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WELL ORDERING PRINCIPLES AND H}‘—STATEMENTS:
A PILOT STUDY

ANTON FREUND

Abstract. In previous work. the author has shown that Hi—induction along N is equivalent to a
suitable formalization of the statement that every normal function on the ordinals has a fixed point. More
precisely, this was proved for a representation of normal functions in terms of Girard’s dilators, which are
particularly uniform transformations of well orders. The present paper works on the next type level and
considers uniform transformations of dilators, which are called 2-ptykes. We show that H;-induction along
N is equivalent to the existence of fixed points for all 2-ptykes that satisfy a certain normality condition.
Beyond this specific result, the paper paves the way for the analysis of further Hi—statements in terms of
well ordering principles.

§1. Introduction. A classical result of Girard [14] and Hirst [18] shows that the
following are equivalent over the usual base theory RCA of reverse mathematics
(see [29] for an introduction to the latter):

(i) arithmetical comprehension (i.e., the principal axiom of ACA,) and
(ii) when (X, <y) is a (countable) well order, then so is

o = {{x0.....xp1) | X0. ....X_1 € X and x,_; <y - <x Xo}

with the lexicographic order.

If we think of (xj. ....x, 1) € ®* as the Cantor normal form @*0 + --- + w1, we
see that X — ¥ represents the familiar operation from ordinal arithmetic. Note
that the base theory RCA proves that ¥ exists and is a linear order (whenever the
same holds for X). A statement such as (ii), which asserts that some computable
transformation preserves well foundedness, is called a well ordering principle.

Many important principles of reverse mathematics (about iterated arithmetical
comprehension [21, 27] and the existence of w-models [24-26. 30]) have been
characterized in terms of well ordering principles. At least in principle, there is
no limitation on the consistency strength of statements that can be characterized
in this way. There is, however, a limitation in terms of logical complexity: For
any computable transformation of orders, the statement that this transformation
preserves well foundedness has complexity IT1}. Hence a genuine IT}-statement—
such as the principle of I} -comprehension—cannot be equivalent to a well ordering
principle of this form.
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710 ANTON FREUND

In order to characterize statements of higher logical complexity, one needs
to consider transformations of higher type. Recall that the usual notion of
computability on the natural numbers extends to higher types if one restricts to
functionals that are continuous in a suitable sense. In the present context, the
continuous transformations between well orders are the dilators of Girard [13] (see
below for details). Girard has sketched a proof that IT}-comprehension is equivalent
to the statement that his functor A preserves dilators [15]. As far as the present
author is aware, the details of this proof have not been worked out. However, the
present author [4-6] has shown that H% -comprehension is equivalent to the following
different well ordering principle: For every dilator D there is a well order X and a
collapse ¥ : D(X) — X that is almost order preserving in a suitable sense. Here the
order X and the function ¥ can be computed from a representation of D. Only the
fact that X is well founded cannot be proved in RCA,.

Well ordering principles are relevant because they allow to apply methods from
ordinal analysis to questions of reverse mathematics. Together with Rathjen and
Weiermann, the present author has used his result on a collapse ¥ : D(X) — X
to show that I1}-comprehension is equivalent to a uniform version of Kruskal’s
tree theorem [12]. This implies that the uniform Kruskal theorem exhausts the
full strength of Nash-Williams’s famous “minimal bad sequence argument” [22],
in contrast to the usual Kruskal theorem. The present author has also shown
that iterated applications of the uniform Kruskal theorem yield a systematic
reconstruction of H. Friedman’s gap condition [8].

Much of reverse mathematics concerns statements of complexity H; and I1}. In
some applications, however, I1}-statements play a central role. An example is the
principle of H;-bar induction, which is used in the proof of the graph minor theorem
[19]. The strongest ordinal analysis due to Rathjen [23] is also concerned with a IT}-
statement, namely with the principle of I1}-comprehension. For these reasons it
seems particularly relevant to extend well ordering principles to the level of IT}-
statements, which requires another step in the type structure. As far as the author is
aware, the present paper is the first to make this step. Since the paper is intended as a
pilot study, we will consider a particularly simple H}‘-statement, namely the principle
of I}-induction along N. Even though the latter was chosen for its simplicity, it is
of independent foundational interest: over IT}— CAy. the principle of I1}-induction
along N is needed to show that the finite trees with Friedman’s gap condition form
a well quasi order [28].

To state our result, we need some terminology; full details of the following can
be found in §2-84. A predilator is an endofunctor of linear orders that preserves
direct limits, pullbacks and the order on morphisms (pointwise domination). If
it preserves well foundedness, then it is called a dilator. By a morphism between
(pre-)dilators D and E we mean a natural transformation x : D = E of functors.
Such a transformation consists of an order embedding uy : D(X) — E(X) for each
linear order X. If the image of each embedding uy is an initial segment of the order
E(X), then we call u a segment. A 2-preptyx is an endofunctor of predilators that
preserves direct limits and pullbacks. If it preserves dilators, then it is called a 2-ptyx
(plural: ptykes). The number 2 indicates the type level, where we think of well orders
and dilators as objects of type zero and one, respectively; it will be omitted where
the context allows it. We say that a 2-(pre-)ptyx Pis normal if P(u) : P(D) = P(E)
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is a segment for any segment u : D = E. Preservation of direct limits is a continuity
property, which allows us to represent predilators and preptykes in second order
arithmetic. Based on such a representation, we will show that the following are
equivalent over ACA (cf. Theorem 6.7 below):

(i) the principle of IT}-induction along N and
(ii) for any normal 2-ptyx P there is a dilator D =2 P(D).

Since P preserves direct limits, a predilator Dp = P(Dp) can be constructed as the
direct limit of the diagram

)0 vl=p(0 v2i=p(y!
DL DL = p(pY) =22l p2 . p(pl) =Rl

where D?, is the constant dilator with value 0 (the empty order). In §6 we will see
that this construction can be implemented in ACA, (and presumably also in RCAy).
Hence the strength of (ii) does not lie in the existence of D = P(D), but rather
in the assertion that D is a dilator (i.e., preserves well foundedness). In order to
prove that (i) implies (i), one uses I}-induction to show that each predilator D,
in the above diagram is a dilator. The assumption that P is normal is needed to
conclude that the same holds for the direct limit (by Example 4.4, which shows that
P(D)(X):=(D+1)(X):=D(X)+1 defines a 2-ptyx that is not normal and cannot
have a dilator as a fixed point).

In order to explain the proof that (ii) implies (i), we recall another result on the
level of I1}-statements. A function f on the ordinals is called normal if it is strictly
increasing and continuous at limits (i.e., we demand f (1) = sup,,f (a) for any
limit ordinal A). It is well known that any normal function f has a proper class of
fixed points. These are enumerated by another normal function f”, which is called
the derivative of /. Together with Rathjen, the present author has shown that IT}-bar
induction is equivalent to a suitable formalization of the statement that every normal
function has a derivative [7, 11]. Furthermore, IT}-induction along N is equivalent
to the statement that each normal function has at least one fixed point [9]. In the
following, we recall the intuition behind this result.

Given a linear order X and an ordinal «, we write X < « to express that X is
well founded with order type at most «. On an intuitive level, the fact that well
foundedness is IT{-complete allows us to write any instance of I1}-induction as

Xo 2o AVpen(Ga Xy 2o = Fp X1 2 ) = Vaend, X, <.

for some family of linear orders X;,. Assume that the second conjunct of the premise
is witnessed by a function /g such that X, < « implies X, | =< ho(n.a). If we set
h(a) := sup,cnho(n.a), then we obtain

vnENva(Xn <oa— X = h(a))

As h may not be normal, we consider the normal function g with

gla)=> h(y)+1.

<o
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More formally, this function can be defined by the recursive clauses g(0) = 0,
gla+1)=gl(a)+h(a)+1and g(4) =sup,_;g(y) for A limit. We observe

y+1<a = hy)+1<g(a).

To incorporate the premise Xy < a of our induction statement, we transform g into
another normal function f with f(a) := ag+1+g(a). If @ = f (o) is a fixed point,
then a straightforward induction over n € N yields

vnENHy(X1 = V/\V-H < CM).

In particular we have V,cnX, < «. which entails the conclusion of the induction
statement above. As shown in [9], the given argument can be formalized in terms of
dilators. In that setting, the induction at the end of the argument is not needed: it
can be replaced by a construction that builds embeddings X,, + 1 < « by primitive
recursion over elements of X,,, simultaneously forall # € N. The formalized argument
deduces H}-induction along N from the assumption that every normal function
(represented by a dilator) has a fixed point.

In order to deduce IT}-induction, we will lift the previous argument to the next
type level. This relies, first of all, on Girard’s result [15] that the notion of dilator is
I1}-complete. Given an arbitrary IT}-formula ., one can thus construct a family of
predilators Dy, such that induction for y is equivalent to the following statement: If
DVO, is a dilator and D{;“ is a dilator whenever the same holds for Dy, then Dy is a
dilator for every n € N. Assuming the premise of this implication, we will be able to
construct a 2-ptyx P that admits a morphism

n+1 n
D' = P(D])

for each n € N. Note that P corresponds to the function / from the argument above.
Next, we need to transform P into a normal 2-ptyx P* that corresponds to the
normal function g. In the author’s opinion, it is somewhat surprising that this is
possible: The construction of g relies on the fact that each o has a well ordered set
of predecessors. A priori, this fact seems specific to the ordinals. However, Girard
has discovered an analogous result on the next type level: Let us temporarily write
D < FE to indicate that there is a segment x : D = E that is not an isomorphism. If
E is a predilator, then the isomorphism classes of predilators D < E form a set on
which < is linear (see [16, Lemma 2.11]). It is straightforward to define a pointwise
sum of predilators. On an informal level, this allows us to set

PH(E):= ) P(D)+1.
D<E
where 1 refers to the constant dilator with that value. In view of D < D + 1, we
obtain a morphism
P(D)+1= P*(D+1)

for each predilator D. This completes the reconstruction of g on the next type level.
To define a normal 2-ptyx P that corresponds to the normal function f; it suffices
to set P*(E) := D, + 1+ P*(E). Given a dilator E =~ P*(E). one can construct
morphisms D}, +1 = E by (effective) recursion on n € N, as on the previous type
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level. These ensure that the predilators Dy, are dilators, which is the conclusion of
H;-induction. The given argument is made precise in §4 and §5.

§2. The category of dilators. In this section we recall the definition and basic
theory of dilators, both of which are due to Girard [13]. As the latter has observed,
the continuity properties of dilators allow to represent them in second order
arithmetic. Details of such a representation have been worked out in [6, Section 2]
and will also be recalled. Even though the material is known, this section plays a
crucial role in the context of our paper: it fixes an efficient formalism upon which
we can base our investigation of ptykes. The section also ensures that our paper is
reasonably self contained.

Let LO be the category of linear orders, with the order embeddings (strictly
increasing functions) as morphisms. For morphisms f.g : X — Y we abbreviate

f<g & f(x)<yg(x)forallxcX.

We say that a functor D : LO — LO is monotone if / < g implies D(f) < D(g).
The forgetful functor to the underlying set of an order will be omitted; conversely,
subsets of the underlying set will often be considered as suborders. Given a set X,
we write [ X]<® for the set of its finite subsets. In order to obtain a functor, we define
[f1%%(a):={f(x)|x€a}e[Y]®for f: X — Y and @ € [X]<?. Let us also write
mg(f):={f(x)|x € X} C Y for the range of a function f : X — Y.

DEerFINITION 2.1. A predilator consists of

(i) a monotone functor D : LO — LO and
(ii) a natural transformation supp : D = [-]<“ such that we have

{o € D(Y)|suppy(c) C rng(f)} C rng(D(f))
for any morphism /' : X — Y.
If D(X) is well founded for every well order X, then D = (D,supp) is a dilator.

The inclusion in part (ii) of Definition 2.1 will be called the support condition. Its
converse is automatic by naturality. If we take f to be an inclusion zlf X=bY
with rng(z)') = b C Y. then we see that supp, (o) is determined as the smallest set
b e [Y]<® with o € rng(D(sz )). The fact that there is always a smallest finite set
with this property implies that D preserves direct limits and pullbacks; conversely,
if D : LO — LO preserves direct limits and pullbacks, there is a unique natural
transformation supp : D = [-]<® that satisfies the support condition (essentially by
Girard’s normal form theorem [13]; see also [3, Remark 2.2.2]). This shows that
the given definition of dilator is equivalent to the original one by Girard. The
condition that D must be monotone is automatic when X + D (X) preserves well
foundedness (by [13, Proposition 2.3.10]; see [12, Lemma 5.3] for a proof that uses
our terminology). It has been omitted in previous work by the present author but
will be important in this paper (see the proof of Lemma 4.9).

The present paper considers dilators in second order arithmetic. When we speak
of predilators in the sense of Definition 2.1, we will always assume that they are
given by A?-deﬁnitions of the relations

ceD(X), o<puxt. D(f)(g)=1. suppy(o)=a.
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Here ¢.7 and a (which codes a finite set) range over natural numbers, while X and
f: X — Y arerepresented by subsets of N. In particular, this means that we interpret
LO as the category of countable linear orders (with underlying sets contained in N).
We can use number and set parameters to quantify over families of predilators. In
fact, we will see that there is a single A‘f-deﬁnable family that is universal in the sense
that any predilator is isomorphic to one in this family. Our universal family will be
parameterized by subsets of N, which are called coded predilators. The existence
of such a universal family will be essential for our approach to ptykes, which are
supposed to take arbitrary predilators as arguments. As explained after Proposition
2.8 below, the restriction to A?-deﬁnable predilators is inessential in a certain sense.

In order to construct a universal family of predilators, one exploits the fact that
these are essentially determined by their restrictions to a small category LOy. The
objects of LOy are the finite sets {0, ...,n — 1} =: n with the usual linear order; the
morphisms are the strictly increasing functions between them.

DEerINITION 2.2, A coded predilator is a pair that consists of a monotone functor
D :LOy = LO and a natural transformation supp : D = [-]<“, such that the support
condition from part (ii) of Definition 2.1 is satisfied for all morphisms in LOy.

Let us recall that we work with countable linear orders only. In this situation it
is straightforward to represent coded predilators by subsets of N. From now on we
speak of class-sized predilators when we want to refer to predilators in the sense
of Definition 2.1. Recall that any class-sized dilator D is given by a A?-formula.
Working over RCA,, this ensures that the restriction D | LOy exists as a set.

LEMMA 2.3. If D is a class-sized predilator, then D [LOy is a coded predilator.
Conversely, we will now extend coded predilators into class-sized ones.
DEerINITION 2.4. The trace of a coded predilator D is given by
Tr(D) :={(n.0)|c € D(n) and supp, (o) =n}.
A class-sized predilator D has trace Tr(D) := Tr(D [ LOy).

The equation supp,(¢) = n in the definition of the trace is called the minimality
condition: it states that the set n = {0,...,n — 1} is minimal in the sense that o
depends on all its elements. This can also be understood as a uniqueness property
(see, e.g., the proof of [6, Proposition 2.1]). Given a finite order @, we write |a/| for
its cardinality and en, : |a| = {0, ....|a| — 1} — a for the increasing enumeration. If
f :a — b is an embedding between finite orders, then |f|: |a| — |b]| is defined as
the unique morphism in LOy that satisfies en, o| f'| = f oen,. Givensets X C Y, we
write 1} : X < Y for the inclusion.

DErINITION 2.5. Consider a coded predilator D. For each linear order X we set
D(X):={(a.0)|a € [X]*” and (|a|.0) € Tr(D)}.

(a.0) <) () 15 DEPD(@) <piauny DA (),
where @ Ub is ordered as a subset of X. Given an embedding f/ : X — Y. we define

D(f):D(X)— D(Y) by D(f)(a.0) = ([f1°(a).0). relying on |[ /] (a)| = |al.

To define a family of functions Suppy : D(X) — [X]<*, we set suppy (a.0) := a.
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Note that the relations (a.0) <py (b.7). (a.0) € D(X), D(f)(a.0) = (b.7) and
suppy (a.0) = b are AY-definable with parameter D C N. By [6, Lemma 2.2] and [12,
Lemma 5.2] we have the following:

PROPOSITION 2.6. If D is a coded predilator, then D is a class-sized predilator.

Starting with a class-sized predilator D, we can first form the restriction D [ LOy
and then the extension according to Definition 2.5. In the following, we show that
we essentially recover D in this way.

DerNITION 2.7.  Consider a class-sized predilator D. For each order X, we define
a function 72 : DTLOy(X) — D(X) by setting 2 (a.0) := D(1¥ oen,)(o).

By our standing assumption on class-sized predilators, the relation D(f)(c) =t
has a AY-definition, in which /" occurs as a set variable. To obtain a A{-definition of
nP. one replaces each occurrence of (k.x) € f by the AJ-formula en, (k) = x (note
that the finite enumeration en, : |a| — a C X can be computed with X as an oracle,

and that we have 1 (x) = x). Let us recall [6, Proposition 2.1]:

PROPOSITION 2.8.  If D is a class-sized predilator, thenn® : D LOg = D is a natural
isomorphism of functors.

We point out that #” respects the supports that come with D and D [LO,. by a
straightforward computation or by the general result of Lemma 2.12. Let us write

o =~ D (1) oen,) (o)

and call the right side a normal form of ¢ € D(X) if the equation holds and we
have (|al|,09) € Tr(D). where a € [X]<*. These conditions amount to 7% (a.a¢) = a.
Hence the proposition shows existence and uniqueness of the given normal forms.

Proposition 2.8 is important since it reveals that Definition 2.5 yields a universal
A9-definable family of class-sized predilators, in which coded predilators serve as set
parameters. As promised, the previous considerations also show that the restriction
to A-definitions is inessential to a certain extent: It was only needed to ensure that
the set D [ LOy and the components 7% : D [LOy(X) — D(X) can be formed in
RCAy. In a sufficiently strong base theory, the same argument shows that a class-
sized predilator D of arbitrary complexity is equivalent to the A’-definable predilator
D [LOy. Let us now come back to questions of well foundedness.

DEFINITION 2.9.  Consider a coded predilator D. If D (X ) is well founded for every
well order X, then we say that D is a coded dilator.

The following holds since Proposition 2.8 ensures D [ LO(X) = D(X).

COROLLARY 2.10. If D is a class-sized dilator, then D [ LOy is a coded dilator. If D
is a coded dilator, then D is a class-sized dilator.

In view of the close connection that we have established, we will omit
the specifications “class-sized” and “coded” when the context allows it. Many
constructions and results apply—mutatis mutandis—to both class-sized and coded
predilators.

To turn the collection of predilators into a category, we declare that the morphisms
between two predilators D = (D, supp?) and E = (E. supp?) are the natural
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transformations u : D = E of functors. Note that the components of such a
transformation are morphisms in LO, i.e., order embeddings. In the coded case,
we assume that u is given as the set {(n.0,7)|u,(c) =t} C N; in the class-sized
case, we require that the relation uy () = 7 is A(l)—deﬁnable. The obvious restriction
1 [ LOg will then exist as a set, and we have the following.

LEMMA 2.11. Assume that u : D = E is a morphism of class-sized dilators. Then
the restriction 1 [ LOy : D [LOy = E | LOy is a morphism of coded dilators.

In order to prove a converse, we will need the following fact, which applies
in the coded as well as in the class-sized case. The result is due to Girard
[13, Proposition 2.3.15]; a proof that uses our terminology can be found in [11,
Lemma 2.19].

LEMMA 2.12. We have supp” o u = supp®? for any morphism u : D = E between
predilators D = (D, supp?) and E = (E, supp?).

The lemma ensures that (n,¢) € Tr(D) implies (1, u,(c)) € Tr(E), which is needed
in order to justify the following construction.

DErINITION 2.13. - Consider a morphism u : D = E of coded predilators. For each
order X we define 7, : D(X) — E(X) by setting 71y (a.0) = (a. 4 (0)).

The following has been verified in [11, Lemma 2.21].

LEMMA 2.14. If u: D = E is a morphism of coded predilators. then i : D = E is
a morphism of class-sized predilators.

It is straightforward to see that (-) | LOy is a functor from the category of class-
sized predilators to the category of coded predilators, and that (-) is a functor in the
converse direction. Proposition 2.8 and the following result (which can be verified
by a straightforward computation) show that # is a natural isomorphism between

the composition (-) | LOy and the identity on the category of class-sized predilators.

PROPOSITION 2.15. We have nf o u[LOg = uon® whenever u: D = E is a
morphism of class-sized predilators.

One can also start with a coded predilator D, form the class-sized extension D,
and then revert to the coded restriction D | LOy. By mapping (a.a) € D(n) to the
element D(1¥ oen,)(c) € D(n), we get a natural isomorphism D [ LOg = D. as
verified in [11, Lemma 2.6]. Analogous to the proof of Proposition 2.15, one can
show that the construction is natural in D. Together, these considerations show
that the category of class-sized predilators is equivalent to the category of coded
predilators (in the sense of [20, Section IV.4]).

In the following, we show that the trace of a predilator plays an analogous role to

the underlying set of a linear order. The following is justified by Lemma 2.12.

DEerINITION 2.16. Given a morphism u : D = E of predilators, we define an
injective function Tr(u) : Tr(D) — Tr(E) by setting

Tr(u)(n.0) = (n,p1a(a)).
The range of u is defined as the set rng(u) := rng(Tr(u)) C Tr(E).
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Girard [13, Theorem 4.2.5] has shown that any subset 4 C Tr(D) gives rise to
a predilator D[A] and a morphism i[A4]: D[A] = D with rng(i[4]) = A. In the
following we recover this result in our terminology. As preparation, we consider an
order embedding f : X — Y and an element ¢ =xg D (1) cen,)(ay) € D(X), using
the normal form notation discussed after Proposition 2.8. For b :=[f]<?(a) € [Y]<®
we have |b| = |a| and f o1 oen, =1 oeny. as both functions enumerate the finite
order b. Hence D(f)(a) =nr D (1) oeny,)(09) € D(Y) depends on the same trace
element (|b|.a9) = (|a|.a0) € Tr(D). In the context of the following construction,
this justifies the definition of D[A](f).

DEFINITION 2.17. Consider a predilator D = (D.supp?) and a set 4 C Tr(D).
For each order X (with X € LO in the class-sized and X € LOy in the coded case)
we define a suborder D[A](X) C D(X) by stipulating

o € D[A](X) = (la|.o0) € A for ¢ =xr D(1¥ oen,)(ap).

For amorphism f : X — Y, let D[A](f): D[A](X) — D[A](Y) be the restriction of
the embedding D(f) : D(X) — D(Y). We also define suppg[A] :D[A)(X) — [X]<@
as the restriction of the support function supp? : D(X) — [X]<.

Note that the relation o € D[A](X) is AJ-definable with set parameter A, by the
discussion that precedes Proposition 2.8.

LeMMA 2.18. If D is a (pre-)dilator, then so is D[A]. for any A C Tr(D).

PrOOF. We only verify the support condition from part (ii) of Definition 2.1,
since all other properties are immediate. Consider an embedding f : X — Y and an
element 7 € D[A](Y) with rng(f) 2 supp’“}(z) = supp? (z). The support condition
for D yields t = D(f)(a) for some ¢ € D(X). Write ¢ =xr D (1) oen,)(ap). and
argue as above to get © =xr D (1) oeny)(ag) with b =[f]1%?(a). In view of 7 €
D[A](Y) we can conclude (|a|.a¢) = (|b|.00) € A and then o € D[A](X). It follows
that we have t = D(f)(o) = D[A](f)(c) € tng(D[A4](f)). as needed. 4

One readily checks that the following yields a morphism of predilators.

DEerINITION 2.19. Consider a predilator D and a set 4 C Tr(D). To define a
morphism 1[A4] : D[A] = D. declare that each component :[4]y : D[A](X) < D(X)
is the inclusion map.

Let us verify the promised property:
LEMMA 2.20. We have tng(1[A]) = A for each predilator D and each A C Tr(D).

Proor. To establish the first inclusion, we consider (n,¢) € rng(:[4]) C Tr(D).
Since 1[A4], : D[A](n) < D(n) is the inclusion, we must have (n.0) € Tr(D[A4]).
which entails ¢ € D[A](n). Due to (n.0) € Tr(D) we have ¢ =ng D (1" oen,) (o),
where both ¢ and en,, is the identity on n = {0,...,n — 1}. Now (n,0) € 4 follows
by the equivalence that defines D[A4](n). For the converse inclusion, we consider
an arbitrary element (n.0) € A C Tr(D). Once again we have ¢ =np D (i oen,)(a),
so that we get o € D[A](n). Together with suppy“(¢) = supp? (o) = n we obtain
(n.0) € Tr(D[A]) and then (n,¢) = (n.1[A4],(c)) = Tr(1[4])(n.c) € rng(i[4]). 4
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One can characterize D[A] and :[A] by a universal property:

PROPOSITION 2.21. For all morphisms u: D = E and u' : D’ = E of predilators,
the following are equivalent:

(i) we have rng(u) C rng(u’) and
(ii) there is a (necessarily unique) morphism v : D = D' with i’ ov = pu.

ProoF. To establish the crucial direction from (i) to (ii), we consider an element
o =nr D (1) oen,)(o0) € D(X) and note (|al.uq(00)) = Tr(u)(|al.o0) € rng(u).
Assuming rng(u) C rng(x’), there is a unique 7o € D’(|a|) with x4 (09) = /‘ia\(TO)-

For the latter we set vy (a) = D'(1)X oen,)(zo). The required properties are readily
verified. Essentially, this is the uniqueness part of [13, Theorem 4.2.5]. 4

Using this characterization of D[A] and 1[A4], it is straightforward to establish the
following result, which is due to Girard [13, Theorem 4.2.7].

PROPOSITION 2.22. In the category of predilators, any two morphisms u' : E; = E
with i = 0.1 have a pullback. Two morphisms v' : D = E; with u°0v° = u' ov! form
a pullback of u° and u' if. and only if. we have rng(u°) Nrng(u') C rng(u®ov?).

Proor. Forexistence we set 4 :=rng(u’)Nrng(u') and consider :[4]: E[4] = E.
In view of rng(1[A4]) = 4 C rng(u'). we get morphisms &' : E[A] = E; with

uol® =i[d]=u' o',

One readily checks that these form a pullback. For missing details and the remaining
claim we refer to the cited paper by Girard. o

Girard [13, Theorem 4.4.4] has shown that any direct system in the category of
predilators has a limit. However, the limit of a system of dilators does not need to
be a dilator itself (i.e., it may not preserve well foundedness). In the next section
we will define ptykes in terms of a support condition (analogous to Definition 2.1),
which is motivated by the following result (see [13, Proposition4.2.6]).

PRrOPOSITION 2.23.  In the category of predilators, consider a direct system of objects
D; and morphisms p' : D; = D;. indexed by a directed set 1. For a collection of
morphisms v : D; = D with v/ o u"/ =v' | the following are equivalent:

(i) the morphisms v : D; = D form a direct limit of the given system and

(i) we have Tr(D) = | J{rng(v')|i € I'}.

§3. Ptykes in second order arithmetic. If we consider (well founded) linear orders
as objects of ground type, then (pre-) dilators form the first level in a hierarchy of
countinuous functionals of finite type. The functionals in this hierarchy are called
(pre-)ptykes (singular ptyx; see [17]). On the second level of this hierarchy, we
have transformations that take predilators as input. The output can be a linear
order, a predilator, or even another functional from the second level—at least
intuitively, these possibilities are equivalent modulo Currying. We will only consider
transformations of predilators into predilators, and the term 2-ptyx will be reserved
for these. The number 2 indicates the type level and will often be omitted. In
the present section, we define 2-ptykes in terms of a support condition, which is
analogous to part (ii) of Definition 2.1; we show that the given definition is equivalent
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to the original definition by Girard, which invokes direct limits and pullbacks; and
we discuss an example.

In the previous section we have discussed the category of predilators. We have seen
that the trace Tr(D) of a predilator D plays an analogous role to the underlying set
of a linear order. Given a morphism v : D = E of predilators, we have constructed
a function Tr(v) : Tr(D) — Tr(E) with range rng(v) := rng(Tr(v)) C Tr(E). One
readily checks that this yields a functor Tr(-) from the category of predilators to
the category of sets, as presupposed in part (ii) of the following definition. The
formalization of the definition in second order arithmetic will be discussed below.

DEFINITION 3.1. A 2-preptyx consists of

(i) a functor P from predilators to predilators and
(ii) a natural transformation Supp : Tr(P(-)) — [Tr(-)]<® such that we have

{0 € Te(P(E)) |Suppg(a) C rng(u)} € rng(P(u))
for any morphism u : D = F of predilators.
If P(D) is a dilator for every dilator D, then P = (P,Supp) is called a 2-ptyx.

As in the case of dilators, we will refer to the inclusion in part (ii) as the support
condition. The converse inclusion is, once again, automatic: given an arbitrary
element ¢ = Tr(P(u))(o9) € rng(P(u)). we can invoke naturality to get

Suppg(0) = Supp (Tr(P(u))(a0)) = [Tr(u)]=” (Suppp (a0)) C rmg(u).

Clause (i) of Definition 3.1 is not completely precise, because we have distinguished
between coded and class-sized predilators—even though the two notions give rise
to equivalent categories (cf. the discussion after Proposition 2.15). We can and
will consider preptykes as classes-sized functions. However, the arguments of these
functions should certainly be set-sized. This means that the arguments of a preptyx
must be coded predilators in the sense of Definition 2.2. We agree that the values
of our preptykes are coded predilators as well, even though this is less essential. To
define P(D) as a coded predilator, it suffices to specify its values on finite orders
n=1{0,....n—1} € LOy and morphisms between them. In practice, we often define
the action of P(D) on (morphisms of) infinite linear orders as well; this means that
we describe a class-sized predilator of which P(D) is the coded restriction.

Whenever we speak of a preptyx, we assume that it is given by A?-deﬁnitions of
the following relations, possibly with additional number and set parameters: First,
we have the relations

g€ P(D)(X). o<ppynt. PD)f)o)=1. supph?(a)=a

that define the predilator P(D) = (P(D),supp”?)) relative to the coded predilator
D C N. As before, these A?—deﬁnitions ensure that the coded predilator P(D) exists
asaset, over RCAy. Secondly, we require a AJ-formula P(u) x (o) = that defines the
morphism P(u) relative to the morphism u C N (cf. the discussion before Definition
2.11). Finally, we demand a A?-deﬁnition of the relation Supp,(c) = a, where a
refers to the numerical code of a finite subset of Tr(D).

By using parameters, one can quantify over A?-deﬁnable families of preptykes. In
the following, all general definitions and results should be read as schemas, with one
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instance for each A?—deﬁnable family. We will not construct a universal family of
2-preptykes in detail, as this is quite technical and not strictly necessary for the
present paper. Let us, nevertheless, sketch the construction: Given a predilator D
and a finite set a € [Tr(D)]<®, the constructions from the previous section yield a
predilator D[a] and a morphism [a] : D[a] = D with rng(i[¢]) = a. For a C b,
Proposition 2.21 ensures that there is a unique morphism v* : D[a] = D[b] with
1[b]ov® = 1[a]. This turns the collection of predilators D[«] into a directed system
indexed by a € [Tr(D)]<. Invoking Proposition 2.23, we learn that the morphisms
i[a]: D[a] = D form a direct limit. Given a preptyx P, Proposition 3.2 below entails
that P(D) is the (essentially unique) limit of the system of predilators P(D[a]) and
morphisms P(v?®) : P(D[a]) = P(D[b]). In other words. P is essentially determined
by its action on (morphisms between) predilators with finite trace. The latter
are determined by a finite amount of information (by [13, Proposition4.3.7] or,
implicitly, Definition 2.5 above). By restricting to arguments with finite trace, one
can thus define a notion of coded preptyx, analogous to Definition 2.2. The following
result is the main ingredient of the construction that we have sketched. It also shows
that our definition of 2-ptykes coincides with Girard’s original one.

PROPOSITION 3.2.  The following are equivalent for an endofunctor P of predilators:

(i) The functor P preserves direct limits and pullbacks.
(ii) There is a natural transformation Supp : Tr(P(-)) — [Tr(-)]<® that satisfies the
support condition from part (ii) of Definition 3.1.

If a natural transformation as in (ii) exists, then it is unique.

ProOF. The argument is very similar to the corresponding proof for dilators (see
[13, Propositions 4.2.6 and 4.2.7] or also [3. Remark 2.2.2]), so we only sketch it. In
order to show that (ii) implies (i), consider a direct system of predilators D; and
morphisms x4/ : D; = D;. Assume that the morphisms v’ : D; = D form a direct
limit. By Proposition 2.23 we have Tr(D) = |J{rng(v')|i € I}. To confirm that
P preserves direct limits, we need to establish Tr(P(D)) = [J{rng(P(v'))|i € I}.
This is straightforward, given that the supports from (ii) are finite. Preservation of
pullbacks is shown similarly, based on the characterization from Proposition 2.22.
For the other direction and the uniqueness result, we point out that the support
of p € Tr(P(D)) is determined as the smallest set @ € [Tr(D)]<® such that we
have p € mg(P(:[a])). where i[a] : D[a] = D is the morphism from Lemma 2.20.
Preservation of direct limits (applied to D as a limit of the D[a]) ensures that there
is a finite set with this property. The fact that there is a smallest one follows from
preservation of pullbacks. A detailed verification can be found in a first version of
this paper, which is available as arXiv:2006.12111v1 . o

The following variant of the support functions is convenient, because it does not
force us to consider the trace of P(D), which can be hard to describe. We recall that
every element ¢ € P(D)(X) has a unique normal form ¢ =xg P(D)(1} oen,)(ay)
with (|a|,a0) € Tr(P(D)), as explained after Proposition 2.8 above.

DEFINITION 3.3. Consider a 2-preptyx P = (P, Supp). For each predilator D and
each linear order X, we define a function

Suppp x : P(D)(X) — [Tr(D)]=

by setting Supp), y () := Supp,, (|a|.g9) for ¢ =xg P(D) (1, oen,)(ay).
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One readily checks that our modified support functions inherit the following
properties. Details can, once again, be found in arXiv:2006.12111v1.

LemMA 3.4. For any preptyx P, the functions Suppy, y are natural in D and X, in
the sense that we have

Suppy y o P(u)x = [Tr(u)]~” oSupp,, y and Supp, yo P(D)(f) =Suppy y-

for any morphism u : D = E of predilators and any order embedding f : X — Y.
Furthermore, the support condition

{o € P(E)(X)|Suppg y(o) € ng(u)} C mg(P(u)x)

is satisfied for any morphism p : D = E and any linear order X.

For the following converse, we recall that elements of Tr(P(D)) have the form
(n,0) with ¢ € P(D)(n), where n = {0, ...,n — 1} is ordered as usual.

LeMMA 3.5. Consider an endofunctor P of predilators and a family of functions
Supp, y with the properties from Lemma 3.4. We obtain a preptyx (P,Supp) if we
define Supp,, : Tr(P(D)) = [Tr(D)]<® by Supp,(n.c) = Suppy, (7).

The functions Supp,, : Tr(P(D)) — [Tr(D)]<“ are unique by Proposition 3.2.
As in the proof of the latter, the value Supp,, y (o) is uniquely determined as the
smallest a C Tr(D) with ¢ € rng(P(:[a]) x). Due to uniqueness, the constructions
from the previous two lemmas must be inverse to each other. The proof of Lemma
3.5 does not use the assumption that the functions Supp, y are natural in X. Hence
the latter is automatic when the other properties from Lemma 3.4 are satisfied.

The following example reveals a connection with a more familiar topic: it shows
that the transformation of a normal function into its derivative is related to the
notion of ptyx. A much simpler ptyx will be described in Example 4.4 below.

EXAMPLE 3.6. A normal predilator consists of a predilator D = (D, supp?) and
a natural family of functions x4 : X — D(X) such that we have

O'<D(X):u§(x) & suppy(o) C{x" € X|x" <y x}.

for any linear order X and arbitrary elements x € X and ¢ € D(X). If D = (D.u?)
is a normal dilator, then the induced function on the ordinals (which maps « to the
order type of D(«)) is normal in the usual sense, due to Aczel [1, 2]. The latter has
also shown that one can transform D into a normal (pre-)dilator D that induces
the derivative of the normal function induced by D. Together with Rathjen, the
present author has established that the construction of D can be implemented
in RCA,. Over the latter, the statement that 8D is a dilator (i.e., preserves well
foundedness) when the same holds for D is equivalent to H%-bar induction [7, 11].
The transformation of D into P(D) := 8D is no 2-ptyx in the strict sense, since it
only acts on normal predilators. Nevertheless, it is instructive to observe that all
other conditions from Definition 3.1 are satisfied. For this purpose, we recall that
0D (X) is recursively generated by the following clauses (cf. [11, Definition 4.1]):
e For each element x € X, there is a term ,usz €oD(X).
e Givenafiniteseta COD(X), we getaterm &{a.a) € D(X ) foreacho € D(|a|)
with (|al.0) € Tr(D). except when (a.a) = ({#3P}.1P(0)) for some x € X
(where u : 1 ={0} — D(1) witnesses the normality of D).
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The map X +— 8D (X) can be turned into a normal (pre-)dilator, as shown in [11].
To turn D + 8D = P(D) into a functor, we consider a morphism v : D = E of
normal predilators (which requires vi(4?(0)) = #£(0), by [11, Definition 2.20]).
In order to obtain a morphism P(v) : P(D) = P(E). we define the components
P(v)y : 0D(X) — OE(X) by the recursive clauses P(v)y (u2P) = u% and

P(v)x(&(a.o)) = E(P(v)x]™"(a).vjq)(0)).

To show that we have something like a 2-ptyx (except for the restriction to normal
predilators), we need to construct support functions

Suppp x : P(D)(X)=08D(X) — [Tr(D)]=

as in Lemma 3.4. We recursively define Supp;, y(u2?) = () and

Supp, x (&(a.0)) = {(lal.o)} U J{Supp, x(p)|p € a}.

The required properties are readily verified (see again arXiv:2006.12111v1).

§4. Normal 2-ptykes. The present section introduces a normality condition for
2-ptykes, which is related to the notion of normal function on the ordinals. We then
show that any 2-ptyx is bounded by a normal one; this amounts to the construction
of the ptyx P* from the argument that was sketched in the introduction.

In Example 3.6, we have recalled the notion of normal predilator. The crucial point
is that any normal predilator D preserves initial segments, which are determined by
the values u%(x) € D(X) (cf. Girard’s notion of flower [13]). We now introduce a
corresponding notion on the next type level.

DEerFINITION 4.1. A morphism v : D = E is called a segment if the range of each
component vy : D(X) — E(X) is an initial segment of the linear order E(X).

We point out that the definition applies to both coded and class-sized predilators.
In the coded case one only considers orders of the form X =n ={0,....n — 1}. As
the following lemma shows, the two variants of the definition are compatible with
the equivalence between coded and class-sized predilators (cf. Lemma 2.14). For a
detailed verification we refer to arXiv:2006.12111v1 .

Lemma 4.2, Consider a morphismv : D = E of coded predilators. If v is a segment.
thensoisv:D = E.

The following is similar to the corresponding notion for dilators, which is itself
related to the usual notion of normal function on the ordinals (cf. Example 3.6).

DEFINITION 4.3. A 2-preptyx P is called normal if P(v) : P(D) = P(E) is a
segment whenever the same holds forv: D = F.

In §6 we will construct a minimal fixed point D =2 P(D) of a given 2-preptyx P.
We will see that D is a dilator (rather than just a predilator) when P is a normal
2-ptyx. The following example shows that normality is essential. We provide full
details, because the construction will be needed later.

EXAMPLE 4.4. Given a linear order X, we define X +1 = X U{T} as the order
with a new biggest element T. If D is a (pre-)dilator, we get a (pre-)dilator D + 1 by
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setting (D 4+ 1)(X) := D(X)+1 and

D(f)(o) ifeeD(X)C(D+1)(X),
T ifo=T,

(D+1)(f)(o) :—{

supp2 (o) ifo e D(X)C(D+1)(X).
1] ife=T,

supphy (o) := {

where f : X — Y is an embedding. To turn D — D + 1 into a functor, we transform
each morphism v : D = F into the morphism v+1: D+ 1= E + 1 with

(v 1)x(o) ::{frﬂf’) o € D0 € (D-+1)01

By Lemma 3.5, we obtain a ptyx if we define Supp,, y : D(X)+1 — [Tr(D)]<* by

{(lal.o0)} if o =xr D(1)f ceny)(o0) € D(X).

SUPPD‘X(U) = {@ fo=T

If D = D + 1 is a fixed point, then D(0) =2 D(0) + 1 cannot be a well order, so that D
is no dilator. To see that D — D + 1 is not normal, we consider the constant dilators
with values D(X) =0and E(X) =1 = {0}. The unique morphism v : D = E (with
the empty function as components) is a segment. We have

0 <(zno T =0+1)(T) ermng((v+1)o)
but 0 ¢ rng((v + 1)), which shows that v + 1 is no segment.

In the rest of this section, we show that each preptyx P can be majorized by a
normal preptyx P*, in the sense that there is a morphism P(D)+1= P*(D +1) for
each predilator D. Informally, the discussion in the introduction suggests

P*(D) := Z{P(Do) + 1| there is a “proper” segment Dy = D }.

By a result of Girard (see e.g., [16, Lemma 2.11]), we can hope to find a linear order
on the summands. In order to make precise sense of our informal definition, we
analyse the collection of segments Dy = D in terms of the trace Tr(D).

DEFINITION 4.5. Given a predilator D, we define a relation < on the trace Tr(D)
by stipulating that (m,0) < (n,7) holds if, and only if, we have

D(f)(e) <p(x) D(g)(1)
for all embeddings f : m — X and g : n — X into a linear order X.

The following shows that the relation < is A?-deﬁnable. It also shows that it
makes no difference whether we consider D as a class-sized or as a coded dilator.

LEMMA 4.6. We already have (m.o) < (n,t) if the condition from Definition 4.5 is
satisfied for all embeddings into X =m+n=1{0,....m+n—1}.

Proor. Consider embeddings f : m — X and g : n — X into an arbitrary order
X. The idea is to factor through the inclusion rng( /') Urng(g) < X, and to consider
an embedding rng( /) Urng(g) — m +n. —|
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Let us verify a basic property:
LemMA 4.7. The relation < on Tr(D) is irreflexive and transitive.

Proor. Given that the order on D(m) is irreflexive for all m € N, it is
straightforward to show that the same holds for <. To establish transitivity
we consider inequalities (m.0) < (n,7) and (n,7) < (k.p). Given embeddings
f:m— Xandg:k — X, pickan order Y thatis large enough to admit embeddings
h:X—Yandh':n— Y. We get

D(ho f)(o) <D(Y)D<h)( ) <p(y) D(hog)(p).
which implies D(f)(0) <p(x) D(g)(p). as needed for (m.q) < (k.p). .
As promised, the relation < on the trace can be used to characterize segments:

PrOPOSITION 4.8. For any morphism v : D = E between predilators D and E, the
following are equivalent:

(i) the morphism v : D = E is a segment and

(i) given (m,o) € ng(v) and (m.c) &« (n.7) € Te(E), we get (n,7) € tng(v).

Proor. To show that (i) implies (ii), assume (m,0) € rng(v) and (m.o) £ (n.7).
The former is witnessed by an element 6y € D (m) with o = v,,(5y). while the latter
yields embeddings f :m — X and g : n — X with

E(g)(r) <gpx) E(f)(0) = E(f)ovm(a0) = vx o D(f)(00) € rg(vy).

Given that v is a segment, we obtain E(g)(z) = vy (p) for some element p € D(X).
Write p =~r D (1) oen,)(po) and observe

E(g)(x) =vyoD(1} oen,)(po) = E (1) oeny) o viq(po).

Recall that (n,7) € Tr(E) entails suppZ () = n. Together with Lemma 2.12, this
means that (|a|,po) € Tr(D) yields suppfa| oViq)(po) = suppﬁl(pg) = |a|. We obtain

[g]5“(n) = supp¥ (E(g)(7)) = supp’ (vx 0 D(1;f oeny)(po))

= suppE (E (X oen,) oviy (o) = [ oen, 1< (supp 0 vy (o)) =
so that n = |a| and g =1} oen,. By the above we get 7 = v|,|(po) and hence
(n.7) = (lal.vja|(po)) = Tr(v)((|al. po)) € rng(v).

To show that (ii) implies (i), we consider E(X ) 57 <p(x) vx(o) witho € D(X). Let
us write 7 =nr E (1 oeny)(70) and o =nr D (1 oena)( 0). Then

E(1) oeny)ovy(00) = vy (o) £r(x E (1) oeny)(zo)

witnesses that we have
mg(v) > Tr(v)((|al.00)) = (la].vja|(09)) £ (
By (ii) we get (|b].70) € rng(v). say 79 = v (1) with 7; € D(|b|). This yields

.70)-

t=E(f oeny) o (11) = vy oD(1)f oeny)(t)) € rng(vy).

as needed to show that v is a segment. o
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The following result implies that incomparability under < is an equivalence
relation that is compatible with <. Hence one can linearize < by identifying
incomparable elements.

LEMMA 4.9. Assume that we have (m,c) < (n.7) in Tr(D).

(a) If we have (m.o) &« (m'.a’), then we have (m’.0') < (n,7).

(b) If we have (n',t") « (n.17). then we have (m.c) < (n',7").

ProoF. First note that the contrapositive of (b) is an instance of (a). In order
to establish the latter, we deduce (m.0) <« (n,7) from the assumption that we have
(m.o) #« (m',¢") and (m’,0') « (n.7). The latter yields embeddings f : m — X,
g:m =X, f':m'"—Yandg' :n— Y with

D(g)(d') <px) D(f)(e) and D(g")(r) <p(y) D(f")(c").

Consider a linear order Z that is large enough to admit embeddings # : X — Z and
h':Y - Zwith h'(y) <z h(x) forall x € X and y € Y. This yields h’o f' < hog,
in the notation from the beginning of §2. Since the predilator D is monotone (cf.
Definition 2.1), we obtain

D(h'og')(z) <p(z) D(h' o f')(0") <p(z) D(hog)(a’) <pz) D(hof)(a).
as needed to witness (m.o) & (n.7). 4

For technical reasons, we will not identify incomparable elements. Instead, we
linearize < as follows (cf. [16, Lemma 2.11]): Each order n = |n| = {0,....n — 1}
can be identified with a suborder of w. In view of Definition 2.5, this identification
yields Tr(D) € D(w), with D [ LOy at the place of D when the latter is class-sized.
For elements (m,0) and (n,7) of Tr(D) we set

(m.o) <pp) (n.7) & (ma) <p, (n.7).
Let us observe the following:

LemMA 4.10. The relation <yy(p) is a linear order. It is well founded if the same
holds for <D(w) Furthermore, we have

(mo) < (nt) = (mo)<pp) (n.1)
for any elements (m,o) and (n.7) of Tr(D).

PROOF. Proposition 2.6 entails that D () is a linear order, which yields the first
part of the claim. The definition of < reveals that (m,0) < (n,7) implies

D (|t ")) <p(munpy D (17" (7).

By Definition 2.5 this amounts to (m.o) <B(w) (1.7). as required for the last part
of the lemma. To avoid confusion, we point out that our general notation is unnec-
essarily complex for the present situation: the function |¢Y"| = ¢/Y" is simply the
inclusion of m = {0, ....m — 1} into mUn = max(m,n) = {0, ..., max(m,n) — 1}.

As the following shows, each “proper” segment v : D = E is determined (cf.
Proposition 2.21) by an element p = (k.po) € Tr(E). Usually, p is not unique: if
p and p’ are incomparable, then they determine the same subset of Tr(E), by
Lemma 4.9.
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__CoroLLARY 4.11.  Consider a morphism v : D = E of predilators and assume that
E(w) is well founded. If we have rag(v) # Tr(E), then the following are equivalent:

(i) the morphism v is a segment and

(i) we have rng(v) = {o € Tr(E)|o < p} for some p € Tr(E).

Proor. Duetorng(v) # Tr(E) and the previous lemma, we may pick a p ¢ rng(v)
that is <-minimal. Assuming (i), we show that any such p witnesses (ii). To see that
o < p implies o € rng(v). it suffices to invoke the minimality of p. Now assume
o € rng(v). If we had ¢ < p. then Proposition 4.8 would yield p € rng(v). against
the choice of p. Hence we must have o < p. Let us now assume that (ii) holds for
some given p € Tr(E). By Lemma 4.9, it follows that ¢ € rng(v) and ¢ &« 7 imply
7 € rng(v). Then Proposition 4.8 yields (i). =

According to Definition 2.16, each morphism v : D = E of predilators yields a
function Tr(v) : Tr(D) — Tr(E). We will need the following:

LemmaA 4.12. Consider a morphism v : D = E. If we have 0 <1y(p) T. then we have
Tr(v)(0) <p(g) Tr(v)(2).

PrOOF. Indefining <t (p). we have identified Tr(D) with a subset of D (w). Under
this identification, the value Tr(v)(n,0¢) = (n,v,(09)) from Definition 2.16 coincides
with the value v,,(n,60) = (n,v,(0¢)) from Definition 2.13. From Lemma 2.14 we

know that the functionv,, : D(w) — E(w) is order preserving. Hence the same holds
for the function Tr(v). —

We now have all ingredients to make the definition of P* official (cf. the discussion
before Definition 4.5). For p € Tr(D) we abbreviate

DIp]:=Dl{o € Tt(D) |o < p}].

where the right side is explained by Definition 2.17. Together with the notation from
Example 4.4, this allows us to describe the action of P* on predilators:

DerNITION 4.13. Consider a 2-preptyx P. For each predilator D and each order
X, we consider the set

P(D)(X):= Y (P(D[p])+1)(X).

pETH(D)
which has elements (p,a) with p € Tr(D) and ¢ € P(D[p])(X)U{T}. We set
(p.0) <ps(pyx) (p'.0") & p<pp)p or(p=p"and o <ppp)x)c1 ')
Given an embedding f : X — Y, we define P*(D)(f): P*(D)(X) — P*(D)(Y) by
P*(D)(f)(p.o) = (p.(P(DIp]) + 1)(f)(a)).

Finally, we set
Supp§*(D)(P,0) = supp§(0[1)1)+1 ()

to define a family of functions suppl;*(D . PH(D)(X) = [X]<®.
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By the discussion after Definition 3.1, the preptyx P comes with Al-definitions
of 0 € P(D)(X) and other relevant relations. These definitions refer to the coded
predilator D C N as a parameter, i.e., they may contain subformulas like 7 € D(n).
As observed after Definition 2.17, the relation t € D[A](X) is A(l)-deﬁnable relative
to D CNand A4 C Tr(D). In order to turn the given definition of ¢ € P(D) into
a AY-definition of o € P(D[p]). it suffices to replace subformulas like T € D(n) by
corresponding A’-formulas like € D[p](n). Once we have definitions for P(D[p]).
it is straightforward to construct AJ-definitions of (p.a) € P*(D)(X) and the other
relations that constitute P*(D). The following results will allow us to define the
action of P* on morphisms of predilators.

LeMMA 4.14. Consider a morphism v : D = E. We have o < p in Tr(D) if, and
only if. we have Tr(v)(c) < Tr(v)(p) in Tr(E).

Proor. Write ¢ = (m.ay) and p = (n, py). which yields Tr(v)(c) = (m.v,,(c9))
and Tr(v)(p) = (n.v,(po)). In view of Definition 4.5, it suffices to observe that the
inequality D(f")(a0) <p(x) D(g)(po) is equivalent to

E(f)ovm(ao) =vxoD(f)(a0) <g(x)vxoD(g)(po) = E(g)ova(po).
for arbitrary embeddings f :m — X and g :n — X. -
For each element p € Tr(D), Lemma 2.20 yields a morphism
ilpl:=1[D.p]:=1[{c € Tt(D)|o < p}]: D[p]= D
with rng(i[p]) = {o € Tr(D) |o < p}.

COROLLARY 4.15. For each morphism v : D = E and each p € Tr(D) we have

rng(voi[D.p]) C mg([E. Tr(v)(p)]).

If v is a segment, then the converse inclusion holds as well.

PrOOF. Any element of rng(v o1[p]) has the form Tr(v)(c) with ¢ € rng(z[p])
and hence ¢ < p. By the previous lemma we get Tr(v)(c) < Tr(v)(p). as needed
for Tr(v)(o) € rng(:[Tr(v)(p)]). Now assume that v is a segment. For an arbitrary
element 7 € rng(:[Tr(v)(p)]) we have T < Tr(v)(p) and hence

mg(v) 3 Tr(v)(p) £ t.

By Proposition 4.8 we get T € rng(v). say © = Tr(v)(c). The previous lemma yields
o < p and hence o € rng(i[p]). so that we get T = Tr(v) (o) € rng(v o1[p]). 4
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Together with Proposition 2.21, the corollary justifies the following:
DEFINITION4.16.  For a morphism v : D = E and an element p € Tr(D), we define
v/ : D[p] = E[Tr(v)(p)]
as the unique morphism with :[E. Tr(v)(p)]ov? = voi[D.p].

Let us observe that v” is Af-definable, given that the same holds for v: According
to Definition 2.19, the components of i[p] are inclusion maps. For o € D[p](X),
this means that v (o) = 7 is equivalent to vy (o) = 7. The following result will be
needed to verify the support condition for P*. In view of Proposition 2.22, it tells
us that we are concerned with a pullback.

COROLLARY 4.17. We have rng(v) Ntng(i[E. Tr(v)(p)]) C rng(v o[ D, p]) for each
morphism v : D = E and each element p € Tr(D).

PrOOF. An arbitrary element of rng(v) Nrng(:[Tr(v)(p)]) has the form Tr(v) (o)
and satisfies Tr(v)(o) < Tr(v)(p). By Lemma 4.14 we can conclude ¢ < p. The
latter amounts to o € rng(1[p]), which implies Tr(v)(s) € rng(v o1[p]). =

Let us also record the following fact, which will be used to show that the preptyx
P* is normal (cf. Definition 4.3).

COROLLARY 4.18. Ifv: D = E is a segment, then v’ : D[p] = E[Tr(v)(p)] is an
isomorphism, for each element p € Tr(D).

ProoF. Due to the second part of Corollary 4.15, we can invoke Proposition 2.21
to get a morphism u” : E[Tr(v)(p)] = D[p] with voi[p]ou” = 1[Tr(v)(p)]. In view
of

vou[plou”ov? =i[Tr(v)(p)lov” =voup].

the uniqueness part of Proposition 2.21 implies that u” o v/ is the identity on D[p].
An analogous argument shows that v” o u” is the identity on E[Tr(v)(p)]. -

In order to turn P* into a preptyx, we will define support functions Suppy, y asin
Lemma 3.5. By Lemma 3.4, we may assume that the preptyx P comes with functions
Suppy, x : P(D)(X) — [Tr(D)]=.

DEerFINITION 4.19.  Consider a preptyx P. For each morphism v : D = E and each
linear order X, we define P*(v)y : P*(D)(X) = P*(E)(X) by

. _ (@) (p).P(v*)x(a)) ifa € P(D[p])(X).
Pv)x(p.o):= {(Tr(v)(p),"l') ifo=T.

In order to define functions Supp}, y : P*(D)(X) — [Tr(D)]<*. we set

{p}USuppp x (P(ilpDx(0)) if o € P(D[p])(X).

Suppp, x(p.0) = {{p} ifo =T,

for each predilator D and each linear order X.

The relations P*(v)y(c) =t and Suppj, y(¢6) = a are Af-definable, by the
discussion after Definition 4.13. Our constructions culminate in the following result:
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THEOREM 4.20. For any 2-preptyx P we have the following:

(a) P* is a normal 2-preptyx,

(b) if Pis a 2-ptyx (i.e., preserves dilators), then so is P*, and

(c) there is a family of morphisms P : P(D)+1 = P*(D +1) that is natural in
the predilator D, in the sense that we have € o (P(v)+1) = P*(v+1) o &P for
any morphismv : D = E.

ProoF. (a) Given a predilator D, we can invoke Lemma 2.18 to learn that D[p]
is a predilator for each p € Tr(D). Since P is a preptyx, it follows that P(D[p])
and P(D[p]) + 1 are predilators. It is straightforward to deduce that P*(D) is a
predilator as well. Similarly, P*(v) : P*(D) = P*(E) is a morphism of predilators
when the same holds for v : D = E. The claim that P* is functorial can be reduced
to the following facts: First, if v : D = D is the identity, then v# : D[p] = D|[p] is the
identity for each p € Tr(D). Secondly, we have

(ﬂ o) = ,uTr(V)(”) oyp?

for arbitrary morphisms v : Dy = Dy and u : D; = D; and any p € Tr(Dy). Both
facts follow from the uniqueness part of Proposition 2.21. To show that the functions
Supp}, y : P*(D)(X) — [Tr(D)]<“ are natural in D, consider a morphismv : D = E
and an element (p.o) € P*(D)(X). Since P is a preptyx, the support functions
Suppp x : P(D)(X) — [Tr(D)]<® are natural (cf. Lemma 3.4). In the more difficult
case of 0 # T, we can deduce

Suppr x (P*(v)x(p.a)) = Supp x (Tr(v)(p). P(v/)x (7))
={Tr(v)(p)} USupp x (P([Tr(v)(p)]o
={Tr(v)(p)} USuppg x (P(voi[p])x(o
={Tr(v)(p) }U[Tr(v)]=*(Suppp, x (P(i[p]) x()))
=[Tr(v)]=* (SUPPD,X(PJ))~

In order to conclude that P* is a preptyx. we verify the support condition from
Lemma 3.4 (which implies the one from Definition 3.1, by Lemma 3.5). For this
purpose, we consider a morphism v : D = E and an element (p.o) € P*(E)(X) with
Suppy x(p.0) C rng(v). The latter yields p € rng(v), say p = Tr(v)(po). In case of
g # T, it also yields

SuPpEAx(P(l[P])X(U)) = [TY(Z[P])Fw(SUPPDAX(U))
C rng(v) Nrng(z[p]) € rng(v o 1[po]).

~—
— =

where the last inclusion relies on Corollary 4.17. By the support condition for the
preptyx P, we get an element oy € P(D[po])(X) with

P(i[pDx(a) = P(voilpol)x(a0) = P(i[p]ov™)x(o0).

Since P(i[p]) is a morphism of predilators, the component P(i[p])y is an order
embedding and in particular injective. We obtain ¢ = P(v?0) (o) and then

(p.0) = (Tr(v)(po). P(v*) x (00)) = P*(v)x (po.00) € rng(P*(v)x).
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as required by the support condition for P*. Finally, we show that the 2-preptyx P*
is normal (cf. Definition 4.3). Consider a segment v : D = E and an inequality

(p.0) <p=(E)x) P*(v)x(p'.0") € mg(P*(v)x).
The latter entails p <g,(z) Tr(v)(p’). so that Lemma 4.9 yields

rng(v) 3 Tr(v)(p") £ p.

By Proposition 4.8 we get p € rng(v), say p = Tr(v)(py). Now Corollary 4.18 tells
us that v : D[pg] = E[p] is an isomorphism. Since P is a functor, it follows that
the natural transformation P(v#0) and its component P(v”0) y are isomorphisms as
well. For o # T we get ¢ = P(v”)x(ay) for some oq € P(D[po])x. This yields

(p.a) = (Tr(v)(po). P(v”) x (09)) = P*(v)x(po.00) € tng(P*(v)x).

For ¢ = T we have (p.g) = (Tr(v)(po). T) = P*(v) x (po. T) € tng(P*(v)x).

(b) Consider a dilator D and a well order X. We need to show that P*(D)(X) is
well founded. The morphisms 1[p] : D[p] = D ensure that D[p] is a dilator for each
p € Tr(D). Given that P is a ptyx, it follows that each order P(D[p])(X)+ 1 is well
founded. Now consider a (not necessarily strictly) descending sequence

(po.00).(p1.01). ... € P*(D)(X).

The first components form a descending sequence with respect to the order <r(p)
on the trace of D. Given that D is a dilator, we can invoke Lemma 4.9 to find an
N € Nwith p, = py foralln > N. Then oy.0x1, ... 1s a sequence in the well order
P(D[py])(X)+1, and it is easy to conclude.

(c) The element T € (D +1)(0) yields an element (0, T) € Tr(D + 1), which gives
rise to a morphism :[D +1,(0,T)]: (D +1)[(0,T)] = D + 1 (cf. the discussion before
Corollary 4.15). We also have a morphism z” : D = D + 1, where each component
70 :D(X) = D(X)U{T}=(D+1)(X) is the obvious inclusion map. Let us show
that we have

mg(7?) Crg([D +1.(0.T)]) ={o € Tr(D+1) |6 < (0.T)}.

An arbitrary element of rng(z?) can be written as Tr(n”)(m,a¢) = (m.n2 (ay)) for
some (m,ag) € Tr(D). To show that we have (m.n2(a9)) < (0,T) in Tr(D + 1), we
consider arbitrary embeddings f :m — X and g : 0 — X into some order X (in
fact, g can only be the empty function). In view of 7?2 (a¢) € D(m) C D(m)U{T}.
we have (D +1)(f) (72 (59)) = D(f)(z2(50)) € D(X) C D(X)U{T}. This yields

(D+1) () (00) <prnx) T=D+1)(g)(T).
as needed for (m.n2 (a¢)) < (0, T). Now Proposition 2.21 yields a morphism
D= (D+1[0.T)] with [D+1.(0.T)]oi? ==P.

Since 1[D +1.(0,T)] and n” are A{-definable relative to D. the same holds for ¢?.
As explained after Definition 4.13, we obtain a A?-deﬁnition of the morphism

P(P): P(D)= P((D+1)[(0,T)]).
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The components of P : P(D)+1 = P*(D +1) can now be defined by

((0.T).P(P)x(0)) ifo € P(D)(X)C (P(D)+1)(X),

&) =1 10.7).0) ifo=Tec(PD)+1)(X).

It is straightforward to verify that &£ is an embedding and natural in X, so that &
is a morphism of predilators. To establish naturality in D, we consider v : D = E.
Note Tr(v +1)(0,T) = (0.(v +1)o(T)) = (0, T) and invoke Definition 4.16 to get

1[E 41,0, T)]o(v+ 1)(O’T) o’ =(v+1)oi[D+1,(0,T)]o:?
=W+1Dor? =nfov=1[E+1.(0.T)]oifov.

This entails (v 4+ 1)) 02 = £ oy, since the components of our morphisms are
embeddings. For an element ¢ € P(D)(X) C (P(D)+1)(X) we can deduce

Eo(P(v)+1x(o) =5 (P()x(a)) = ((0.T).P(")x o P(v)x(0))
= (Tr(v+ D(O.T).P(v+ D)y 0 P(P) x (o))
= P*(v+1)x((0.T).P(P)x(0)) = P*(v+1)x 0 &F (o).
The case of 0 = T € (P(D) 4+ 1)(X) is similar and easier. -

§5. From fixed points of 2-ptykes to H%-induction. In this section, we deduce
H;-induction along N from the assumption that every normal 2-ptyx has a fixed
point that is a dilator. For this purpose, we work out the details of the argument
that we have sketched in the introduction.

Consider a I1}-formula y(n) with a distinguished number variable, possibly with
further number or set parameters. The Kleene normal form theorem (see e.g., [29.
Lemma V.1.4]) yields a Ag-formula 6 such that ACA( proves

w(n) < Vzen3rnanVmen 0(Z[m), f[m].n).

Here f[m] = (f(0),....f(m — 1)) denotes the sequence of the first m values of
f. coded by a natural number; in writing Z[m], we identify the set Z C N with its
characteristic function. The formulas y and 6 will be fixed throughout the following.
We also fix ACAj as base theory.

Let us introduce some notation: We write Y <¢ for the set of finite sequences with
entries from the set Y. In order to refer to the entries of a sequence s € Y<¢ of
length m = len(s), we will often write it as s = (s(0), ...,s(m — 1)). For k < m we put
s[k]:= (s(0),....,s(k —1)). If Y is linearly ordered, the Kleene-Brouwer order (also
called Lusin-Sierpifiski order) on Y <% is the linear order defined by

‘< R either len(s) > len(z) and s[len(s)] = ¢,
KB(¥) - or s[k]=t[k] and s(k) <y t(k) for some k < min{len(s), len(z)}.

We say that a subset 7 C Y<% is a tree if s € T and k < len(s) imply s[k] € T.
Unless indicated otherwise, we assume that any tree 7 C Y <¢ carries the Kleene—
Brouwer order <ggp(y). Recall that a branch of 7 is given by a function f : N — Y
such that f[m] € T holds for all m € 7. If Y is a well order, then 7 C Y<¢ (with
order relation <gp(y)) is well founded if. and only if. it has no branch (by the proof
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of [29, Lemma V.1.3], which is formulated for ¥ = N). One can conclude that our
H;—formula w(n) fails for n € N if, and only if, there is a Z C N such that the
Kleene-Brouwer order <gpy) is well founded on the tree

7-Zn = {[ € N= |vkglen(t)_'e(z[k]vl[k]vn)}~

In the following we construct predilators Dy, such that Dy is a dilator if, and only
if, the instance w(n) holds. This is a version of Girard’s result that the notion of
dilatoris H;-complete. The construction that we present is due to Normann (see [15.
Theorem 8.E.1]). We recall it in full detail, because the rest of this section depends
on the construction itself, not just on the result. Given a linear order X, the idea is
to define D} (X) as a subtree of (2 x X)<® (recall m = {0, ...,m — 1} with the usual
linear order). Along each potential branch of Dy, (X), we aim to construct a set
Z C N (determined by the characteristic function N — 2 from the first component
of the branch) and, simultaneously, an embedding of 7 into X. If Dy, fails to be a
dilator, then Dj,(X) has a branch for some well order X. The resulting embedding
T7 — X ensures that 77 is a well order, so that y(n) fails. Since Z is not given in
advance, we need to approximate 7 by the trees

T ={r e N*?|len(r) <len(s) and Yy je(,) =0 (s[k].2[k].n)}

for s € 2<*. The relation 7 € 7" is Al-definable. as 0 is a A)-formula. We observe
ooy = 12 € T len(z) <m} for m <len(s), as well as T} = U{T,, |m € N}.
In order to describe the following constructions in an efficient way, we introduce
some notation in connection with products. First recall that the product of sets
Yo. ..., Yy is given by

Yo XX Y q:= {(yo, ---,yk—l)|J/i ey; foreach i < k}

If Y; = (Y;, <;) is a linear order for each i < k, then we assume that the product
carries the lexicographic order, in which (yo. ....yx1) precedes (y. ....y; ;) if. and
only if, there is an index j < k with y; <; y} and y; = y/ for all i < j. Given
sequences s; = (5;(0),...,s;(m 1)) € Y= of the same length, we can construct a
sequence so X -+ X s_1 € (Yo x -+ X Yy 1)<® by setting

S X oo X Sp—1 = <<S0(0), Ay | (0)) ...,(So(m — 1), cees Skl (m - 1))>

Note that any sequence in (Yy x --- x Y;_1)<® can be uniquely written in this form.
Analogously, we will combine functions g; : N — Y; into a function

go X+ X g1 N— Yy x--x Y
with (go x - x gr_1) (1) := (go(/). ....gx_1(1)). For arbitrary m € N, we can observe
(g0 X -+ X g1)[m] = go[m] x -+ X g1 [m].

We use our product notation in a somewhat flexible way, for example by combining
S0 € Y0<w andt=s; X5 € (Y] X Y2)<w INto s X 1 := 8¢9 X §] X §2 € (Yo X Y] X Y2)<w.
We can now officially define the predilators Dy; that were mentioned above.

DEFINITION 5.1, For each linear order X, we define D;,(X) as the tree of all
sequences s X ¢ € (2 x X)<® with the following property: For all indices i, j < len(¢)
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that are (numerical codes for) elements of T C N<?, we have

i<gpmy / = (i) <xt(j).
Given an embedding f : X — Y we define D}, (f) : D}, (X) — D;,(Y) by

Dy (f)(s x (2(0). ....t(m ~ 1)) := 5 x (£ (£(0)). ... f (t(m — 1))).
Finally, we define functions supp’y : D’V“,(X ) = [X]<® by setting

suppy (s x (¢(0), ....t(m - 1))) := {2(0), ....t(m - 1)}
for each linear order X.

As mentioned before, the following comes from Normann’s proof of Girard’s
result that the notion of dilator is IT}-complete (see [15. Theorem 8.E.1]).

PrOPOSITION 5.2. For each n € N, we have the following:

(a) the constructions from Definition 5.1 yield a predilator D, and
(b) the predilator D}, is a dilator if. and only if. the X1}-formula y (n) holds.

Proor. Part (a) can be established by a straightforward verification. In (b), both
directions are established by contraposition. First assume that w(n) fails. We can
then consider a set Z C N such that 77 is well founded. Write g : N — 2 for the
characteristic function of Z, and put X := 77 U{T} with a new maximal element
denoted by T. Using the latter as a default value, we define 4 : N — X by

h(i) = i if i codes an element of 7 C X,
T otherwise.
Fori.j € T} itis then trivial that i <gpy) j implies (i) <x /(). One can conclude
that g x i : N — 2 x X is a branch of D}, (X). Since X is well founded while D}, (X) is
not, the predilator Dy fails to be a dilator. To establish the converse, consider some
well order X such that Dy (X) isill founded. We can then consider a branch g x / in
Dy (X). Let Z C N be the set with characteristic function g. To conclude that  (n)
fails, we argue that 7 is well founded because / restricts to an embedding of T}
into the well order X: Given sequences i,j € T/, we observe that i, j € 7;",”] holds
for sufficiently large m € N (above the length of i and j). Then g[m] x h[m] € Dy'j(X)
ensures that i <gpqy) j implies (i) <x h(j). as desired. —

Next, we construct a family of 2-preptykes P}, such that P}, is a 2-ptyx (ie.,
preserves dilators) precisely when the implication w(n) — w(n 4 1) holds. The
construction is inspired by the one from Definition 5.1 (which is due to Normann).
It will be somewhat more technical, because we work at a higher type level; on
the other hand, the fact that we are concerned with an implication between H;-
statements (and not with a general H;-statement) allows for some simplifications.

Let us recall that the component ¢ € X <® of an element s x ¢ € D;(X ) encodes a
partial embedding of 7 (or rather of 7;) into X. To discuss partial embeddings on
the next type level, we need some notation: For a predilator D we write

XD :={(m.c)|meNand o € D(m)},
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for m = {0, ...,m — 1} with the usual linear order. To get an order on XD, we put
(m.o) <sp (k.t) = m<kor(m=kando<p(,1).

As before, we write XD + 1 for the extension of XD by a new maximal element T
(which will, once again, serve as a default value).

DEFINITION 5.3. Consider predilators D and E. By a partial morphism r: D £ E
we mean a sequence r = (r(0), ..., (len(r) — 1)) € (ZE + 1)< for which the following
properties are satisfied:

(i) Whenever i < len(r) is (the numerical code of) an element (m.0) € D, we
have r(i) = (m. p) for some p € E(m), with the same first component .
To formulate the other conditions, we assume that (i) holds. For (m.c) € 2D with
code i < len(r), we then define v/, (a) € E(m) by stipulating (i) = (m.v],(a)). We
say that v/ (o) is undefined when (m,0) does not lie in D or has code i > len(r).
(i) When the values v’ () and v’ (t) are defined, we demand

r

o<pmT = V(@) <g@m) vm(7).
(iii) If f:m={0,....m -1} = {0, ....k — 1} = k is an embedding, we require
E(f) () =vi(D(f)(a))

whenever the values v}, (o) and v (D(f)(c)) are defined.

To avoid confusion, we explicitly state that both r(i) € ZE and r(i) = T is
permitted when i < len(r) does not code an element of £D. Let us observe that
condition (iii) is void for all but finitely many functions f, since there are only

finitely many numbers m € N such that v/, () is defined for some ¢ € D(m). As

a consequence, the notion of partial morphism is A?-deﬁnable. The following is
straightforward but important:

LEMMA 5.4. Consider a partial morphism r : D £ E. For k <len(r). the initial

segment r[k]: D £ E is also a partial morphism. and we have vj!'\(c) = v' (5)

whenever v (¢) is defined (note that v'(c) is also defined in this case).

In order to define the preptyx P, we must specify an endofunctor of predilators
and a natural family of support functions. The following definition explains the
action of the endofunctor P}, on objects, i.e., on predilators.

DerFINITION 5.5. Consider a predilator E. For each order X, we define P} (E)(X)

as the tree of all sequences r x s x ¢ € (ZE + 1) x 2 x X)<® such that r : D, L Eis

a partial morphism and we have s x ¢t € D,/’j+1 (X). Given an embedding f : X — Y,
we define P}, (E)(f): Py, (E)(X) — P}, (E)(Y) by

PL(E)(f)(rxsxt):=rxDy(f)(sx1).
To define functions supp’s” : Py (E)(X) = [X]=”. we set
suppy” (r x s x 1) := suppy' (s x 1),

where supp’s™ : Dyt (X) — [X]= is the support function from Definition 5.1.
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We recall that the arguments and values of our preptykes are coded predilators
in the sense of Definition 2.2, rather than class-sized predilators in the sense of
Definition 2.1. This is important for foundational reasons but has few practical
implications, as the two variants of predilators form equivalent categories (see the
first part of §2). In Definition 5.1 we have specified D, (X) for an arbitrary order X.
which means that we have defined Dy as a class-sized predilator. We will also write
Dy, (rather than Dy, ' LOy) for the coded restriction given by Lemma 2.3.

Assuming that P}, preserves dilators, part (b) of the following proposition entails
that D;ﬁ“ is a dilator if the same holds for Dy. In view of Proposition 5.2, this
amounts to the implication w (n) — w(n +1).

PROPOSITION 5.6. The following holds for any n € N:
(a) if E is a predilator. then so is P}, (E). and
(b) there is a morphism (" : D;ﬁ“ = P, (D)) of predilators.

Proor. It is straightforward to check part (a), based on the corresponding result
from Proposition 5.2. To establish part (b), we define g : N — XDy +1by

. | (m.e) ifiisthe numerical code of (m.o) € Dy,
g()= T if i does not code an element of XDy,
Then g[k] : D), £ D} is a partial morphism for each k € N (with V¥R (g) =6
whenever the value is defined ). For each linear order X, we can thus define a function
YD (X) — Pi (D) (X) by setting
(B(sxt):=glk]xsxt fork:=len(s)=1len(r).

It is straightforward to verify that this yields a natural family of order embeddings,
i.e., a morphism of predilators. -
In order to extend P}, into a functor, we need to define its action on a (total)
morphism u : Eg = E;. For r xs xt € P (Eo)(X) with r: D}, 2L E,. the first
component of Py, (u)x(r x s xt) € P},(E;)(X) should be a partial morphism from
Dy, to Ej. To obtain such a morphism, we compose r and u in the following way.

DEFINITION 5.7. Consider a (total) morphism u : Eqg = E; of predilators and a
sequence r = (r(0), ...,r(k — 1)) € (EEq+ 1)<®. For i < k we define

. (m.pu(z)) if r(i) = (m.7) € ZEo,
por(i):= o
T ifr(i)=T.
We then set wor :=(uor(0),....uor(k—1)) € (ZE; 4+ 1)<®.
Let us verify basic properties of our construction:

LemMA 5.8.  Consider a predilator D, a (total ) morphism u : Ey = E/ of predilators,
and a sequence r € (SEg+1)<®. Then r : D & Ey is a partial morphism if. and only

if. the same holds for wor : D £ E\. Assuming that these equivalent statements hold,
we have

Vn'u10r (0) = HUm (V:n (0))

whenever the values v}, (a) and vy (o) are defined.
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Proor. Invoking the definition of uor, it is straightforward to see that condition
(i) of Definition 5.3 holds for r if, and only if, it holds for zor. In the following
we assume that » and uor do indeed satisfy condition (i). We can then consider
the values v/, (o) and v,,” (¢): note that they are defined for the same arguments,
namely for (m,a) € TD with code below len(r) = len(u o r). The definition of gor
does also reveal that vy, (o) = u,, (v}, (o)) holds whenever the relevant values are
defined. Since the components u,, : Eo(m) — E{(m) are order embeddings, it is
straightforward to conclude that condition (ii) of Definition 5.3 holds for r if, and
only if, it holds for g or. In order to establish the same for condition (iii), we consider
an embedding f : m — k and assume that the values v;,(¢) and v[(D(f)(c)) are

defined. If condition (iii) holds for r, we can use the naturality of u to get

v (D(f)(0) = ur(ve(D(f)(0)) = ux(Eo(f) (v, (0)))
= E1(/)(m(v;,(0))) = E(f) (v ().
as needed to show that condition (iii) holds for u o r. Assuming the latter, the same

equalities show i (v, (D(f)(0))) = i (Eo(f)(v),(a))). Since uy is injective, we can
conclude v (D(f)(a)) = Eo(f)(v},()). as required by condition (iii) for r. -

To turn Py into a preptyx, we also need to define support functions
Suppf y : Py (E)(X) — [Tr(E)]™

as in Lemmas 3.4 and 3.5. The support of an element r X s X t € Pv'j(E)(X) will
depend on the entries 7 (i) € ZE +1 with 7(i) # T and hence (i) = (m.7) € ZE with
m € Nand v € E(m). As explained after Proposition 2.8, we have a normal form
7 =nr E(i"oen,)(79) witha Cm ={0,....m -1} and (|al,7o) € Tr(E).

DEFINITION 5.9. Consider a (total) morphism u : Eg = E; of predilators. For
each linear order X. we define a function P}, (u)x : P}, (Eo)(X) — P}, (E1)(X) by

Py (u)x(rxsxt):=(uor)xsxt.
To define a family of support functions, we set

,70) | there is an i < len(r) with
r(i) = (m.7) € 2E and t =ng E(1) oen,)(70)}

Supp y (rx s x 1) ={(la

for each order X and each element r x s x ¢ € P}, (E)(X).

To complete our construction of P!, we establish the following properties, which
have been promised above.

THEOREM 5.10. For each n € N, we have the following:

(a) the constructions from Definitions 5.5 and 5.9 yield a preptyx Py, and

(b) the preptyx Py, is a ptyx if. and only if. we have y(n) — w(n+1).

Proor. (a) From Proposition 5.6 we know that P maps predilators to
predilators. Let us now consider its action on a morphism u : £y = E;. Since
each component u,, : Eo(m) — E|(m) is an order embedding, the same holds for
the map

YEy> (m.o) — (m,u,(c)) € TE.
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In view of Definition 5.7, one readily infers that the components Py (u)x are order
embeddings as well (recall that P}, (E;)(X) C ((ZE; +1) x 2 x X)<® carries the
Kleene—Brouwer order with respect to the lexicographic order on the product). To
conclude that P}, (u) is a morphism of predilators, we consider an order embedding
f X — Y and verify the naturality property

Py (u)y o Py (Eo)(f)(rxsxt)=Py(u)y(rx Dyt (f)(sx1))
= (uor)x Dy (f)(s x 1)
=Py (E\)(f)((uor) xsxt)
=Py (E1)(f)oPy(u)x(rxsxt).
The claim that P}, is a functor reduces to u' o (u”or) = (u' o u°) or (for partial and
total morphisms of suitable (co-)domain), which is readily verified. To show that Py,

is a preptyx. we use the criterion from Lemma 3.5. Let us first verify the naturality
condition

Supp}, 0 Pl () x (x5 x 1) = [Tr(u)]<” o Supply, y (r x 5 x 1)

with respect to a morphism u : Eg = Ej. For an arbitrary element Tr(u)(|al.7o) of
the right side, there is an index i < len(r) such that (i) has the form (m.7) € TE,
with T =nF Eo(17 oen, )(to). We observe

tm(T) = wm(Eo(1) oeny)(z0)) = E1 (2] oeny ) (u)4)(70)).

In view of (|a|. 4 (70)) = Tr(u)(|al.7o) € Tr(E:) (cf. Definition 2.16, which relies
on Lemma 2.12), this equation yields the normal form of u,,(z) € E{(m). Together
with wor(i) = (m,u,, (7)), it follows that Tr(u)(|a|.7o) lies in the set

Supp, x((wor) x s xt) =Suppf, yoPy(u)x(rxsxt).

Now consider any element ( ) of the latter. For some i < len(uor) =len(r), we
have por(i) = (m.p) € ZE; with p =xg E (1] oeny)(po). This yields r(i) = (m.7)
with w,,(t) = p. Writing T =nr Eo(1 oen,)(79), we get

p:,um( ) =NF El( Oena)(,u\cd(TO))

as above. The uniqueness of normal forms (see the paragraph after Proposition 2.8)
entails that we have (b, po) = (a. 44 (70)). We can conclude

(161.p0) = (lal. 14 (z0)) = Tr(u)(|a

The naturality property Suppy y o P, (E)(f) = Supp y with respect to an order
embedding f : X — Y is straightforward (and in fact automatic, cf. the discussion
after Lemma 3.5). It remains to verify the support condition

.70) € [Tr(u)]=” o Supp, y(rxs x1).

{rxsxte Py (E)(X)|Suppy, x(rxsxt)Crng(u)} Crng(Py(u)x)

for a morphism u : Ey = E|. Given an arbitrary element » x s x ¢ of the left side,
we construct ' € (ZEy 4+ 1)<¢ with len(r’) = len(r) as follows: For each i < len(r)
with (i) = T, we set #/(i) := T. In the case of (i) = (m,p) € ZE;, we consider the
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unique normal form p =nf E1 (17 oen,)(po) and observe
(lal.po) € Suppl, x(rx s xt) C rng(u).

This allows us to write py = p4 (o). Where 7o € Eo(|a|) is unique since p | is an
embedding. We now set 7 := Eo(¢7 oen,)(t9) € Eo(m) and r'(i) := (m.,7) € ZE).
Observe that we have u,,(t) = p and hence uor’ = r. Crucially, the equivalence
from Lemma 5.8 ensures that 7' : D}, L Eyisa partial morphism. This entails that
we have ' x s x t € P}, (Eo)(X). so that we indeed get

rxsxt=(uor)xsxt=Py(u)x(r'xsxt)ecmg(Py(u)x).

(b) For the first direction, we assume that P}, is a ptyx and that (n) holds. By
Proposition 5.2, the latter entails that Dy is a dilator. Since Py, is a ptyx, it follows
that P}, (Dy,) is a dilator as well. Invoking the morphism from Proposition 5.6, we

can conclude that D;ﬁ“ is a dilator: For each well order X, the component
1 Dy (X) — Py(Dy)(X)

is an order embedding, which ensures that D;’,“ (X) is well founded. By the other
direction of Proposition 5.2, it follows that w (n + 1) holds, as required. To be precise.
one needs to switch back and forth between class-sized and coded dilators; this is
straightforward with the help of Proposition 2.8, Corollary 2.10 and Lemma 2.14.
In order to establish the other direction, we assume that w(n) holds while w(n +1)
fails. Then Dj, is a dilator while Dy’j“(X ) is ill founded for some well order X.
To conclude that P}, fails to be a ptyx, it suffices to show that Py, (D;;)(X) is ill
founded. The proof of Proposition 5.2 provides a function g : N — XDy + 1 such

that g[k]: Dy £ Dy, is a partial morphism for each & € N. We can also pick a branch
ho x hy : N — 2 x X of the ill founded tree D;;*!(X) C (2 x X)<*. It follows that
g X ho x hy is a branch of the tree P, (Dy)(X) C (XD} +1) x 2 x X)<”, which is
thus ill founded. -

As a final ingredient for the analysis of I1}-induction, we discuss the pointwise
sum of ptykes. Consider a family of preptykes P.. indexed by the elements of a
linear order Z. We define a preptyx P :=}___, P. as follows: Given a predilator E
and a linear order X, we set

P(E)(X):={(z,0)|z€eZando € P.(E)(X)}.
(z.0) <pE)x) (z'.0") & z<zz'or(z=z"and o <p_ (g)x) o).
For an embedding / : X — Y, we define P(E)(f): P(E)(X) — P(E)(Y) by
P(E)(f)(z.0) = (z.P-(E)(f)(a)).

The support functions supp? : P.(E)(X) — [X]<” of the predilators P.(E) can
be combined into suppy : P(E)(X) — [X]<* with suppy(z.0) := supp5 (o). It is
straightforward to check that this defines P(E) as a predilator. To turn P into a
functor, consider a morphism u : Eq = E and define P(u) : P(Ey) = P(E;) by

P(u)x(z.0) = (z.P-(1)x ().
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Definition 3.3 provides functions Suppy y : P-(E)(X) — [Tr(E)]<®. which we can
combine into Supp, y : P(E)(X) — [Tr(E)]<* with Suppy y(z.0) := Suppy; y(a).
Invoking Lemma 3.5, one can verify that this turns P =) ___, P. into a preptyx. If
P.isaptyxforall z € Z. then sois P. Let us also point out that we have a morphism
P.(E)= P(E) for each z € Z and each predilator E: its components are given by
P.(E)(X)> 0w (z,0) € P(E)(X). Finally, we can prove the central result of this

paper. Note that the theorem demands less than a dilator D = P(D).

THEOREM 5.11 (ACAy). Assume that every normal 2-ptyx P admits a morphism
P(D) = D for some dilator D. Then the principle of H;-induction along N holds.

Let us recall that we can quantify over (coded) dilators, since the latter are
represented by subsets of N (cf. the discussion after Definition 2.2). The situation
for ptykes is somewhat different: In the paragraph before Proposition 3.2, we have
sketched how to construct a universal family of preptykes. However, we have not
carried out the details of this construction. For this reason, one should read the
previous theorem as a schema: Given a IT}-formula . possibly with parameters,
we will specify a A?-deﬁnable family of preptykes. Assuming that every normal ptyx
P from this family admits a morphism P(D) = D, we will establish the induction
principle for y and arbitrary values of the parameters.

PrOOF. Let y(n) be an arbitrary I1}-formula with a distinguished number
variable, possibly with further parameters. We will use the previous constructions
and results for this formula w (with respect to some fixed normal form, cf. the
second paragraph of this section). Theorem 5.10 provides 2-preptykes Py, for all
n € N. Let us form their pointwise sum P, := ) P},. As we have seen above, we
have a morphism P}, (E) = P, (E) for each predilator E and each n € N. For the
predilators Dy, from Proposition 5.2, we will denote these morphisms by

i": P, (Dy) = P,(Dy).
Invoking Theorem 4.20 (and the constructions that precede it), we consider the
normal 2-preptyx Py, := (P,)* and the morphisms
& P,,,(D;)—i— 1= P;(Dﬁ—i— 1).

Theorem 5.10 tells us that P}, corresponds to the induction step wn) = wn+1).
To incorporate the base of the induction, we form the 2-preptyx ny with

+ . no *
Py (E):=D,+1+P;(E).

More formally, this can be explained as the pointwise sum P,; =3, _, P;, where
Py is P, and Py is the constant preptyx with value DS, +1 (note that the latter
assigns support Suppy y(¢) :=0 € [Tr(E)]<“ to any o € Py(E)(X) = D) (X)+1).
It is easy to see that P is still normal. The family of preptykes P is A?-deﬁnable
in the parameters of w, just as all relevant objects that we have constructed in the
previous sections. Only ptykes from this family will be used to derive the induction
principle for y. Fix values of the parameters and assume

w(0) AVpen(w(n) = w(n+1)).
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By Theorem 5.10 we can conclude that PJ, is a ptyx for every n € N. As we have
seen, it follows that P, =3 Py, is a ptyx as well. Then P}, is a normal ptyx, by
Theorem 4.20. Given that w(0) holds, Proposition 5.2 tells us that Df,), is a dilator.
It is straightforward to conclude that PJ is a normal 2-ptyx. By the assumption of
the theorem, we now get a dilator E that admits a morphism

. +
z:Py(E)=E.

In the following, we will construct morphisms " : Dy, +1 = E. Given that E is a
dilator, these morphisms will ensure that D}, is a dilator for each number 7 € N (as
in the proof of part (b) of Theorem 5.10). By Proposition 5.2 this yields V,en w (1),
which is the desired conclusion of induction. To construct ", we first note that the
pointwise sum P, comes with morphisms

0. no0 + 1. px* +
n°:D,+1=P,(E) and = :P,(E)= P,(E).

Using the morphisms (" : D' = P; (D) from Proposition 5.6 (and the
construction from Example 4.4), we can recursively define k° := y o7° and

k"= yon! oPy(K")o&"o (1" +1)o (" +1).

Working in ACA,, this construction can be implemented as an effective recursion
along N (see [10] for a detailed exposition of this principle). To justify this claim, we
need to verify that " is A’-definable relative to k" C N (cf. the discussion before
Lemma 2.11). This brings up a somewhat subtle point: In the discussion before
Theorem 4.20, we have noted that the relation Py, (W)x(o)=r1is A?-deﬁnable. More
precisely, the relation is defined by a 2(1)- and a H?-formula that are equivalent when
1 € N represents a morphism of predilators. However, we may not be able to assume
that the two formulas are equivalent for any parameter 4 C N. To point out one
potential issue, we note that it is problematic to compose functions when we do not
know whether they are total. A way around this obstacle has been presented in [10]:
In defining x"*!, we may anticipate the result of the construction and assume that
k" 1s a morphism of predilators. This ensures that we can use the aforementioned
AY-definition of the components

Pi(&")x : PL(DL+1)(X) = P (E)(X).

It also ensures that the latter are total functions. Due to this fact, the composition
above provides the required A%-definition of x"*1. .

§6. Constructing fixed points of 2-ptykes. In the present section we show how to
construct a predilator Dp = P(Dp) for any given 2-preptyx P. Using H;-induction
along N, we then prove that Dp is a dilator when P is a normal 2-ptyx.

We begin with some foundational considerations. Recall that the arguments and
values of our preptykes are coded predilators in the sense of Definition 2.2. If D is
a coded predilator, then D(X) is only defined when X is a finite order of the form
m = {0, ...,m — 1}; for better readability, we will nevertheless write D(X) rather
than D(m). Coded predilators are represented by subsets of N, as explained after
Definition 2.2. In view of [9, Section 4] it seems plausible that the desired fixed point

https://doi.org/10.1017/js1.2021.22 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.22

WELL ORDERING PRINCIPLES AND H}‘-STATEMENTS: A PILOT STUDY 741

Dp = P(Dp) can be constructed in RCAy. We will work in ACA,, as this allows for
a less technical approach and ties in with the base theory of Theorem 5.11. Note
that the class-sized extension Dp will still be computable (relative to Dp C N; cf. the
discussion after Proposition 2.8).

The idea is to define Dp as the direct limit over iterated applications of P. To
provide a base for the iteration, we point out that any linear order Z gives rise to
a constant predilator with values D(X) := Z. For each embedding f : X — Y, the
embedding D(f): D(X) — D(Y)is defined as the identity on Z. To obtain a natural
transformation supp : D = [-]<“, we need to set suppy (o) := 0 € [X]=? for every
o € D(X). It is straightforward to see that this satisfies the support condition from
Definition 2.1. Working in ACAy, the following definition can be implemented as
an effective recursion along N (see [10] and the proof of Theorem 5.11 above). This
relies on the standing assumption that all our preptykes are given by A-relations (cf.
the discussion after Definition 3.1). For the inductive proof that D is a predilator,
we rely on the fact that the notion of (coded) predilator is arithmetical (in contrast
to the notion of dilator, which is H%-complete).

DEerINITION 6.1. Given a 2-preptyx P, we define predilators D} and morphisms
y": Dt = D's™ by recursion over n € N: For n = 0 we declare that DY is the constant
dilator with value 0 (the empty order). Assuming that D is already defined. we
set D™ := P(D%). Each component of the morphism v° is the empty function.
Recursively, we put v"+! := P(y").

To describe the direct limit over the predilators D}, we will use the following
observation with v* : D} = D;’,“ at the place of u: D = E. The proof is
straightforward and given in arXiv:2006.12111v1 , a first version of this paper.

LEMMA 6.2. For a morphism u : D = E and an embedding f : X — Y, we have
ogemgluy) < E(f)(o)€mgluy)
for any element ¢ € E(X).

For n < k we define v : D% = D% as v"* := vkl o...0y" In particular, the
morphism v is the identity on D}. We can now define the desired limit as follows.
Note that the definition of Dp(f) is justified by the previous lemma.

DEFINITION 6.3. For each (finite) linear order X we put
Dp(X):={(m.c)|m e N\{0} and ¢ € D} (X)\rng(v¥™)}.
(m.o) <p,x) (n.7) & vtk (a) <pk(x) vk (1) for k = max{m.n}.
Given an embedding f : X — Y, we define Dp(f) : Dp(X) — Dp(Y) by
Dp(f)(m.c) = (m.Dy(f)(a)).

Finally, we define functions suppy : Dp(X) — [X]=? by suppy (m.c) := supp’ (o).
where supp’y : D7 (X) — [X]<* is the support function of the predilator D'.

Let us verify that we have constructed an object of the intended type:

LEMMA 6.4. The constructions from Definition 6.3 yield a predilator Dp.
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Proor. To show that each value Dp(X) is a linear order, we first observe that
the truth of an equality v (o) <ph(x) v (7) is independent of k > max{m.n}.
since all functions "é{ are embeddings. Based on this fact, it is straightforward to
show transitivity. Linearity reduces to the claim that vg’;k (6)= v;’(k (7) implies m = n
(and then ¢ = 7, since vg,’k is an embedding). Aiming at a contradiction, we assume

m < n. From

ViE(2) = vk (o) = Vi ovi o

o)
we then get T =1%o v;('H)(a) € rng(v%1), which contradicts (n.7) € Dp(X). To
see that Dp(f) is an order embedding whenever the same holds for / : X — Y, we

note that v (o) <ph(x) v (1) implies

Vo DR(f)(6) = DE(S) oV (0) <pi () DE() oV (2) =4 0 D (2).

The fact that Dp is a monotone endofunctor of linear orders is readily deduced from
the corresponding property of the predilators D). The same applies to the naturality
of supports. To verify the support condition, we consider an order embedding
f:X — Y and an element (m.7) € Dp(Y) with

mg(f) 2 suppy (m.7) = suppy (7).

By the support condition for DY}, we get T = D% (f)(a) for some ¢ € D} (X ). Due
to (m.t) € Dp(Y) we have D¥(f)(c) ¢ rng(v¥ '), which implies ¢ ¢ rng(vy ') by
Lemma 6.2. This yields (m,6) € Dp(X) and then

(m.7) = Dp(f)(m.o) € rng(Dp(f)).
as required by the support condition for Dp. 4
As promised above, we have the following:

PROPOSITION 6.5. For each 2-preptyx P, the predilator Dp is a direct limit of the
system of predilators D and morphisms v™" : D} = D7}.

PrOOF. The promised limit should come with morphisms z* : Df, = Dp.Inorder
to define these, we observe that any element o € fo,(X ) lies in the range of vf(k, since
the latter is the identity. Hence there is a minimal m < k with ¢ € rng(v%*). In
view of D)(X) =0 we must have m > 0. We get o ¢ rng(viy ') by the minimality
of m. Since vg’{’k is an embedding (and hence injective), we can define a function
uk : DX(X) — Dp(X) by stipulating

(o) == (m.ay) for o =vi*(ap) with m < k as small as possible.

It is immediate that u% is an order embedding and that we have u” o v = u
for m < n. To show that the functions ,u’,‘( are natural in X, we consider an order
embedding / : X — Y. Consider ¢ € D%(X) and write u% (o) = (m.ay). We get

D5(f)(@) =DE(f)ovi¥(oo) = v o DE(f)(a0).
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Furthermore, o ¢ rng(v¥#') entails D% (f)(s) ¢ rng(v¥'), by Lemma 6.2. This
minimality property of m allows us to conclude

1y o DE(f)(a) = (m. D} (f)(00)) = Dp(f)(m.aq) = Dp(f) oty (o).

By Proposition 2.23, the claim that we have a direct limit reduces to the inclusion
Te(Dp) € | J{ng(u") |n € N},

An arbitrary element of the left side has the form (m.(n.0)) with (n,6) € Dp(m)
and supp,,(n.0) = m, where m denotes the finite order m = {0, ....m — 1}. By the
definition of Dp we have ¢ € D7 (m)\mg(v'). In view of ¢ = v/"() this yields
ur (o) = (n.a). As suppl, (o) = supp,,(n.0) = m entails (m.o) € Tr(D}). we can
invoke Definition 2.16 to conclude

(m.(n.0)) = (m.p5, (o)) = Tr(u")(m.o) € rg(u").
as required to establish the inclusion above. -
It is now straightforward to draw the desired conclusion:
COROLLARY 6.6. We have Dp =2 P(Dp) for any 2-preptyx P.

ProoOF. According to Proposition 3.2, the preptyx P preserves direct limits. In
view of Definition 6.1, we can infer that P(Dp) is a direct limit of the system of
predilators D}’ and morphisms v : D" = D" for 1 < m < n. The predilator Dp
is a direct limit of the same system, up to an irrelevant index shift. Now the result
follows since direct limits are unique up to isomorphism. -

As Example 4.4 shows, it can happen that P is a ptyx (i.e., preserves dilators) but
Dp is no dilator (i.e., does not preserve well orders). In the following we show that
Dp 1s a dilator if we also demand that P is normal in the sense of Definition 4.3.
Combined with Theorem 5.11, this yields our main result:

THEOREM 6.7. The following are equivalent over ACAy:
(i) the principle ofné-induction along N holds,
(ii) if P is a normal 2-ptyx, then Dp is a dilator,
(ii) any normal 2-ptyx P admits a morphism P(D) = D for some dilator D.

We point out that the theorem asserts an equivalence between schemas (cf. the
detailed explanation after the statement of Theorem 5.11).

Proor. To see that (ii) implies (iii), it suffices to recall that we have P(Dp) = Dp.
by Corollary 6.6. The claim that (iii) implies (i) is the result of Theorem 5.11. To
establish the remaining implication from (i) to (ii), we consider a normal 2-ptyx P.
In view of Definition 2.9, being a (coded) dilator is a H;-property. Given that P is
a ptyx. we can use the induction principle from (i) to show that D is a dilator for
every n € N (cf. Definition 6.1). The morphism v° : D% = D}, is a segment in the
sense of Definition 4.1, since each of its components is the empty function. Given
that P is normal, another (arithmetical) induction over N shows that all morphisms
vt Dy = D;’,“ are segments. From Proposition 6.5 we know that Dp is a direct limit
of the predilators D}. Let us show that the morphisms u” : D} = Dp that witness
this fact are segments as well. For this purpose, we consider a (finite) order X and an
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inequality o <p,(x) 4y (r) with g € Dp(X) and 7 € D3 (X). We need to show that ¢
lies in the range of u'}.. Since Dp is a direct limit, we can write ¢ = y’)‘((p) for some
k > n. We then get 1, (p) = 0 <p,(x) 'y (t) = u; o v (7). Since each component
of 1* is an embedding, this yields p < Dk (x) v;'(k (7). As a composition of segments,

the morphism v* = v*¥~1o...0v" is a segment itself. We may thus write p = v2¥(py)
with po € D%(X). This yields

o= uk(p) = wh oviF(po) = ' (po) € rng(u'y).

as needed to show that x" is a segment. To prove that Dp is a (coded) dilator,
we need to consider the class-sized extension Dp (cf. Definition 2.9). Aiming at a
contradiction, we assume that X is a well order with a descending sequence

(ao.00) >Dp(X) (ar.01) >Dp(x)

in Dp(X). Since Dp is a direct limit, we get (ag.00) € rng((u")x) for some n € N,
where 4" : D} = Dp is the class-sized extension from Lemma 2.14. To see this, recall
that Definition 2.5 requires (|ag|.c0) € Tr(Dp). By Proposition 6.5 we get

(laol.o0) = Tr(u")(lao|.70) = (a. 4], (70))

for some n € N and some (|ag|.79) € Tr(D}). The latter ensures (ao.79) € Dp(X). so
that we indeed obtain

(a0,00) = (a’ﬂfad(fo)) = (u")x (a.70) € g ((u")x).

According to Lemma 4.2, the class-sized extension u” is also a segment. For the
fixed n and any i > 0, we can thus rely on (a;,0;) <Bp(x) (ag.00) € tng((u™) x) to

infer (a;.0;) € mg((u™)y), say (a;.0;) = (u")y(a;.7;). Since the components of u”
are embeddings. we have a descending sequence (ag.7) >pm () (ar.71) >pux) - in
P P

D7(X). This is the desired contradiction: since D’ is a dilator (as we have shown
by H;-induction) and X is a well order, we know that D_}E(X ) is well founded.

REFERENCES

[1] P. AczeL, Mathematical problems in logic, Ph.D. thesis, University of Oxford, 1966.

[2] , Normal functors on linear orderings, this JOURNAL, vol. 32 (1967). p. 430, abstract to a
paper presented at the annual meeting of the Association for Symbolic Logic, Houston, Texas, 1967.

[3] A. FREUND, Type-two well-ordering principles, admissible sets, and IT 1-comprehension, Ph.D. thesis,
University of Leeds, 2018, available at http://etheses.whiterose.ac.uk/20929/.

[4] i -comprehension as a well-ordering principle. Advances in Mathematics, vol. 355 (2019),
article no. 106767, 65 pp.

[5] . A categorical construction of Bachmann-Howard fixed points. Bulletin of the London
Mathematical Society. vol. 51 (2019), no. 5. pp. 801-814.

[6] . Computable aspects of the Bachmann-Howard principle. Journal of Mathematical Logic,
vol. 20 (2020), no. 2. article no. 2050006, 26 pp.

[7] . A note on ordinal exponentiation and derivatives of normal functions. Mathematical Logic
Quarterly. vol. 66 (2020), no. 3, 326-335.

[8] , From Kruskal’s theorem to Friedman’s gap condition. Mathematical Structures in Computer
Science. vol. 30 (2020). no. 8. pp. 952-975.

9] , How strong are single fixed points of normal functions? this JOURNAL, vol. 85 (2020).
no. 2, pp. 709-732.

https://doi.org/10.1017/js1.2021.22 Published online by Cambridge University Press


http://etheses.whiterose.ac.uk/20929/
https://doi.org/10.1017/jsl.2021.22

WELL ORDERING PRINCIPLES AND H}‘-STATEMENTS: A PILOT STUDY 745

[10] . What is effective transfinite recursion in reverse mathematics? Mathematical Logic
Quarterly, vol. 66 (2020), no. 4, pp. 479-483.

[11] A. FREUND and M. RATHIEN, Derivatives of normal functions in reverse mathematics. Annals of
Pure and Applied Logic, vol. 172 (2021), no. 2, article no. 102890, 49 pp.

[12] A. FREUND, M. RATHJEN, and A. WEIERMANN, Minimal bad sequences are necessary for a uniform
Kruskal theorem, preprint, 2020, arXiv:2001.06380.

[13] J.-Y. GIRARD, 172] -logic, part 1: Dilators. Annals of Pure and Applied Logic. vol. 21 (1981),

pp- 75-219.

[14] . Proof Theory and Logical Complexity, Studies in Proof Theory, vol. 1, Napoli,
Bibliopolis, 1987.

[15] . Proof Theory and Logical Complexity, volume 2, 1982, unpublished manuscript.

Awvailable at http://girard.perso.math.cnrs.fr/Archives4.html (accessed 21 November 2017).

[16] J.-Y. GIRARD and D. NORMANN, Set recursion and 1721 -logic. Annals of Pure and Applied Logic,
vol. 28 (1985). pp. 255-286.

[17] . Embeddability of ptykes, this JOURNAL, vol. 57 (1992). no. 2. pp. 659-676.

[18] J. L. HIRST, Reverse mathematics and ordinal exponentiation. Annals of Pure and Applied Logic,
vol. 66 (1994), pp. 1-18.

[19] M. KroMBHOLZ and M. RATHIEN, Upper bounds on the graph minor theorem, Well-Quasi Orders in
Computation, Logic, Language and Reasoning (P. Schuster, M. Seisenberger, and A. Weiermann, editors),
Trends in Logic (Studia Logica Library), vol. 53, Springer, Cham, 2020, pp. 145-159.

[20] S. MAc LANE, Categories for the Working Mathematician, vol. 5, second ed., Graduate Texts in
Mathematics. Springer, New York, 1998.

[21] A. MARCONE and A. MONTALBAN, The Veblen functions for computability theorists, this JOURNAL,
vol. 76 (2011). pp. 575-602.

[22] C. S. J. A. NasH-WILLIAMS, On well-quasi-ordering finite trees. Proceedings of the Cambridge
Philosophical Society. vol. 59 (1963), pp. 833-835.

[23] M. RATHIEN, An ordinal analysis of parameter free 1721 -comprehension. Archive for Mathematical
Logic. vol. 44 (2005). pp. 263-362.

[24] ., w-models and well-ordering principles, Foundational Adventures: Essays in Honor of
Harvey M. Friedman (N. Tennant, editor), College Publications, London, 2014, pp. 179-212.

[25] M. RATHJEN and 1. A. THOMSON, Well-ordering principles, w-models and IT 11 -comprehension, The
Legacy of Kurt Schiitte (R. Kahle and M. Rathjen. editors). Springer, Cham, 2020, pp. 171-215.

[26] M. RaTHIEN and P. F. VALENCIA ViZCAINO, Well ordering principles and bar induction, Gentzen’s
Centenary: The Quest for Consistency (R. Kahle and M. Rathjen. editors). Springer, Berlin, 2015, pp.
533-561.

[27] M. RATHIJEN and A. WEIERMANN, Reverse mathematics and well-ordering principles, Computability
in Context: Computation and Logic in the Real World (S. B. Cooper and A. Sorbi, editors). Imperial
College Press, 2011, pp. 351-370.

[28] S. G. SiMPSON, Nonprovability of certain combinatorial properties of finite trees, Harvey Friedman’s
Research on the Foundations of Mathematics (L. A. Harrington, M. D. Morley, A. S¢&drov, and
S. G. Simpson, editors), Studies in Logic and the Foundations of Mathematics, vol. 117, North-Holland,
Amsterdam, 1985, pp. 87-117.

[29] . Subsystems of Second Order Arithmetic, Perspectives in Logic, Cambridge University
Press, Cambridge, 2009.

[30] I. A. THOMSON, Well-ordering principles and I1 %-comprehension +Bar induction, Ph.D. thesis,
University of Leeds, 2017, available at http://etheses.whiterose.ac.uk/22206/.

FACHBEREICH MATHEMATIK
TECHNISCHE UNIVERSITAT DARMSTADT
SCHLOSSGARTENSTR. 7, 64289 DARMSTADT, GERMANY

E-mail: freund@mathematik.tu-darmstadt.de

https://doi.org/10.1017/js1.2021.22 Published online by Cambridge University Press


https://arxiv.org/abs/2001.06380
http://girard.perso.math.cnrs.fr/Archives4.html
http://etheses.whiterose.ac.uk/22206/
mailto:freund@mathematik.tu-darmstadt.de
https://doi.org/10.1017/jsl.2021.22

	1 Introduction
	2 The category of dilators
	3 Ptykes in second order arithmetic
	4 Normal 2-ptykes
	5 From fixed points of 2-ptykes to Π12-induction
	6 Constructing fixed points of 2-ptykes

