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The Lie symmetry classification of the known three-component reaction—diffusion system
modelling the spread of an initially localized population of farmers into a region occupied by
hunter-gatherers is derived. The Lie symmetries obtained for reducing the system in question
to systems of ordinary differential equations (ODEs) and constructing exact solutions are
applied. Several exact solutions of travelling front type are also found, their properties are
identified and biological interpretation is discussed.
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1 Introduction

It is widely accepted nowadays that non-linear reaction—diffusion (RD) systems are
governing equations for many well-known non-linear second-order models used to describe
various processes in biology [7,25,28], physics [2,34], chemistry [4] and ecology [30]. The
remarkable Turing paper [38] should be mentioned as a pioneering work in this direction.

At the present time, one may claim that non-linear RD systems have been extensively
studied by means of different mathematical methods, including symmetry-based (group-
theoretical) methods during the last decades. However, the progress is still insufficient, in
particular, Lie symmetries are not completely described for many RD systems arising in
applications because of principal and technical difficulties. For example, although finding
Lie symmetries of the two-component RD systems was initiated about 35 years ago [40],
this Lie symmetry classification problem (the terminology ‘group classification problem’ is
also used in this context) was finished only in the 2000s in papers [12—14,29] (for constant
diffusivities) and [15,16,24] (for non-constant diffusivities).

In the case of non-linear RD systems with the cross-diffusion, the problem is still open
except the case when the system in question involves a constant cross-diffusion only [29].
Notably, Lie symmetries of some non-linear RD systems with correctly specified forms of
cross-diffusion arising in real-world applications were studied in [11,17,36,37].

In contrast to the two-component systems, the multi-component RD systems (i.e., those
consisting of three and more equations) were not widely examined by symmetry-based
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methods. To the best of our knowledge, the most general results for the multi-component
RD systems (under essential restrictions on the structure of diffusion coefficients) were
derived in [16]. There are also some studies (see, e.g., [9]) devoted to the Lie symmetry
search of the multi-component RD systems involving only correctly specified functions
(i.e., there are no arbitrary functions as parameters). Becausecomplete Lie symmetry
classification of the general class of multi-component RD systems is an extremely difficult
problem, it is reasonable to restrict ourselves to some systems arising in real world
applications.

In this paper, we examine the three-component model introduced in [3] for describing
the spread of an initially localized population of farmers into a region occupied by hunter-
gatherers. Individuals migrate at random, and some hunter-gatherers are transformed
into converted farmers. It is assumed that three populations (initial farmers, hunter-
gatherers and converted farmers) are growing logistically and there is no intermarriage
among the three populations [3]. Under the assumptions indicated above, the spread and
interaction between farmers and hunter-gatherers can be modelled as an RD process. The
corresponding non-linear RD system has the form

F, = dfox + rfF (1 — (e1F + 62C)/K) s
C,=d.Cx +r.C (1 —(e/F +¢,C)/K) +e;FH + e,CH, (1.1)
H, =dyH +ryH (1 — H/L) —e1FH — e;CH,

where F(t,x), C(t,x) and H(t,x) are densities of the three populations of initial farmers,
converted farmers and hunter-gatherers, respectively. Parameters dy, d. and dj are the
positive diffusion constants; ry, r. and rj, are the intrinsic growth rates of initial farmers,
converted farmers and hunter-gatherers, respectively; K and L are the carrying capacities
of farmers and hunter-gatherers, respectively; and e; and e, are the conversion rates of
hunter-gatherers to initial and converted farmers, respectively. Parameters e, r. and ry,
are assumed to be non-negative, while all other parameters are assumed to be positive.
We note that the equalities e; = e, and dy = d. = d;, are assumed in [3]. In our
opinion, it is very unlikely that the three populations of initial farmers, converted farmers
and hunter-gatherers have the same diffusivity in space; hence, their diffusivities should
be assumed arbitrary, ie., the equality d; = d. = dj can take place only in a special

case.
The non-linear RD system (1.1) can be simplified using the following re-scaling of the
variables:
K KL 1 /1
F— —u C— —v, H—Lw, t— —t, x— 4/ —X, (1.2)
€1 ry re ry

and introducing new notation

L : K KL
=2 =" 0 =" 0 == 20, as=6272, dy =dy, d. = d», d, = d;.
r I ry I ri
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Re-scaling (1.2) in symmetry analysis is called the equivalence transformation of system
(1.1). Transformation (1.2) reduce system (1.1) to the equivalent form

u; = ditig +u(l —u — ayv),
v; = davyy + av(1 — u — aqv) + uw + ajow, (1.3)
W, = dswyy + azsw(l — w) — aguw — asow.

Hereafter, (1.3) is called the hunter-gatherer—farmer (HGF) system and one is the main
object of investigation in this paper. We naturally assume that a4 # 0 (otherwise, K = 0
in (1.1)) and dyd,d; # 0.

The paper is organized as follows: In Section 2, the Lie symmetry classification of
the HGF system (1.3) is derived. In Section 3, the most important (from applicability
point of view) cases of system (1.3) with non-trivial Lie symmetries are examined. In
particular, non-trivial Lie ansidtze are derived and applied for reducing the systems in
question to systems of ODEs. The reduced systems are analyzed in order to construct
exact solutions. In Section 4, the travelling fronts (TFs) of the HGF system (1.3) with
correctly specified coefficients are constructed in explicit forms. The properties of TFs
obtained are analysed and some biological interpretation is presented. Finally, we briefly
discuss the result obtained and present some conclusions in the last section.

2 Main theorem

To find Lie invariance operators, one needs to consider system (1.3) as the manifold
M={S$=0,5=0,5; =0},
where

S = diue — up +u(l —u — ayv),
Sy = dovex — v + ayv(1 — u — ayv) + uw + ajow,

S3 = dswy — we + azw(l — w) — aguw — asow,
in the prolonged space of the variables
ta X, U,U, W, U, Vg, Wy, Uy, Ux, Wy, Uxx, Uxxs Wxxs Uxts Uxts Wies Uges Ut Wit

According to the Lie invariance criterion, system (1.3) is invariant under the Lie group
generated by the infinitesimal operator:

X = éo(ta X, U, 0, W)al + él(ta X, U, 0, W)ax +
nl(ta X, U, Ua W)au + 1,]2(1.’ X, u> Ua W)av + 1’]3(t, X, u> U’ W)aW>

if the following Lie’s invariance conditions are satisfied:

XSy =0 X(8)] =0 X(§)] =0 (2.1)
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where the operator )2( is the second prolongation of the operator X (see, e.g., [5,6,10,19,
31,32)).
Obviously, system (1.3) admits the Lie algebra with the basic operators

PZ = ala PX = am (2'2)

because one is invariant with respect to the time and space translations. It can be easily
shown that (2.2) is the principal (trivial) algebra of system (1.3), i.e., this is maximal
invariance algebra of this system with arbitrary coefficients a; and dy. To find all possible
extensions of principal algebra in the case of the system (1.3), one needs to apply the
invariance criterion (2.1) and to solve the corresponding system of determining equations
(DEs). Omitting rather standard calculations (nowadays they can be done using Maple,
Mathematica, etc.), we present the DE system obtained:

A=8=0==¢l=¢l=¢l =0, (2.3)
nll:u = ’750 = nzljv = nfcvw = nl;w = nzlfw = 07 k= 1>27 3’ (24)
17)160 = ;/I)]('W = 17,\2'14 = ’7,‘20/» = 1/])?;14 = 17,‘3(1/‘ = O’ (2'5)
(di — da)n) = (di — d3)nl = (di — da)n? =
(dy — da)n2 = (dy — d3)n = (dy — d3)y} = O, (2.6)
261 — €0 =0, 2dint, + €L =0, 2don?, + &L =0, 2d3pd, + EL =0, (2.7)
d d
n'Cl+nPCl +p3c) + el — bt =l —dinl + df nc? + df nhcd o (28)
d d
1'Co AP Cl N CL+ 28 = n)CP = nf — do+ P Cl L (29)
1 3
d d
n'C 4+ 2 C P C 4 28l — nd)CP = — dan + d—j naC' + d—i n2C2  (2.10)

where
C'=u(l —u—aw),
C? = ayo(1 — u — ayv) + uw + ajow, (2.11)
C3 = azw(l — w) — aguw — asvw.

Now, we want to find all possible values of the coefficients a; and d; leading to
extensions of the principal algebra (2.2). It means that all inequivalent solutions of the
system of DEs (2.3)-(2.10) (under restrictions (2.11) on the functions C!,C? and C3)
should be constructed. As a result, the following statement was proved.

Theorem 2.1 The HGF system (1.3) with asdidrds # 0 admits a non-trivial Lie algebra
of symmetries if and only if its reaction terms have the forms listed in the second column
of Table 1. The corresponding Lie symmetry operators generating the maximal algebra of
invariance are listed in the last column of Table 1.

Sketch of the proof. In order to prove the theorem, one needs to solve the system
of DEs (2.3)-(2.10) with the functions C* (k = 1,2,3) from (2.11). Although this is a
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Table 1. Lie symmetry operators of the HGF system (1.3)

Reaction terms Restrictions Lie symmetries
(1) u(l —u) a #0 01, Oy, I =00, + w0,
aw(l — u) + uw
—asuw
(2) u(l — u) as #0 Or, Ox,
uw X = P(t,%)3,
asw(l — w) — aguw Py = dyPy
(3) u(l — u) O, Ox, I, X
uw
—asuw
(4) u(l —u — av) dy = ds s, Ox,
v(1 —u— av) +uw + ajow a1 #0 01 = —a1udy, + ud,

azw(l — w) — asuw — ajasvw

(5) u(l — u) d] = dz at, ax,
o(1 — u) +uw az #0 udy, 0y = e'(u—1)0,
azw(l — w) — asuw

(6) u(l —u) di=d> 0s, Ox, u0y, I, Q2
v(1 —u) +uw
—asuw
(7) u(l —u) dr = ds O:, Oy, e™'wd,, I
asv(l — u) + uw
—asuw
(8) u(l —u) dr = ds Or, Oy,
uw w0, — agw0,, I, X
—asuw
) u(l — u — arv) di =dy = d; Or, Ox, O1,
o(1 —u — av) + uw + ajow ar #0 e (4=t y 4 (as — o+
ay
—d4UuUw — d1d4vw
1—a 1
w + T4> (&, - aav>
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Table 1. Continued

Reaction terms Restrictions Lie symmetries
(10) u(l — u) di =dy=ds 01, Ox, 1,
axv(l — u) + uw ar #0, ar # 1 u0y + (a2 — 1)(u — 1)0,
—uw
(11) u(l —u) di=dr=ds s, Ox,
o(1 — u) + uw ud,, we'd,, I, Q»
—uw
(12) u(l —u) di=dr=ds O, Ox, WO, — WOy,
uw u0y + (1 — u)dy,
—uw ue (0, —0y), I, X*°

standard routine at the present time, all possible special cases (not some of them) should
be identified and examined in order to obtain a full Lie symmetry classification.

It can be noted that the forms of the functions &0, ¢! and #* (k = 1,2,3) can be defined
independently on the functions C*. In fact, equations (2.3)~(2.5) can be easily integrated:

&= &%), &' =&t x),

n' =r (e, x)u+q' v+ h (0w + p'(,x),
n* = (%) + g (Ou+ (0w + P&, ),
n’ = (6x)w + ¢ (u+ B (0w + p(¢,x),

where &0, &1, ¥k, g%, B¥ and p* (k = 1,2,3) are to-be-determined functions.

Now, we analyse equation (2.6). It can be easily seen that five different cases should
be examined depending on diffusion coefficients, namely: (I) d; are arbitrary positive
constants, (II) d1 = dz, (III) d1 = d3, (IV) dz = d3 and (V) dl = dz = d3.

Let us examine case (I). Because the diffusivities di (k = 1,2, 3) are arbitrary constants,
equation (2.6) immediately produces ¢ = h* = 0, k = 1,2,3. Equations (2.8)~(2.10) can
be split with respect to the variables u,v,w and their products uv, uw,vw, u?, v, w?. As a

result, the system of DEs (2.3)—(2.10) reduces to the form

aip' =0, p'+ap> =0, —ap +p> =0, asp’ =0, asp’ =0, > =1,  (2.12)
20 — & = 0,71 428l =0,2dr! + &l =0,2d0r2 +E =0, 2d3r) + EL =0, (2.13)
ai(r* +28) =0, as(r* +2&) =0, as(r?* + 2 =0, (2.14)
dirl, —rf +28 = 2p' —a1p* =0, (2.15)
dary, — 1l +2a:8} — axp' — 2a1a:p” + a1p’ = 0, (2.16)
dyrd — 1} + 2a5EL — aup' — asp? — 2a3p* =0, (2.17)
dipy —pi +p' =0, dopy — p; +ap® =0, dspi —p; +azp’ = 0. (2.18)
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Because (2.12) is the set of algebraic equations, we find p' = p? = 0 and ajaxp*> = 0,
while the overdetermined system (2.13) leads to

0 1 1 1 1 2
étrzéxxzét =ry=r =r;=0.

Hence, equation (2.15) produces ¢! = 0. Having ¢! = 0, equations (2.14) give 2 =13 =0
provided a? + a3 + a2 # 0. In this case, one can find non-trivial Lie symmetry only under
the restriction p*> # 0; hence, a; = a; = as = 0. Thus, the general solution of (2.12)—(2.18)
has the form

60:C(), élzcla p1:p3:O’ 71:7’2:7'3:0, p2:P(t’x)a

hereafter, ¢, (k =0,1,...) is arbitrary constant, while the function P(t,x) is an arbitrary
solution of equation P; = d,P,,); therefore, Case 2 of Table 1 is obtained.

In the case a; = a3 = as = 0, we obtain Cases 1 and 3 of Table 1. Thus, case I) is
completely examined.

Now, we turn to case (IT). Having done a preliminary analysis, we find

g = =n=0 k=123, (2.19)
p'=p’=0, aip’ =0,
and derive the system of DEs
28, — &) =0, 2dny, + & =0, 2dn3, + & =0, 2dsn3,, + & =0, (2.20)
drl, —rl 4280 =0,dr2, — r? +2ay8) = 0,dsr — 1} 4 2a3¢8! —asp® =0, (2.21)
ai(rF 4+2E) =0, as(* +2E) =0, a;(P +2&) =0, a3(P +2E) =0, (222
(—1+a)q* =0, a; (=1 +2a) ¢* + a» (r' +2¢}) =0, (2.23)
asq® + as (r' +20) =0, aig® +r' +2&, =0, (2.24)
a1q2 +r =P+ 25; =0, (2.25)
g, — ¢ + (a2 — 1) ¢* — axp* =0, (2.26)
dp}, — p} +axp” =0, (2.27)

for finding all other functions.

It can be seen from (2.19) that new non-trivial Lie symmetries can exist only if g> # 0
(otherwise, one obtains the result of case (I)). Thus, the first equation of (2.23) immediately
produces a; = 1, while restriction as = ajay follows from the compatibility condition of
equations (2.24).

The further analysis of the system of DEs (2.20)—(2.27) depends on the value of
constant aj.

If a; # 0, then p*> = 0 and r*> = r3 = —2¢]. As a result, equations (2.20) and (2.21)
produce > =13 =0, r! = const, &% = ¢y, ¢' = ¢;. The last unknown function ¢> can be
found from (2.24). Hence,

0 1 1 2 3
E=cy, & =c1, n =—ajczu, n° =czu, n° =0,
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and Case 4 of Table 1 is obtained. In a quite similar way, one examines the sub-case
a; = 0 and arrives at Cases 5 and 6 of Table 1.

The examination of the system of DEs in case (III) does not lead to new system of the
form (1.3) with non-trivial Lie symmetries.

Analysis of case (IV) leads to systems and Lie symmetries listed in Cases 7 and 8 of
Table 1, while case (V) produces Cases 9-12 of Table 1. The relevant calculations are
omitted here.

The sketch of the proof is now completed. O

3 Reduction of the HGF system to ODE systems

In this section, we present examples of reductions of the HGF system (1.3) to ODE
systems using the Lie symmetries obtained. If one compares system (1.3) with the reaction
terms arising in Table 1 with its general form (1.3), then one realizes that Cases 4, 5 and 9
are the most interesting from the applicability point of view. Notably, Cases 4 and 9 only
involve the HGF system with a; # 0, and this means that there is an interaction between
initial farmers and converted farmers. Case 5 corresponds to the most general HGF
system among those with a; = 0. In fact, all the other cases of Table 1 lead to the systems
of the form (1.3) with too many zero coefficients; hence, it is unlikely that such systems
can describe adequately the spread and interaction between farmers and hunter-gatherers.
For this reason, we consider the systems from Cases 4, 5 and 9 of Table 1 and the relevant
linear combinations of the Lie symmetries involving non-trivial operators. The case of
the Lie symmetry operators leading to plane wave solutions, especially TFs, is examined
separately in Section 4.

3.1 Case 4 of Table 1

First of all, we note that one diffusivity, e.g., d;, can be set 1 in (1.3) without losing a
generality; hence, the system from Case 4 of Table 1 has the form

u = tyx +u(l —u—aw), ap #0,
v = Uxx +0(1 — u — ayv) + uw + ajow, (3.1)
Wy = dwyy + azw(l — w) — aquw — ajasow.

Let us consider two essentially different linear combinations of the Lie symmetry operators
of system (3.1)
X =0, + a0y — fayud, + fud, (3.2)
and
X =0y — fajud, + pud,. (3.3)

Hereafter, « and f§ £ 0 are arbitrary constants.
Solving the characteristic equation

ﬂ . dx du dv

1 o _—ﬁaluzﬁ
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corresponding to operator (3.2), one obtains the ansatz

u=etU(w), o =x—oa,
v="V() - ;e U(), (3.4)

w=W(w),

where U, V and W are new unknown functions. Substituting ansatz (3.4) into (3.1), we
arrive at the system of ODEs

U'+aU +U(Q+a1f—a1V)=0,
V4oV + V1 —a1V+aW)=0, (3.9)
AW" +aW' +azW (1 — W) — ajas VW = 0.

One sees that the reduced system (3.5) is non-linear and the problem of constructing its
exact solutions is still a difficult task. However, we were able to note the three special
cases:

(Yd=as=1, (i)d=1,a3=0, (iil)d=1, as=1+a,+as as £0,

when the functions V' and W can be found from the second and the third ODEs of system
(3.5), and then U can be extracted from the first ODE of (3.5). In fact, if one assumes
that the components ¥V and W have the same structure as the well-known solution of
the Fisher equation [1] (see formula (3.18) below), then the case (i) leads to the exact
solution

5
— ,—Bait _
u=e Uw), o =x t,

K 1 |
v=-—|1—tanh |—w — — e Puty(w),

401( [2\/5 ]) ai ()
w=-————|(1—-tanh |—=w ,

4(1 + araq) 26

the case (ii) gives the solution

V6
2
v = 1 <1 — tanh [\/a w]) _ 1 e Pty (w),
da; 2\/6 ai

1—(14 £/ a4 )2
w= l—tanh>~—w | —4],
4a (( 26
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and the case (iii) leads to the solution

SVT+a;

— ,—Bait _
u=e Uw), o =x— ——1,
(@) 7
2
1 V1 1
V= — <1 — tanh [ +a w]) — —ePry(w),
4a 2V/6 aj
— 2
w=1—1<1—tanh 1+a1w> .
4 2v6
Here, k = 112‘1‘(‘14, while the function U is an arbitrary solution of the linear ODE
K> 2
U'+oU +U |1 +af—x (l—tanh{w}) =0, 3.6
1B =K NG (3.6)
where
1 . .
—K in case (i), ) )
‘1‘ 1 in case (i),
Ki=19 7 in case (ii), K2 =4 /a4 in case (ii),
1 v1+4a; in case (iii).
- in case (iii),
4
Ansatz corresponding to operator (3.3) and the reduced system for system (3.1) have
the forms
u=U@e P, v=V(e)— U@, w=W() (3.7)
and

U+ U@V —1-p%a) =0,
VA VaV —a W —1) =0, (3.8)
W'+ W(aW + arasV — az) = 0.

We have solved system (3.8) assuming that the functions V' and W are linearly dependent.
In a such way, three different cases

() az=1, (i))a3=0, (iii)ag=1+a+a3 a3#0
hold. Thus, case (i) gives the exact solution

_ oyexp (t+ prat) Koy et k01 (1 — ag)et

U= )y = W= . (39
T—oi+oer ' “al-o+aer " Urai-o+aey O
the case (ii) leads to the solution
) t+ Brajt aat _ _
U sexp (14 f all)’ . 5{6 W (1 —ag)(6; — 1) CG.10)
(1 =01+ d1emt)w ai (1 — 01 + dre™’) ar (1 — 9y + dremt)
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while case (iii) gives the solution

drexp (t + p’a’t dpellat 1-9
- e Fan) e W= L
(1= 3) + dyell+anr) e ap (1= 31 + dyell+ar) 1 =6y + oreltta
(3.11)
of system (3.8). Here, d; and o, are arbitrary positive constants, while k = 1}:;1“;4

Let us consider the most interesting solution (3.9) from the applicability point of view
in detail. In fact, the first component U in solutions (3.10) and (3.11) tends to infinity
as t — +oo, while U is bounded in (3.9) for correctly specified x. Substituting (3.9) into
ansatz (3.7), the three-parameter family of exact solutions

_ dyexp (14 p2ap)t — Parx)
N (1 —01+d1e)" ’
b Ko _ 0xexp ((1+ p2ai)t — Ba;x)
ay (1 — 01+ 01€") ap (1 — 61+ d1e")* ’
ko1(1 — ag)e
(14 ay) (1 — 61+ 01€)

(3.12)

of system (3.1) with a3 = 1 is obtained.
It can be noted that the components of exact solutions of the form (3.12) are non-
negative on the space interval x € (0,400) provided the restrictions

17(14
=/ — 1, o 1, 6 3.13
B ’,a1(1+a1a4)’ ag <1, 01>1, 6, <k (3.13)

hold. In this case, the solutions possess the asymptotical behaviour

K 1—ay

e 02 !
u— 60 e P v = 2 §remhax

P Er— 3.14
ap ap 14+ ajas ( )

as t — oo.

Such behaviour predicts the scenario when the populations of initial farmers, converted
farmers and hunter-gatherers co-exist in space-time; moreover, the distribution of two
populations is inhomogeneous as t — oo. Notably, this scenario occurs at any semi-finite
interval (instead of the fixed interval (0,400)) because system (3.1) is invariant with
respect to the space translations.

3.2 Case 5 of Table 1

The system and the most general linear combinations of the Lie symmetries from Case 5
of Table 1 have the forms

Uy = Uxx + ”(1 - u)a
U = Uxy + 0(1 — u) + uw, (3.15)

Wy = dwy + azw(l — w) — aguw
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and

X = 0; + ady + pud, + ye'(u — 1)0,, (3.16)
X =0y + Pud, + ye'(u— 1)d,. (3.17)

As one can see, the first equation of system (3.15) is the famous Fisher equation [18] that
is not integrable. There were many attempts to construct its exact solutions taking into
account some reasonable initial and boundary conditions. In particular, the appropriate
exact solution in the form of the TF

2
uEU(w)zi(l—tanh[z\I@w]) , co:x—%t (3.18)

was found in [1]. We remind the reader that a plane wave solution of a partial differ-
ential equation (PDE), which is non-negative, bounded and satisfies the zero Neumann
conditions at infinity, is usually called TF.

Ansatz corresponding to (3.16) and the reduced system for system (3.15) have the forms

and
U" +oU + U1 - U) =0,
V" 4V + V(1 —U)+U(W —p) =0, (3.19)
AW" +aW' +azW(l — W) —a,UW = 0.

It can be noted that the last equation of system (3.19) with the function U from (3.18)
has the solutions

2
W= % (1 — tanh {2\1@ wD , (3.20)
ifd=a3; =1 and
1 1 2

ifd=1, ay =1+ a;.
Thus, we obtain the solutions of the HGF system (3.15) in the forms

u=1 (l—tanh {ﬁtz, w=x—%t,
v=V()+ 4 (pr+re) (1-tanh |5 wDZ e, (3.22)

2V6
w= lff““ (1 — tanh {%ﬁwbz,

(=)
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ifd=a3; =1 and

u=i<1—tanh [T%w})z, wzx—%t,
v="V(w)+§ (Bt +ye) (1 — tanh {2%/6 tz — e, (3.23)
w=1—%(1—tanh [ﬁw})z

ifd=1, ag =1+ a3. In (3.22) and (3.23), the function V is an arbitrary solution of the
linear ODE

V' +aV' + V(1 -U)+UW -B)=0 (3.24)
with W from (3.20) and (3.21), respectively, while U is given by formula (3.18).

Remark 1 Although ODEs (3.6) and (3.24) are linear, we were unable to solve them
exactly because they contain very complicated non-constant coefficients. Moreover, their
solutions are not listed in the well-known handbooks like [22,33].

Ansatz corresponding to operator (3.17) have the form
u=U(t), v=V(t)+ (Bt+ye') xU1) —ye'x, w=W(). (3.25)

Note that the exact solutions of the form (3.25) are not important from the applicability
point of view because two components (¢ and w) depend only on the variable ¢.

3.3 Case 9 of Table 1

Finally, we examine the HGF system

Uy = Uyy +u(l —u—ayv), a; #0,
v = Uy +0(1 —u — av) + uw + ajow, (3.26)
Wi = Wy — A4UW — a1a40W,

corresponding to Case 9 of Table 1. The most general linear combinations of its Lie

symmetries
X =0; + a0y + p(—ayud, + ud,)+
ye (% u+(ag—o+w+ %) (6u — %60) (3.27)
and
X =0, + B(—a1ud, + ud,)+
(3.28)

ve (Sl ut (o — Do+ w+ 52 (3, - Lo,

lead to the ansitze and the reduced systems for system (3.26) presented in Table 2.

4 Travelling wave solutions and their interpretation

In this section, we look for TFs (a special sub-class of the plane wave solutions) of
the HGF system (1.3). TFs are the most common in theoretical and applied studies of
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Table 2. Reductions of the HGF system (3.26)

Operator Ansatz Reduced system

(3.27) with u=ePuyw)+ ﬁ ((as — DYWW(w)+ U'+aU +U(1+aifp—arV)=0,

L+par #0  W(w)+ (1 —a)/a)), o =x—at, V' +aV' + V(1 —aiV +aiW) =0,
v="V(w)— %, W' +aW' —ajasVW =0
w= W(w) 1

(3.27) with u=-e (Uw)+7y(as — 1)V (w)+ U'+oU —aUV—

14 Ba; =0 W(w)+(1—ad/ai)t), o =x—at, 7 ((as— DV + W+ (1 —as)/ar) =0,
v="V(w) -, V'i+aV' + VA —a V+aW)=0,
w= W(w) W +oaW' —aiaa VW =0,

. wit u=e " t—|—’r as — t)+ + alV—-—1—a =0,

(3.28) with by (1) e (( DV () U +U(aV—-1-ap*) =0

B#0 W(t) + (1 — as)/ay), V' +V(aV—aW—1)=0,
v="V(t)— %, W'+ ajasVW =0,

w = W(t)
. wit u= t) +ve((as — t)+ + arV—1)=0,

(3.28) with U(t) + ye'(( 19140 U'+U(@V-1)=0

B=0 W(t)+ (1 — as)/ar)x, V' +V(aV—-—aW —1)=0,
U=V([)7%, W' +aiasVW =0,

w = W(t)

non-linear real world models (see, e.g., [7,27,28]). In the case of a single RD equation, a
substantial number of such solutions are presented in [20]. Although paper [3] devoted
to study TFs of system (1.1), such solutions are not explicitly presented therein. Here, we
construct several TFs of the HGF system (1.3) and present their interpretation.

As we noted above, one diffusivity can be set 1 in (1.3) without losing a generality;
hence, we consider system

U = Uty + u(l —u — ajv),
v = davye + apv(l — u — ayv) + uw + ajow, 4.1)
Wy = dswyy + asw(l — w) — aquw — asow

in what follows. Because system (4.1) with arbitrary coefficients admits only the trivial
algebra (2.2), the plane wave ansatz

u=U(w), o=x—uat, v=V(w), w=W(w)
can be easily derived, which reduces (4.1) to the non-linear ODE system
U'+aU +U1—-U—-a1V)=0,

sz// +O(V/ +a2V(1 — U — a1V)+ UW +a1VW == 0, (42)
;W +aW' +asW(1 = W)~ aUW —asV W =0.
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Obviously, the ODE system (4.2) with arbitrary coefficients is not integrable, hence, we
seek for its particular solutions. Our aim is to find TFs, i.e., such plane wave solutions,
which are positive and bounded for arbitrary x and ¢t > 0. Moreover, in order to provide
a biological interpretation of determined solutions, we assume that the solutions to-
be-determined connect the steady-state points of system (4.1). Taking into account the
arguments presented above, we consider the ad hoc ansatz

U =0 (1l —tanhpow)",
V =0,(1 — tanh pw)?, (4.3)
W =1-03(1 —tanhpw)".

Notably, ansdtze of such form are often used and the corresponding technique is often
called the tanh method (see, e.g., [26,39]).

We assume that the exact solution of the form (4.3) connects steady-state points of (4.2),
namely (Uy, Vp,0) (as @ — —oco) and (0,0, 1) (as w — +o0). Having such assumption, one
immediately obtains the restrictions

1-2%g, —a;2%6, =0, 1 — 2865 = 0.

Substituting ansatz (4.3) into (4.2) and making the corresponding calculations, the exact

solution
2
U= 1(1-2a;6) (1 — tanh [V 1275"6 wD ,
V =0 — d tanh [V 12?/265“5 w} s (4.4)
W = % + % tanh [7V 12_\/25‘“" w}

of system (4.2) was constructed. Here, a; < % (otherwise, the solution is complex), 6 > 0
(otherwise, V' is negative) and the additional restrictions

o 5-daid g0 =3=5046ad+4a;0’ o 3-100+6a16+8a;0
6—12a10° 2 5(—3+2a10) > 42 60(—312a13) * 5)
J— d73 —_ 57d3+6a374a16+2a1d35 ’
4 =73, a5 = 126
must take place. Because d; > 0, a, = 0 and a5 > 0, the further restrictions
1 5—45

as < ¢ (=5+46ay +ds — 26a1ds), d3 = 1_2531,
1 .

4 < ifo>1, (4.6)

S 534100 :f 3 s

o i 0 SO0 <1

are obtain from (4.5).
As one can see, the exact solution (4.4) is nothing else but the exact solution connecting
the steady-state points (1 — 2a;9,20,0) and (0,0, 1) of system (4.2), because

(U,V,W)— (1 -2a,6,26,0) if o — —o0,
(U, v,w)—(0,0,1) if ® — 4oc.

An example of the exact solution (4.4) is presented in Figure 1.
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FIGURE 1. Curves representing the functions U(w) (dash-dot), V(w) (dot) and W(w) (solid) from
(4.4) for parameters a; = 1/10 and 6 = 7/20.

Thus, the one-parameter family of TFs

w= 401~ 20:0) (1~ tanh [S 20 (x o)),

26
» =8 — & tanh [V 203y oct)} , 4.7)
w =1+ Jtanh [V lz_jél‘é(x — oct)}

of the HGF system (4.1) with restrictions (4.5) and (4.6) is derived. This solution has a
clear biological interpretation and describes such interaction between farmers and hunter-
gatherers that hunter-gatherers die, while the initial and converted farmers co-exist (see
Figure 2). Actually, one may say that extinction of hunter-gatherers takes place because
all of them are converted into farmers.

Now, we turn to system (4.1) with a; = 0:

Uy = Uy + M(l - u)>
v; = davyy + apv(1 — u) + uw, (4.8)

Wy = dswyy + azw(l — w) — aquw — asow.

It follows from Theorem 2.1 that system (4.8) with a, # 0 and a3 4+ as > 0 admits only
the trivial algebra (2.2).

https://doi.org/10.1017/50956792518000104 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792518000104

354 R.M. Cherniha and V. V. Davydovych

FIGURE 2. Surfaces representing the components u (green), v (blue) and w (yellow) of TF (4.7)
with o = 81/5v/62 and & = 7/20 of the HGF system (4.1) with the parameters a; = 1/10, a; =

64/2051, as = d3/3, as = (162 4+ 200a3 — 31d3)/140, d» = 8982/2051.

In order to construct exact solution of system (4.8), an analog of ad hoc ansatz (4.3)

has been again used. So, the coefficients of (4.8) were specified as follows:

5—d 5
=< 3,a4=7 as = 0.

, =1, a3 3

1
dz:é

As a result, TF

u(t,x) = U(w) = § (1 — tanh [2—\1/660})2, w=Xx— %t,
v(t,x) = V(w) = % <1 — tanh {2%/6 wD3,

w(t,x) = W(w) = 2?3:2) (1 — tanh? {2%/6 coD

of the system

U = Uxx + M(l - M),

vt=§vxx+v(17u)+uw,

wzzdwxx+5;6dw(17w)ffuw

3

was constructed (here, d3; =d < 5/3).
TF (4.9) connects the steady-state points (1 803d—3) 0) and (0,0,0) because

> 3(d-5)°
83d—5) \ .
(U, V, W) — <1, 3(41—5)’0) if o — —00,

(U, V, W) — (0,0,0) if » — +o0.
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Thus, the biological interpretation of solution (4.9) is similar to that for solution (4.7).
Notably, TF (4.9) in contrast to that (4.7) has the fixed wave velocity o = %, which is
exactly the same as for TF (3.18) of the Fisher equation.

Remark 2 Because the HGF system (1.3) is invariant with respect to the discrete trans-
formation x — —x, all the solutions obtained above can be transformed to another
solutions using this transformation.

5 Conclusions

In this paper, the three-component non-linear system of PDEs (1.1) introduced in [3]
for describing the spread of an initially localized population of farmers into a region
occupied by hunter-gatherers was studied by the classical Lie method. First of all, the
system was transformed to the non-dimensional form (1.2) in order to reduce the number
of parameters. All possible Lie symmetries of system (1.2) were identified (Theorem 2.1),
inequivalent symmetry reductions to the ODE systems in the most interesting case (from
applicability point of view) were conducted (Section 3), several families of exact solutions
(including the travelling fronts) were found and a possible biological interpretation for
some of them was provided (Section 4).

It is worth noting that system (1.1) was studied under the restriction e; # 0, otherwise,
one reduces to the three-component diffusive Lotka—Volterra system. Lie symmetries of
the three-component diffusive Lotka—Volterra system are completely described in [9],
while its exact solutions are constructed in [8,9,21].

To the best of our knowledge, this paper is the first study of the HGF model by
symmetry-based methods. In [3], the authors studied the existence and behaviour of TFs
of the model; however, any exact solutions are not presented therein. In particular, it is
stated that there are TFs connecting the stable and unstable steady-state points of the
model (see [3, P.10]). Interestingly that TF (4.7) corresponds exactly to such case provided
restrictions (4.5) and (4.6) hold. Moreover, we constructed the exact solution (3.12), which
predicts co-existence of all the populations at any semi-final space interval (see formulae
(3.14)) provided the coefficients of the HGF system (1.3) satisfy the restrictions (3.13).
Such type of behaviour was not identified in [3].

The results obtained in this paper can be useful for investigation of some other
three-component non-linear system of PDEs with similar structure arising in applications
(in particular for the models describing language competition [23,35]). Such systems
can possess travelling wave solutions with similar structure to those obtained above
in Section 4. On the other hand, it is unlikely that modified systems will possess Lie
symmetries presented in Table 1 because even a modest modification of a given system
may drastically change its Lie symmetry.

A natural continuation of this research is searching for non-Lie (non-classical, condi-
tional, etc.) symmetries of the non-linear system (1.1) and their application for constructing
exact solutions. We have achieved some progress in this direction and an interesting par-
ticular result is presented in Section 3.4 [10]. We plan to report more new results in a
forthcoming paper.
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