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Abstract  For a von Neumann subalgebra A C B(H) and any two elements a,b € A with a normal,
such that the corresponding derivations d, and d; satisfy the condition ||dp(z)|| < ||da(z)]] for all z € A,
there exist completely bounded (a)’-bimodule map ¢ : B(H) — B(H) such that dp|A = pda|A = dagp|A.
(In particular dp(A) C dq(A).) Moreover, if A is a factor, then ¢ can be taken to be normal and these
equalities hold on B(H) instead of just on A. This result is not true for general (even primitive) C*-
algebras A.
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1. Introduction

Derivations have continuously attracted attention (see for example, [2, Chapter 4]). Even
determining the norm of an inner derivation on a C*-algebra A turned out to be a much
deeper and more interesting problem (connected with the structure of A) than it might
have seemed at first sight (see [3] and the references therein).

For a C*-algebra A C B(H) and elements a,b € A we consider the corresponding inner
derivations d, and d, on B(H), where d,(x) := ax — za. In particular, we study the
implications of the condition

lds(2)|| < &llda(2)]| (Vo € A), (1.1)

where k is a constant, in the case when a is normal. (Note that x can be assumed to be
1 if we replace a by ka.) The first systematic study of the case when A = B(H) was by
Johnson and Williams in [12], who showed that, if a is normal, (1.1) is equivalent to the
range inclusion

dy(B(H)) C da(B(H)). (1.2)

If @ is not normal, (1.2) does not always imply (1.1), for by [11] it does not even imply that
b is in the bicommutant of a. Conversely, if A = B(H), it turned out that (1.1) implies (1.2)
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2 B. Magajna

under milder requirements on @ than normality [16]. The work of Johnson and Williams
was continued by several researchers (see example [5], [6], [8], [13]). In [13] Kissin and
Shulman proved that if A is a C*-subalgebra of B(H) such that d,(A) C A, dy(4) C A
and a is normal, then the range inclusion dy,(A) C d,(A) implies the inequality (1.1) with
a suitable constant x. Here we consider the reverse question, whether (1.1) implies the
inclusion dy,(A) C d,(A)? We have found, somewhat surprisingly, that contrary to the case
of B(H), in a general C*-algebra A (even a homogeneous one) (1.1) does not necessarily
imply the range inclusion d;(A) C d,(A), but it does imply if A is a von Neumann algebra.
The latter fact is a part of the main result of §2 (Theorem 2.1). Condition (1.1) obviously
implies the existence of a unique bounded linear operator ¢ : d,(A) — dp(A) such that
@dq = dp. This map ¢ must be a bimodule homomorphism over the commutant (a)’ N A of
a in A since both d, and dj, are such homomorphisms. When A = B(H) and a is normal,
(a) is locally cyclic. Therefore, ¢ is automatically completely bounded by a result of
Smith [21] and consequently can be extended to B(H) by [18, Theorem 8.2]. In Theorem
2.1 we will show that a similar conclusion holds in a general (not necessarily injective)
von Neumann algebra. Then in §3, we formulate an analogous, but weaker, result for
prime C*-algebras.
S denotes the weak* closure of a subset S in B(H) and [a, ] := az — za.

2. The von Neumann algebra case

Theorem 2.1. Let A C B(H) be a von Neumann algebra and let a,b € A be such that
a is normal and the corresponding derivations d, and dy, satisfy the condition

|dp(z)]] < ||do(x)|| for all z € A. (2.1)

Then there exists a completely bounded (a)’-bimodule map ¢ : B(H) — B(H) such that
w(A) C A and dp|A = pdu|A = dap|A. (Hence in particular dy(A) C d,(A).) Moreover,
if A is a factor, then a weak™ continuous ¢ can be found such that d, = @d, = d,p on

B(H).
For a proof we need some preparation. The following lemma is proved in [16, 4.7].

Lemma 2.2. Let A C B(H) be a C*-algebra, J a closed ideal in A, and let a,b € A
satisfy ||[b, z]|| < ||[a, z]|| for all x € A. Then the same inequality holds for all x € A and
also for all cosets & € A/J.

A function f: K — C defined on a subset K C C is called a Schur function if there
exists a constant k such that for every sequence ()\;) C K the (infinite) matrix with the
entries

fd) = F ()

, where p; i is interpreted as 0 if \; = A,
A — g ’

Hik =

is a Schur multiplier on B(¢?) with the multiplier norm at most x. The smallest such &
is called the Schur constant of f.
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Now we can state a consequence of the main result of Johnson and Williams [12] and
Lemma 2.2.

Theorem 2.3. If A is a prime C*-algebra and a,b € A are such that ||[b, z]|| < ||[a, ]|l
for all z € A and a is normal, then b = f(a) for a Schur function f on the spectrum o(a)
of a. Moreover, the Schur constant of f is < 2.

Proof. By [7, Proposition 3.1] there exists a separable prime C*-subalgebra B of A
containing a and b (an elementary proof of this is in [15, Lemma 3.2]). Then B is primitive
by [19, p. 102], hence we may assume that B is an irreducible C*-subalgebra of B(H)
for a Hilbert space H. By Lemma 2.2 ||[b, z]|| < ||/[a, z]|| for all + € B = B(H), and hence
by [12, Theorem 3.6] there exists a Schur function f (with £ <2) on o(a) such that

b= f(a). O

Proof of Theorem 2.1. Let A be the maximal ideal space of the center Z of A. For
each t € A we denote by A(t) the quotient A/(tA) and by z(t) the coset in A(t) of an
element € A. By [9, Lemma 10] the function ¢ — ||z(¢)|| is continuous. Also by [9] each
A(t) is a prime C*-algebra (in fact, by [10] each A(t) is primitive, but the proof of that
is much harder). By Lemma 2.2 the condition (2.1) is also satisfied in A(t), and hence by
Theorem 2.3 there exists a Schur function f; on o(a(t)) with Schur constant less than or
equal to 2 such that b(t) = fi(a(t)).

Given € >0 and t € A, there is an element of the form a;. =) \ie; € A, where
Ai € o(a(t)) and the e; are mutually orthogonal spectral projections of a in A with the
sum » . e; = 1, such that ||a(s) — as-(s)|| < e for all s in a clopen neighborhood U of t.
To show this, first choose u; € o(a) and (mutually orthogonal) projections e; € A with the
sum 1 such that |[a — >, puse;]| < €/2. Then |la(t)e;(t) — piei(t)|| < e/2 for each i, which
implies that the distance of y; to the spectrum of a(t)e;(t) in the algebra e;(t)A(t)e;(t)
is less than /2 whenever e;(t) # 0. Since this spectrum is contained in o(a(t)), we
can choose for each such i an element A; € o(a(t)) such that |A; — u;| < &/2. Then
1SN — pi)ei(t)]] = max; |\, — | < £/2, hence also |la(t) — > Ne;(t)]| < e. By conti-
nuity this inequality persists in a neighborhood U, of t. Moreover, since b(t) = fi(a(t))
and f; is continuous (in fact differentiable at each non-isolated point of o(a) by [12]), we
can achieve (by choosing a possibly smaller neighborhood Uy) that ||b(s) — b .(s)|| < ¢ for
all s € Uy, where by . :=>" fi(\i)e;. Covering A with finitely many such neighborhoods
U; and considering the corresponding partition of A, we see that there exist finitely many
(say n) central projections p; € A with the sum 1 and with the following property: for
each j there exist finitely many scalars A; ; € o(a(t;)), mutually orthogonal spectral pro-
jections e; ; of a with ), e; ; = p; and a Schur function f; := f;, (with the corresponding
Schur constant at most 2) such that

H (a - Z )\z‘,jez‘,j) p; (b - Z fj(Ai,j)ei,j> Pj

Let Gje = Zz Ai,j6i7j7 bj@ = Zi fj(Ai,j)ei,j and define Pje - B(H) — B(H) by

< e and <e. (2.2)

Jihig) = fi(Aky
piel) =) i /\j) — /\Jk(l J)Pjei,jxek,jpja (ek,ipj = €rj);
ik 0. J
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where the quotient is interpreted as 0 if A; j = A ;. Observe that
daj,sgoj,s = db‘j‘z = @j,sdajﬁg- (23)

To prove that set {p;.: € € (0,1]} is bounded, fix j and denote A; ; simply by A;, €, ;
by e; and f; by f. Set
) = f(An)

ANi— X
Since f is a Schur function with the constant at most 2, by [18, Corollary 8.8] there exist
vectors (i = (Cmx) and 7, = (Ty) in €2 such that p;x = (G, i) and ||Cell, |7l < 2.

Now, for all z € B(H) with ||z|| = 1 and all vectors £, € H we can estimate (using the
Cauchy—Schwarz inequality several times)

Wik =

{@ie(@m ) =D minlwern, ei&)| = | (G, 7i) (wern, i)

ik ik
= DD CnkTmaiwern, eif)| = Z<$2Cm,k€kn727m,iei§>'
ik m m k i

N

EY

Z Cm,krekn
k

> Tmieil
1/2 1/2
2||€k77||2) (Z Tm,i|2||€i§||2>

1/2 1

< (ZZICm,k2|Iek77II2> <ZZITm,iI2II6i€II2>
m k m 7

1/2 1

<Z||Ck||2|€k77||2> (ZH%IIQI&{II?)
k i

/2

1/2 1
<4 <Zewll2) <Z ||m£||2> = 4n]l[I€][-
k i

This implies that igpj,a is a contraction and a similar computation (replacing x € H with
x € H™, n € N) shows that it is a complete contraction. Since the sum ¢, := 2?21 Pje
is orthogonal (because the p; are mutually orthogonal), it follows that the map %(pg is
completely contractive and clearly it is an (a)’-bimodule map. Now let ¢ be a weak*
limit point of the net (¢.)s—0. Using (2.2) and (2.3) it is not hard to verify that ||(p.d, —
dp)|All = 0 as € — 0, hence @d,|A = dp|A = dyp|A. Also, p(A) C A follows from the
definition of ¢.

Although the maps d,, d; and ¢ are defined on all of B(H), the identity d, = d,p can
be verified only on A since the projections p; do not commute with all B(). However, if
A is a factor, then there is only one non-zero pj;, which is equal to the identity, and in this

/2

/2
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case dqp = dy, = @d, on B(H). Moreover, if ¢ = ¢, + ¢5 is the decomposition of ¢ into
the normal and singular parts, then writing the identity dy = dy,p as dp — dgn = daps,
the left-hand side of this identity is normal while the right is singular, so both must be
0. Since ¢y is normal and an (a)’-bimodule map, it has the form ¢, (z) =3, ;a;xb;
for some index set J and elements a;,b; € (a)” C A such that the sums >, jajaj and
> jey bybj are weak™ convergent [21], and hence ¢(A) C A. Thus ¢ can be replaced by
©n. ]

Remark 2.4. In Theorem 2.1, if A is not necessarily a factor, we may decompose
1 := ¢|A into the normal part ¥, and the singular part ¥s and we still have ¢, (A) C A,
but 1, is not necessarily an (a)’-bimodule map (only an A°-bimodule map, where A¢ :=
(a)’ N A (since this hold for ).

A derivation d on a C*-algebra A is called normal if d*d = dd*, where d*(x) := d(z*)*.
If d is an inner derivation (that is, if d(z) = [a,z] for a fixed a € A), then by a short
direct calculation one can show that the condition d*d = dd* means that a*a — aa™ is in
the center Z of A. In the case Z = C it has been observed already in [13, p. 194] that
this implies that a is normal. The same conclusion holds in a general C*-algebra, for
a*a — aa® commutes in particular with a, hence by the Kleinecke-Shirokov theorem [4,
p. 91], a*a — aa™ is quasi-nilpotent, and hence 0 (since it is skew-adjoint).

If dy and dy are derivations on a C*-algebra A C B(H) such that d2(A) C dy(A), then
by [13, Theorem 6.5] there exists a constant x such that ||da(x)|| < ||d1(2)| for all 2 € A.
The two derivations extend weak* continuously to derivations on A (see [20, Theorem
2.2.2]), which are necessarily inner [20, Theorem 2.5.1] and thus of the form d,, d; for
elements a,b € A. Since d; is normal so is its extension d,, and hence by the previous
paragraph a must be normal. Thus from Theorem 2.1 and Lemma 2.2 we deduce the
following consequence.

Corollary 2.5. Let dy and ds be derivations on a C*-algebra A C B(H) and assume
that dy is normal. If do(A) C di(A), then there exists a completely bounded (a)'-bimodule
map ¢ on B(H) such that ¢(A) C A and dp|A = dy|A = ¢d,|A, where d, and d, are
the weak* continuous extensions to A of d; and ds.

Now we show by a simple example that Theorem 2.1 does not hold for general (even
homogeneous) C*-algebras.

Example 2.6. Let A = C([—1,1],M3(C)) be the C*-algebra of all continuous functions
from the interval [—1, 1] into 2 x 2 complex matrices. Let a,b € A be defined by a(t) = |t|u
and b(t) = tu (t € [-1,1]), where u € A is the unitary

u(t):[(l) 01]

For each x € A we have

ldo(@)l| = sup |t[[luz(t) = z(t)u] = [laz — zal| = |[da(z)]].

TRV
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But nevertheless, d,(A) is not contained in d,(A). To show this, let

P=3511 1

111
-1 0

], and hence db(p):t{ 0 1]

Each z € A is of the form
_1fa B
x?[v 5]’

where a, 3, and § are complex-valued continuous functions on [—1, 1], and

da(z) = [t [ _3 g }

If dy(p) = da(x), then (considering elements in position (1,2)) |¢|8 =t for all t € [—1,1],
which is impossible for a continuous function .

3. The case of prime C*-algebras

We will show by an example below that Theorem 2.1 cannot be generalized to primitive
C*-algebras, but the following weaker result still holds.

Proposition 3.1. Let A C B(H) be a prime C*-algebra and let a,b € A with a normal.
Then there exists a constant k such that

ldp(2)]| < K||do(z)|| for all z € A (3.1)

if and only if there exists a bounded net (y;) of completely bounded (a)’-bimodule

maps ¢; : B(H) — B(H) such that ||¢;(da(x)) — dy(x)|| = 0 for each z € B(H) and
©;(A) C A. In fact, if A is primitive, a sequence (y;) with the required properties can be

e—0

found such that ||¢jd, — dp||et, — 0.

Proof. If a net (¢;) with the required properties exists, then clearly (3.1) is satisfied.
Conversely, suppose that (3.1) holds. It suffices to find a net (y;) with the required prop-
erties (and ||¢;|len < 9) for each separable prime C*-subalgebra of A containing a and b,
since each separable subalgebra of A is contained in a prime separable C*-subalgebra
by [7]. Thus we may assume that A is primitive. By Lemma 2.2, b = f(a) for a Schur
function f and we may assume that the Schur constant of f is 1.

Now, to construct the appropriate maps ¢; : B(H) — B(H), we first cover the plane C
with a grid of small closed rectangles with sides parallel to the coordinate axes, so that the
intersection of any two rectangles is either empty or a common edge. Then each rectangle
intersects at most eight other rectangles. By taking slightly larger open rectangles, we
can cover o(a) by finitely many such open rectangles {U;}!_,, each still intersecting only
eight other rectangles. Further, given € > 0, we may assume that the rectangles are so
small that |A — p| < e and |f(\) — f(u)] < € whenever A and p are both contained in a
union of two intersecting rectangles U;. Let {g;}_; be a partition of unity subordinate
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to the covering {U;}" ;. Choose, for each i, a point \; € U;; then a and b= f(a) are
approximated (in norm) by elements

a. = Z Aigi(a) and b. = Z f(Ai)gi(a)

Set
) = F)
Hi k )\z — /\k
(regarded as 0 if A; = A\x) and define
Pe * B(H) - B( ) Z Hi, kgz xgk: )
i,k=1

To show that the net (p.) is bounded, as in the proof of Theorem 2.1 we use the fact
that there exist vectors x = (Cmok), Tk = (Timk) € €2 with |G|, ||| < 1 such that ;s =
(€, i) (since f has the Schur constant 1). Then for all z in the unit ball of B(H) and
&, n € 'H we compute:

()0, &) = | miklage(a)n, gi(a)€)| =

ik

a)na Z Tm,igi (a)§>

ZTm 'ng ‘ N

For each k let L(k) = {i: grg; # 0}; thus, by the definition of the functions gj the set
L(k) contains at most nine elements. We can now estimate

Z Cm,kgk(a')n
k

2

:Z Z sz,kZm,i@i(a)gk(a)n,77>

k i€L(k)
Z Z Hkagk 77||H<ngz( )WH
k i€L(k)
Z Z H(:mkgk 77H2+||szgz( )77”2)
k ieL(k)
772”<mkgk 77”2 Z Z ”szgz 77”

k i€L(k

Since each i is contained in at most nine sets L(k), the last double sum is dominated by
934 1¢m.kgx(a)n]|?, and hence it follows that

a)n 9ZHCm rgk(a)n]?.
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A similar inequality also holds for || >, 7%.:9:(a)¢||?, and we can therefore continue the
above estimate of |{p(x)n,£)| as

1/2 1/2
{pe()n, €)1 <9 (Z |<m,k|29k(a)77||2> (Z |7m,i* | 9i(a §2>
m k

1/2 1/2

Z |G el g (a)n]® > Il llgi(@él?

m,i

<legk 77||2>1/2 (Zlgz £||2>1/2-

Since the functions grg; are non-negative,

> lgla)nl® < (gi(a)n, gila
k

k,i

2

= |lnll?,

and hence (with a similar estimate for . ||g;(a)¢||*) we finally deduce that

(e (@)n, &)1 < 9lnlllIE]l

This implies that ||p|| < 9 and the same arguments also apply to ||¢e||cb-

We will show that ||¢.d,. —dp.|| — 0 as € — 0. Using the definition of a. and that
> 9i(a) =1, we have do_(x) = >, (A — Ak)gi(a)zgr(a) for each € A and a similar
formula also holds for dp_(z). Using that > m 9m(a) =1 and that g;(a)gm(a) =0 if m ¢
L(i), we now compute

) = Z %f\i)\k)gi(a) Z A — N)gm(a)xgi(a) | gr(a)
ik v

meL(i),leL(k)

and
dy. (z) = _(f(N) = F(M))gi(a)zgk(a)
i,k
Z >\ — /\ )gi(a) Z (Ai = Me)gm(a)zgi(a) | gr(a),
ik k meL(i)leL(k)
and hence

(Peda. — db.)(z)

= pirgi(a)t ((Am = Xi) = (A = Me))gm (a)zgi(a) | gr(a)-
ik

meL(i),leL(k)
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Since | Ay, — Ai| < eand |\ — A\g| < eif m € L(i) and [ € L(k), we conclude (by essentially
the same computation as above) that

[eda, —dy. || <2-9-9ele|[lx]] < 1458e.
The required sequence of maps is therefore ¢ /; (7 =1,2,...). (I

In the context of Proposition 3.1, in general dy(A) € do(A) (hence there does not exist
p: A — A satisfying d;, = d,p), as shown by the following example.

Example 3.2. Let A = C*(s) be the C*-algebra generated by the unilateral shift s
on ‘H =2 and let a be the diagonal operator with the entries a,, = m on the
diagonal. A is irreducible [17, Theorem 3.5.5] and contains all compact operators, and in
particular a € A. It follows from [14, Theorem 3.8 and Corollary 3.6(ii)] that the function
f(t) = t%sin(1/t) (with f(0) := 0) is a Schur function on any compact interval in R, and
thus the operator b := f(a) satisfies (3.1). Clearly, b is a diagonal operator with the entries

(=n"
Bn = flan) = (2n + 1)272/4

along the diagonal. For every matrix @ = [z, ;] € B(¢?), the matrix of d,(z) is [(c; —
aj)z; 4], and similarly dy(z) = [(8; — Bj)zs,;]. We claim that dy(s) ¢ dq(A). Suppose
the contrary: that dy(s) = dq(x) for some x € A; that is, that [(; — aj)z; ;] = [(Bi —
B;)0i,j+1], where ¢, ; =1 if i = j and 6; ; = 0 if ¢ # j. (We have used the fact that the
matrix of s is [0; j41].) Then z is the matrix that has the entries

o B =B (ED 24 1)? 4 (204 3)°
i+l = Vi = Qi1 — Q4 - ™ (2@ + 1)(22 + 3)

just below the main diagonal and zeros elsewhere. However, since the quotient algebra
A/K(H) is commutative [17, Theorem 3.5.11], the operator [z, s] must be compact. In
particular, the entries on the positions (i + 2,) of the matrix of [x, s] must tend to 0 as
i — oo. But this entries are ;41 — ; and have two accumulation points +(4/7), which
is a contradiction.

Problem. Suppose that a,b are elements of a simple unital W*-algebra A such that
(1.1) holds and a is normal. Is it then necessarily the case that dy(A) C d,(A)?

Remark 3.3. The topic of range inclusion of derivations is connected with the per-
turbation theory of normal operators (see [1,14]), which works well for a quite general
class of functions (in a certain Besov space). In our context, if a function f on o(a)
is sufficiently nice, then there exists a completely bounded map ¢ on B(H) such that
df(a) = ¢da = datp and p(A) C A for every unital C*-subalgebra A of B(H) containing
a. For example, if a* = a, then it suffices that f is a restriction of a compactly supported
function on R, denoted again by f, such that f” is continuous, hence 3 f(¢) is bounded,
where f is the Fourier transform of f. For convenience we sketch the proof, although a
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similar argument has already been used by others in different contexts. We use that

1 r ita
flo) = = / f(t)e

to express
(@) = [F(@).a) = == [ F)ie".ala.

Then from

t t
[eita’x] _ (eitazefita o m)eita _ / di(eisaxefisa)dseita _ 1/ eisa[a’x}ei(tfs)a ds
o ds 0

it follows that [f(a), 2] = ¢([a, x]) = [a, p(x)], where

T :L f teisaxei(t_s)“ s T n . .
o) = 2= / f(t) / ds dt (z € Mu(BH)), neN).  (3.2)

Thus
1 N
ol < o= ( / f(t)tldt) < oo,

where the last inequality is a consequence of boundedness of ¢ f (t). Approximating the
first integral in (3.2) by an integral over a finite interval and then the double integral by
Riemann sums, we see that ¢(A) C A. The condition that f exists and is continuous is
probably much too strong and we may instead ask the following.

Problem. What minimal smoothness properties must a Schur function f have in order
that df(q)(A) C dy(A) for all unital (simple) C*-algebras A? Is it sufficient that f can be
extended to a continuously differentiable function on C?
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