

In this subsection we shall choose Haar measures on N and U. We first define Haar measures
du on U for V=V" and d'n on N with respect to the splittings splso(v+) and spls,r),
following [Art13, §2.3] or [KMSW14, §2.2]. Here, d'n is a Haar measure when we regard N as
the unipotent radical of a parabolic subgroup P of Sp(W). On the unipotent radical N of the
parabolic subgroup P of Mp(W), we take a Haar measure dn = |2|;k/2d’n.

Since the splittings are given explicitly, one can describe these measures explicitly. We will
give an explicit definition of the measures in the case of m =1, i.e. k = (k), in §8.5 below. The
measures for m = 1 give us the following descriptions of du and dn.

For 1 <i<m, put nj=n— (ko4 ---+k_1). As in §§2.1 and 2.3, let N and U® be the
unipotent radicals of the maximal parabolic subgroups of Sp(W,,,) and SO(V},,) stabilizing

SpanF(yko-‘r"'-‘rki—l-‘rl’ s ’yko-l—-"-‘rki)v SpanF(xko+-~'+ki_1+17 B mk0+"'+ki)7

respectively. If we take Haar measures on each N @ and U® as we will do on Nj, and Uy in
§8.5 below, then the Haar measures dn on N and du on U are the measures defined via the
homeomorphisms

ND x.oox N 5 N (N1, .oy Myp) > N1 - Ty
U(l)x--'xU(m)—>U, (Upy ey Upy) = UL - Uy

In the case of V. = V', we define the Haar measure du on U by using the above homeomorphism.

7.3 Intertwining operators
Now we define intertwining operators. Let 7; be irreducible tempered representations of GLyj, on
a vector space 74, for i = 1,...,m. For any s = (s1,...,Smn) € C™, we realize the representation
Tis; = T; @ |det|7: on ¥4, by setting 7; 5, (a)v = |det a|ji7i(a)v for v € ¥4, and a € GLy,. Let m be
an irreducible genuine tempered representation of Mp(W,,,) on %5, and o an irreducible tem-
pered representation of SO(V,,,) on ¥, such that my and oy correspond under the bijection ©,.
Put mays =T16 @ @ Trnys,, @ and o s = Ti5; @ -+ @ Ty s,, @ 0. In particular, we shall
write mpr = Ty 0 and o, = o, 0.

The normalized parabolically induced representation Indgp(w) (mas) is realized on the space
of (¥4, ® - ®Y;,, ® ¥z,) -valued smooth functions .#5 on Mp(W) such that

95(7””9) = 5P(m)1/27TM,s(m)ys(g)

for any me M, ne N, and g € Mp(W), where dp is the modulus function. For w €
W(M, Sps,,(C)) we define the unnormalized intertwining operator

M(wp,mars) - Indl\;{p(w) (Tams) — Indl\gp(w) (wrars)
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by the meromorphic continuation of the integral
M@ ) Fule) = [ Ful(@r) ng)dn,
(*NAN)\N

where YN = @pNiE;l and wmys s is the representation of M on 77, ® --- ® 77, ® Yz, given by

'UJT['M7S(m) = 7TM7S((1:UP>71m’LEp)

for m € M. The integral above converges absolutely on some open set of C" in s and has a
meromorphic continuation to s € C™. The operator is well-defined for s € C" except at finite
poles modulo (27i/log qp)Z™. Similarly, we can define the unnormalized intertwining operator
M(wgq, o) from Ind%o(v)(aL,s) to Indzo(v) (wor.s).

Before stating the definition of the normalized self-intertwining operators, we need to nor-
malize the operators M(wp, mars) and M(wq, oy, s) so that they are holomorphic at s = 0. Put
P = (wp)~tPwp and Q¥ = (wg) *Qug, and let ¢1,...,dm,¢o be the L-parameters corre-
sponding to 71, ..., Ty, 0 via the LLC. Since o9 = ©(m), the L-parameter for mg is also ¢o. As
in (3.1), put

P=01B Db D Po B by, B+ B Y
so that ¢ € @temp(SO2141) = Premp(Mpo,) and Im(¢) C M. We define the twist ¢s of ¢ by s as
follows:

P = (1R =) & @ (I ®| = ["") BP0 ® (¢, ®| — ") BB (¢] @ | = [7™).

Then we define a normalizing factor
TP“’|P(Sv ¢a 77/)) = 7(07 P%w|p © ¢Sv w)_lv

where ppuw|p denotes the representation of M defined in [Art13, pp. 80-81]. Similarly, define a

normalizing factor rgw|g(s, @, 1) = ¥(0, péw@ o s, 1) L. The realization of W(M, Sp,,,(C)) as a
subgroup of &,,, X (Z/27)™ gives an expression

Let y:7Z/27Z — {0,1} be a map such that y(2Z) =0 and y(1 +2Z) =1. We then define a
representation y(w, ¢s) of WDp and a complex number y(w,s) by

y(w,¢s) = Puld)oi |~ ", ylw,s) =) y(d)si.
i=1 i=1

Let us define normalized intertwining operators

Rp(w, Tars, ¥0) = v () 0801229 (1w ¢3), 1)~ 1 pu (s, &, )~ M (@p, Tars),
Ro(w,ops) = e(V) IV 0(s, ¢,9) " M(tg, oLs).

It is known that Rg(w, or, s) is independent of the choice of the additive character ¢ (see [Art13,
p. 83]). We can see that the intertwining operators can be defined at s = 0.

LEMMA 7.2. The normalized intertwining operators Rp(w, ars,%) and Rg(w,ors) are holo-
morphic at s = 0.
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Proof. By [Art13, Proposition 2.3.1], Rg(w,ors) is holomorphic at s = 0 if V' = V. Next, let
us consider the metaplectic case. By the definition of the representative wp, we can decompose
the operator into the product of the operators for simple reflections in W(M, Spy,, (C)). There are
two cases to consider: w € &, and w € (Z/2Z)™. If w € S,,, the assertion is reduced to the case
of GLj, and follows from [Sha81, Proposition 3.1.4 and (3.2.1)]. If w € (Z/27Z)™, the assertion is
reduced to the case of m = 1, i.e. P = Py is a maximal parabolic subgroup Pj. In this case, since
the explicit formula of Plancherel measures for the metaplectic group [GI16, Appendix A.7] is
known, the assertion can be proven as in [Art89a, Theorem 2.1]. In the V =V~ case, a similar
argument goes. O

We shall put
Rp(w,mm,¥) = Rp(w, ma0,¥), Re(w,or) =Reo(w,oL,0).
Let us define the normalized self-intertwining operators. Assume that
w € Wy (M, Mp(W)) = Wy (L, SO(V)),

which is equivalent to wmy; = 7wy and woyp, = o7, We take the unique Whittaker normalized
isomorphism

szﬂ_l(g)...@%_m_,%l@...@y/

Tm

and define the normalized self-intertwining operators

Rp(w, ) :Indll\é[p(w)(WM) Ind p(W )( M),
Rg(w,op) : Ind%o(v)(aL) — IndQ (V)(O’L)

as in [GI16, p. 756].

7.4 Reduction

Since the LLC for Mp(W) is defined by using the theta correspondence, to prove Theorem 4.2 it
suffices to consider the relation between the theta correspondence and the intertwining operators.
The following proposition will be proved later.

PROPOSITION 7.3. Put &, =71 ® - Q@ Ty, ® 0. There exists a nonzero SO(V) x Mp(W)-
equivariant map

7 wVw¢ & IDdQ (V)( ) Indll\_—,/lp(w) (TI'M)

such that:
a) for any irreducible constituent o of Tnd>0") o), the restriction of 7 to wywy ® 0 is
Q W
nonzero;
(b) the diagram

o o) —— mdp" ()

Wy, W,y © Ind
Loy w,p ®RQ “J’UL)l lRP(wﬂTM)

wvw¢®lndQ( )( ) _7T . Inde(W)( M)

commutes.
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Once the above proposition is proven, we have Theorem 4.2.
PROPOSITION 7.4. Proposition 7.3 implies Theorem 4.2.

Proof. Suppose that Proposition 7.3 holds. Because any irreducible representation of an odd
special orthogonal group is self-dual [MVW87, Ch. 4, §IL.1], we have oy = 0¢. Now fix an
isomorphism o7, = ¢, and identify oy, with of,.

Let m C Indll\fp(w) (mar) be an irreducible tempered representation and put o = Oy (7) C

Ind%o(v)(aL). Then, by Proposition 7.3 and the identification o7, = &7, there exists a nonzero
SO(V) x Mp(W)-equivariant map

7 wWy,wy & Ind%o(v) (O’L) — Indl\;p(w) (TI'M)

such that its restriction to wy v,y ® o is nonzero and it satisfies the following commutative
diagram:

SO(V)

Wy, W @ IndQ (O’L) L Indll\é[p(w)(

M)

1“’V,W,1/)®RQ(M’UL)J/ lRP(UJﬂT]\/[)

wWy,wy & Ind%o(v) (JL) L) Indl\}é[p(W) (ﬂ'M)

By the Howe duality and the fact that 0¥ = o, 7T sends wy w,y ® o to m. Therefore, T gives
a nonzero SO(V') x Mp(W)-equivariant map

,ZTJF Wy Wy @0 — T

such that
RP(U),T[‘M)LT 0Tgr="Tyro0 (1wv,w,¢ ® RQ(U),O‘L)’U). (7.1)

Suppose that Hypothesis 5.2 holds. Then we have Rg(w, o1)|s = 1(2w) where n = «(0), and
Ty € Si(L, SO(V)) = Si(M, Mp(W)) is the image of w under the natural map (3.2). Now the
relation (7.1) shows that
RP(’LU, 7TM)|7T © 7:7,77 = n(xw)%,ﬂ’-

Since 75, # 0 and = is irreducible, we have Rp(w, 7y )| = n(xw). We also have n = vy (m) by
the definition of the LLC for Mp(W). This completes the proof. O

8. Preparations for the proof of Proposition 7.3

In the next section we shall give a proof of Proposition 7.3. For this, we introduce some more
notation, following Gan and Ichino [GI16, §§ 7 and 8], in this section.

8.1 Maximal parabolic subgroups
We have described the parabolic subgroups of Sp(W), Mp(W), and SO(V') in §§ 2.1-2.3. Referring
to [Atol8], we can describe their maximal parabolic subgroups more explicitl

Let k be a positive integer, and put ng =n — k. Put Y =Y} and Y* = Y;*. We shall write
an element in the symplectic group Sp(W) as a block matrix relative to the decomposition
W =Y @ W,, ®Y". Following §2.1 or 2.2, put P = P, M = My, and N = N}, so that P=DP
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and M = M. Then we have
M = {m(a)go | @ € GL(Y), go € Sp(Wny)},
N = {n(b)nc(c) | b € Hom(W,,,Y), ¢ € Sym(Y*,Y)},
where m(a), n”(b), n°(c), and Sym(Y*,Y) are defined as in [Atol8, §2.4]. Recall that P and M

are the double covers of P and M, respectively. Note that the natural inclusion Sp(W,,,) C Sp(W)
induces an inclusion Mp(Wp,) € Mp(W), (go,€) — (go, €). Put

2n—k+1
pp="—0—

Assume that k < 7. Put X = X, and X* = X, and write an element in the special orthog-
onal group SO(V') as a block matrix relative to the decomposition V = X @ V,,, & X*, as above.
Put Q = Qi, L = L, and U = Uy, following §2.3. Then we have

L ={l(a)hy | a € GL(X), hg € SO(Vy,)},
U = {u=uP(b)u(c) | b € Hom(V,,, X), c € Alt(X*, X)},
where I(a), uP(b), u°(c), and Alt(X*, X) are given in a similar way to [Atol8, §2.4]. Put

2n —k
pQ=—5—

8.2 Representatives of wy; and wy,
Let wy (respectively wr) be the nontrivial element of the relative Weyl group W (M, Sp(W))
(respectively W(L,SO(V))). Note that W(M,Sp(W)) =2 W(L,SO(V)) = Z/27Z. In this subsec-
tion, we shall take representatives of wy; and wr, following Langlands and Shelstad (see §7.1),
and calculate them explicitly.

First, let us define Ix € Hom(X*, X) and Iy € Hom(Y*,Y) by Ixz] = z; and Iyy] = y;.
With respect to the bases, Ix and [y correspond to the identity matrix. Put

(_1)n+1
(-1
J = . € GLg.
(_1)n+k

Using the bases, we can identify GL(X) and GL(Y) with GLj and regard J as an element of
GL(X) or GL(Y). Let us define elements wy € Sp(W) and wx € SO(V) by

Iy —Ix
wy = ) (—1)*1w,, , wx = : (—1D*1y,,
—Iy —Iy

We take the representatives w, € Mp(W) and w} € SO(V) of wys and wy, defined by

—J1Iy JIx
w?\J = (_1)k ]‘Wno ) € ’ wlL = (_1)k 1Vn0 )
JI;! JIG!

respectively, where €5 = (—1, —1)’;(’“*1)/2'
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Let wp and wg denote Langlands and Shelstad’s representatives (see [LS87, §2.1] and [GL18,
Definition 4.1]) of wps and wy, with respect to the F-splittings splg, ) and splgo(y+). Then we
have the following proposition.

PROPOSITION 8.1. We have
~ /
wp = U)M,

wg = w,.

The proof is similar to that of [GI16, Lemma 7.2]. Also, as pointed out in [GI16, p. 755], in
the V' =V~ case one can see that w} corresponds to wg € SO(V™) via the canonical pure inner
twist. However, we shall give a proof of the first assertion in § 8.4, since the calculation of wp is
too complicated because we have to consider Ranga Rao’s 2-cocycle.

8.3 Ranga Rao’s 2-cocycle
Before proving Proposition 8.1, we introduce some notation and review Ranga Rao’s z-function
and normalized cocycle [Ran93].

For three nonnegative integers r,s,t € Z>q, define ngjt to be an embedding of GL; into
GL; 154+ by

1,
A— A
1

For a € GL(Y;), we write my,(a) for an element (° (a)-1) of a Levi subgroup M, of the Siegel
parabolic subgroup P,. For any subset S C {1,...,n}, define o5 and ag by

yr ifie S, . —y; ifies,
0s " Yi = 0s Y = e
sy y, ifi¢sS, sy yr  ifig S

and
—y; ifies, . —y; ifie s,
as - Y; = as -y, = e
STy itigs, UV Ty ities

When S is a singleton {i}, we shall write 0; = o,y for simplicity.

Next, we review the notions of Ranga Rao’s x-function and normalized cocycle. We have
Sp(W) = UgP,,05 P, where the disjoint union runs over all subsets S C {1,...,n}, and Ranga
Rao’s xz-function is defined by

z(progpa) = det(pipzly, ) (mod(F*)?), pi,p2 € Py, SC{1,...,n}.

This is well-defined [Ran93, Lemma 5.1]. Then, let ¢(—,—) denote Ranga Rao’s normalized
cocycle, which is a 2-cocycle on Sp(W) valued in {£1}. The precise definition of ¢(—,—) is
omitted here, but we list several of its properties. See [Ran93, §5] or [Szp07, § 2] for details.

PROPOSITION 8.2. Letp,p' € P,, S,S" C {1,...,n}, and g,¢' € Sp(W). Put j = |SNS’|. Then

1)](]+1)/2

0(05703’) - (_17_ a )
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c(pg, g'p') = c(9. ) (@ (9), 2(p)) r(x(g"), (1) r((p), 2(P") r (2(99), = (pP")) F,
c(g:p) = c(p, g) = (x(p),z(9))F-
Moreover, if g¢' = ¢'g, then
c(9,9') = clg', 9)-

8.4 Proof of Proposition 8.1
Now we begin the proof of the first assertion of Proposition 8.1.

Proof. First, we need a certain representative of wy; in W(Ty, Sp(W)). Take the representative
wr € W(Ty, Sp(W)) of wys such that wy maps the positive roots inside M into the positive
roots inside M and the positive roots outside M into the negative roots (not necessarily outside

M). Let s; € W(Ty, Sp(W)) be the simple reflection corresponding to «; € A(By), and put
Gi = Sp—15k—2" - Siy18; for 1 <i<k—1,
Ti = SiSi41 " Sn—1SnSn—1- - Si+18; for 1 <i<mn.
Then
Wt = TEq1TRG2Tk " *  Gk—2TkGk—1Tk
gives a reduced decomposition of wry.
Second, let us consider the representative w5 of wr in the symplectic group Sp(W), following
Langlands and Shelstad [LS87]. Put
wi = exp(Xy,) exp(—X_q,) exp(Xy,) for 1 <i<n,
U = Wg—1 - wipiw; for 1 <i<k—1,
Vi = Wi Wh1Wpwp—1 - -w; for 1 <i<n,
which are representatives of s;, ¢;, and r;, respectively. Then, by [LS87, §2.1], we have the
representative wx in Sp(W):
Wp = VpUIVRU2 - - - VjUk—1 Uk
In addition, put
zi:w,;_ll-'-w;_llwi_l for1 <i<k-—1.

Then we obtain that viu; = zv; for 1 <i <k — 1. Moreover, one can calculate v; and z; by
descending induction on i =n,...,1 and j =k —1,...,1 to obtain

2(n—i—1)+1
Vi = Qfi41,...n}0; )

GL
Zj = Mmp (Lj—l,kfjJrl,nfk(Hk—j'f‘l)) )

where
0 -1

K] = e GL;.

1 0

A straightforward calculation then shows that v;z; = z;v; for 1 <4 < j <k — 1. This implies
that ﬁ;ﬁ =21 Z2k_1V1 " Vk.
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Finally, let us take their representatives in Mp(W) as follows. Put

Wi = Wq,; = (w;, 1) for 1 <i<n,

ui:wk_l---&iﬂﬁi fOI‘léiSk—l,

V; :wi-~&n,1c~unc~un,1---@i for 1 SZSTL,

and
~ _ ~—1 ~—1 ~-1 .
Zi =Wy Wi W for1 <i<k-—1.
Then the required element wp can be expressed as
Wp = VUL VKU -+ VpUp—1 V-
We have viu; = z;v; for 1 <7 <k —1. Also, for 1 <i < j <k —1 we have v;2; = z;v; because

v;z; = zjv;. Therefore,

Wp = Z21V12202 * * * Zp—1VE—-1Vk
= 2122 Rg—-1U1V2 * - Vgp—1Vk-

Since w1, ...,w,_1 are elements of the Siegel parabolic subgroup P, and have determinant 1 on
Y,,, one has

52-:(1)1-,1) fOI‘lSiSk,
Zj = (%;,1) for1<j<k-1

Now let us compute z12o - - Zp_1, U102 - - Up_10k, and wp. First, we consider z12o - - Zp—_1.
Since each z; belongs to the Siegel parabolic subgroup and has determinant 1 on Y,
we have zj---Zp_1 = (21---2k—1,1). Additionally, by calculating its action on the basis
{vi,- - yns i, ..., Y5}, we can compute the product zg - - - z—1:

21 2l = mn(L(()%%,n_k((—l)""’kJ)).

Second, by descending induction, we can compute v;---v; for i = k,...,1. Note that Ranga
Rao’s normalized cocycle may not be trivial. By descending induction, one has

/
VitV = 0y kYD
where

—i+1( )k:—i—i—l‘

P = (ag. )" Afkt1,... 0}
We also have
Vi = Pi0y,

where

pi = (ag)" " agig, 0}
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Since p; and p; are elements of the Siegel parabolic subgroup,

(i, Vi1 -+ vk) = e(Pioi, Ofit1,. k) Pis1)

= (z(pi), 2(Pjs1))F

_ ((71)(n—i+1)+(n—i) ’ (71)(n—z)(k—z)+(k—z)(n—k)) -

k+i
(=1, —1)kH.

Hence,

k-1
U U = (V1 v, HC(Uia'Uz'+1 o Ug))
i1

2n+1 k(kfl)/2)'

= (o k)" M agrsr, )k (-1, -1

Finally, since z1 - -- 21 belongs to the Siegel parabolic subgroup and has determinant 1 on
Yy, we have Wp = (g, ) and wp = 21+ 2p_101 - -V = (—1)kmn(L0G71,;n7k(J))J{1 ..... ky- This
proves the first assertion of the proposition. O

8.5 Haar measures
In order to study the intertwining operators in more detail, or to describe some explicit formulas
for the Weil representations, we need to take Haar measures appropriately and explicitly. Put

e=T1RY + -+ TRy € XY,
=1y + -ty € XY,
et =]y + -ty e X @Y™
These vectors belong to the symplectic space W =V @p W.
Let us define measures on each of the groups and vector spaces.

(i) Take the self-dual Haar measure dyi,z on My (F') with respect to the pairing
Mi(F) x My(F) > (z,y) — ¢(tr(zy)) € CL.

In particular, write dyx when k = 1.

(ii) Take the Haar measure dz on GLg(F) defined by dr = |det z|"dyr, z, and transfer it to
GL(Y) and GL(X) via the identification.

(iii) Define the self-dual Haar measures on V@Y* X"V, XY™ V,,@Y*, X*®@ W,,,
Hom(V,,,, X ), Hom(W,,,Y), Hom(X, X), and Hom(Y,Y) in a similar way to [GI16, §7.2].

(iv) Take the self-dual Haar measures on Alt(X*, X)) and Sym(Y™*,Y") with respect to the pairings

Al (X*, X) x Alt(X*, X) 2 (¢, )
Sym(Y*,Y) x Sym(Y*,Y) 3 (¢, )

¢(<che**,f)_(10’e**>) e C!,
¢(<Ixce**,fglcle**>) eC!,

—
—
respectively.
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(v) Take the Haar measures du on U for u = u”(b)uc(c) and dn on N for n = nP(b)n(c) as
follows:

du = 272 db- 121,75V Y de, b € Hom(Vi,, X), ¢ € Al(X*, X),
dn = 217" db- 12[F5 7V M de, b € Hom(W,,,Y), ¢ € Sym(Y*,Y).
(vi) Let us take measures on @ and P. For ¢ =lu € Q = LU and p = mn € P = M N, define
dq=dldu, dp=dmdn.
We have the modulus function g (I(a)hg) = |det a\?fQ for a € GL(X) and hg € SO(V,,,) and

the modulus function dp(m(a)ge) = |det a|if’” for a € GL(Y) and go € Sp(Why,).

One can then check that the measures du on U and dn on N coincide with the Haar measures
that we took in §7.2 by using the splittings splgo+) and splg, iy, respectively (see [Atol8,
§6.3] for explicit calculations).

8.6 Big symplectic spaces and a mixed model
In this subsection we shall take a mixed model, which is a realization of the Weil representation,
following Gan and Ichino [GI16, §7.4].

Put Wo =V @ Wy, C W and Wog = V), @ Wy, C Wy C W. These are symplectic subspaces
of W. Fix a polarization W,,, = Wy @ Wy, where Wy = spanp(ygt1,---,Yn) and Wy =
spang (Y ;- - Yn)- We have the following natural complete polarizations of W, Wy, and Wyo:

W=VaoY,)e(VeY,),
Wo = (V& W) (Ve W),
Woo = (Vig ® Wo1) © (Viy @ Wog).
Let w, wo, and wpp be the realizations of the Weil representations wy ., WV, Wi 0> and
W,y Wag . Of O(V) x Mp(W), O(V) x Mp(Wh,), and O(Vy,,) x Mp(Wh,), respectively, on a
mixed Schrodinger model
Soo = S(Viy @ Woz),
So = S(X™ ® Wp) ® Soo,
S=8SVY")®S,

as in [GI16, § 7.4] or [Atol8, §6.2]. We construct these models by using the following elements:

— the ordinary Schrédinger models
(W, ST =SV e (Y e W), (WS =SV eWn)), (Wi Sk =~V W)

of Wy,wy, WV, Wy, and Wy, W, e, respectively;
— canonical linear isomorphisms

SV Y aWp)2SVeoY*) eSSV e Wny),
SV e Wy) ZS(X o X*) @ W) @SV, @ We);
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— an isomorphism given by the partial inverse Fourier transform

S(XeX")@Wp) - S(X"@Wy), p—@

defined by

’ (x1> ) / 7 <y> Y(—(z1,y))dy for z1 € X* @ W1, 22 € X* ® Woe,
T2 yEX@Wo2 €2

where the Haar measure dy on X ® Wy is defined by

dy = H dyci; fory= Z i jTi ® y]* € X ® Woa.
1<i<k 1<i<k
E+1<j<n k+1<j<n

Let 75 = Wo & F and 80 = Wy & F' be the Heisenberg groups. Let pg and pgg be their Heisen-

berg representations associated with the Weil representations (wg, Sp) and (woo, So), respectively.

We regard Sp(W) = Sp(W) x {1} C Sp(W) x {£1} = Mp(WW) as sets. Referring to [Ran93] or

[Kud94, Theorem 3.1], we obtain some explicit formulas for the Weil representations.
ForpeSandx e V@Y™,

[w(h)e)(x) = wo(h)p(h~ x), heSO(V),
[w(m(a))e](z) = yr(det a, )~ |det a\gnﬂ)mgp(a*x), a € GL(Y),
[w(go)el(x) = wolgo)e(x),  go € SP(Why),
[w(n®(®))el(w) = po((b*z,0))¢(z), b€ Hom(Wp,,Y)
w(n®(e)¢)(z) = (z(n°(c)z, 2))p(z), e Sym(Y*Y)

For ¢ € Sp = S(X* ®Wn0) ® Sgp and y € X* ®Wn0,

[wo(g0)%0](y) = woo(go)wo(gy ' y), g0 € SP(Why,),
[wo(l(a))po](y) = |det alipo(a*y), a € GL(X),
[wo(ho)¢o](y) = woo(ho)po(y), o € SO(Vi,),
[wo(u”(0))ol (y) = poo((b*y,0))po(y), b€ Hom(V;,, X),
[wo(u(e)pol(y) = »(5(u(c)y, y))poly), € Alt(X, X),

o)l ) =wool(~1, ) [ o= Il

For ¢oo € Spo = S(Va, @ Wo2) and z € V,,, @ Woa,

woo((—1w,, )F)p00] () = 7 ((—1)F"F) ) "pgo((—1)*2),
[woo((—1v,,)")00] (%) = woo((—1)*).
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8.7 Gan and Ichino’s equivariant maps
Next, we construct equivariant maps which realize the theta correspondence. Put

fs(p)(gh) = [[w(gh)¢](e)](0),
fs(e)(gh) = [ / [w(gh)pl(z)Y(—(e", x)) dz | (0)

f9r peS=8SVRY")SX"®Wy,)®Sw, g€ Mp(W), and he O(V). If f= fs(¢) or
fs(¢), then by the explicit formulas for the mixed Schrédinger model, we have
f(nugh) = f(gh), neN,uel,
f(gohogh) = woo(goho) f(gh), go € Sp(Why), ho € O(V),

F(m(a)l(a)gh) = yr(deta, ) |det alf2 " f(gh), a € GLy(F) = GL(X) = GL(Y), (8.1)
for any g € Mp(W) and h € O(V). In the rest of this section we shall drop the subscript S for
simplicity.

In this subsection, we shall write 7 = 7 and assume that oy and 7wy may be direct sums
of irreducible tempered representations, whose summands have the same L-parameter ¢y and
correspond bijectively via ©. For p = 7, m, or oy, let (pv,”//pv) be the contragredient repre-
sentation of (p, 7)) and (—, —) the invariant non-degenerate bilinear form on 7, x #,v. We fix a
nonzero Mp(W,) x SO(V,,)-equivariant map

Too : Woo ® 0§ — 0. (8.2)

For any ¢ € S, Z, € Ind%o(v)(TS ®ay), g € Mp(W), 0 € ¥,v, and 9y € Yy, put

1

Lis+ 1 /U — (Too(f () (gh) @ (Fs(h), D)), %) dh

1(8790®3ZS)6®®079):

if the right-hand side converges absolutely. Here, s € C is a complex variable.

LEMMA 8.3. The following hold.

(1) The integral I(s,p @ Fs, o ® ¥, g) converges absolutely for Re(s) > —3 and admits a

holomorphic continuation to s € C.
(2) For Re(s) < 3, we have that I(s,¢ ® Fs, 0 ® T, g) is equal to

1 -1 1 -1
p(styr) a(spme) [ (Tl £(2) gh) @ (F3(1) 5)) 50)
USO (Vg )\SO(V)

3) By virtue of (1.1), we define a vector T4(p & F of V., @ ¥y b
(3) By ; @ g o by
(Ts(p ® F5)(9), 0 @ Vo) = I(s, 0 ® Fs,0 @ o, 9).
Then, for any 0 # .7 € Indzo(v) (1 ® 0y), there exists p € S such that
To=o(p ® F) # 0.

Proof. The proof is similar to those of Lemmas 8.1, 8.2, and 8.3 in [GI16]. O
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When s = 0 the assignment ¢ ® .F — To(¢ ® .F) gives an Mp(W) x SO(V)-equivariant map
we Indgo(v) (rT®ay) — Indll\fp(w) (T ® mp). We shall write 7 (k, Zqp) for this map.

Now, we note the functorialities of the equivariant map 7 (k, Zgp) here. We have the following
two lemmas, which easily follow from the definition of 7 (k, Zq).

LEMMA 8.4. Let (7, ¥;/) be a representation of GLy, that is isomorphic to T, and let A : (1,¥;) —
(7', %:/) be an isomorphism of representations of GLy. Then the diagram

we® Indso(v)( ®ay) Tk Too), Indll\fp(w) (T ® mo)
1®Ind(A)l J{Ind(A)
w® Indso(v) (r"®oy) —— Ind p(W) (;’ ® o)

T (k,o0)
commutes. Here, Ind(A) denotes an operator defined by [Ind(A).Z|(z) = A(Z (x)).
LEMMA 8.5. Let (07, ¥5;) (respectively (m, 1)) be a representation of SO(V,,) (respectively
Mp(W,,)) that is 1somorph1c to oo (respectwe]y 7p), and let B : (o), Vv v) — (o ,”//aév) (respec-

tively C = (mo, ¥z,) — (7, V7)) be an isomorphism. Choose an Mp(W o) X SO(V,,,)-equivariant
map Tl : woo @ 0" — 7o such that the diagram

700
wmﬂgag — T

1®Bl J{C

\
wm)®6% —_— Wé
00

commutes. Then the diagram

SO(V)( 7 (k,700) In dl\;{p(W)(

w® Ind ®ay) ® mo)
1®Ind(B)l llnd(C)

SOV
w®IHdQ( )(T®0'6v) T(TTO/O)) Ind p(W )( ®7T0)

also commutes.
Finally, we note a key property of the assignment 7.
PROPOSITION 8.6. For ¢ € S and .Z; € IndQ oV )(TS ® oy), we have
Rp(wn, Ts @ m0)Ts(p @ Fs) = B(s) - T-s(p @ Ro(wr, 75 © 09 ) Fs),

where

_ ’2|2ks . L(_S + %77_\/) . 7(_8 + %7Tv7w).
L(s+3,7)  A(s+g57%)

Proof. Noting that ¢y = ¢o and vr(¢ o qv) = €(V)yr(¢)), one can prove this proposition using
a similar argument to the proof of [GI16, Corollary 8.5]. O
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9. Proof of Proposition 7.3

Now we can define the equivariant map 7 desired in Proposition 7.3 and give our proof of the
proposition. We will define this map 7 to be the map 7 (k, Zgp) constructed in §8.7 when P is
maximal, and by induction in stages when P is not maximal. We shall use the same notation as
in §7. and assume that og = ©(m).

9.1 An equivariant map 7
In this subsection we define an Mp(W) x SO(V)-equivariant map

T s wywy © Indy Y (52) — Wndp™™ (may)

that will satisfy Proposition 7.3. For a fixed 1 <m/ < m, we put k' = (ky,..., k), k' = k1 +
ot ko, K = (ka1 oo k) K = k1 + -+ ki, and 0’ = n — K. As in §§8.1 and 8.6, we
take X = X3, X* = X, Y =Y, and Y* =Y. Put W2 = spanF(y,’;H, ..., yr). Also, let us put

X' = Xp =spangp(21,...,2p), X' =X}, =spangp(z],..., 2},

YI - Yk’ - Spa'nF(yla .- '7yk/)7 YI* = Y]:’ = SpanF(?JT? o 7.7];;’)7

X" = spanp(zpry1, .-, Tk), X" = spanp(@fyyq, ..., Th),

Y” = SpanF(yk'+17 s 7?Jk)7 Y”* = SpanF(y:}’—i-l? R y;::)a

V=V, and W' = W,,, so that

V — X/ @ V/ @X/*7 V/ — X// @ Vno @X”*,
W:Y,@W/EBY/*, W/:Y//@Wno@yl/*,
and we shall write Q' = L' x U’ and P’ = M’ x N’ for the maximal parabolic subgroups of
SO(V') and Mp(W’) stabilizing X" and Y, respectively.
Let (w,S), (wo,So), and (woo, Soo) be the models of the Weil representations constructed in

§8.6. Additionally, let w” be the realization of the Weil representation wy . of O(V’) x
Mp(W’) on a mixed model

S"=8SV'Y")@S(X"" @ Wy,,) ® Soo,

and let w’ = wy,y be the realization of the Weil representation of O(V') x Mp(W') on a mixed
model

S=SVaYHesSX " aW)eSs".
As in §8.6, fix isomorphisms

(w,8) & (W, 8) = (W, &) (9.1)

of the three realizations of wy v, and identify them.
Let PEL be the standard parabolic subgroup of GLj; = GL(Y) stabilizing the flag

O R T

Similarly, we define the standard parabolic subgroups PSL of GLy and PIS,L of GLp». Put

L ! L 1
T= Indgg’{(ﬁ Q- QTm), T = IndgG’{ (M® - @Ty), and 7" = Indgg’{ (Tr/41 @ -+ @ T
k k/ /!
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These representations are irreducible, since 74,...,7, are tempered. Define canonical iso-
morphisms

SO SO
@ : Ind, (V)(Tl ® QT ®0y) — Inko(V)(T ® o),

SOV SOV SOV’
\Il:IndQ( )(7'1®~'®Tm®o(\)/)—>1nko,( )(T’®IndQ,( )(T/®U(\)/))

®.F (h)(z) = g, (I(x)) "2 (x)h),
VT (h)(a', 1) = bq,, (")) 2Z (U)W h),

where [ and I’ are the canonical embeddings GLj < L, and GLjg < Ly, respectively, as in
§8.1.

Similarly, with an abuse of notation, we take canonical isomorphisms

©: Indp""(7 ® - © 7 ® mo) — Indp”™) (7 © mo),
v:Indp" ™ (A @ @7, @) — Idp?" (7 @ ndp? M (77 @ m))

and the canonical embeddings m : GLj < M}, and m’ : GLy — M},.
Next, following § 8.7, we put 7% = T (k,7o9) and 7" = T (K', T (k" , To0)), which are Mp(W) x
SO(V)-equivariant maps

w® Ind%o(v) (r®oay) — Indll\é[p(w) (T ® mo)

and

W' ® Indg(z(v) (" ® Ind%?(vl) (r"®ay)) — Indl\éf(w) (7' ® Indll\f,p(w/) (;’7 ® 7)),

/

respectively. Here 7g is the fixed map (8.2).

LEMMA 9.1. The diagram

we Ind%(z(‘/) (r®oaq) ST Indll\'i.p(w) (T ® mo)
1®<1>T }p
wvwy ©ndy (@ ® 1 @ oY) Ind¥*""™ (A ® - &7 @ )
1®\Ifl J\P
W' ® Ind%(zl(v) (7 ® Ind%c,)(vl)(v'/ ®ay)) — Indl\].if(w) (T ® Indll\f,p(wl)(;7 ® m))

commutes.

Lemma 9.1 lets us define an Mp(W) x SO(V)-equivariant map

T :wywy @ Ind%o(v) (o) — Indll\fp(w) (7ar)s

so that the diagram will remain commutative if we insert 7 into the middle horizontal space. In
other words,

T=0"10T0(1@®) =¥ 10T 0 (1@ V).

1588

https://doi.org/10.1112/50010437X20007253 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007253

LOCAL INTERTWINING RELATION FOR METAPLECTIC GROUPS

9.2 Proof of Lemma 9.1

Let pe S= S8 and ¥ € Indso(v)(

@ @ T @ oy ). It suffices to show that
(T (@ vF)(9)(1,1), 01 ® -+ @ bm @ To) = (T (¢ @ ®F)(9)(1), 01 © - @ U @ Vo) (9-2)

for any 0; € ¥7v, 0o € Y7y, and g € Mp(W).
Fix 0; € Vv, 0o € Y7y, and g € Mp(W). Choose an element # = K @ £ of

In dzeﬂlélfl( | ® @ Tp) ® Inde(W )(T" omy) = @ IHde(W (7" @ )V

such that
supp(# ) ( Ly P K,
H () =01 @ @ Uy ® D

for any z € K’, where K' = K|, x K}; C GLyy x Mp(W’) is a compact open subgroup such
that:

~ ((GLg, x ---x GLy, ) x Mp(W')) N K’ stabilizes 01, ..., U, Do;
— K’ stabilizes w'(g)<p, Le.w'(m/(a")ghg)p = w'(g)p for any (d/,g)) € K'.
Since K’ stabilizes 7" (p @ W% )(g9) = T"(w'(9)p ® W.F)(1), we have

(T (e @ UF)(9), ) = (T"(p @ WF)(9)(x), H (x)) d

/(PSL X P )\(GLys xMp(W"))

/ (T (o ® U.F)(g)(x), H (x)) da
(PGLXPM’)\( K Ux P K
— VOl(K') T (0 ® W.F)(g)(1, 1), 61 ® - - © T @ To). 9.3)

On the other hand, by the definition of 7" and Lemma 8.3, we see that (77 (¢ ® V.%)(g), %)
equals

-1 -1
r(37) 2(z7e) [ (T (s (2)(gh) @ (WF(h), K)), ") .
U SO(V,)\SO(V)

where
T =Tk Ty) : ' @ Ind%9(vl)(7" Ray) — Imdi\,f[,p(wl)(;7 ® mp)-

The last integral is equal to

/U oSO <T’ (fs'(SO)(gh) ® /P _— (U.Z(h)(d,e),K(d')) da’) : j{f’> dh

N /Uk/SO V) \SO(V)< (fs/((P)(gh) ® /Ké; (‘I/y(l,(a/)h)(l, 0), 01 @ @ V) da’),,){’> dh

/ / < T'(f5:()(gl'(a")h) @ (LF (h)(1, ), 01 @+ @ Tyr) ), H) dhda.
1, JUSOV, NSOV
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Thus we have that (7" (¢ ® W.Z)(g), %) is equal to the product of L(3,7/) " y(3,7/,4)"! and
/ / (T (fsr(¢)(gl'(a")h) @ (B.Z (h)(1,0), 01 @+ @ V), ")y dhdd'. (9.4)
/G U,,/SO(V,,1)\SO(V)

Moreover,

/K AT (fs ()9l (a)h) @ (WF (R)(1,0), 01 @ -+ @ Tyy)) , H ) da’

G

—/K (T" (fsr(@)(gl'(a')h) @ (BT (h)(1,0),01 @ - @ Tur)) (90), £ (90)) dgo da’

’ ’
GKM

:/K’<T/ (fs(0) (909! (a")h) @ (B.F (h)(1,0), 01 @+ @ Vypy)) (1), Upyy1 ® - -+ @ Tg) d(a’, gp).-
(9.5)

Then (9.4) and (9.5) imply that (7" (¢ ® V.%)(g), %) is

AN !
L (27T/> Y (277'/7¢> / /
U,/ SOV, \SO(V) J K

(T' (fs(@)(gogl (a")h) @ (WF (h)(1,0),51 @ - @ Vyr)) (1), Dprg1 @ - - @ W) d(d’, gp) dh.
(9.6)

Now, by the formula (8.1) and the choice of K', we have
fs1 (@) (909! (a'yuh) = fs/(0)(guh).
Therefore, (9.3) and (9.6) imply that
-1 -1
_L<177J> 7<177—/7Qp> /
2 2 U,/SO(V, )\SO(V)
(T (fs'(¢)(gh) @ (WF (h)(1,0),01 ® - @ Vps)) (1), Dprg1 @ -+ - @ Vo) dh.  (9.7)

Now, the definition of 7' gives that the last integral is equal to

) -1 “1
L <’T”) Y <7T”771Z)) / /
2 2 U SOV, N\SO(V) JUSO (Vi )\SO (V)

(Too (fs7 (fs:(#)(gh)) (h) @ (BF(h) (1, 1), 71 @ -+ @ Gy}, Ty @ - - @ Dy)) , Do) AR/ dh

1 -t -1
=L (57-”> i <)Tﬂv¢> / /
2 2 USO (Vg \SO(V) JU, UNU

{Too (fs (fs:(@)(guh)) (1) @ (F (h), 51 @ -+ @ Tm)) , Vo) du dh. (9-8)
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By (9.7) and (9.8), we have

<TT(Q0 ® \I/ﬁ)(g)(l, 1)7{}1 QR Uy, ® {}0>
1\ /1 -
~1(37) (5me) (7o (7"(0)ah) & Fo(h)) 0 ) dn, - (09
2 2 USO(Vig \SO(V)
where
P = [ o (fse)ugh) (1) du,
U UNU
yo(h) = <ﬁ(h),’lv)1 XX ’Dm>.
Similarly, we can obtain
<Ta(@ ® (I)f)(g)(l)vbl R R Uy, ® T)O>
1\ /1 1
~2(37) (3me) [ (Tl (0)at) & Falm). o0 ), (0.10)
2 2 USO(Ving \SO(V)
where

Feam = |

fs(@)(ugh) du.
Up\U

Now (9.9) and (9.10) tell us that it suffices to show that f”(¢) = f'(¢), which will follow
from Lemma 9.2 below.

O
LEMMA 9.2. Under the identification (9.1), for any ¢ € S°" we have

| tets@) @du= [ fste)w)du
U UN\U

Up\U
Proof. Put

=@y +-tapRyy e X @Y,

e’ = Tp/+1 ®yz,+1++l‘k®yz S X”@Yﬂ*,
and let ¢ € S°. Because

ST=SVeY™) @ S(X'eX™) o (Y" & W)

® SV'oY"™) @ S(X"® X")® W) ® S,
we shall write

ol (o) Gl =el ()] ()

for the evaluation of ¢ at x € VY™ 3y € X' @ (Y™ ®Wp), 1€ X" @ (Y"" & W),
eV YY", y e X"®@ Wy, and yh € X" @ Wy, which is an element of Spy. Then
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we have

fsr (fsi(

/
=/ tstor] e ()| ar
' eX"@Woa
[— st
Y EX"@Wo2 Jy €eX'@(Y""*OWo2)
/ Yy
’ 0

/ © [ule’, (
e X" @Woa 'eX'Q(Y"*®Wo2)

for any u € U U'\U. Thus, if we regard ¢ as an element of

STES(VeYH) e (X X") e W) ® S,

then we have

/UMU/\U fsn(fs/(p)(u))(1) du —/ e (Z T @ y; + Zczsz ®yj> Hdwc”, (9.11)

=1

where the integration region C' is a direct product C' = Cy x --- x C,, of sets

Ci= { (i)

) = _ 1....
c €F, " ko+ -+ k_1+1,...,k+ +kz,}

j=ko+---+k+1...,n
of ky x (kj41 + -+ + k) matrices with certain shifted indices. Similarly, we have
/ fs(p)(u) du = / <sz®y@ +Zcuxz ®y]> Hdiﬁczd' (9.12)
Up\U c=(c;,;)€C =1
Now the lemma follows from (9.11) and (9.12). O
9.3 Proof of Proposition 7.3

Let us finish the proof of Proposition 7.3. This follows from the propositions above and induction
in stages. Assume that w € Wy(M, Mp(W)), and let

be a reduced decomposition of w in W(M, Sp,,, (C)). Then it can be seen that
RP(wyﬂ-Maw) = RP(U)l,ﬂ'M,’Qﬁ) SR ORP(U)[,T('M,w),
RQ(QU,O’L) = RQ(wl, O'L) 0---0 RQ(wl,aL).

Thu§, it suffices to show that the following diagram commutes for any simple reflection w €
W(M, Spy, (C)):

wvare ©Indy’ (@) —T—  IndpP") (my)

1®RQ(w,&L)l lRP(w,m,w)
SO(V)( o T Mp(W)(

Wy we @ IndQ wop) — Indp WAL ).
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Recall the realization W(M,Sp,,(C)) — &,, x (Z/2Z)™. The commutativity follows from
Lemma 8.4 and the equation 7 = ®1 0 7% 0 (1 ® ®) when w € &,,, and from Lemma 8.5, Propo-
sition 8.6, and the equation 7 = =1 0 7" o (1 ® ¥) applied repeatedly when w € (Z/2Z)™. Then
we have completed the proof of Proposition 7.3.
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