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Associated Legendre functions are studied for the case where the degree is in conical
form 7% + i7 (7 real), and the order iy and argument iz are purely imaginary (u and
z real). Conical functions in this form have applications to Fourier expansions of the
eigenfunctions on a closed geodesic. Real-valued numerically satisfactory solutions are
introduced which are continuous for all real z. Uniform asymptotic approximations
and expansions are then derived for the cases where one or both of u and 7 are large;
these results (which involve elementary, Airy, Bessel and parabolic cylinder
functions) are uniformly valid for unbounded z.

1. Introduction and definition of solutions

We consider solutions of the associated Legendre equation

d2y dy m?

2 _
(1—z)d22—2zdz—|— n(n+1)_1—22 y =0, (1.1)
for the case where the degree n is complex, of the form n = —% + it with 7 real.

Solutions for the degree in this form are usually referred as conical functions. Conical
functions have applications in problems involving the solution of Laplace’s equation,
for instance, when it is expressed in toroidal coordinates (see [14, ch. 7, §4]). They
also appear in the kernels of Mehler—Fock transforms (see, for example, [1] and [14,
ch. 7]).

In this study we focus on conical functions that have both the argument z and
order m purely imaginary. The main motivation for a study of these functions is
that they appear naturally in the Fourier expansions of the eigenfunctions on a
closed geodesic (see [5,12,13]). In the study of analytic properties of Laplacian
eigenfunction on hyperbolic surfaces that are non-compact and of finite volume, if
one expands in rectangular coordinates, one gets modified Bessel functions of the
second kind with purely imaginary order. However, if one chooses geodesic polar
coordinates, then one gets conical functions for the expansion of the form studied
here.

Although understanding the behaviour of the eigenfunctions on a geodesic is a
classic problem regarding hyperbolic surfaces, very few results beyond those that
also hold for general Riemann surfaces are known. There are conjectures expected
to be true only for hyperbolic surfaces, as opposed to Riemann surfaces; see, for
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instance, [13, conjecture B]. In this context, the asymptotics of Legendre functions
of imaginary order could aid in quantifying the restricted L? norm on the closed
geodesic of the L? normalized eigenfunction.

Returning to the differential equation (1.1), standard solutions are given by
P ™(z) and Q'(z), where

n

—mi

Q' (z) = m@?(z)- (1.2)

P ™(z) and Q7'(z) are real for z, m and n real, provided that z > 1. For complex
z they are analytic in the plane having a cut along (—oo, 1], and their principal
branches form a numerically satisfactory pair (in the sense of [6]) in the half-plane
Rez > 0, for Ren > —% and Rep > 0. See [10, ch. 5] for more details.

Since we are considering a purely imaginary argument, let us write z = iz (x real).
We then observe that P, (iz) and Q!'(iz) are complex-valued functions, and,
moreover, the principal branches of both suffer from being discontinuous at x = 0.
Thus, we first define a continuous solution as follows. Firstly, let Q7 (1+ (z—1)e?™)
denote the branch obtained from the principal branch of Q7'(z) by encircling the
branch point 1 (but not the branch point —1) once in the positive sense. Then,
using

m 2mi —m7iym ml —-m
(see [11, §14.24]), we define Q™ () to be the analytic continuation of the principal
branch of Q7'(z) from the upper half-plane across the cut along —co < z < 1.
Specifically, we define

~ QY (=), . Imz >0,
Qn (Z) = efmﬂ'iQﬁ(Z) _ F(n _,/T’rln - 1)P;m(z), Imz < 0, (14)

with principal branches applying for P, (z) and Q!"(z) here. Thus, QT(Z) is
analytic in the plane having cuts along —co < 2 < —1 and 1 < z < oo, and, in
particular, Q" (ix) is continuous (indeed infinitely differentiable) for —oco < & < co.

We next define an even (continuous) solution of (1.1), for the case z = iz, —0co <
T < 00, by

_Qra) + Qp(—in)
2Q;2(0)

=

= (1+a%) "2 F(=gn — ym, gn — ym+ ;55 —a%),

en (2) '3
(1.5)

with the property e'(0) = 1.
Similarly, an odd solution is defined by

Q (ir) — Qp (~ix)
2iQ75(0)
=z(1+2%) ™2 F(

o, (x) =
—ln -

1
2

with the property 0?}/(0) =1.
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The denominators of (1.5) and (1.6) have the explicit representations

Qo) - o (1.7
" 2"+1F( n—im+1)IEn+im+1) '
and
—nmi/2
. e T
m . 1.8
@ (0= 2'I(An— im+ H)I'(Gn+sm+ 1) (1.8)
Next, for purely imaginary order, we write m = i (u real), and so for n = — 4 +ir
(7 real) we have, from (1.5) and (1.6),
eiﬁb(l/Z)+iT(x) =(1+ xQ)_i”/QF(i — %iT — %iu, i + %iT — %i,u; %; —x2) (1.9)

and

Oi_“(l/z)_i_iT(x) =z(l+ xz)_i“/QF(% — %iT — %iu, 7+ Lir — Lig; o —2%).  (1.10)

|
—
[

(V)
[ V)

These functions are solutions of (1.1) in the form

d?y dy 1 w2
1 — +20— - — =0. 1.11
(+x)d2+ d+<7’+4 1+x2)y 0 (1.11)
This equation has coefficients Wthh are all real, and has no finite _singularities for
x € ( / 00). Now, the solution €' (1/2)+1T( x) has the properties €' (1 2)+w(0) =1
and e’ (1/2)+17- (0) = 0, and hence it is seen by induction that all the coefficients in its
Maclaurin series, when derived from (1.11), are real. We conclude that e'* (1/2) ()
1s real for all real z. Similarly, the odd solution o' Z(1/2)+ir (z) is also real for all
real .

We remark that if y(x) is a solution of (1.11), then W (z) = (cosh(z))'/?y(sinh(z))
satisfies the equation

2 241
d v;/ (72 - “t‘*)w = 0. (1.12)
dz cosh”(z)

If we neglect the second term in the parentheses, we observe, at least heuristically,
that W ~ Acos(rz) + Bsin(7z) as either 7 — oo or z — F00, where A and B are
constants. Hence, the even solution of (1.11) has the asymptotic behaviour

61_“(1/2)+i7(93) ~ A1+ 2®) " cos{r sinh ™ (x)}, (1.13)

as either 7 — oo or x — oo, with p bounded. Similarly, for o (1/2)+1'r( x), the
cosine in (1.13) is replaced by sine.
From (1.9) and (1.10) we have, as z — 0,

e’ aypir (@) = 1+ §(4p° —47% = 1)a® + O(a?), (1.14)
Ol—“(1/2)+iq—(z) =+ i(‘lﬂz —47? — )LIZ + O(xs), (1.15)
and, moreover, their Wronskian is given by
i 1
W{e (1/2)+1T( z), 0f(1/2)+i7(x)} = 211 (1.16)
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From
1/2

"(z) ~ Tt e z—so0,m£—3 -3 T ., (1.17)

and

QU |, QU

O 1.18
cos(nm)P, ™ (%) Tm—n) + Tt 1) (1.18)
(see [10, ch. 5, (12.09), (12.12)]) and the definitions (1.4)—(1.6), we have
i 27T1/2F(i7')|x|*1/2+”
ef@/z)ﬁT(m) ~ Re{ T T 1 T } (1.19)
(3 + it + 51 (5 + 317 — 3in)
and
i WI/QF(iT)|x|*1/2+iT
of(l/z)ﬁf(x) ~ :l:Re{ FE 1 31 T } (1.20)
I'(5 + it + 5ip) (5 + 5iT — 5ip)

as r — £o0.
We next introduce solutions of (1.11) which are characterized by their behaviour
at infinity. Specifically, we define, for any real 6,

Rﬁf(e, .Z‘) _ (2/7T)1/2€—T7f/2 Re{eiﬂ/4+102i7F(1 + iT)Qif(l/Q)-‘,—ir(ix)}' (1.21)
From (1.4) and (1.7) we observe that this solution has the property
RM(B,x) ~ 2 cos{TIn(z) + 0}, 2z — oo. (1.22)

We note that the Wronskian

T

W{R!(6,x), R* (0 — %71'7:5)} = poat

(1.23)

and hence R (6, z) and R*(§ — 17, x) form a numerically satisfactory pair for the
interval [0, 00).
For z = 0, we note from (1.7), (1.8) and (1.21) that

R,}l]f(a7 0) — (2/7_[_)1/2677'71'/2 Re{eiﬂ/4+192iTF(1 + 1T)Q~lill(1/2)+1‘r(0)}

enl/20(1 + i)
(4+21T+ 21/1) (4—|—217' 21#)
along with
R¢' (0,0) = (2/m)"/2e~"™/2 Re{3™/4H1091T (1 4 iT)Qif(/uz)JriT(O)}
2619712 0(1 + iT)
:—Re{ 1.1 1 1,1 1 } (1.25)
(3 + 3it+ 5ip) (3 + 517 — 3ip)

From (1.14), (1.15) and (1.23) the following results are easily verified.
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Connection formulae.

e oy i (@) = RE(0 — $m,0)RE(0,x) — RY(0,0)RE(0 — 3, 2), (1.26)
70 1 oy 41r (@) = —REO — 37, 0)RE(0, ) + REO,0)RED — dmyw),  (1.27)
RE(D, +x) = RE(D,00€™ | ) 1 (2) £ RY (6,00 o) 11 (), (1.28)

and

TR, —z) = {RM(6,0)R™ (0 — 1m,0) + R (8,0)R:(0 — 17, 0)} R (6, z)

— 2R*(9,0)R* (0,0)RE(0 — 4m,2). (1.29)

The plan of this paper is as follows. In §§2-6 we consider 7 large, and obtain
asymptotic approximations for the above-defined functions, which when taken to-
gether are valid for 0 < /7 < B < 0o, uniformly for 0 < 2 < co. Specifically, in § 2
we treat the case 0 < u/7 < 1—146,0< 4§ < 1, and apply Liouville-Green (WKBJ)
asymptotic expansions involving elementary functions, which are uniformly valid
for —co <z < 00.In§3 thecase 1 —d < /7 < 1+46,0 < d < 1, is tackled, and for
this parameter range two turning points of the differential equation can coalesce
at = 0. The appropriate theory is given by [9], which furnishes approximations
in terms of modified parabolic cylinder functions (see [11, §12.14]), which also are
uniformly valid for —co < 2 < 00. In §4 we consider 1+ § < p/7 < B < oo with
0 < & < co. This time there is one simple turning point in the interval, and classic
Airy function expansions are derived (see [10, ch. 11]). These results are unified
in §5, in which 0 < pu/7 < B < oo, but with x restricted to lying in the interval
[RevB2% — 146,00), 6 > 0. Due to this restriction on x, there are no turning points
in the interval, and this allows the construction of simpler Liouville-Green (WKB.J)
asymptotic expansions.

In §6-8 we consider u large. In §6 we assume 7 is bounded, and apply the theory
of [3] to obtain asymptotic expansions involving modified Bessel functions with
purely imaginary order. The differential equation in this case is characterized by
the dominant term having a simple pole, with solutions oscillatory in its neigh-
bourhood. Asymptotic expansions of a similar form, but with a more complicated
transformation of independent variables, are derived in §7 from the theory in [2],
and these are valid for 0 < 7/p < 1 -4, 0 < § < 1. In this case the appropriate
transformed differential equation has a simple pole and coalescing turning point,
with solutions being oscillatory in behaviour in between the two critical points. The
expansions in both cases of §§ 6 and 7 are uniformly valid for 0 < x < co. Finally, in
§8, we consider 0 < 7/u < 4, 0 < A < 1, and obtain simpler expansions (Liouville—
Green/WKBJ) by making the restriction —A~'v/1 — A24+6 < 2 < A~1V/1 — A2,
4 > 0: in this interval there is no turning point.

It should be noted that p large with 1 — 6 < 7/u < B < 00,0 < § < 1, is
equivalent to the parameter regimes of § 3 and 4 combined; hence, we have covered
all possible unbounded non-negative values of x, p and 7, with one or both of the
parameters being large. Explicit error bounds are available for all our approxima-
tions, via the various general rigorous asymptotic results that we shall use, but we
do not include them in this paper.
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For economy of notation, we shall use various symbols in different contexts. For
example, we shall use £ and ¢ as certain transformed independent variables, and
these will vary from section to section: see, for example, (2.6) and (8.3). Consistency
is maintained within any one given section.

We remark that significant numerical algorithms have recently been developed for
the computation of some of our approximants, namely the modified Bessel functions
of imaginary order and the modified parabolic cylinder functions (see [11]).

Regarding earlier results in the literature, the most powerful asymptotic approx-
imations previously derived for conical functions are given in [4]. Therein p is real,
the degree is f% +i7, 7 > 0, the argument z is real or complex and the cases of one
or both 7 and p being large are considered. As 7 — o0, expansions are furnished
that involve Bessel functions of order y, and are valid for 0 < p < A7 (A an arbi-
trary positive constant). These are uniformly valid for Re(z) > 0 in the complex
argument case, and z non-negative in the real argument case. The case pu — oo
was also considered, and expansions were furnished that are valid for 0 < 7 < Bu
(B an arbitrary positive constant) uniformly for Re(z) > 0; in the cases where z is
complex, as well as real with z € (1,00), the given expansions involve Bessel func-
tions of purely imaginary order i7, and in the real-variable case where z € [0,1) the
expansions involve elementary functions.

In [8] uniform asymptotic approximations are derived for the conical functions of
purely imaginary order PliLl/2+iT () and Qlf1/2+17 (z), where x is real and 7 — oo.
These approximations involve parabolic cylinder functions, and are uniformly valid
for—-l<z<landl—-0<pu/7<14+4,0<6<1.

We also note that, in [2], asymptotic expansions were derived for associated
Legendre functions of large real degree n, purely imaginary order iy and real or
complex argument. These expansions are uniformly valid for unbounded argument,
with 0 < p/n < A < o0.

For a summary of other asymptotic results for associated Legendre functions,
see [11].

2. Large 7, 0 < u/7<1—9,0 >0,and —co < & < o©

As usual for the asymptotic study of linear second-order differential equations, we
first remove the first derivative in (1.11), which in this case is achieved by the
following change of dependent variable:

y(z) = (1+ x2)71/2w(x). (2.1)
We thus obtain
d?w 72 12 3 — x?
— =< — . 2.2
da? { 1+x2+(1+w2)2+4(1+m2)2}w (2:2)

Here we consider 7 — 0o, and to do so we introduce
5= pr, (2.3)

yielding

(127111_ _7'2(1—62—1—3;2) 3— 22
da? ~ (1+22)2 A1+ a2 "
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For large 7 this equation has turning points (zeros of the dominate term) at
x = £4/6% — 1, and these can be real or imaginary in our parameter range. Let us
consider the situation where they are purely imaginary, so that

0<B<1-6, 6>0. (2.5)

Consequently, there is no turning point in (or close) to the interval —co < < oo.
This allows us to apply the Liouville-Green expansions given by [10, ch. 10]. We
next make the Liouville transformation of independent variable (see [10, ch. 10,
(2.02)])

(1— B2 4 p2)1/2
e= [(UEEA,,
+ p?

X

p
= arctanh {(]_—ﬂ2—|-$2)1/2} - ﬁ arctanh {(:L—ﬂzjw} (26)

The lower limit of integration in the integral was chosen to ensure that £ is an odd
function of x.
Asz — 0,

£=(1-0%)"22+ 0@, (2.7)

and, as x — o0,

¢ = In(22) — Barctanh(B) + O(z™2). (2.8)
Then, with the new dependent variable defined by

(1 _ /62 + $2)1/4

W=y (2.9)
we obtain dQW
— = =T (W (2.10)
where
o) = (L0 = 5t 12— 45%) 2.11)

41— F 22

We apply [10, ch. 10, theorem 3.1], with u = ir in the solution (3.02) of that
theorem, and, defining

W2n+1,1(7a 5) = % Re{Wn,l(iT7 f) + W’ﬂ,l(iTa _g)} (212)

and
W2n+1,2(7_7 g) =1 Im{Wn 1(17— 6) n 1(17_7 75)}7 (213)

we obtain the following even asymptotic solution of (2.10):

n

Waont1,1(1,8) = COS(Tf)Z( 1)* A

s=0

— A2 +1 )
+Sln (7€) Z ;S-‘rl +e2n41,1(7,§)
s=0

(2.14)
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and the odd asymptotic solution

—1
W n A29 3 A2€+1 f)
ont1,2(7, §) = sin(7) Z —COS (7€) Z EECE= +e2n+1,2(7:€),
s= s=0

(2.15)
where Ap(§) =1, and

Agir(€) = H{AL(0) - AL} + 2 /1/» Wdy, s=0,1,2.  (2.16)

Note that we have chosen the integration constants in (2.16) so that A4(0) =0
for s =1,2,3,..., and, consequently, since ¥ (§) is an even function of &, it can be
shown by induction that

Ag(—€) = (=1)°A,(€), s=0,1,2,.... (2.17)

In (2.14) and (2.15) the error terms e9,41 (7, &) have explicit bounds, and are
O(r72"=1) uniformly for —oco < £ < oo (equivalently, —co < z < o00). Moreover,
they, and their first derivatives, vanish at £ = 0 (equivalently, z = 0) if we take
ap = 0 in the j = 1 bound of [10, ch. 10, theorem 3.1]. As a result, we find by
uniqueness of even and odd solutions, along with (2.1), (2.7) and (2.9), that

1— 62 1/4
1M(1/2)+17( r) = (1—524—332) Want1,1(7,§) (2.18)

and

-1 -1
1u nz: A25+1 O)
—(1/2)+1T 7—25+1
X {(1 =81 = 8% + %)} Wani (7€), (2.19)
for 0 < p/7 < 1-246, 6 > 0, uniformly for —oo < x < oo. The corresponding

expansions for R¥ (0, £x) are derivable from (1.28).
Returning to the original variables, and taking n = 0, we have

. 72 _ 'u2 1/4 1
in _
6_(1/2)+17(x) = <T2£L'2—|-T2—/L2> { cos(7E) + O(T> } (2.20)

and
I S )t GRS CE)

where

Tx + (1222 + 72 — p?)/? i U
£ = ln{ 2= )i - arctanh CErT el e (2.22)
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3. Large 7, 1 -0 < p/7<1+3,5 >0,and —oo < & < o©

Again we consider the equation in the form (2.4), but now assume that 1 — ¢ <
B <1446, > 0. Let us break this into two subcases, 6 < 1 and 3 > 1. We first
consider the former, namely

1-0<p<1. (3.1)

Thus, the turning points of (3.1) are purely imaginary, located at x = +i/1 — 32,
and coalesce at © = 0 when 8 — 1. The appropriate theory is given by [9]. To apply
it, we make the Liouville transformation (see [7, §2])

/a: (P +1 _52)1/2
0

¢ R
21 dp:/o (n* + %)% dn, (3.2)

where /3’ is defined by

in/1—32 _ ig
/ ! (ZCQ +1 62)1/2 dz = / A(CQ _’_32)1/2 dc. (33)

—iy/1—32 2 +1 —if
Upon explicit integration we find from (3.3) that
B=12(1-p)"2, (34)
and, from (3.2),
In{z + (2% +1 - Y2 + In{ (22 + 1 — gH)Y/2 — Bz}
— 36In(z? +1) = 3(6+ 1) In(1 - §7)
=1+ BHY? 4 %B2 arcsinh (2) (3.5)
We use the absolute sign in (3.4) to take into account that later we will consider
the case 0 > 1.
The z interval (—oo,00) is mapped one-to-one to the ¢ interval (—oc,o0), with

the points x = 0,+iy/1 — 32, +00 mapped to ( = 0,+if, +oo, respectively. We
observe that ¢ is an odd function of z, and { — +00 as x — +oo, such that

o =£(3(B+ 1)) P exp{3(CP+1-BHL+ O} (3.6)
Next we introduce the dependent variable

(Jc2 41— 62)1/4

= > w, (3.7)
(22 4+ 1)1/2(¢2 4 B2)1/4
which, in conjunction with (3.2), recasts (2.4) in the form
W 2,2 | A2 A
Feln {=77(C+58%) +0(B, O, (3.8)
where
. 2 o2 2 22 2 2 _ 2.2 4
b= =2 CHP)@ A D@ F1ZAF = F) g

T A+ 4(a? +1-§2)°
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Note from (3.6) that X
B(3.0) = 0(C™?) as ¢ — +oo. (3.10)

Equation (3.8) has turning points at { = +if3, which coalesce at (=0asfB—1
(6 — 0). The dominant term therefore is of a similar form to (2.4), but is simpler.
We apply the theorem of [9] to (3.8) to obtain the asymptotic solutions
w(r, B, +¢) = W(p— 7, £(V27) + &(7, B, £¢), (3.11)
where W (b, ) is a (real-valued) modified parabolic cylinder function defined by
Wi(b,z) = {%k(b)}l/ze”b/‘l{ei‘z’lU(ib7 xe” ™) L eI (—ib, ze™/ 1)), (3.12)
with

E(b) = /1 4 e27b — ™, (3.13)

P1(b) = g7+ 502(b), (3.14)

¢2(b) = arg I'(5 + ib), (3.15)

the latter being defined such that ¢2(0) = 0, and to be continuous for all real-valued
b. Here b=p — 7 < 0.

We remark that W(u — 7,+(v/27) are solutions of the comparison equation
to (3.8), namely

2

ddg/ = 732+ W (3.16)

From [7] we note that, as © — oo,

1/2
W(b,) — {Qkx(b)} cos{1a? — bln(x) + 1hn(b) + 1x} + o(é) (3.17)
and
Wb _ ]2 1/2~'12bl Lo (b) + 4 o2 3.18
-0 ={ia ) sntie? o)+ b + i) 4055 ). 9
The error term in (3.11) satisfies

e(t,3,¢) = env W (u — 7,(V27)O(r~ L n(7)), (3.19)

as T — oo, uniformly for —oo < ¢ < 0o, where

{W2(b7 iL’) + kiQ(b)WQ(bv 7@}1/2, —00 << 7U(b)a
env W (b, z) = ¢ V2W (b, z), —o(b) <z <o), (3.20)
(W2(b,z) + K2(D)W2(b, —2)}'/2, (b)) <z < o0,

in which o(b) denotes the smallest positive root of the equation
W(b,z) = k(b)W (b, —z).

Furthermore,

e(r,3,0) =0, (¢ — . (3.21)
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We now can match standard solutions with the asymptotic ones, starting with
solutions whose behaviour is characterized at infinity. From (1.22), (2.1), (3.6),
(3.13), (3.17) and (3.21) we deduce that, with the choice § = 7, where

Y =7In@r)+i(p—7)—t(r+p)In(r+p) — Farg (5 +i(r — p) + im, (3.22)
that

(242 —2p)1/4

CESE LG B, £0), (3.23)

Rfﬁ(’}’h :I:x) =K
where
K = (3n)YY V1 +exnlu=m) 4 emn=m)}1/2, (3.24)

The identification of the even and odd functions is also straightforward. By
uniqueness of these functions, we have

i 24225\ . .
elf(l/z)+if(x) = C° (M) {w(r,5,¢) +w(r, 5,—C)} (3.25)

and

i 219 923\/4 .
Fiyei@) = (ST ) A - b-0) (20)

where the proportionality constant C¢ can be found by setting z = ¢ = 0 in (3.25),
and likewise C° can be determined in the ¢ differentiated form of (3.26). Thus,

. 1 6"‘1 1/4
¢ _2w(n3,0)< 2 ) ’ (8:27)

and, on referring to (3.2),

1
C° = —. (3.28)
2{2(8 + 1)}/ 47120/ (7, 3,0)
REMARK 3.1. W(b,0) and W’'(b,0) are non-vanishing for all real b (see [7, (8.3)]),
and hence the same is true of w(r, 3,0) and w'(r, 3,0) for sufficiently large 7.

We now turn our attention to the second subcase,
1<p/<1+4. (3.29)

This time the turning points of (2.4) are real, located at x = £4/4% — 1, and again
have the property that they coalesce at x = 0 when 8 — 1.
In place of (3.2) we prescribe

T (32 1 _ p2)1/2 ¢
/“—mdp:/(ﬂzfnz)mdn, 0<z<V/F-1, (330
0 p +1 0
and
[

¢
dp = 2 3%)t/24 2 _1<zx< 3.31
e ] p /B(n po)=dn, VB r<oo, (3.31)
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with 3 again given by (3.4). Explicit integration yields

(B arctan L — arctan S
(32— 1—22)1/2 (B2 —1—a2)1/2

= %é(ﬂ — ) - ﬂ arccos (2) + 7r62 (3.32)

for0<xz < /3% -1, and
In{z + (2* +1— 8)"/?} + BIn{Bz — (& + 1 - °)"/*}
— %ﬂln(mQ +1)— %(ﬂ +1) ln(ﬂ2 -1

= 5C(¢ =572~ éﬁQarccos}l(g)v (3.33)

or /32 — 1 <z < co. Note that in (3.30)—(3.33), and below, 52 =283-2.

Now, with
) 2 _ p2\1/4
o @H=H" (3.34)
(22 4+ 1)1/2((2 — 32)1/4
we obtain
d2 Aa Al A
= {723 = ) + &8, N, (3.35)
where
a3 28 (=)@ (@ 1 4p%° - Bt
(B, ¢) = et 21 PR . (3.36)
We again apply the theorem of [9] to obtain the solutions
B(7, B, 4) = W(u — 7, £(V27) + &(7, 8, £¢). (3.37)

These are of the same form as (3.11), but since u — 7 > 0 the error term now
satisfies

&(r,8,¢) = env W (p— 7, (V27)0(7 >/ In(r)), (3.38)

uniformly for —oo < ¢ < oo.

From (3.33) we find that (3.6) still applies when & — co with ¢ replaced by . The
identification of asymptotic solutions is therefore the same, and again (3.22)—(3.28)
hold, with ¢ replaced by ¢, and w(T, B, +() replaced by w(r, A, :l:()

4. Large 7, 1+ d < p/T < B< oo and 0 < < oo
Here we consider T — oo, with [, again defined by (2.3), satisfying

1+5<B<B< oo (4.1)

The turning points of (2.4) are located at x = +4/3? — 1 and are bounded, and
also bounded away from one another. The appropriate asymptotic theory is that of
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a fixed simple turning point [10, ch. 11], which furnishes asymptotic expansions in
terms of Airy functions.

The appropriate Liouville transformation is as follows. Firstly, we use the Liou-
ville transformation defined by [10, ch. 11, (3.02), (3.03)], except we replace Olver’s
¢ by —(. Thus, we have, on referring to (2.4), the new independent variable given
by
(_4)3/2 B / (pz o 52 + 1)1/2
N pP+1

and

T It
3

o dp, = <+/p2-1. (4.3)

On explicit integration, for x > /32 — 1 we have the relationship
302 =Infz+ (@ +1- %)} + fIn{f — (2* +1 - 5%)'/?}

— 1B+ 1) — LB+ )M 1), (44)

and, for x < /32 — 1,

—1— )Y —1-a2)Y
%C?)/? = [arctan {W} — arctan {M} (4.5)

From (4.4) we find that { — —o0 as ¢ — 0o, such that
2IC2 =n(22) + (B - DIn(B—1) — 3B+ D In(B+1) +O(z~3).  (4.6)

Note that the turning point z = /32 —1 is mapped to ( = 0, and z = 0
corresponds to { = (y, where

G = {in(3 -1} (4.7)
Next, with
¢ 1/4
W= (22 +1)/? (52—1—$2> w, (4.8)
we obtain the desired equation
d2
o = (PCH U (19)
where , . , .,
) (x* +1)(45%2* —2® + p* = 1)¢
v(¢) = Toc? 1 r 1) (4.10)
From (4.6) it is evident that
D) =0(?), ¢— —c0. (4.11)
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Applying [10, ch. 11, theorem 7.1] to the transformed equation (4.9), we obtain
the asymptotic solutions

n A, 2/3 -
Want1,1(7,¢) = Bi(T“C)Z 7_2(5) 7_4/3 <) Z +62n+1,1(7’, Q)

s=0
(4.12)
and
n As 2/3 n—1 }
W2n+1,2(7—a <) = AI(TQ/?)C) 7_2(5) 7_4/3 C Z BT SC + 52n+1,2(7—7 C)v
= - (4.13)
where Ap(¢) =1 and, for s =0,1,2,3,...,
¢
By(¢) = %C‘l/z/o 02 () As(n) — Al(m)tdn, (>0, (4.14)
0
By(¢) = 4j¢ 12 /C ) AL () — AT}y, C<0 (4.15)
and
Q) ==3BY(Q) + 5 [ w(OBO . (4.16)

The error terms satisfy explicit error bounds [10, ch. 11, theorem 7.1], and from
these we obtain

€2n11,1(7,¢) = env Bi(r*/2¢)O (77" 1) (4.17)
and
Eant12(7, ) = env Ai(r?/3¢)O (2" 1) (4.18)

as T — 00, uniformly for 0 < z < oo, —0o < ¢ < (y. Here

i%(x 2(@)12, —co<a<e
envf(l,):{{A(HB()} , —w<z<e

V2f(x), c<x <00, (4.19)

where x = ¢ = —0.36605. .. is the largest negative root of the equation Ai(z) =
Bi(x).
Moreover, with o = —oo in [10, ch. 11, (7.12)], we have, by virtue of (4.11),

52n+1,1(7_a C) = O(|<‘73/2) (420)

as ( = —oo. Also, by choosing 3 = (y in [10, ch. 11, (7.13)] we have

€an+1,2(7,¢0) =0, (4.21)

and similarly for the derivatives of these error terms.
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We now identify the asymptotic solution given by (4.12) with the solutions defined
in §1 whose characteristic behaviour is given at infinity. Specifically, taking into
account (2.9) and (4.8), we seek constants ya, A, (7) and B, (7) such that

32122 1/4
Wani11(r0) = (=) (RO + dm,) 4 B () REGa — )]
(4.22)
To this end, it can be shown from (4.11), (4.14)—(4.16), and by induction, that, as
C — —0Q,
As(Q) = ks + O(I¢I7%%) (4.23)
and
B.(¢) = LI¢I™2 + 0(¢I 7). (4.24)
for some constants ks and ls, s =0,1,2,.... Thus, from the well-known behaviour
of Airy functions of large negative argument [10, ch. 11, §1] we find from (4.12)
that

1
Wan41,1(7,€) ~ A28

n n—1
. ks ls
X —51n(§7'\§|3/2 - %W) Z T3 + COS(%T|C|3/2 - iﬁ) Z 7—2s+1:|

s=0 s=0
(4.25)
as ( — —oo.
Now, in comparison, from (1.22), we observe that
R (yg — m,2) ~ Y2 cos(rIn(z) + 2 — 17) (4.26)
and
RE(yo + im ) ~ —z~ Y2 sin(r In(z) 4+ 72 — 37) (4.27)
as x — 0o. Thus, if we choose
v2=g(n—7)In(p—7) = 3(n+7)In(p+ 1)+ 7In(27), (4.28)

we have, from (4.6),
TIn(x) + 92 — tm = Z7¢PP? = L + O(exp{—5(—)*/?}). (4.29)
It follows from (4.22)—(4.29) that

1 "Lk
An(7) = 51 ZO . (4.30)
and
1
Bu(7) = —75 75 ZO pored (4.31)

thereby completing the identification (4.22).
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Next, we identify the asymptotic solutions with the standard even and odd func-
tions, by seeking the coefficients C,, ;(7) and C, . ;(7) in the relations

Want1,5(7,¢)
32 2\1/4 ) .
() s i)+ Oy (100 (0] (432)

for j =1 and j = 2.
Firstly, setting 2 = 0, { = (o, in these and referring to (1.14) yields

1/4
C§n+1,j(7—) = (ﬂzgo 1) W2n+1,j(7-7 CO)a .7 = 172 (433)

Similarly, differentiating (4.32) with respect to ¢ and referring to (1.15) and (4.3)
yields

2 1\l/4 .
C§n+1,j(7) = —<ﬁ 1) {WZIn+1,j(T> Co) + Wgn“’jm}, j=1,2. (4.34)

Co 4Go
We observe from (4.3), (4.13) and (4.21) that

= i/(72/3¢y) 2
W2n+172(7', CO) — Ai(T2/3<0) Z As(CO) + A ( CO) Z BS(CO) (4.35)
s=0

728 T74/3 728
s=0

and

W2/n+1,2(T7C0) Ai( 2/3§ ZA (S) +COB (o)
5=0

+ 723 AV (723 ¢0) ZAS ) +B 1(6o) (4.36)
s=0

Similar expressions hold for Way, 41,1(7, (o) and Wy, 4 1(7, (o), but we note that the
error terms for this function and its derivative do not vanish at ¢ = (.
Conversely, from (4.32)—(4.34), we arrive at

61# (I) _ < ¢ )1/4 C§n+171WQn+l,2(7—v C) - CQOn+1,2W2n+171(T7 C)
—(1/2)+ir B2 —1—2a2 W{Wani1,1, Want1,2}(Co)

(4.37)

and

o ( ) = ( ¢ )1/4 Czen+172W2n+1,1(Ta C) - C§n+1,1W2n+1,2(7'> ¢)
—(1/2)+ir B2 —1—22 W{Wani1,1, Want1,2}(Co)
(4.38)

Note that, from using the well-known Wronskian

W{Ai(z), Bi(z)} = % (4.39)
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we find from (4.12), (4.13), (4.17) and (4.21) that

W{Wani1,1, Want1,2}(Co)
2 [E": Ay(Co) i As(Co) + Bs_1(Go)

T 728

2s
T
s=0 s=0

| LR Bu(G) 35 AG) + GB(G) +O( ! )} (4.40)

2 2s 2n-+1
T T T T
s=0 s=0

in which B’ ;({p) is understood to be zero.

5. Large 7, 0 < p/7T < B, B< o0,and Rev/BZ —-1+d <z < o0
We can extend the results of §2 to the case
0<B<B, B<oo, (5.1)

provided we restrict x to lie in the interval Re vV B2 — 1+§ < x < oo; in this case the
turning points = +4/42 — 1 are bounded, can be real or imaginary and indeed
can coalesce at the origin. However, the stated x interval is such that these critical
points are avoided, which allows us to apply the simpler Liouville-Green theory
of [10, ch. 10].

Proceeding as in §2, (2.6)—(2.15) still apply, but in place of (2.16) we choose

As+l(§) = %{AIS(OO) - Ag(f)} - % /f T/’(W)As(n) d777 s = O’ 17 27 AR (52)
so that
Agy1(00) =0, s=1,2,3,.... (5.3)

The error terms in (2.14) and (2.15) can also be chosen to vanish at £ = 0o, x = 0.
Thus, from (2.14),

Want1,1(7,€) ~ cos(7E), & — o0 (5.4)
and, from (2.15),
Want12(7, &) ~sin(r€), & — oc. (5.5)

REMARK 5.1. Although of a similar form, the asymptotic solutions Wa,41,;(7,&)
here differ from the corresponding ones in §2; and in particular there is no longer
a reason to suppose that they are either even (j = 1) or odd (5 = 2).

Now, from (2.8), we have

€ =7ln(x) +v3 +0(z7?), z — oo, (5.6)
where
v3 = 7In(2) — parctanh (i) (5.7)
Thus, from (1.22), (2.1), (2.9) and (5.4) we arrive at
R (y3,2) = (1= 52 4 2%) "V Wapi,1 (7, €). (5.8)
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Likewise, from (5.5), we have
Ri(ys — ima) = (1- >+ 2?) TV W1 2(T, €). (5.9)

The corresponding asymptotic results for eif(l /2) 4ir(®) and oif(l /2) +1T(I) are now

readily derivable from (1.24)—(1.27) (with 6 = ~5 In the latter two equations).

6. Large p, bounded 7 and 0 < ¢ < oo

We now consider the case for p large. The form (2.2) of the differential equation
is not appropriate to obtain asymptotic solutions which are uniformly valid for
unbounded x. Therefore, it is necessary to redefine the independent variable. There
are several ways of doing this, and we choose the following. Let

T

s=1-— [CENE (6.1)
so that 0 < x < oo is mapped one-to-one to 0 < s < 1. If we further define
V(s) = (2% + 1) ¥ *w(a), (6.2)
then (2.2) is transformed to
2 2 2 2
((115‘2/ - {S(QM— s) * = ;si(27—473—)27 : }V (6:3)

In the interval (0, 1] this equation is characterized by having a regular singularity
at s = 0, and for large p the dominant term on the right-hand side has a simple
pole. There are no turning points in this case, and the other end point s = 1
(corresponding to x = 0) is an ordinary point of the differential equation.

The exponent of the pole at s = 0 is complex, and as such solutions are oscillatory
in its neighbourhood, and so the theory in [3, § 7] is applicable. From this reference
we make the following transformation of independent variables

2 = /0 W dp = g —arcsin(1 — s). (6.4)
Thus, s =0 (z = 00) corresponds to ¢ = 0, with
(=2s+ 15>+ 0(s%), 5 —0, (6.5)
ie.
(=2%-22""40(2"%, z— o0 (6.6)

We also note that z =0 (s = 1) corresponds to ¢ = {p, where

With the change of dependent variable
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we obtain the following equation:

A R W5
acz {44_ e +<}W’ (6.9)
where ) )
p(oy= Y D= 5" =) (6.10)

16¢s(2 — s)
From (6.5) and (6.10) we see that if we define ¢(0) = lim¢_,¢ %¥((), then 9 (() is
analytic at ¢ = 0, and, in particular,
472 +1
9O =-"2 400, ¢ (6.11)

We now apply [3, theorem 1] to obtain the asymptotic solutions
Want1,1(,€)

n n—1
— Cl/QKiT(Mcl/Z) Z Cé(c) + QKIIT(/J/Cl/Q) Z Z)M‘SQ(SC) + €2n+1,1(:u7 C) (612)

2s
s=0 K H s=0
and
Wont1,2(1, €)
— Cs(¢ .
= ("2 Lir (uC'?) 55) f(uct?) Z 2(1,0), (6.13)
s=0 K s=0
where
Liq-(x) QSIT(TT['){IIT( ) + I_iq-(x)}. (614)
In (6.12) and (6.13) Cy(¢) = 1, with the other coefficients satisfying the recursion
formulae

¢
Dy(C) :*CQ(CHC’”Q/ 0~ 2 (n)Cs(n) — CUn) + 72Dy (n)}dn  (6.15)

0
and
Can(€) = ~¢DLO + [ w(OD.(0) &6 (6.16)
for s =0,1,2,....
The error terms are explicitly bounded, and satisfy
eant1,1(p,¢) = ¢ env Kir (u¢'/?)O ("1 (6.17)
and
Eant1,2(1, ) = ¢ env Lz (u¢'/?)O (™" (6.18)

as u — oo, uniformly for 0 < x < 00, 0 < ¢ < (y. Here

f( ) — {K?T(m) + Lizr(ir)}l/27 0 < x < X7,
env f(x) = V2f(z), Yr < < 00,

where z = x, is the largest positive root of the equation Ki,(x) = Li,(x).

(6.19)
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Moreover,
o111, ¢) = ¢V Kir (uC*)O(C = Go), ¢ = G, (6.20)
and
eant1,2(1 ¢) = Lir (u¢M?)0(C), (—0%. (6.21)
Similarly to (4.22), we seek constants 4, Cy, (1) and D, (1) such that
Wani1,2(1,C) = A Ca(p) RE (s — jm,2) + Do() R (v + gm,2)]. (6.22)

To do so we note from [3] that

Lin(z) = {Tsmz(m)}l/z [cos {Tln (i) + m} v 0(x2)] (6.23)

L (2) = {Sm;gw)}m B in {Tln (i) + m} + O(x)} (6.24)

as ¢ — 0T, where

and

¢r0 = arg I'(1 +i7). (6.25)
Thus, from (6.13) and (6.21),

1/2
Want1,2(p,¢) ~ C1/2{7T(T7T)}

7 sinh

2 =~ Cs(0)
X [cos {Thl <MC1/2) +¢r,o}§ 2
n—1

. 2 — D, (0)

as ¢ — 0.
Now from (1.22) and (6.6)
2
(31 — b2 ~ (VA cos {rln (W) . ¢T,o} (6.27)
and
2
R (ya + imz) ~ —¢Y*sin {Tln <u§1/2> + ¢>r,0} (6.28)

as ¢ — oo and ¢ — 07, provided that we choose
Y1 =3ir—7rIn(ip) + éro. (6.29)

Consequently, with this choice of 4, on comparing (6.22) and (6.6) with (6.27)
and (6.28), we arrive at

Co(p) = {”}1/2 Xn: Cs(0) (6.30)

7sinh(77) =
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and
1/2n—1
T D,(0)
Dolp) = - ——— 0 6.31
(1) {sinh(ﬂr) } ; st (6:31)

as desired.
Results complementary to (4.32)—(4.36) are derived similarly to these (we there-
fore omit details), and read as follows:

W2n+1,j (Ta C) = <1/4[02€n+1,j (U)eif(l/z)_t,_h(m) + an-&-l,j (/“L)Oiii(l/g)+17(x)]a (632)
where
Chnir (1) = (2/m)* Wang1 5(7, 37°) (6.33)
and
Cnirj (1) = 2/ P Wappr (7, §7%) — (2m) P Wy, (7, §70°). (6.34)
In (6.34), for the case j = 1, we find from (6.12) that
W2/n+1,1(lu'7 %WQ)
Kir (3um) = 4C,(372) + 202CL (372) + w2 Dy (37%) — 472 Dy_1(57%)

- 4 Z u2s

s=0

pKl (Sum) &= 205 (37%) + 2Dy (3n2) + 72Dl (17?)

5 (6.35)

7. Large p, 0 < 7/p<1—6,0 >0,and 0 < < oo

We extend the results of the previous section to the case where 7 is no longer
restricted to be bounded. We thus define

T = au, (7.1)
to recast (6.3) in the form

d?V [ p?(2s —s* —a?) n 25 — 52 — 4
ds? 52(2 — s)2 452(2 — 5)?

(7.2)

This equation has two simple turning points located at s = 1++/1 — a2. We assume
that
0<a<1-4, §>0, (7.3)

so that they cannot coalesce (which happens when o = 1), but one of them (s =
1+ 1 — a?) can coalesce with the double pole at s = 0 (when o — 0). Again we
consider s lying in the interval (0, 1] (which corresponds to 0 < & < 00).

Equation (7.2) is characterized by having a coalescing turning point and double
pole with complex exponent, and the appropriate theory is given by [2]. Thus, from
(7.2) and [2, (2.2a,b)], we introduce a new independent variable by

s 2 — p2 — 2)1/2 ¢ _2\1/2
1-vi—az  P(2-p) a2 21
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for 1 —v1—0a2<s<1,and
/1W (a? — 2p—|—p2)1/2 W — /a2 (a2 — 77)1/2
s p(2—-p) ¢ 21

for 0 <s<1—+v1-a2.

Integration of these yields

1—s 1 202 1+ a?
arccos i a2)1/2 501 arccos A—a2s@—s 1-a

_ /
= (¢ —a?)/? —aarctan{w} 1-V1-a2<s<]1, (7.6)

o
and
In{l—s— (a2 — 25+ 52)1/2} — %ln(l — a2)

ol 2a{a—(1—s)(a2—28+s2)l/2}71—|—a2
2ol { (1—-a?)s(2—s) 1—a2}

Y
—éaln{%}_(cﬁ_olm’ 0<s<1-v1—a2 (7.7)
—1

Note that z =0 (s ) corresponds to ¢ = ¢y, where

(Co — &®)Y? — avarctan {1(C0 - a2)l/2} =1in(l-a). (7.8)
a
We find from (7.7) and (7.8) that
e? 11—« 1/ 9
= 0 7.9
= s (1s) ¢ =1 (7.9
s=1—(1—@2)1/2—#&#—0{((—&2)2} ¢ —a? (7.10)
2(1 — a2)1/6 ’ ’ '
and
B S I T 0 7.11
Go =47 —a—3?—|— (¢®), a—0. (7.11)
Furthermore, from (6.1) and (7.9) we see that 2 — oo as ¢ — 07, such that
/(2e)
1= (1+a) ~1/2 1/2
= . 7.12
p = LZOV (2RO ey o) (1.12)
Analogous to (6.8) we next define (see [2, (2.1a,b)])
/4
¢ V2795 — 52 —a2\!
_ 7.13
W (5(2 —3) ¢—a? v, (7.13)
to obtain ) ) (@.0)
d W QC -« 1 ¢ «,
_ _ 1 7.14
e e A 1y
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where
¢ +4a? (€ —a?)s(2 —8)(2s — 82 + 4a%(1 — 5)2 — a?)
¥la,¢) = 16(C —a2)2 16¢(2s — s? — a?)3 - (715)

Applying [2, theorem 1], we obtain the solutions

Want1,1(p, o, ¢) = CI/QI Cl/z Z S(a X

s=0 M
n—1
+ EI{T( ¢?) Bs(a <) +e2n+1,1 (1 @, () (7.16)
K s=0 'u
and
Wanaina6) = 2 Kin ()Y 24520
s=0
n—1
SR 2D e, ()
1% — M
where ~
Iir () = me™ " {Iir (x) + I_ir(x) } (7.18)
(cf. (6.14)).

In (7.16) and (7.17) Aop(e,¢) =1 and, for s =0,1,2,...,

¢
By(a,¢) = ((—a?)~'/? /Q(H*az)’l/z{w(a,n)As(a,n) —n AL (e, n) = Al(a, )} dn

: (7.19)
when ¢ > o2,

2

By(a,¢) = (a®=¢)7/? /Ca (@® =) 2 {w (e, m) As (@, m) =AY (o, ) = Al (e, )}

(7.20)
when ¢ < a? and
¢

Aval0,0) = ~CB(aQ)+ [ dlamBlamdyt e, (121)

where \;41 are arbitrary constants.

The error terms satisfy

eanr1,1 (1) = 2L (u¢ )01 (7.22)
eans12(1,C) = (2 Kip (u¢ /)0 (1) (7.23)

as (1 — 00, uniformly for 0 <a<1—-6,6>0,and 0 < z < 00, 0 < ¢ < (p, except
near the zeros of each Bessel function. Moreover,

eant1,2(11,¢) = Lir (uCM)O(Q), ¢ — 0", (7.24)
Eant1,2(11,C) = (M2 Kir (uCH)O(C = Go)y € = Co (7.25)
uniformly for 0 <a <1-46,0 > 0.
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An identification similar to (6.22) now follows. Using (1.22), (2.1), (6.2), (6.14),
(6.23), (6.24), (7.12), (7.13), (7.16), (7.18) and (7.24), we arrive at

W2n+1,1(/~b’ «, C) = C1/4 [An (Nv O‘)Rg (’75 - iﬂv :,C) + B, (:uv a)R¢ (’75 + iﬂ—v i)], (7'26)

where
+7
o= (B50) a0 - bt in (020
_ o [ msinh(7m) 1/2 9 o p+T i/ o As(a,0)
Y VD il A _ /A2 A 2
Autp) =26 { TR i ety (BET) S A (ray
and
[ rrsinh(rm) /2 o o HtT 1/ L By(a 0)
B, =2 " —— - M E— — i
(1, @) e { o } (W —77%) e ; 2+

(7.29)

Similarly to (6.32), we likewise obtain

<2<1 —a?_ a2332) 1/4
S

X [C§n+1,j (/L)eif(l/z).;.i-,— (I) + an-i—l,j (:u)oifa/g)_;.i-,— (I)], (730)

W2n+1,j(ﬂa C) = {

where
2

Co— o 1/4
C2en+1,j(/u) = {w} W2n+1,j(H7C0) (7.31)

and

$(Co — 202) Wan 1,5 (1, Co) — 2¢0(Co — @)W, 41 (1, Co)
o _ 2 ) n+1,
Cony1,y(p) = (6o — o) A1 2P J . (7.32)

8. Large u, 0 < 7/p <A, 0< A<1l,and — A" 'W/1—-A2+6<xz <
A71V/1—-A2_§,6>0

We can simplify the results of the previous two sections if we restrict = to be
bounded. In this case we can forgo the preliminary transformation (6.1) and consider
(2.4) in the form

2 201 _ n2m2 _ 2 2
dw_{,u(l a’x? — a?) 3—=x }’ (8.1)

a2 A+22 i1+ a2
where « is again given by (7.1).
The turning points of (8.1) are located at x = +a~1v/1 — 2. In this section we

assume that
0<a<A4 0<A<l, (8.2)

so that the turning points are real, with the one lying in (0, c0) being bounded away
from the origin. Moreover, we assume that —A~'v/1 — A2+ <2 < A~ 1W/1 — A2~
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4, so that this variable lies in an interval that excludes any turning points, and as
such must be bounded.

Similarly to § 2 and 5 the Liouville-Green expansions of [10, ch. 10] are applicable.
This time the transformation of the independent variable is given by

g _ /m (1 — a2 a2p2)1/2 dp
0 p2+1

= arctan v — ovarctan ar (8.3)
(1— a2 — a222)1/2 (1—a2 —a222)/2 [’

It is important to note that £ is an odd function of z. We also observe from (8.3)

that
E=1-aH2z+ 0% (8.4)
as x — 0.
Next, setting
(14 22)1/2

T 1—az— CY2$2)1/4VV’ (8.5)
we obtain

d2

— = {1+ (W, (8.6)
where

(14 22)(1 — a* + 4a2? — a*2?)
4(1 — a2 — a22?)3

V(&) =— (8.7)

Applying Olver’s Liouville-Green theory [10, ch. 10, theorem 3.1], and defining
W2n+1,1(/u'7 5) = %{Wn,l(ua g) + Wn,l(ua _5)} (88)

and

Wani12(7,€) = ${Wa1(u, &) = W1 (u, =€)}, (8.9)

we obtain two asymptotic solutions of (8.6) of the form

Ay, 2 Ay,
W (,6) = cosh(u) 3 22 4 () 3 2o 4 ()
s=0 s=0
(8.10)
and
n—1
Want1,2(p; §) = sinh(ug) Z A% )y cosh(u&) Y w + €ans1,2(14: §),
=0 s=0
(8.11)
where Ap(§) =1, and
Agr(€) = H{AL©O) = AL} + 1 /w Wdn, s=012.... (312
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Note that, for s =1,2,3,...,

A0) =0,  A(—€) = (~1)*AL(6). (3.13)
In (8.10) and (8.11) the error terms eay41,;(7,§) have explicit bounds, with the
properties
e2n+1,1(11,€) = cosh(p€)O(u="") (8.14)
and
E2n+1,2(1, €) = sinh(uE)O ("7 (8.15)

as 1 — 0o, uniformly for —A7'V/1 - A2+ < < A W1 - A2 -6,5 > 0.

Now, from (8.8) and (8.9) it is evident that, when regarded as functions of x,
Wan+t1,1(1, €) is even and Wap 11 2(1, §) is odd. It follows by uniqueness of solutions
having these properties, along with (2.1), (8.4), (8.5), (8.10), (8.11) and (8.13), that

. 1 1_— a2 1/4
im _
e~z () = 14 e2n41,1(1, 0) (1 —a? — a2x2> Wantr1(1:¢) (8.16)

and

- 0 .
0T(1/2)+17(I) = {ﬂ + Z % + €hnp1,2 (s O)}

s=0
x {(1=a®)(1 = a® = a®2®)} "4 Wapp10(u, ), (8.17)
for 0 < 7/pu < A < 1, uniformly for —A71v/1 - A2 +§ <2 < A~ W1 - A2 -6,
0> 0.
Returning to the original variables, and taking n = 0, we have
2 2 1/4
i _ pue =T 1
and
O 1y ain (@) = (02 = 7) (2 = 72 = 7%)} sinh(u€) {1 + O(u~")},  (8.19)
where

pa T TX
& = arctan { (2= 72— 12212 } > arctan { (2= 72— 122)1 } (8.20)
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