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Abstract

Let X(t), t € R4 , be a centered Gaussian random field with continuous trajectories
and set £,(t) = X(f(u)t), t € R4, with f some positive function. Using classical
results we can establish the tail asymptotics of P{I'(§,) > u} as u — oo with
I'(§4) = sup;epo, 794 §u (), T > 0, by requiring that f (u) tends toOasu — oo with speed
controlled by the local behavior of the correlation function of X. Recent research shows
that for applications, more general functionals than the supremum should be considered
and the Gaussian field can depend also on some additional parameter 7, € K say
Eug, (1), te R?. In this paper we derive uniform approximations of P{I"(§4,z,) > u}
with respect to 7, in some index set K, as u — 0o. Our main result has important
theoretical implications; two applications are already included in Debicki ef al. (2016),
(2017). In this paper we present three additional applications. First we derive uniform
upper bounds for the probability of double maxima. Second, we extend the Piterbarg—
Prisyazhnyuk theorem to some large classes of homogeneous functionals of centered
Gaussian fields &,. Finally, we show the finiteness of generalized Piterbarg constants.

Keywords: Fractional Brownian motion; supremum of Gaussian random fields; stationary
process; double maxima; uniform double-sum method; generalized Piterbarg constant
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1. Introduction

Let (X(z), t > 0) be a centered stationary Gaussian process with continuous trajectories,
unit variance, and correlation function r satisfying, for some o € (0, 2],

1—r@) ~t|* ast— 0 and r(t) <1 forallt > 0.

We write ‘~’ for asymptotic equivalence when the argument tends to 0 or co.
In the seminal paper of Pickands [24], the author established that, for any T positive and
qu) = u?",

]P’{ sup X (1) > u} ~ra, BXO =1 (1.1)
1€[0,T] q(u)
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where J, is the Pickands constant defined by
o1
Ho = lim —FH[0, T] € (0, 00),
T—oo T

with Hy[0, T] = E{sup,c 1) exp(ﬁBa (1) —t%)} and B, a standard fractional Brownian
motion with Hurst index «/2; see the recent contributions [6], [10], [12], [19], and [20] for the
main properties of Pickands and related constants.

While the original proof of Pickands utilizes a discretization approach, in [25] and [26] the
asymptotics (1.1) were derived by establishing first the exact asymptotics on the short interval
[0, g (u)T], namely (see, e.g. Lemma 6.1 of [26])

IP{ sup X(1) > u} ~ 3,10, TIP{X(0) > u} asu — oo, (12)
tel0,q(u)T]

and then using the double-sum method. A completely independent proof for the stationary case,
based on the notion of a sojourn time, was derived by Berman (see [3] and [4]).

In this paper we develop the uniform double-sum method. Originally introduced by Piterbarg
for the nonstationary case, see, e.g. [26], the double-sum method is a powerful tool in the
derivation of the exact asymptotics of the tail distribution of the supremum for nonstationary
Gaussian processes (and fields). With no loss of generality, for a given centered Gaussian
process (Y (¢), t € [0, ST) with continuous trajectories, the crucial steps of this method are:

e an application of the Slepian inequality allowing for the uniform approximation as u —
oo (uniformity is with respect to k < N (u)) of the summands of

]P{ sup Y(@) > u}
te[kTqu), (k+1)Tq(u)]

by P{sup; ¢, 74y X () > ui} =: p(u) for an appropriately chosen stationary process
(X%, & > 0);

e the uniform approximation for k < N (u) of p(uy) asu — oo;
e obtaining uniformly tight upper bounds for the probability of the double supremum
]P’{ sup Y(t) > u, sup Y(r) > u} fork,l € Ay, (1.3)
te[kTqu), (k+1)Tq(u)] tellTq), (+1D)Tqu)]
where the set #, is suitably chosen.

The deep contribution of [18] showed that while dealing with the supremum of Gaussian
processes on the half-line, it is convenient to replace the Slepian inequality by a uniform version
of the tail asymptotics of threshold-dependent Gaussian processes. Omitting technical details,
Dieker [18] derived the exact asymptotics and a uniform upper bound of

P{ sup &u,g, (1) > gu,ru} as u — 00,
te[0,T]

with respect to 7, € K, for &, ;, being centered Gaussian processes indexed by « and 7,; see
also Lemma 5.1 of [8]. This uniform counterpart of (1.2) is crucial when the processes X, ,
are parameterized by u and 7.
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Recent contributions have shown the strong need for the analysis of the distributional
properties of more general continuous functionals rather than the supremum, e.g.

sup inf X(s+ f(u)t), S >0,
+€[0,T] s€[0,S]
see [11] and [13], or infe 4, sup,eg, Y (s, 1), see [7] and [8].

The lack of Slepian-type results for general continuous functionals I" can be overcome by
the derivation of uniform approximations with respect to 7, of the tail distribution of I'(§, ¢,)
as u — oo. Therefore, our principal goal in this paper is to derive uniform approximations
for the tails of homogeneous continuous functionals I" of general Gaussian random fields.
Specifically, we shall consider I' defined on C(E), the space of continuous functions on E with
E Cc R4, d > 1, a compact set containing the origin. In Theorem 2.1 we derive the following
uniform asymptotics:

—C|=0, 1.4)

li P{F(Eu,ru) > 8u,ru}
im sup
U=00 1 ek, Y (gu,z,)

where &, , (), t € E, 1, € K,, is a centered Gaussian random field, C is a positive finite
constant, and W denotes the survival function of an N (0, 1) random variable. This result
allows us to derive the counterparts of (1.1) for a class of homogeneous functionals of centered
Gaussian fields satisfying some weak asymptotic conditions. Additionally, in Section 3.1 we
derive a uniform upper bound for the double maxima for general Gaussian fields parameterized
by u and t,,. This extends and unifies the known upper bounds for (1.3).

The paper is organized as follows. The main results and related discussions are presented
in Section 2. We dedicate Section 3 to applications. We present the proofs of all the results in
Section 4, postponing some technical calculations to Appendix A.

2. Main result

We begin this section with the motivation behind the investigation of distributional properties
of functionals of threshold-dependent Gaussian random fields. For this purpose we focus on
the supremum of noncentered Gaussian processes. Then we introduce the class of functionals
that are of interest and provide the main result of this paper; see Theorem 2.1.

Numerous authors e.g. [17], [18], [21], and [22], have developed techniques for the approx-
imation, as u — 00, of the so-called ruin probability

pu) = P{sup(X(t) —ct) > u},
teT
where X is a centered continuous Gaussian process, ¢ > 0 is some constant, and I~ = [0, c0) or
T =1[0,T], T > 0. Originally, the double-sum method was designed to handle the supremum
of centered Gaussian processes. For our case, this method is still applicable under the following
modifications. First we rewrite the original problem in the form of a centered, threshold-
dependent family of Gaussian processes Z,(t) = X(¢)/(u + ct), u > 0, as follows:

pu) = ]P’{ts;lg Z,(t) > l}.

Then, we check that, for suitably chosen w(u) and N (u),

p() ~ P{there exists k| < N(u):  sup  Zu(t + kSw(u)) > 1}
te[0,w(u)S]
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~ Y Pl sup Y = ww)

k=N €08
= Z pr(u) asu — ooand § — oo, 2.1
[k|<N ()

where
1

Y (1) = Zy(w(u)t + w(u)kS)vi(u), vk (u) = tei[r(l),fS] N A CIOESIOIh

Finally, since usually lim,,_, ~, N (1) = oo then in order to determine the asymptotics of p(u)
it is necessary to derive the asymptotics of pi(u), as u — oo, uniformly for |k| < N (u).

In this section we consider a more general situation focusing on the validity of (1.4) for
centered Gaussian random fields.

Next let E C R? be a compact set including the origin and write C(E) for the set of real-
valued continuous functions defined on E. Let I': C(E) — R be a real-valued continuous
functional satisfying:

(F1) there exists ¢ > 0 such that I'(f) < csup,.p f(¢) forany f € C(E);
(F2) T'(af +b) =al'(f) + bforany f € C(E)anda > 0, b € R.
Note that (F1) and (F2) cover the following important examples:
' =sup, inf, asup+(1— a)inf, a e R.
We shall consider a family of centered Gaussian random fields &, ;, given by

Zu,z, (1)
1t hyz, (1)

with Z, ;, a centered Gaussian random field with unit variance and continuous trajectories, and
hu,z, € Co(E), where Co(E) is the Banach space of all continuous functions f on E such that
f(0) = 0is equipped with the sup-norm. In order to avoid trivialities, the thresholds g, ,, will
be chosen such that

§u, () = teE, 1, €K,

lim P{I"(§,,2,) > gu,z,} = 0.

u—>o
In order to derive the asymptotics of P{I"(§,.r,) > gu.r,} as u — oo, we shall first condition
oné, ,(0) = gu,z, — W/8u,z,, yielding

exp(—gy -, /2) 2

w
PN Gun) > ) = = Rexp(w -5
u,ty u, Ty,

)P{F(Xu,ru) > w}dw,

where
w
Xu,ty, ) = 8u,1, (Su,ru ) — gu,ru) +w ‘ (su,ru 0) = 8u,t, — )
u,ty
Note that
D 8u,t,
ty=————*(Z t) — t,0)Z 0 E 1)}, teE,
Xu,ru( ) 1 +hu,ru (t)( u,r,,( ) ru,ru( ) u,tu( ) + {Xu,ru( )}

where ‘=’ denotes equality of distribution.
Next, we shall impose the following assumptions (see [8, Lemma 5.1] and [18, Lemma 2])
to ensure the weak convergence of {x, ., (t), t € E}asu — oo.
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(CO) The positive constants g, ., are such that lim,_, ~ inf; cx, gu.7, = 0.

(C1) There exists h € Co(E) such that

lim  sup Ig,f’fuhu,r,, (1) —h()] = 0.

U= 1 Ky, teE
(C2) There exists 6, -, (s, t) such that

li 2 Var(zu,tu(t)_zu,ru(s))
im sup sup |g -

s u,ty 26 I = O
U=>00 1 ek, s#tcE 7, (8, 1)

and, for some centered Gaussian random field n(¢), ¢t € R? with continuous trajectories
and n(0) =0,

lim sup [0, (s, t) —var(n(t) —n(s))| =0 foralls,t e E. 2.2)

MHOOTMEKu
(C3) There exists a > 0 such that
1. Qu,r“ (S’ t)
imsup sup  sup —m————
u—0o t,eK, s#t,s, t€E ) iy ISi — ti|%
lim lim sup sup sup g,fyruE{[Zu,ru t) = Zu,,($)1Zy,7,(0)} =0. 2.4)

€0 u—oo r,ek, ||t—s|<e.s, teE

2.3)

If X is a centered Gaussian process with stationary increments satisfying Assumptions AI-AIl
of [8], then Y, x(¢), t € [0, S], |k| < N(u), in (2.1) satisfies (CO)—(C3); see also [18].

The intuitive explanation behind these assumptions is as follows: (C1) and (2.4) in (C3) are
used to guarantee the uniform convergence of the function E{y, ., (1)} fort € E asu — oo.
Utilizing further (C2), the convergence of finite-dimensional distributions of x, ., (¢), t € E,
to those of n(¢), t € E, can be shown. Moreover, the tightness follows by (2.3) in (C3).

Given h € Co(E) and the functional I" satisfying (F1) and (F2), for 5 introduced in (C2) we
define a new constant

h
HEWE) =), n(0) = V200 — var(n(0) — h(1),
which is finite by (F1). For notational simplicity, we set
Hy(E) = Jf;f‘g(E).

We present next the main result of this section. Recall that W stands for the survival function
of an N (0, 1) random variable.

Theorem 2.1. Under assumptions (C0)—(C3) and (F1) and (F2), if, further, P{I'(§,.,) >
8uz,} > O0forall T, € K, and all large u, then

i P{I"(§u,7,) > &u,w}
m Ssup
U—>00 T, €Ky \Il(guyfu)

— ) ,(E)| =0. (2.5)

Remark 2.1. (i) Under the assumptions of Theorem 2.1, we have

. P ue,) > Gun}
lim sup sup < 00,

u—>oo ek, V(gu,z,)

which coincides with the results of Lemma 5.1 of [8] and extends Lemma 2 of [18].
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(ii) Condition (C2) and (2.4) in (C3) are equivalent to (C2) and
lim  sup |gn . var(Zyr, (1) = Zu.,(0)) — 2var(n(t))] = 0. (2.6)

U=>0 ek, 1,eK,

(iii) Condition (C2) can be formulated also for the degenerated case n(r) = 0, t € R?, almost
surely. The claim of Theorem 2.1 holds also for such 7.

Next we give a simplified version of Theorem 2.1. Instead of (C2) and (C3), we assume that

lim sup sup g2 Var(zu,ru ) — Zu,r,, (s) .

U=>00 ¢ ek, s#t,s,1€E ot 2 Z?:l CiUiZ(Qi (w)|si — ¢ |)/Gi2(Qi (u))
where g; (1), i = 1,...,d, are some functions of u with ¢; (1) > 0 for large enough u and
limy— 0 gi (1) = ¢; € [0, oo] with

1| =o, 2.7)

0, 1 <i<d,
@i =1(0,00), di+1=i=<d,
00, d+1<i<d,

and ¢; >0, 1 <i < d. Moreover, o;, 1| <i < d, are regularly varying at 0 with indices
a;0/2 € (0, 1], respectively, and 0;(0) = 0, 0;(t) >0, t > 0,1 <i <d;o;,dr+1<i <d,
are bounded on any compact interval and regularly varying at oo with indices ¢; o0/2 € (0, 1],
respectively; oiz(t), di + 1 < i < dj, are continuous and nonnegative definite, implying that
there exist centered Gaussian processes 1;, di + 1 < i < d, with a continuous sample path
and stationary increments such that var(n; (¢)) := o*iz(t), dy + 1 <i < dp. We refer the reader
to, e.g. [17], [18], [21], and [22], where particular examples of Gaussian processes that satisfy
the above regularity assumptions were investigated; see also [23] for a characterization of such
processes in terms of max-stable stationary processes.

Proposition 2.1. Suppose that (C0) and (Cl) and (F1) and (F2) hold. If (2.7) holds with
Zflzl ci > 0and P{I'(§,.z,) > 8u.z,} > O forall v, € K, and all large u, then (2.5) holds

with
& & nigit) | o
N =Y eiBuy )+ Y, Vei () + D VeiBu (1), (2.8)
im1 i=di+1 [
where By, o, 1 <i <dy, n;,di+1=<1i <dy, and By, , d) +1 < i < d, are mutually
independent.

Remark 2.2. (i) Condition (2.7) is satisfied by a large class of important processes previously
investigated in the literature; see, e.g. [8], [14], [17], [18], and [21].

(ii) Under the assumptions of Theorem 2.1,
]P){Fi(gu,tu) >u,i=1,...,d}
\Il(gu,ru)

with I';, i < d, continuous functionals satisfying (F1), (F2), and

lim  sup — g, =0, 2.9)

U—00 o g

gebt-Td :/ewIP’{F,'(nh) >w,i=1...d}dw € (0, ).
R

Moreover, (2.9) holds also in the case that n is degenerated, i.e. n(t) = 0, t € R4, almost
surely.
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Finally, we present below a version of Theorem 2.1 under slightly different and more
explicit assumptions. We keep the same notation as in Theorem 2.1 and, moreover, let

Uz%,ru (t) := var(§y,z, (2)).
(D1) Condition (CO) holds for g, r, and 0, ¢, (0) = 1 forall 7, € K, and all u > 0, and there
exists some i € Co(FE) such that

lim  sup gz . (1= 0w, (1) —h(®)] =0.

U= teE, 1,eK,

(D2) There exists a centered Gaussian random field 7 (¢), ¢ € R?, with continuous sample
paths n(0) = 0 such that, forany s, ¢ € E,and 7, € K,,

lim sup |ga . var(€y,q, (1) — &u.5, () — 2var(n(@) — n(s))| =0,

.
U=>0 ¢ ek,

lim  sup |g2 . var(§u.q, (1) — £ur, (0)) — 2var(y(1)| = 0.

U0 cE, 1,eK,

(D3) There exist positive constants G, v, and ug such that, for any u > uo,

sup gz . var(Eu,q, (1) — £ur, (5)) < Glit — s||”
€Ky

holds forall s, ¢ € E.
Theorem 2.2. If (D1)—(D3) and (F1) and (F2) are satisfied then (2.5) holds.

3. Applications

3.1. Upper bounds for the double supremum

Uniform bounds for the tail distribution of bivariate maxima of Gaussian processes play a
key role in the double-sum technique of Piterbarg; see, e.g. [26] and [27]. More precisely, of
interest is to find an optimal upper bound for

DGuii2 €1, &) = P| sup Xu(0) = my (), sup X, (0) > myy ().
ter+8; ter+6

which is valid for all large u with the A; and &; controlled by E,, by requiring that A; + & C E,,
with E, a compact subset of R4, Further, the thresholds m 1, (), my, (1) are assumed to satisfy

1|=0, i=1,2, 3.1

. . my; (l/t)
lim m(u) = oo, lim  sup —
U—00 u—>00, L ecp,l mu)
for some positive function m.

Set below F (A, B) = infsca replls — t|| with A, B two nonempty subsets of R4 and ||-||

the Euclidean norm. Let K = {(A, A2): A + & C E,, i = 1,2}.

Theorem 3.1. Let X, (1), t € E, C RY, be a family of centered Gaussian random fields
with continuous trajectories, variance 1, and correlation function r,. Suppose that there exist
positive constants Sy, C1, Ca, B, and a € (0, 2] such that, for sufficiently large u,

m?@)(1 —ry(s,0) = Cills — ¢, lIs—tI =S,  s.t€E,, (3.2)
m>)(1 = ry(s,1)) < Calls —t]|%, 5,1 € E,, s—1€[—1,11% (3.3)
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Moreover, there exists 6 > 0 such that, for large enough u,
ry(s,t) > 8 —1, s,t € Ey,. 34
Further, if (3.1) holds then there exists C > 0 such that, for all large enough u,

exp(C1FP (M1 + &1, A2 + &)/8) D (A1, A2, €1, &2, u)
sup =

2d
(A,r2)€K 52 W (my, 2, @)
&cl0,5)4, &#D,i=1,2

¢, @35

with S» > 1, my, , () = min(m,, (u), my,(w)), and C a positive constant independent of
So, u.

Next assume that «;(f) > 0, t > 0, 1 < i < 2d, are some nonnegative locally bounded
functions and define

d

d
(1) = Z ki (qi (u)|s; — ;) and  Bu(s.1) = Z Kit+d(Gi+d @)|s; — ti|)'

= «i(gi(w)) = Ki+d(ivaW))

Further, let ¢; (u) > 0, u > 0, be such that
lim g;(u) = ¢; € [0, 0], 1 <i<2d.
u—>o00

Corollary 3.1. Let X,(t), t € E,, be centered Gaussian random fields with continuous tra-
Jectories, variance 1, and correlation function r, satisfying (3.4). Assume further that (3.1)
holds. Further; if for sufficiently large u,

Cagu(s, 1) <m>(u)(1 —ry(s,1)) < C4Zu(s,1), 5,1 € Ey, (3.6)

with C3, C4 > 0, and ki, 1 <i < 2d, being regularly varying both at O and at oo with indices
a0 > 0and aj « > 0, respectively, then there exists C > 0 such that, for large enough u,

.....

Corollary 3.2. Let X, (¢), t € E,C R4, be centered Gaussian random fields with continuous
trajectories, variance 1, and correlation function r,, satisfying (3.4) and (3.6) with ¢; = 0,1 <
i <2d,and ki, 1 <i < 2d, being regularly varying at O with indices a; o > 0. Further, if
(3.1) and
limsup sup max gq;(u)ls; — | < oo
u—00 s tek, i=l..2d

hold, then there exist positive constants C, Cy such that, for large enough u, (3.5) holds with

,,,,,

Remark 3.1. (i) Under the assumptions of Theorem 3.1, using the idea of [16] and [28], since
fory € (0, 1),

D()"lv)"21 81,82,“) S]P)[ Sup (VXM(S)+(1 _V)Xu(t)) > m}u],)\z,y(u)}s
SEAFE1,tEM+E

with m; 3, () = ymy, () + (1 — y)m;,(u), then in some cases (3.5) can be improved by
setting 4y (1 — y)Cy instead of Cy1, and m;,, 3, , (1) instead of mjy, », (u), respectively.

(i1) A particular example is k; (x) = x%, o; € (0, 2]. For such a case, the result of Corollary 3.2
yields the claim of Lemma 9.14 of [27]; see also Lemma 6.3 of [26].

https://doi.org/10.1017/apr.2017.33 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.33

Tails of homogenous functionals of Gaussian fields 1045

3.2. Tail approximation of ', (X,,)
In many applications the tail asymptotics of general functionals of Gaussian random fields X,

indexed by thresholds u# > 0 are of interest. In this section we present an application of
Theorem 2.1 concerned with the tail asymptotics of I'g, (X,,), where

d
E, = <]_[[ai(u),bi(u)]> x E

i=1
is also parameterized by u, with E a compact subset of R”, n € N. Without loss of generality,
we assume that 0 € E. The functional I'g, is defined as follows.

Let I'™: C(E) — R be a real-valued continuous functional satisfying (F1) and (F2) with
¢ = 1in (F1). For any compact set A C R¢, define
Paxe(f) =supT*(f(s, 1), f e CAXE).
seA

It follows that I" 4 « £ is a continuous functional and satisfies (F1) and (F2) with ¢ = 1 in (F1).
Examples of I'* are

['* =sup, inf, asup+(1—a)inf, a<l1.

We shall consider X, (s, 1), (s, t) € E,, afamily of centered continuous Gaussian random fields
with variance function o, (s, t) and correlation function r, (s, t, s’, t) satisfying, as u — oo,

d B d
0u(0,0)=1,  1—o0,(s,00~ > ;’('u), se[[la@. bl 37
i=1 %! i=1
and . 0
lim sup —ouls, 1)/ou(s, 0) 1' _o 38)

d+ .
sl lai (), b ()], 150, te E didd ltilPi /g ()

where 8; > 0 and g; (1) is a function of u satisfying lim,_,» gi(#) = cofor 1 <i <d + n.
Moreover, there exists m (1) such that lim,_, oo m(u) = co and

lim sup
U0 (5.1), (s',t")EEy, (s,1)#(s 1)

{mz(u)(l —ru(s,t, 8, 1))

4\ o2 (qi(w)lsi — s]1)
* [Z o2 (qi(u))

i=1

d+n

Y cio (qi W)t — t;|)r} ~ 1‘

Bt A A ()
=0, (3.9)

where ¢; > 0, gi(u) > 0, lim,o0qi(w) = ¢; € [0,00],1 <i < d+ n, and o; are the
variance functions of 7;’s, centered continuous Gaussian processes with stationary increments
and 7n; (0) = 0, satisfying further the following assumptions:

(A1) al.z (1) is regularly varying at oo with index 2c; « € (0, 2) and is continuously differen-
tiable over (0, co) with the first derivative al.z (t) being ultimately monotone at co;

(A2) O’iz () is regularly varying at 0 with index 2 0 € (0, 2].
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Moreover, we shall assume that

i@l _ i@l

= , 1<i<d+n.
u—oo  g;(u) u—oo  g;(u)
Let
Vi By, (1), p;i =0,
Vot = Y o). gie©.00), L=i<d+n. (3.10)

oi (¢i)
\/C_l'BC{iqoo (ti)7 (pi = OO,
In the sequel, we shall denote
PHE) = H)P(E),  Hy(E) = H, T (E),
and set

Ph= lim £/(0,5), P'= lim PI(-S.S).  H,= lim S"'3#,(0, 5]).
n S—>oo N n S—»oo N S— o0

if the limits exist. We refer the reader to [9], [14], and [26] for the properties of Piterbarg

constants J’,;’ and Pickands constants #f;,. Next, suppose that

m?(u)

u—0o g; (u

=y €[0, o0]

and, for all large u, P{T'g, (X,,) > m(u)} > 0.

Theorem 3.2. Let X, (s,1), (s,1) € E,C R4t be a family of centered Gaussian random
fields with continuous trajectories satisfying (3.7)—(3.9) and

)0 ifl=i=<d,
"o idr+1<i<d,

vi €(0,00), di+1=<i=<d, vi€l0,00), d+1<i<d+n.

If, further, for 1 <i <d,

m@)*Piaj(u) - m@)Pibiw)
oo (g B T (g A
(m)*Pi (a? () + b} ()
im =0,
u=00 (gi (u)?/Fi

with —00 < y;1 < yip <00, ford +1<i <dp, a;(u) <0 =<b;j(u),limyca; () =a; €
[—o0, 0], limy, o0 bi (1) = b; € [0, 0], and a;(u) <0 < b;(u) ford, +1 <i <d, then

dp dy
hi
P(Te,(Xu) > m@) ~ [Ty, TT 2y lai biloy, g
i=1 i=d;+1

xﬁ/

Yi2
i=1Y7Yil

i . 1/B;
eI g ]‘[( 8i(u) ) W(m(u)), 3.11)
i=1

m? (u)
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where

n n
Vgﬂ([) :ZVWd+i(ti)’ h(l‘):Z)/d_,’_l.ll‘l.|,‘3d+i7
i=1 i=1 (3.12)

hiGs) =vilsil®,  di+1<i<d.
Remark 3.2. Theorem 3.2 extends and unifies both the previous findings of [17], [18], [21],
[22], and, in particular, Theorem 8.2 of [26].
3.3. Generalized Piterbarg constants

Let (X (¢), t € R) be a centered Gaussian process with stationary increments and continuous
trajectories. Suppose that the variance function o2(t) = var(X (1)) is strictly positive for all
t # 0 and o (0) = 0. Define

2210, 51, 10, T])=E| sup inf exp(ﬁX(z—s)—(l+b)az(|z—s|))},
1€[0,T715€[0,5]

where b, S, and T are positive constants. In the special case that X = B, is a fractional
Brownian motion with Hurst index «/2 € (0, 1], the generalized Piterbarg constant

Ph(S) = Jim P4 (10, S1, 10, T]) € (0, 00)

determines the asymptotics of the Parisian ruin of the corresponding risk model; see [13]. Note
that the classical Piterbarg constant corresponds to the S = 0 case. Our next result shows that
JP)}?(S) € (0, o) for a general Gaussian process with stationary increments.

Proposition 3.1. If (X (¢), t € R) is a centered Gaussian process with stationary increments
and variance function satisfying (A1) with regularly varying index 2c0 € (0, 2], and (A2) with
regularly varying index 20 € (0, 2), then for any b, S positive, we have

im P4(10, 81,10, T1) € (0, 00).

4. Proofs

Hereafter, by Q, Q;, i = 1, 2, ..., we denote positive constants which may differ from line
to line.

Proof of Theorem 2.1. Since we assume that P{I"(§,,.,) > gu.r,} > O for all large u# and
any 7, € Ky, then by conditioning

exp(—x2/2) e
V2
2

exp(w — u; )P{F(Xu,fu) > w}idw
R 2

u,7y

P{0Gun) > gue) /R PI0Gr) > 8o, | Eon(©) = x)

exp(—g2 ., /2)
V271 gu s,
exp(—gi ., /2)

V27 gun,

with I, -, > O for all large u and

IM sTu?

Xu,t, 1) = (gu,ru @) | Cu,z, 0) =0), Cu,t, () = 8u,t, (gu,ru ) — gu,ru) + w.
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Hence, the proof follows by showing that Jf; ;, (E) is finite and

lim sup |2z, — H, ,(E)| = 0. 4.1
U— 00 rek, ’
Weak convergence of T'(xu,r,). We have x, r, (0) = 0 almost surely. Setting r,, ¢, (s,?) =
corr(Zy,, (), Zy,z, (1)), we may write

gusru

Xz (1) = —22T
1+ hy g, (1)

(Zu,ru ) — Tu,t, (t, O)Zu,ru 0)) + E{Xu,tu )}, teE,

where ‘2’ denotes equality of the finite-dimensional distributions. Since

(1+hu,ru (t))E{Xu,ru ®} = _gﬁ,zu ¢! —Ftu,t, (t, O))_g,ifuhu,ru ®+wd —ru,1, (t, 0)+hu,ru (1))

by (C1), (C3) for some arbitrary M positive, uniformly with respectto ¢ € E, 1, € K, w €
[-M, M],
(1 + hu o, OVE{ X7, (1)) = —(o7 () + h(®)),  u— oo, 4.2)

and also, for any s, t € E uniformly with respectto t, € K,,, w € [-M, M],

var((1 + hu,ru (t))Xu,ru ®H—-Aa+ hu,ru (S))Xu,ru (s))
= 85 o [E{(Zu,5, () = Zur, )} = (Bf Zu, 2, (0)[ Zut 5, (1) — Zu, (9)1D?]
— 2var(n(t) — n(s)), u — 0. 4.3)

Consequently, by Lemma 4.1 of [29], the finite-dimensional distributions of

(I + A, (0) Xz, (0, t€E,

converge to those of n*(1), t € E, as u — oo uniformly for 7, € K,,, w € [-M, M], where
M > 0is fixed (recall that n” (t) = v/2n(t) — var(n(r)) — h(1)).

Condition (C3) together with the uniform convergence in (4.2) guarantee that Proposition 9.7
of [27] can be applied to yield the uniform tightness of (1 + A, 1, (£)) xu,z, (t), t € E, and, thus,
{(L4+hy 7, () Xu,z, (1), t € E} weakly converges to (" (1), t € E} asu — o0, uniformly with
respect to 7, € K,,. Further, since

lim sup  hy, () =0,

U= ek, 1,eK,

then {x,.z, (t), t € E} converges weakly to {n" (1), t € E} as u — oo, uniformly with respect
tot, € K.

Consequently, since we assume that I" is a continuous functional, by the continuous mapping
theorem, I"(xu,-,) converges in distribution to I'(n") as u — oo, uniformly with respect to
T, € K.

Convergence of (4.1). Denote A = {w: P{I'(n") > w} is discontinuous at w} then A is a
countable set with measure 0. Hence, for any w € R \ A,

lim sup |P(T(xu.r,) > w} —P{T(") > w)| =0

u—o0 TuEKu

and, by (CO0),

. w w? eM M2
lim sup e”| 1 —expl — 5 < — - > — 0,
“_’OOrueKu,welfM,M] 2 R lemlnfu_mo lnffueKu gu,ru
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u — oo, implying that

M 2
lim sup / |:exp<w - wT>IP’{F(X,,,TH) > w} —e"P{C'(") > w}i| dw'
u*)OOrMEKM -M 2gu,tu
M w2
< lim sup / ew(l —exp(—T>>P{F(nh) > wldw
U= L cp J_m 28i 7,
M w?
+ lim sup / |:exp<w - 55 )(IP’{F(X,,,TM) > w}— ]P{r(nh) > w})i| dw’
u=00 o ek, |J-m 284 1,
M
<eM lim sup [P{T(ur,) > w) — P (") > w}| dw
U= J_M ek,

=0.
Using (4.2) for § € (0, 1/c¢), |lw| > M with sufficiently large M, and all large u, we have

sup (1 + hy 7, (D)E{xu,7, (1)} < |wl.

€Ky, teE

Moreover, in view of (4.3) and (2.3) in (C3), we have, for sufficiently large u,

var((1+ huo, (0) Xuz, (1) = (1 + Bz, () Xu, () < 8o, BAZuz, (1) — Zuu, (5))7}
d
< QZI&' —]%.
i=1

Consequently, by the Piterbarg inequality (see, e.g. Theorem 8.1 of [26]), we obtain, for some
e €(0,1),8 € (0, 1/c) with ¢ given in (F1), and all large u,

2
/ exp(w — u; )]P’{l"()(u’fu) > w}dw
\w|>M 2gu,ru

< / e Pesup(l + Az, (1) Oty () = Eltur, (0))
lw|>M teE

>w—c sup (14 hy,@)E{xuz, (t)}} dw

teE, €Ky,

<e ™™ +/Ooe“’xp((1 —g)<l —5>w> dw
M c

= A(M)

— 0, M — oo.

Moreover, by the Borell-TIS inequality (see, e.g. [1])
/ e"P{I'(n") > w}dw
|w|>M

< / e“’]P’{csup (1) > w] dw
lw|>M teE

<e M —i—/ ew}P’lﬁc supn(t) > w — csup(var(n(r)) + h(z))] dw
M teE teE
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00 N2
< e M +/ exp(w — W —a) )dw
M 2 sup;p Var(v/2en(1))
=: B(M)
— 0, M — oo,

witha = ﬁcE{sup,eE n(t)} — csup,cg(var(n(t)) + h(t)) < oo. Hence, (4.1) follows from

sup Ly, — Hy ,(E)|

. €Ky,
M w> . i
< sup expl w — 55— JP{I'(xu,z,) > w} —e"P{I'(n") > w}|dw
ekl —M 285 5,
+ A(M) + B(M)
— 0, u— 00, M — 0o,
establishing the proof. |

Proof of Proposition 2.1. 1t follows from Remark 2.1(ii) that it suffices to prove (2.2), (2.3),
and (2.6). Without loss of generality, in the following derivation we assume that ¢; > 0, 1 <
i <d. By (2.7), we have

d 2
cioi (gi(u)lsi — )
Ou.z, (s, 1) = d , (s,1) € E.
o ; o (gi ()
By the uniform convergence theorem (UCT) for regularly varying functions (see [5]), (2.2)
holds with 7 defined in (2.8). Next we verify (2.3). In the case of 0 < B < min(minj<;<q4 @; 0,
miNg, +1<i<d %, 00), W€ have

4 c.02(q: ¢ d o N
Z Czai (qzl(u)|sl tll) _ ZC,’ fz(ql (u)|Sl t; |) |sl- B tl-|/3/2’
= ofaw) 2 i)

with f;(t) = o (t)/tP/2, t > 0. Note that f; is regularly varying at 0 with index o o — /2 > 0
forl <i <dand,fordy,+1 <i <d, f; isregularly varying at oo with index ot; oo — /2 > 0.
By the UCT, for any M > 0, we have

lim max sup M —|si — |40~ P2| = 0.
u=00i=l,..di o<|s;—|<m|  Ji(qi())
Using the fact that f; is bounded on compact intervals for d» + 1 < i < d, again by the UCT,
forany M > 0,
l]m i max sup M —_ Isi _ ti|ai,oo_ﬂ/2 — O
u=Qi=drtl,.d o<is—pj<m|  fi(gi(u))

Moreover, since f; is regularly varying at O with index o;; 0 — 8 > Oand ¢; € (0, 00),d; +1 <
i < dj, then, for any M > 0 and large enough u,

filgiw)ls; — ;)
maX sup —_— <
ditlsi<sd oqs—1<m fi(qi(w))
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Thus, we conclude that, for large enough u,

d 2 d
Zci(fi (gi(w)|si — 1)) SQZ|Si_ti|ﬁ/2» .1 L.
o (qi ()

which confirms (2.3). We are now left to prove (2.6). In light of (2.7) and the UCT, we have

i=1 i=1

lim  sup g2, var(Zu, (0) — Zuz, (0) — 2var(n(n)|

U=0 e E\{0}, T, €K,

. 82 o var(Zy 1, (t) = Zy 7, (0))
< lim sup
U= e B\ (0}, 1 Ko 26y,7,(0,1)
+ lim sup  |26,,7,(0,1) — 2var(n(t))|

U=0seE 1,eKy

-1 |29u,ru (07 t)|

= 0’
which implies that (2.6) holds. This completes the proof. |

Proof of Theorem 2.2. We check that (C0)—(C3) hold. Clearly, (CO) is satisfied by the
assumptions. We observe that

€, (1)
) = —4—— teE, c K,,
fun ) = s tu € K
with £, (1) 1 0
_ t — 0, t
) = St ’ h N = U, T, ’
Su,ru( ) Ou,t, () u,Tu( ) Ou,t, ()

which, together with (D1), immediately implies that (C1) is valid. Next, for u > 0,

2
8u, — =
Gu,ru (s,0) = % Var(su,tu ) — Eu,ru ().

Direct calculations yield
Gu,ru (s,1) = Il,u,ru(sv 1)+ IZ,M,Tu(ss 1)+ I3,u,ru(sv 1), s,t € E,
where

iy (O, (1) = 0y 5y (5))2
2 ouz) - (1)

8oy Var (&, (1) — 4.7, (5))
2 02, (1)
Oy, 1, () — Ou,t, (s)
! Uuz,ru t)oy,z,(s)

9

Il,u,ru (s, 1) = s 12,14,1',, (s, 1) =

E{Gu., () = §uz, (1))bu,7, (9)}-

2
I3,u,ru (Sv t) = gu,r

It follows from (D1) that

2 2
. . (0,7, (1) = D7+ (1 — 0y, 7, (5))
lim sup Iy, g, (s,1) < lim sup g,% - Ll 5 R =0.
U= teE, wEKy, U0 teE, 7, €Ky ’ au,ru (t)

Further, by (D1) and (D2),

lim sup |11, (s, 1) — var(n(z) —n(s))| =0, s,t € E,

u— 00 'L’MEKu
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and

. . Ou,7, (1) — Oy 7,(8)
lim sup |[3,,1,(s,1)] §M11m sup gi’tul Ll .z, (8]

2
U—=00 ¢ ek, ek, Ouz, )

=0, s, t € E.

\/Vﬂr@u,tu (8) — &u,z, (1))

Thus, we confirm that (C2) holds. Moreover, by (D3) and the fact that

(Ouz, () = 0y 1, () < var(&y o, () — &z, (5)),

we obtain
. Oz, (5, 1) . it Var(Eu g, (1) — Eu 5, (5))
lim sup sup ————= <Q lim sup sup . <
U=>00 1 ek, s#t, s, tcE lz — sl U=>00 1 eK, s#t, s, teE Iz — sl

Using again (D1) and (D2), we obtain
lim  sup  [[14,,(0,1) — var(n(?))| =0,
U= teFE 1,eK,
lim sup Iy, ., (0,1) =0, lim sup  |[3u,7,(0,0)] =0,
U= teE, 1,eK, U= teE, 1,eK,
which imply
lim  sup 6,4, (0,1) — var(n(®))| = 0.

U= eE 1,eKy
Hence, (C3) is satisfied using (2.6) instead of (2.4). In view of Remark 2.1, the proof is
completed. (|

Proof of Theorem 3.1. Recall that F (A, B) = infsca eplls — t]| with A, B two nonempty
subsets of R and ||-|| the Euclidean norm. Clearly, for any positive u,

]P’{ sup X, (t) > my,(u), sup Xu(t)>m,\2(u)}
ter1+8; terr+8&

SPl s (@) X)) > 2m ),
SEA+E1,tEM+E

where mjy, ;, () = min(m,, (u), my,(u)). By (3.2) and (3.4), we have, for sufficiently large u
and F (A1 + &1, X2 + &) > S1, with large enough S,

2C1FP (M + 81,00 + &)

28 < var(X,(s) + Xy () =4 =2(1 —ry(s, 1)) <4 — 5
m=(u)

Moreover, by (3.3) and the above inequality,

1 — corr(X,(s) + X, (1), Xu(s") + X, (1))
var(X, (s) + X, (t) — X,,,(S/) - Xu(t/))
= 24 /var(X,, (s) + X, (1)+/var (X, (s") + X, (1))
<8 M1 = ruGs, s+ 1= ru@, 1)
d

D si = s{1* 4 1t — 1]1%)
i=1

S_Ida/2

m?(u)

<&
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holds for s, 7, s", ¢’ € [0, 1]9. Let Xi(s, 1), 8,1 € R?, u > 0, be a family of centered Gaussian
random fields with unit variance and correlation satisfying

2871422, &
m(sJ)zexp( ey Z(I sil® + 15]” )) s,t e RY,

and further let

2, 3, ) d
AL A .
My i, r, 81,86 — L2 5 s i1,y ldzl_[[lj’lj+1]
V4 —=2C1FPG.1 + €1, 02 + €)/m?(u) i
For all large u, we have
Pl swp (X + Xa(0) > 2550
SEA+E1,teEM+E
=< ]P{ sup XM(S) + Xu(t) > mu,)\l,kz,@l,gz}
SEALIFE1,tEM+E
< IP{ sup Xy (s) + X, () > mu,M,kz,@l,SZ}
ser+[0,5]7, 1er+[0,51¢
[$2]
< > P sup Xu(s) + Xu (1) > mu,xl,xz,el,ez}
.o L . SeEM AT, i t€M+HL
1,02,0sid ] 50000y =0 Loetd Haenlg
[$2]
< Z P sup Xi(s, 1) > mu,x.,xz,&,sz}
.. T . seli+1, i t€AFL
11,12,...,1d,11,12,...,1d=0 1s-ld iy
= S+ DMPL swp X560 > M6 ) (44)

s,tel0,1]19

where we used the Slepian inequality (see, e.g. [1] and [2]) to derive (4.4). Hence, in order to
complete the proof, we need to apply Proposition 2.1 to the family of Gaussian random fields
{X3(s.1), (s.1) €[0,1]%}. Let

Ky ={(A1,22), % +& CE,, i =1,2}.

Note that

lim sup sup
U0 Ga)eKy (.G,
(5,1),(s",1")€[0,11%¢

' (M i, 61,6 Var(Xis(s, 1) — Xp(s', 1)) - 1’
22?:1 2571‘10‘/2@2(2?:1 |si —s71% + Z?:l It: — /1%

=0.

Since conditions (CO) and (C1) are clearly satisfied, then Proposition 2.1 implies that

1
)IE”{ sup Xi(s.1) >mu,xl,xz,gl,gz}—ﬂ,7([o, 1124 =0

lim sup |—————————
W (my A1,42,61,862 s5,t€[0,1]24

U= (A1,00)€Ky

where

d 2d
n(s.t) =Y V2671d2CBY (si) + Y V2571d*2CBY (1 ).

i=1 i=d+1
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with BS) , 1 <i < 2d, an independent fractional Brownian motions with index «. Thus, we
establish the claim for F (A + &1, A2 + &) > S1. For F(A1 + &1, A2 + &) < §1, we have

IP{ sup  Xu(s) > my, (), sup Xu(t)>mxz(u)}
SELFE] ter+E

51[”{ sup X, (1) >mxl,xz(14)}~
ter+[—S1,5+8114

By (3.3) and the Slepian inequality

P sup X, (s) >mk17xz(u)}
ser+[—S1,52+8114

5(52+2sl+1)d1p{ sup XZ((Sl/"‘s,O,...,O)>m;L,,;Lz(u)}
s€l0,119
~ (S5 4281 + D0, 11DV (s, 5, (W), u — 00,

with A(s) = \/Sn (5,0, ...,0). This completes the proof. O

Proof of Corollary 3.1. Let § = % min;—1,. 24 min(e; 0, ® 00, 2) and f;(t) = k; (t)/tﬂ.
Clearly, the f; are regularly varying at O with index «; 0 — 8 > 0 and regularly varying at co
with index «; oo — B > 0. With this notation, we have

Kki(qi W)ls; — ti]) _ filgi(w)|si —t])
ki (qi () filgi(w))

Next we focus on fi(g;(u)|s; —ti])/ fi(gi(u)). We consider the upper bound and lower
bound.

Lower bound. For ¢; = 0 we define g;(t) = 1/f;(1/t). Then g; is both regularly varying
at 0 with index «; oo — B > 0 and regularly varying at co with index «; o — 8 > 0. By the
assumption on the «;, further, the g; are bounded over any compact interval and, by the UCT,

Isi — 1P, si#Ehi,i=1,...,2d. 4.5)

- gi(1/qi(w)|s; —t;]) 1 @i,0—p
lim sup _ —0
U009 |5 —1;]>1 g&i(1/qi(w)) ls; — |

implying that, for large enough u,

§i(/qi@lsi —tih) _ 2. 1 <1
gi(1/gi(u)) lsi — il
Consequently, for sufficiently large u,
filgi@lsi =) &i(1/qi(w)) > l 5 — ] > 1.
figi(uw)) gi(l/qi)lsi — ;) — 2

Next, if ¢; € (0, 0o) then by the fact that lim;_, , f; () = o0, there exists S; > 0 and Ml.’ such
that, for sufficiently large u,
fi(gi(w)lsi — t;]) - M
Ji(gi(u))

ls; — ;] > Sy.
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For ¢ = oo, Potter’s theorem (see, e.g. [5, Theorem 1.5.6]) implies that, for any 0 < € <
®j 00 — f, there exist M/ > 0 and S} > 1 such that, for sufficiently large u,

filgiw)|s; — t;])
fi(gi(u))

Consequently, there exist S > 1 and M > 0 such that, for sufficiently large u,

> M'|s; — t;|%"P~¢ > MY, lsi =il > Si.

. . ._t.
wilgi@lsi =) _yp e B e —n s S, i=1.....d.
Kki(qi (u))

Further, for large enough u,
gu(s, ) = dPPMIs =11, s — 1]l > VdS. (4.6)
Upper bound. If ¢; € {0, oo} then using again the UCT, we have

Sfilgiw)lsi — 1))
sup ————— <
si—nl<t  Ji(qi(w)

is valid for all large enough u and some constant C. Further, since f; is locally bounded then
the above also holds if ¢; € (0, 0o). This implies that, for some M’ > 0,

d
Zus, ) <MY Isi —tilf <dM'lls —1f, s —tel-1,11,
i=1

which combined with (4.6) and Theorem 3.1 establishes the claim. O
Proof of Corollary 3.2. The claim follows straightforwardly using the arguments of Corol-
lary 3.1 for the ¢; = 0 case. O
Proof of Theorem 3.1. Without loss of generality, we assume that @; = —o0, b; = oo for

di + 1 <i < d,. In what follows, set

dy

Le=]]kS, (ki + DS, k=(ki,.... ka),
i=1

)
= [T ws. @ +1s1x H LT, G+ DTL 1= Udgs - L),
i=di+1 i=dr+1
d N ()
]_[ [-5.81x [] [-7.T1, J = ]_[ ~S,SIx {0}, 0eRI %
i=d;+1 i=dy+1 i=di+
Further, define
=D xJ"XE, =1 x ] xE, =1 xJ xE,

u

Kiz{k,aléu)ﬂFlSkiS l;u)il, lfifdl},
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and
Lo= {04 o <P g <<,
S S
a;(u) _ bi(u)

1<l <

—tld+lsisd J,%J*}.

For some ¢ € (—1,1) and u > 0, set

Ay, di .o 1/pi
’ : gl(u)
Oc (1) =11/ e"p(‘“‘f)'s'ﬁ')dsg(mz—w)) W (m(u)).

Observe that

Kooy = T 0K 0u0.0) _ 0u(0.0) 04(5.0)
uld 1= ’ ouls, 1) 0u(s,0) ou(s, 1)’

0,(0,0)

Using (3.7) and (3.8), there exist e,,,1(s) and e, 2(s, ¢) such that, as u — oo,

sup lew,1(s)| = o(1), sup ey 2(s, )| = o(1),
se[T la; (). bi ()] (s.1)€Ey
and
d . d
0,(0,0) Is; |
———— =1+ +eu1(s5)) , s € | |lai(u), bi(w)],
ou(s, 0) ‘ gg,«u) 11 S
d+n .
o,(s, 0 AL
09 b hencm Y 1 ek,
ou(s, 1) i 8w
Note that, by (F2) for I'*,
T, (Xu(s, 1)) = sup (X, (s, 1))

se[ T lai ), b )]

J— 1
= sup UM(S’O)F*<XM(S7[) O'M(S ))
selTe [ai ), bi ()] ou(s,0)

Thus, by (F2) for I'*, and the property of the sup functional, we have, for 0 < € < % and
sufficiently large u,

P{TE, (X, ) > m@)} < P{Tg, (X,) > mw)} < P{Tg, (X, ) > mu)}, .7
where, for (s, t) € E,,

X, (s, 1)
N Yu(Sy t)
T A+ A= ollsilPi /g (1 + Z?ile (1= Ollsi Pi /gi 0] + X{ gy 1y ¥MlsilPi /m? @)
1

x d+n . ’
(I + (A +ewnls, 1) 3oty 1P /gi )]

https://doi.org/10.1017/apr.2017.33 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.33

Tails of homogenous functionals of Gaussian fields 1057

and

X546 = X, r>[<1+2<1+ o ))(1+ S s o )>

=di+1
< ”’i 55\
x [ 14 (1 +ey20s,1)) —ﬂ )
iZaz1 81 ()

Upper bound. By the property of the sup functional, we have
P{TE, (X, ") > m))
< Y P =m@b+ Y PO, (X)) > m@)

kek,S (k,eK;F xLy,
< Z PAT g (Bu k) > mu i} + Z PAT 15, (8w k1) > Mk} (4.8)
keK;F (k.DeK;f xLy
where
|si | |s; |Pi
Suk(s.1) = Xu(s +kS, 0 ( 1+ Z (—ee Z —
i=di+1 giw) 4y M
d+n It;|Pi -1
X <1 + (1 + eu2(s, 1)) Z l—)] , (s,1) € Iy,
iZaz1 81 ()
X (s + (k,1)(S,T), 1)
Euk,1(s, 1) = (s,1) € lo,0.

L+ (14 eun(s,0) X7 161P /gi ()

” m(u)(l—i—Z(l— st *S|ﬂ,)
e i ()

k* Bi d 1%8|Bi
mukl—m(u>(1+2<1—e>' Sl > L Ll
i=di+1 gi(u)

; 20115 1P /mz(u»)

with kS = (k1S, ...,k S,0,...,0) € R? and

(kvl)(SrT)=(klsv"‘9kd1S7ld|+ISa""ld2Sald2+]T9ldT)eRd’
K =min(hl ki + 1), L<i<di  [F=min(Ll i+ 1), d+1<i<d.

In order to apply Proposition 2.1, by (3.9), set

d 2 ,
CiO; “(u)ls; s/
Oui(s.t.s 1) =Y — (61;( )Isi — s])
i=1 o7 (qi(u))

d+n 2 /
CiO: i(u)lt; —t.
+ > ”(q;( L "), (s,1), (', 1) € I,
L ot @)
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and

. |Bi
ks, t)—(Z(l— )'S’ S+ Z 'Sz"(u)

i=d;+1 i=dr+1
d+n |l‘

2 ew )>(1+0(1)), (s.1) € I,
i—dt1 8

Suk =muk, K,= K,j_, E = I(T.

First we note that condition (CO0) holds straightforwardly. One can easily check that (C1) holds
with

d+n
he(s, 1) = Z (1 —eyilsilP + Z Vsl Y wilnlf, sonely. (49
i=d+1 i=dr+1 i=d+1

Thus, in view of (A1) and (A2) and by Proposition 2.1, we have

HD{Flg (Su,k) > mu,k}

lim sup T
u,

u—>o
keK;r

(4.10)

— Hy, 5 U] =0

with ¢ defined in (4.9) and V, (s, 1) = Zf=1 Vi (51) + 27—y Vouy, (i) with V,, defined in
(3.10). Similarly, we have

P{r >m
lim  sup Lo Cukt) > mu ki) — #Y (lo0)| =0 (@.11)
U0k DeKF x Ly Wy k1) ¢
with E(s, n=>", Yi+alti|Pi+d. Further, as u — oo,
D P Ear) > mi )} ~ Hy 4, (5 Y Wlm )
keK;® kek;
& Ikt S
~ oy 4 DV On@) Y exp(— Do —eom*u)—— o )
keK; i=1 &8
~ STty 4 (15)Oc () 4.12)
and
> P Gukd) > muii)
(k, l)eK,, x Ly
~ vawg(lo,o) Z W (k1)
(k,eK XLy
r |l*S|,Bt
< #y 5U00) D Womug) Y exp —m*(w) Z (=205

kek} leL, i=d,+1

d
y
> 2(|lf*‘T|/f‘f/mz<u>))>(1 ot
i=dr+1 !
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dy

< #ty 50.0) D Wlm k) Zexp(— Y =2e)yilirs|P

ek leL, i=di+1
d

- Z W>( +o(1))

i=dr+1

dy d
SS_dl‘%gw,E(lo,o)< Y e ¥ e‘)’(@Tﬂ")(~>e(u)(1+o(1)). (4.13)

i=d)+1 i=dy+1
Lower bound. By the property of the sup functional and Bonferroni inequality, we obtain
P{Tg, (X;F) > mw)} > > P{T}(X,[€) > mw)}
keK,
— Z P{T'7 (X;F€) > m(u), r;q(xjf) >mu)}. (4.14)
k.qeKy , k#q
Similarly, as in (4.12), we have
Y PO (X > m@)} ~ S0ty 5. (10)0-c(w), (4.15)
keK,
with b} (s, 1) = Z —d1+1(1 + e)yilsi|Pi + Yo Vitalti |Pivd | (s,1) € Io Finally, we focus on
the double-sum term. From (F1), it follows that

Yo PR (X) = m), T (X)) > m(u))

k.qeKy  k#q
< Z P sup X (s,t) > m(u), sup X, €(s,t) > m(u)}
kgeKy, k#q (s,t)ely (s,1)€ly
< Z Pl sup X,(s,1) > myx, sup Xu(s,t) > mu,q].
kgeKy kg DEL (s.)€l,

Let, foru > 0,
Ti={kq)kqek, k#q. LNl #2),  To={kq.kqek, Iinl,=2).
Without loss of generality, we assume that g1 = k; + 1, S > 1. Then INk = }Z U INIQ’ with

dy
I = kS, (ki + 1)S = VS x [ [kiS. (ki + DS]x T x E,
=2
d
I =1kt + DS =S, (ki + DS x [ [IkiS. (ki + 1)S1x T x E.
i=2

Consequently,

IP’{ sup X, (s, 1) > My k, SUp X,(s,1) > mu,q}
s,k (s,1)ely

<Pi sup X, (s,1) > My k, Sup X, (s, 1) > mu,q} +P] sup X, (s, 1) > mu,k}.
(s,t)eiz (s,t)ezl (s,t)eiz/
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Similarly, as in (4.10), we have

P{Sup(s,z)ef,g’ X,(s,1) > My i}

=0,
W (my k)

lim sup — Jff,l;l?h: (Z))

Uu—>00 —
keK,

with 7o = [0, v/S] x [0, S]9~1 x J x E.
Let 8 = min(min;—1_.  g4+n(a;0), Min;=1,.  4+n(® o). By (3.9) and Corollary 3.1, there
exist ¢ > 0 and G > 0 such that

P{ sup X, (s, 1) > My k, Sup X, (s, 1) > mu,q}
(s,N€ET] s,0€ely

< C(S + |E| + D20 oSy

and, for (k, q) € 72,

P{ sup X, (s,1) > My k, SUp X, (s,1) > mu,q}
(s.0€l (s.0ely

< C(S+ |E| + DXt e el g n | ),

with m” | = min(m, k, my,q). Since each Z( has at most 3% neighbors then, for S and
sufficiently large u,

Z P{ sup X,(s,1) > My, SUp_ X, (s,1) > mu’q}

(k,q)eTi (s,0)ely (s,0)€ly
~ _ B2
<3 DOV + Y CS+IE[+ DX e wmy )
keK, (k,q)eT
R @15/3/2
<Q )’ (%3‘;‘?@(10) +exp<— 5 ) )Y omn)
keK,
- e, SB/2
<Qs™ (Jfé‘;‘,’h:(lowexp(— = ))®e(u>. (4.16)

Moreover, for all large u,

Z Pl sup X, (s,1) > myx, sup Xu(s, 1) > mu,q}

(k,q)eT> (s,0)el} (s,0)€ly
< 3 S+ |E[+ DX O Iy, )
(k.q)ET
d B/2
<y wmu,k)@s@‘Zexp(—e] (SZZq?) )
keKy q#0 i=l
< QsUe @@, (). (4.17)
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Substituting (4.8)—(4.17) into (4.7) and dividing each term by ®¢(u), we have, with ¢ — 0,
—di 7,T 7 —d sup —¢1882)2 —Qy 8P
SNy, (o) = QS™N (A, (o) +e75T/%) — Qsem
< lim inf P{l'g, (Xy) > m(u)}
U=00 Oo(u)
P{l'g, (Xu) > m(u)}

< lim lim lim sup

T—-0y=> y—oo Oo(u)
& B - B
: —d r * : : —d r _r* —QSPi —yQTPFi
i=di+1 i=dy+1
dy 5
_ ¢—d r T —QSPi
=S 1J€Vw’hg(lo)<1+ Z e ) (4.18)
i=d+1

Note further that

di ()
sup TN h; -
Hys (T) = Ay, (0./SD [ T #v,, 10,51 TT 2y 10, SVt

i=2 i=di+1
dp dr
r 7 hi
9y, 150 = [ 19,1081 [T 2y, 10.1¢5re .
i=1 i=d+1 ’

with V,, \7(/,, and % defined in (3.10) and (3.12). Further, using the fact that (see, e.g.
Theorem 3.1 of [17])

 Hy, [0, 5]

lim l—:‘%"wi € (0, 00), 1<i<d,

S—o00

and letting S — oo on the left-hand side of (4.18), we have

dj dy dy

: hi r* —di g, 7 —Qshi
[12v, ] Jim 2y’ (-, S]Jem(E)gs I%Vq,,h(’;(l())(l"_ > e )<oo.
i=1 i=di+1 i=d;+1

Thus, we conclude that

lim Py [~S.S]€(0.00), di+1=<i=<d,

S—o0 Yi
which establishes the claim by letting S — oo on both sides of (4.18). For the other cases of
ai, bi,d1 +1 < i < d, the proof is similar as above. O

Proof of Proposition 3.1. We have, for any S, T positive,

0 < 2L([0, 51,10, T]) < 227" V10, T1.

2
In order to complete the proof, it suffices to prove that lim7_, ﬂ’)léa (l)[O, T] < oo. For this
purpose, define, for any S > 0, u > 1,

Xu(r+1))

- . tel0,unul.
15 bo2(un) 202G’ | S0 Inul

Y, (1)
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Note that 2(ult — s|) — (o (ur) — o (us))?
o“(u|t —s|) — (o(ut) —o(us
1 —corr(X (ut), X (us)) = 20 (ut)o (us)
_ 0Pl —s)) — o o)t — 5))
B 20 (ut)o (us) ’
with 6 € [s, t]. By (A1) and Theorem 1.7.2 of [5], it follows that
. uc(u)
lim = Ooo-
u—oo o (u)

If we set f(r) = t2/02(t) then by Lemma 5.2 of [8], it follows that f is bounded over any
compact set and regularly varying at oo with index 2 — 2o, > 0. Consequently, the UCT
implies that, for any S > 0,

f(l/tt) _ |t|2—2(100

f)

lim sup =0

U= 1¢(0,5]

and, therefore, as u — 00,

2 — 2 ;2 a2
1~ core(X (un), X (us)) ~ 2l =5 (1 _ “&M)

20 (ut)o (us) 62 o2(ult — s|)
_ ol =) (1 2 f(ult—s|)>
20 (ut)o (us) © f(ub)
2
N G—;ZZ(M)SD (4.19)
fors,t € [1, 14+ u~!Inu]. Further, let
L) =[ku 'S, u” ' (k+1)S],  0<k <N,
with N (u) := [S~'Inu] + 1. It follows that, for sufficiently large S,
N (u)
po@ =Pl s V0> Vo) = pw+ Y pw, 420
te[0,u=! Inu] k=1

where

po@) =P{ sup ¥,() > V2o ),

tely(u)

2
Pe(u) = IP’{ sup X(u(t + 1)) > ﬁo(u)(l b (kS)>}, k> 1.

1€l (u) 402 (u)
In order to apply Theorem 2.1, in view of (4.19) we set (using the notation of Theorem 2.1)
Ky =1{k:0<k <N} E =10, S],
2
Suk = «/§a(u)<l - %) k € Ky,
Zux() = X(u(u kS +u"'t + 1)), k € Ky,

2 o2(t —s))

Ouic(s,1) = &« T s,t€E, kek,,
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and 5
_ bo“(t)
huo(t) = 20T(u)’

Conditions (C0) and (C2) are obviously fulfilled. Condition (C1) is also satisfied with

tek, hyx =0, keK,\{0}, n=X.

giohu,o(t) — bol(1), u — 00,
uniformly with respect to ¢ € E and
gr chui(t) =0, t € E, ke K,\{0}, u>0.
Next we shall verify (C3). Clearly, by (A2), for sufficiently large u,

2 o*(t —s))

T <20%(t—s)) < Qlt —s|™,  s.t€E keK,

uk(s t)_g

Moreover, by (4.19),

sup  sup ga (B{[Zuk(t) — Zu ()] Zuk (0)}

keK, |[t—s|<e,s, teE

2
< swp sup gz,( ()(+<)>—“()<1+o(1>))

keK, |lt—s|<e.s, t€E 202(u) 2(u)

25 _(|o%(1) — a%(s)| + o(1))

guk
< sup sup 5
keK, lli—sll<e.s, teE 20°()

— 0, u— 0o, € 0.
Thus, (C3) is satisfied. Therefore, in light of Theorem 2.1, we have

po(u)

. bol(1)
lim —-— =% [0, S]
u=0 W(V2ow)

and

Pi(u) '
li — Hx[0, S]| = 0.
”ggokeKuI/){O} W (/20 (u)(1 4 bo2(kS) /402 (1)) %10, 5]

Dividing (4.20) by W(y/20 (1)), letting u — oo, and by (A1), we have, for sufficiently large Sy,

IA

o
2
Py 010, 811+ x[0, 511y e~bo k02
k=1

2
22710, 5]

o0
Py 010, 811+ Hx[0, S11y_ e kS
k=1

2 [070%)
2L, 511+ Hx [0, 5] e 25

IA

IA

Next, letting S — oo, we arrive at

2 [e4e%]
lim 0”“ 10, 51 < 227 10, $11+ Hx[0, Si]e 225 < oo,

S—o0

establishing the claim. ]

https://doi.org/10.1017/apr.2017.33 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.33

1064 K. DEBICKI ET AL.

Appendix A

Proof of Remark 2.1(ii). First we suppose that (C2) and (2.4) hold. Our aim is to prove (2.6).
By (2.4), the continuity of o,?(t), t € E, and the compactness of E, for any ¢ > 0, there exists
a constant € := ¢, > 0 such that

. c
lim sup sup sup |g3’ru var (b, (s)) — giru var(b, (1)) < =,
u—o0o ek, ||t—s|<e,s,teE 3

with b, (¢t) = Z, 1,(t) — Z, -, (0) and, further,
c

sup o) (1) —op(s)| <
l—s|l<e, s,tcE 3

By the compactness of E, we can find E. C E which has a finite number of elements such that,
foranyr € E,

O.(t)NE, #+ @, Oct) :={s eRY: |t —s|| <e).
For any 1 € E witht’ € Oc(¢) N E;,

|85 -, Var(bu (1)) — 207 ()] < |, var(bu (1)) — g5 -, Var(by(t)]
+210, (1) — 0, (1) + 184 7, Var(bu (1)) — 20,/ (1)

From (C2), it follows that

lim sup |g7 . var(b,(t)) — 20, ()] =0, teE.

u— 00 T eKu
Consequently, we have
. 2 2
limsup sup suplg, . var(b,(t) — 20,7 )|
u—0oo t,ek, teE

. 2 2
<limsup sup sup Igu’m var(b,(s)) — 8u.t, var (b, (1))|
u—>00 ek, |[t—s|<e,s,teE

+2  sup  og(t) — o (s)| +limsup sup sup |g; . var(b, (1) — 20, ()]

|lt—s|l<e, s,teE u—>o0 t,eK, teE.

<ec.

Hence, letting ¢ go to 0 yields (2.6).
Next, supposing that (C2) and (2.6) hold, we prove (2.4). By the continuity of o,% (1), t€E,
and the compactness of E, for any ¢ > 0, there exists a constant € > 0 such that

2 2 ¢
sup |o,] (1) —o, ®) < =.
li—sll<e, s.t€E 3

Forany s, t € E,

185 <, var(bu(s)) — gp ., var(by (1))
< lgr.., var(by(s)) — 20,7 ()| + 2|07 (s) — o7 ()] + 120, (1) — g5 ., var(bu(1))].
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Consequently, by (2.6),

lim sup sup sup | g,f’ru var (b, (s)) — giru var (b, (1))|

u—>o0 ek, ||t—sl<e,s,teE

IA

2limsup sup sup |g5’ru var(b, (1)) — 20’3(l)| +2 sup |0’,?([) — a,?(s)|

u—0oo t,ekK, tekE ||[t—s|l<e€, s,teE

<c.

Letting ¢ — 0, the above establishes (2.4), which completes the proof. (]
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