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Abstract. Let (AZ, F) be a bipermutative algebraic cellular automaton. We present
conditions that force a probability measure, which is invariant for the N x Z-action of F
and the shift map o, to be the Haar measure on X, a closed shift-invariant subgroup of the
abelian compact group A% This generalizes simultaneously results of Host ef al (B. Host,
A. Maass and S. Martinez. Uniform Bernoulli measure in dynamics of permutative cellular
automata with algebraic local rules. Discrete Contin. Dyn. Syst. 9(6) (2003), 1423-1446)
and Pivato (M. Pivato. Invariant measures for bipermutative cellular automata. Discrete
Contin. Dyn. Syst. 12(4) (2005), 723-736). This result is applied to give conditions which
also force an (F, o)-invariant probability measure to be the uniform Bernoulli measure
when F is a particular invertible affine expansive cellular automaton on AN,

1. Introduction
Let F : AM - AM with M = N or Z be a one-dimensional cellular automaton (CA). The
study of invariant measures under the action of F has been addressed from different points
of view in the last two decades. As ergodic theory is the study of invariant measures, it is
thus natural to characterize them. In addition, since F commutes with the shift map o, it
is important to describe invariant probability measures for the semi-group action generated
by F and o. We remark that it easy to prove the existence of such measures by considering
a cluster point of the Cesaro mean under iteration of F of a o-invariant measure. This
problem is related to Furstenberg’s conjecture [Fur67] that the Lebesgue measure on the
torus is the unique invariant measure under multiplication by two relatively prime integers.
In the algebraic setting, the study of invariant measures under a group action on a zero-
dimensional group, like Ledrappier’s example [Led78], has been extensively considered
in [Sch95] and [Ein05].

The uniform Bernoulli measure has an important role in the study of (F, o)-invariant
measures. Hedlund has shown in [Hed69] that a CA is surjective if and only if the uniform
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Bernoulli measure on AM is (F, o)-invariant. Later, Lind [Lin84] has shown for the
radius 1 mod 2 automaton that, starting from any Bernoulli measure, the Cesaro mean of
the iterates by the CA converges to the uniform measure. This result is generalized for
a large class of algebraic CAs and a large class of measures with tools from stochastic
processes in [MM98] and [FMMNO00], and with harmonic analysis tools in [PY02] and
[PYO04].

However, the uniform Bernoulli measure is not the only (F, o)-invariant measure;
indeed every uniform measure supported on a (F, o )-periodic orbit is (F, o )-invariant. We
want to obtain additional conditions which allow us to characterize the uniform Bernoulli
measure. We limit the study to CAs which have algebraic and strong combinatorial
properties: the algebraic bipermutative CAs. Let (A%, F) be a bipermutative algebraic
CA; we examine the conditions that force an (F, o)-invariant measure y to be the Haar
measure of A%, denoted by A 4z. When AZ is an infinite product of the finite group A, the
Haar measure is the uniform Bernoulli measure. Host et al take this direction in [HMMO03]
and characterize the (F, o)-invariant measure of affine bipermutative CAs of radius 1 when
the alphabet is Z/pZ with p prime. They show two theorems with different assumptions
on the measure . Pivato gives in [Piv05] an extension of the first theorem, considering
a larger class of algebraic CAs but with extra conditions on the measure and the kernel of
F. The main result in the present paper provides a generalization of the second theorem of
[HMMO3], which also generalizes Pivato’s result.

To introduce more precisely the previous work and this paper, we need to provide
definitions and introduce some classes of CAs. Let A be a finite set and M = N or Z. We
consider AM., the configuration space of M-indexed sequences in A. If A is endowed with
the discrete topology, AM g compact and totally disconnected in the product topology. The
shift map o : AM — AM is defined by o (x); = xj41 for x = (xm)ment € AM and i € M.
Denote by A* the set of all finite sequences or words w = wy . . . w,—1 with letters in A;
by |w| we mean the length of w € A*. Given w € A* and i € M, the cylinder set starting
at coordinate { with the word w is [w]; = {x € AM . Xi i+jw|—1 = w}, and the cylinder set
starting at O is simply denoted by [w].

A cellular automaton (CA) is a pair (AM, F), where AM ig called the configuration
space and F : AM 5 AM js 3 continuous function which commutes with the shift. We
can therefore consider (F, o) as a N x M-action. By Hedlund’s theorem [Hed69],
this is equivalent to giving a local function which acts uniformly and synchronously
on the configuration space, that is to say, there is a finite segment U C M (called the
neighborhood) and a local rule F : AUV — A, such that F(x),, = F((Xmtu)uey) for all
x € AM and m € M. The radius of F is r(F) = max{|u| : u € U}; when U is as small as
possible, it is called the smallest neighborhood. If the smallest neighborhood is reduced to
one point we say that F' is trivial.

Let B be the Borel sigma-algebra of A™; we denote by M (AM) the set of probability
measures on .AM defined on the sigma-algebra B. As usual, o i (respectively F ) denotes
the measure given by ou(B) = /,L(O'_I(B)) (respectively Fu(B) = M(F_I(B))) for B
a Borel set. This allows us to consider the (F, o)-action on M(AM). We say that
w € M(AM) is o -invariant (respectively F-invariant) if and only if o u = p (respectively
Fu = p); obviously, u is (F, o)-invariant if and only if u is o-invariant and F-invariant.
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We denote Z,,(c) ={Be‘B: ,u(a_l(B)AB) =0} to be the algebra of o-invariant sets
mod . If AM has a group structure and ¥ is a closed o -invariant subgroup of AM the
Haar measure on %, denoted Ay, is the unique measure in M(AM) with supp(u) C ¥
which is invariant by the action of X. We can characterize Ay using characters in
AM which are continuous morphisms /fg)m AM o C; indeed, u = Ay if and only if
supp(u) C X and u(x) = 0 for all x € AM such that x () # {1}, see [Gui68] for further
details. If A is a finite group and AM is a product group, the Haar measure of AM
corresponds to the uniform Bernoulli measure defined on a cylinder set [u]; by

)»AM([M]i) = W

Let (AM, F) be a CA of smallest neighborhood U = [r, s]={r, ..., s}. F is left-
permutative if and only if, for any u € A*~" and b € A, there is a unique a € A such that
f(au) = b; F is right-permutative if and only if, for any u € A°™" and b € A, there is a
unique a € A such that F(ua) = b. F is bipermutative if and only if it is both left and right
permutative.

If AM has a topological group structure and if o : AM — AM s a continuous group
endomorphism, AM s called a group shift. By Hedlund’s theorem [Hed69], the
o-commuting multiplication operator is given by a local rule ¥ : A1 x AT 5 A, We
refer to [Kit87] for further details. If AM is an abelian group shift and F : AM — AM
is a group endomorphism which commutes with o, then the CA (A, F) is said to be
algebraic. If A has an abelian group structure, AM is a compact abelian group. We say that
(AM| F) is a linear CA if F is a group endomorphism or equivalently if F is a morphism
from AY to A. In this case F, can be written as

F= Z fuoo"
uel
where, for all u € U, f, is an endomorphism of 4 which is extended coordinate by
coordinate to AM. We can write F as a polynomial of o, F = Pr(c), where P €
Hom(A)[X, X~']. If A=7Z/nZ, then an endomorphism of A is the multiplication by
an element of Z/nZ. We say that (AM| F) is an affine CA if there exists a linear CA
(AM| G) and a constant ¢ € AM such that F = G + ¢. The constant must be o -invariant.

A linear CA (AM, F), where F = > ucirs) Juoo®, is left (respectively right)
permutative of smallest neighborhood [r, s] if f, (respectively f;) is a group
automorphism. An affine CA (AM F + ¢), where (AM, F) is linear and ¢ € AM, is
bipermutative if (AM, F) is bipermutative. So, if A = Z/pZ where p is prime, then any
non-trivial affine CA is bipermutative. However, if p is composite, then F is left (right)
permutative if and only if the leftmost (rightmost) coefficient of F is relatively prime to p.

Now we can recall the first theorem of [HMMO03].

THEOREM 1.1. [HMMO3] Ler (A%, F) be an affine bipermutative CA of smallest
neighborhood U = [0, 1] with A=17/pZ, where p is prime, and let u be an (F, o)-
invariant probability measure. Assume that:

(1) pisergodic foro;

(2)  the measure entropy of F is positive (h, (F) > 0).

Then = A gz.
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The second theorem of [HMMO3] relaxes the o-ergodicity into (F, o)-ergodicity
provided the measure satisfies a technical condition on the sigma-algebra of invariant sets
for powers of o.

THEOREM 1.2. [HMMO3] Ler (AZ, F) be an affine bipermutative CA of smallest
neighborhood U = [0, 1] with A =17/ pZ, where p is prime, and let ;u be an (F, 0)-
invariant probability measure. Assume that:

(1) s ergodic for the N x Z-action (F, o);

(2) Zu(0)=Z,(c?P=D) mod u;

3) hu(F)>0.

Then = A 4z.

Pivato gives in [Piv05] a result similar to Theorem 1.1, which applies to a larger class
of algebraic CAs but with extra conditions on the measure and Ker(F).

THEOREM 1.3. [Piv05] Let A” be any abelian group shift, let (AZ, F) be an algebraic
bipermutative CA of smallest neighborhood U = [0, 1] and let u be an (F, o)-invariant
probability measure. Assume that:

(1) is totally ergodic for o;

(2) hu(F)>0;

(3) Ker(F) contains no non-trivial o -invariant subgroups.

Then p = A 4z.

It is possible to extend Theorem 1.3 to a non-trivial algebraic bipermutative CA without
restriction on the neighborhood. In §2 of this paper, we give entropy formulas for
bipermutative CAs without restrictions on the neighborhood. These formulas are the first
step to adapt the proof of Theorem 1.2 in §3 in order to obtain our main result.

THEOREM 3.3. Let AZ be any abelian group shift, let (A%, F) be a non-trivial algebraic
bipermutative CA, let X be a closed (F, o)-invariant subgroup of AZ et k € N such that
every prime factor of | A| divides k and let u be an (F, o)-invariant probability measure
on AZ with supp(i) C E. Assume that:

(1)  wisergodic for the N x Z-action (F, ¢);

2) Zyo)=1, (a*P1y with p1 the smallest common period of all elements of Ker(F);
3)  hu(F)>0;

(4) every o-invariant infinite subgroup of D;:O(F) = UneN Ker(F™) N X is dense in X.
Then = Ayx.

Theorem 3.3 is a common generalization of Theorems 1.2 and 1.3 when A is a cyclic
group and A is the product group. To obtain a generalization of Theorem 1.3 for any
abelian group AZ , we must take a weaker assumption for Dg:o; however, we need a further
restriction for the probability measure.

THEOREM 3.4. Let A” be any abelian group shift, let (A%, F) be a non-trivial algebraic
bipermutative CA, let ¥ be a closed (F, o)-invariant subgroup ofAZ, let k € N such that
every prime factor of | A| divides k and let u be an (F, o)-invariant probability measure
on A% with supp(1) C E. Assume that:
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(1) wisergodic foro;

2) Z,o)=1, (Uk”') with pi the smallest common period of all elements of Ker(F);

3) hu(F)>0;

(4) every (F, o)-invariant infinite subgroup of DOEO(F) = UneN Ker(F™") N X is dense
inX.

Then = Ax.

To do this some technical work is required on each of the assumptions. At present, we
do not know how to obtain a common generalization of Theorems 3.3 and 3.4.

In §4, we show how to replace and relax some assumptions of Theorems 3.3 and 3.4,
in particular how one obtains Theorems 1.2 and 1.3 as consequences. First, we replace
the assumption of positive entropy of F by the positive entropy of F” o o™ for some
(n, m) € N x Z. Then we give a necessary and sufficient condition for DZ to contain no
non-trivial (F, o)-invariant infinite subgroups. This condition is implied by the assumption
that Ker(F') contains no non-trivial o -invariant subgroups.

In §5, we restrict the study to linear CAs and obtain rigidity results which cannot be
deduced from Theorems 1.2 and 1.3. For example, in §5.1, we can see that Theorem 3.3
works for any non-trivial linear CA F = Pr(c) on (Z/ pZ)Z with p prime. In this case,
Theorem 1.2 works only for CAs of radius 1 and Pivato’s result works only if Pf is
irreducible on Z/pZ. In §6, we give an application of this work. We stray from the
algebraic bipermutative CA case and show measure rigidity for some affine one-sided
invertible expansive CAs (not necessarily bipermutative) with the help of previous results.

2. Entropy formulas for bipermutative CAs
Let (AZ, F) be a CA, B be the Borel sigma-algebra of A% and u € M(A%). We
put B, = F~*(B) for n € N. For P a finite partition of A% and for B’ a sub sigma-
algebra of B we denote H, (P) = — ) ,.p n(A) log(uu(A)) to be the entropy of P and
Hy(PI®B) ==Y scp [4 10g(E,(141B") di to be the conditional entropy of P given
B’. Furthermore, h,, (F) denotes the entropy of the measure-preserving dynamical system
(AM, B, u, F). We refer to [Pet89] or [Wal82] for the definition and main properties.
We define the cylinder partitions P = {[a] : a € A} and P 5] = {[u], :u € A*7"}. The
following lemma is a more general version of the entropy formula in Lemma 4.3 of
[HMMO3] (where this lemma is proved for CAs with radius 1).

LEMMA 2.1. Let (AZ, F) be a bipermutative CA of smallest neighborhood U = [r, 5]
with r <0 <s and let i be an F-invariant probability measure on AZ. Then hy(F)=
HM(P[O,s—r—l]PBl)-

Proof. We have h, (F) =limj_ o b, (F, Pj—;,17) with

T
V F_"(P[t,11)> = Hy (7’[1,11

n=1

\/ F_"(P[z,zl))

n=1

hy(F, P—;n) = lim HM(PII,II
T—o00

Let [ >s—r. By bipermutativity of F, for T > 1, knowing (F"(X)[—1.1])ne[1.T]
and knowing F(x)[r,—1,Ts+1] is equivalent. This means that \/Zzl F7'"(P—ip) =
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F _I(P[Tr_ljsﬂ]). By taking the limit as / — co, we deduce (with the convention
00.0 = 0) that

o
\ F7"(Pli) = F (Ploor—1.00.541)-
n=1

So we have
hy(F, Piesin) = Hy (Pl F~ Proo.r—t,00.5410)-

Similarly, by bipermutativity of F, the knowledge of F (X)[co.r—I,00.5+/] a0d X[0,s—r—1]

allows us to know x[—;, ;1 and vice versa. We deduce that
Pros—r—11V F X Proor—t.00s+1) = Piot] V F N (Ploor—1.005+11)-
Therefore,
B (F, Poin) = Hy(Po,s—r+ 11| F ™ (Ploo.r—1,00.5+11))-

Ifr <0 <s, then Ploo.r—1,00.5+i] = B1. Otherwise, by taking the limit as / — oo and
using the martingale convergence theorem, we obtain /, (F) = H, (Pjo,s—r—111B1). O

When u is an (F, o)-invariant probability measure, it is possible to express the entropy

of a right-permutative CA according to the entropy of o.

PROPOSITION 2.2. Let (A%, F) be a right-permutative CA of neighborhood U = [0, s],
where s is the smallest possible value, and let © be an (F, o)-invariant probability
measure. Then h, (F) =s h, (o).

Proof. Let N €N and [ >s. By right-permutativity, since U = [0, 5], for all x € AZ
knowing (F" (x)[—1,1))nef0,n] and knowing x(—; ;4 ns] is equivalent; this means that

N
F7"(Pi=1,1) = P{=1,1+Ns]-
n=0

So for [ > s we have

hy(F, Pi-1,n)

1 N
lim —H, F(P-
s (V)

1
= 1 —H _
m w(Pl—1,14-Ns1)

1
Jim —— W%‘M 1 ([u]) log(palul)

. Ns + 21 1
= lim —
N—o0 N NS+2Z

> wdu)) log(ulu)
ueANs+2]

=shy(o).
We deduce that i, (F) =limy_ o0 hy (F, Pi—1,17) = s hy(0). O
Remark 2.1. We have a similar formula for a left-permutative CA of the neighborhood

U = [r, 0]. Moreover, it is easy to see that this proof is true for a right-permutative CA
N
on A™.
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COROLLARY 2.3. Let (A%, F) be a bipermutative CA of smallest neighborhood U =
[r, s], and let u be an (F, o)-invariant probability measure on AZ. We have

s hy(o) ifs>r=>0,
hu(F)= (s —=r)hu(o) ifs=0>r,
—rhy (o) if0>s>r.

Proof. Cases where s > r > 0 or 0 > s > r can be directly deduced from Proposition 2.2.

When s > 0> r, the CA (AZ, o~ " o F) is bipermutative of smallest neighborhood
[0, s —r]. Since o is bijective, we deduce that 8 is o-invariant. Thus, F~1(B) =
(0~ o F)~1(%B). Since u is (F, o)-invariant, by Lemma 2.1, one has

hy(F) = Hy(Pjo,s—r—11|F 1 (B)) = Hy(Pio.s—r—1)l(0™ 0 F)"'(B)) = hy(6™" o F).

The result follows from Proposition 2.2. |

Remark 2.2. Ttis not necessary to use Lemma 2.1. Corollary 2.3 can be proved by a similar
method to Proposition 2.2.

A bipermutative CA (AZ, F) of smallest neighborhood U is topologically conjugate
to ((ANHY, o) where ¢t = max(U U {0}) — min(U U {0}), via the conjugacy ¢ : x € AZ
(F(x)[0,/))neN. So the uniform Bernoulli measure is a maximal entropy measure. Thus
from Corollary 2.3 we deduce an expression of hp(F). This implies a result of [War00],
who computes the topological entropy for linear CAs on (Z/ pZ)Z with p prime by
algebraic methods. Moreover, this formula gives Lyapunov exponents for permutative
CAs according to the definition of [She92] or [Tis00].

3. Proof of main theorems

Now we consider (A%, F) to be a bipermutative algebraic CA of smallest neighborhood
U={r, s]. Forye AZ call T, the translation x — x + y on AZ. For every n € N, we
write D, (F) = Ker(F"); if there is no ambiguity we just denote it by D,,. Clearly D, is a
subgroup of D, ;1. Denote 0D, .1 = D, +1 \ D, for all n € N. By bipermutativity we have
|D,| = |D1|" = | A|“~"" where | - | denotes the cardinality of the set. We consider the
subgroup Doo (F) =, ey Dn (F) of AZ_ and we denote it by Do if there is no ambiguity;
it is dense in AZ since F is bipermutative. Every D, is finite and o-invariant so every
x € D, is o-periodic. Let p, be the smallest common period of all elements of D,,. Then
pn divides | D, |!.

Let B be the Borel sigma-algebra of AZ and let ube a probability measure on A% put
B, = F7"(*B) for every n € N, so that it is the sigma-algebra generated by all cosets of
D,. For every n € N and p-almost every x € A%, the conditional measure n x is defined
for every measurable set U C AZ by tnx(U) =E,; (1y|B,)(x). Its main properties are as
follows.

(A) For p-almost every x € AZ, MUn,x 1S a probability measure on AZ and supp(in,x) C
FTU({(F"(x)}) =x + Dy.

(B) For all measurable sets U C A%, the function x — Mn.x(U) is B,-measurable and
Mn,x = [n,y forevery y € F7"({F"(x)}) = x + Dj.
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(C) Let G: AZ > AZ be a measurable map and let U be a measurable set. For
wu-almost every x € AZ one has IEM(IGq(U)IG_l(%))(x) =E,AyIB)(G(x)). So
0™ U x = Mn,om(x) and Flyy1 x = Wn, F(x) fOr p-almost every x € AZ and every
nelN.

(D) Since B, is Ty-invariant for d € D,, by (C) one has pt, x = tn x+d-

For all n € N define ¢, x = T—x tn,x; this is a probability measure concentrated on D,,.

The previous four properties of conditional measures can be transposed to &, .

LEMMA 3.1. Fixn € N. For p-almost all x € AZ, the following are true.

(@) Cnx+d = T—dé-n,x for every d € Dy.

(b) "ipx =Cnomx) foreverym € Z and Fipi1 x = Cn F(x)-

(c) Foreverym € p,Z, we have 6" ¢, x = tn x. Hence x — ¢,  is o™ -invariant.

Proof. (a) is by Property (D), (b) is by Property (C) and (c) is because supp(¢,,x) C D,. O

Forn > 0 and d € D,, we define

Epa={xeA%:¢,,({d) >0} and E,= ] Ea.
dedD,

Then E, 4 is oPr-invariant by Lemma 3.1(c), and E, is o-invariant because 9D, is
o-invariant. We write n(x) = 1 x({0}) = w1.x({x}). The function 7 is o-invariant and
E; = {x € AZ: y(x) < 1}. Therefore, one has

NF"1 @) = g pr 1oy (F" @)D = g ot o (F" 7 x4+ D))

(=) Mn,x(x + Dy_1) = é—n,x(Dn—l),
k
where (x) is by property (C). Thus E,, = {x € AZ nx(Dp—1) <1} = FH(ED.
Let ¥ C A% be a closed (F, o)-invariant subgroup of A%. We denote D> = D, N X

and 9DY | = DY  \ DF foralln e Nand DX, = Doy N Z.

Remark 3.1. For p an (F, o)-invariant probability measure such that supp(u) C X, we
note that, for every n € N and p-almost every x € A%, supp(in,x) C X + DnZ C X and
supp(&u,x) C Dnz. Soforalln e Nandd € 0D, if d ¢ X one has u(E, 4) =0.

LEMMA 3.2. Let u be a o-invariant measure on A%. If there exists k € N such that
Z,(0)= Iu(ak), then for alln > 1 one has I, (o) = Iu(ak”).

Proof. Applying the ergodic decomposition theorem to (AZ B, 1, 0), to prove that
Iu(o) =1, (o*") is equivalent to proving that almost every o-ergodic component § of
w is ergodic for o*". The proof is done by induction.

The base case Z,,(0) = Iﬂ(akl) is true by hypothesis. Let n > 2 and assume that this
property holds for n — 1 and does not hold for n. That is to say, we consider a o -ergodic
component § of i (by induction it is also k! -ergodic) which is not o¥"-ergodic. There
exists A € C such that A" = 1 and AF"™' # 1 and a non-constant function 4 : AZ — C such
that h(o (x)) = Ah(x) for §-almost every x € AZ. We deduce that h* (o (x)) = A¥h¥ (x) and
RE (K" (x)) = AK" 1k (x) = h* (x) for 8-almost every x € AZ. By o%" ' -ergodicity of §, h*
is constant §-almost everywhere, so A= 1, which is a contradiction. O
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Remark 3.2. If k divides k' then Z,, (0) C Z,.(0%) € Z.(6*'). So if Z,,(c) = T,,(c*') one
also has Z,, (o) = Z,,(c%).

‘We recall the main theorem.

THEOREM 3.3. Let AZ be any abelian group shift, let (A%, F) be a non-trivial algebraic
bipermutative CA, let ¥ be a closed (F, o)-invariant subgroup of.AZ, let k € N such that
every prime factor of | A| divides k and let u be an (F, o)-invariant probability measure
on A% with supp(i) C X. Assume that:

(1) s ergodic for the N x Z-action (F, o);

2) I.(0)=1I, (ckPvy with py the smallest common period of all elements of Ker(F);
3) hu(F)>0;

(4) every o-invariant infinite subgroup of DOEO(F) = U, ey Ker(F") N X is dense in .
Then = Ax.

Proof. For all n € Z, F is bipermutative if and only if 6" o F' is bipermutative. Since F is
non-trivial, by Corollary 2.3, we deduce that s, (6" o F) > 0 for all n € Z. Moreover, p is
o-invariant. So we can assume that the smallest neighborhood of F is [0, r] with r € N.

CLAM 1. ForallneN,Z,(0c)=1, (a*Pr), where Pn is the smallest common o -period
of D,,.

Proof. Let neN. Every x € D, is a o-periodic point of o-period p,, so, by
bipermutativity, every y € F “T({x}) is o-periodic. Since P (y) € F ~1({x}), one has
that p, divides the o-period of y. We deduce that p, divides p,yi. Moreover, there
exists d € Dy such that a7 (y) =y 4+ d, so o/P11Pr(y) =y 4+ |D;|d = y. We deduce that
pns1 divides | A|” pp, because |Di| = |.A|". By induction, p, divides |A""~Dp,. If
m is large enough, then | A|"”~1 divides k™, and hence p, divides | A"~ p;| which
divides (kp;)™. Thus, Z,,(c*P) = T, (o) by Remark 3.2, because Z,, (o *P"") =T, (o)
by Lemma 3.2 and hypothesis (2) of Theorem 3.3. <

CLAIM 2. Forn € Nand d € D, the measure T;(1E, ,1t) is absolutely continuous with
respect to L.

Proof. Let A € B be such that £(A) =0. Since u(A) = fAZ M x(A) du(x), we deduce
that w, x(A) =0 for p-almost every x € AZ. Tn particular, 0= pt,, x(A) > py x({x +
d}) = ¢y x({d}), for p-almost every x € T_;(A) because x +d € A. Thus x ¢ E, 4, so
u(T-q(A) N Ey 4) = 0. This implies that Ty (1g, ,4)(A) =0, so Ty(1g, , ) is absolutely
continuous with respect to (. <&

To prove the theorem, we consider x € ;lz with w(x) # 0 and we show that x (x) =1
for all x € ¥. We consider I' ={d € DEO 1 x(d) = x(o™(d)), Vm € Z}, a o-invariant
subgroup of DZ. We want to show that I" is infinite and, hence, dense in X by hypothesis
(4) of Theorem 3.3. From this we will deduce that x must be constant.

CLAIM 3. There exists N C A% with W(N)=1and F(N)= N (up to a set of measure
x

n’

zero), satisfying the following property: for any n €N and d € 9D
xeE, g NN withy x(x) #0, thend eT.

if there exists
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Proof. For n e N, the function x — ¢, is o kP _invariant by Lemma 3.1(c). Since
Zu(o) =1, (ak”") by Claim 1, we deduce that ¢, , is o-invariant. So for p-almost every
x € AZ and for any m € Z, we have 0™, x = ux (F). Since Ty(1g, ,u) is absolutely
continuous with respect to . by Claim 2, we have 6" ¢, x+4 = &n.x+a (¥) too, for p-almost
every x € E, 4, for every d € D,, and for every m € Z. We can compute

Tfa’"dé‘n,x = Tfomdomé‘n,x = Umdeé‘n,x = Gmé‘n,erd =Cnx+d = deé'n,)m
(@) () ) (%)

where (7) and () are as above, and () is by Lemma 3.1(a). So Tymq—q&n x = {n,x and by
integration (1 — x(6™d — d))&u, x(x) = 0 for u-almost every x € E, 4. Thus, there exists
N c A% with 1(N) = 1, such that for all d € D, and x € E, g N N, if £, (x) #0, then
x (@™ (@) x(d)~"'= x(0™(d) —d)=1. Hence x(c"(d)) = x(d) for all m € Z, which
means d € I". Moreover, the set N is F-invariant up to a set of measure zero, because p is
F-invariant. Thus u(F(N)) = Fu(F(N)) = u(F~Y(F(N))) > u(N) = 1. O

CLAIM 4. There exists no € N such that, if we define B={x e N :E,(x|Bn)(x) #
0, Vi > ng}, then u(B) > 0. Moreover, forall n > ng, and any d € 8Dnz, if EnaNB#0,
thend €T.

Proof. One has lim, o0 E, (x[B,) =E, ( X i1 ‘Bm) by the martingale convergence
theorem, and this function is not identically zero because its integral is equal to u(x) # 0.
Thus we can choose ng such that B={x e N :E,(x|®B,)(x) #0, Vn > np} satisfies
u(B) > 0. Moreover, we have

B (x1Br)(x) =/ X ditnx = X (X)nx(X)-
AZ

By Claim 3, for any n > ng and any d € 8Dn2, if there exists x € E, s N Bthend eI'. <&

CLAIM 5. u(Ep) > 0.

Proof. Let A € Pjo,,—1]. Let x € A and d € D such that x +d € A. One has x[g ,—1] =
(x +d)jo,r—1] and F(x) = F(x +d). By bipermutativity, one deduces that x = x +d,
that is to say, d = 0. Therefore, for any x € A and for any d € 0D, we have x +-d ¢ A.
Thus, AN F~'({F(x)}) = AN (x + D1) = {x}. Thus, (A) implies that E, (14]B1)(x) =
p1.4(A) = 1,1 ((x)) = n(x). By Lemma 2.1,

hu(F) = Hu(,PIO,r71]|%1)
=- Y fAlogaEM(lu%l)) du
]

A€Po,r-1

=/ —log(n(x)) du(x)
AZ
< / log(n(x)) du(x).
) JE;

where () is because E1 ={x € AZ n(x) < 1}. But h,(F) > 0 by hypothesis (3) of
Theorem 3.3. This proves Claim 5. <&
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CLAIM 6. T is infinite.

Proof. For p-almost every x € A% one has

1 n+1 1 n+1 1 & )
=D g @) = =Y gy () ==Y g (FI(x))
n < (a N = n <=
j=1 j=1 j=0
1 & ,
= — Y 156" F/(x)) — pu(Er) > 0.
) n* 4= © @

Here, (a) is because E; = F=ITHE)) for all Jj €N, (b) is because E is o-invariant, (c) is
the Ergodic theorem and hypothesis (1) of Theorem 3.3 and (d) is by Claim 5.

It follows that, for y-almost every x € A%, there are infinitely many values of n > 0
such that x € E,. Thus u((Nyeny Upsm En) =1. Since u(B) >0, we deduce that
w(Mmen Unsm En N B) > 0. Foralln € N, if d ¢ supp(u) C X, then Remark 3.1 implies
that w(E,.4) = 0. We can conclude that {d DOEo :3dn e Nsuchthatd €e D, and E,, 4 N
B # (}} is infinite and, by Claim 4, it is a subset of I". Therefore, I" is infinite. <

If we consider I = (Id 4z — 0)I", we have an infinite o-invariant subgroup of DOEQ
because Ker(Id 4z — o) is finite. Hypothesis (4) of Theorem 3.3 then implies that I is
dense in X, but, by construction, x (I') = {1}, so, by continuity of x, x(x) =1 for all
x € . Contrapositively, we must have u(x) =0 for all x € AZ such that x (%) # {1}.
Since supp(u) C X, we conclude that © = Ayx. O

Remark 3.3. The proof of Theorem 3.3 works if (AN, F) is a right-permutative algebraic
CA where all x € D| = Ker(F) are o-periodic, but this last assumption is possible only if
F is also left-permutative; therefore, it is a false generalization.

Remark 3.4. Let (AZ, F) be a non-trivial algebraic bipermutative CA and let X be a closed
(F, o)-invariant subgroup of AZ which verifies hypothesis (4) of Theorem 3.3. Letc € &
be a o-invariant configuration. We define the CA G = F + c. Let u be a (G, o)-invariant
probability measure on AZ_1f p verifies the assumptions of Theorem 3.3 for the N x Z-
action induced by (G, o), then u© = Ax.

Assumption (4) of Theorem 3.3 becomes more natural when it is replaced by “every
(F, o)-invariant infinite subgroup of DEO(F) = UneN Ker(F") N X is dense in X”. It is
not clear that this condition is implied by the assumptions of Theorem 3.3. However, if we
consider a o-ergodic measure we can prove the following theorem.

THEOREM 3.4. Let A% be any abelian group shift, let (A%, F) be a non-trivial algebraic
bipermutative CA, let T be a closed (F, o)-invariant subgroup of AZ, let k € N such that
every prime factor of | A| divides k and let u be an (F, o)-invariant probability measure
on AL with supp(n) C X. Assume that:

(1) pisergodic foro;

2) Z,(0)=1, (O'kp') with pi the smallest common period of all elements of Ker(F);
3) hu(F)>0;
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(4) every (F, o)-invariant infinite subgroup of DOEO(F) = UneN Ker(F") N X is dense
in X.
Then = Ax.

Proof. A o-ergodic measure is (F, o)-ergodic so results from Claim 1 to Claim 6 hold.
CLAIM 7. Let B' = UjeZ o/ ({x € N:E,(x|B,)(x) #0, Vn € N}). Then u(B') = 1.

Proof. By Claim 4, u(B) >0 where B={x € N :E,(x|B,)(x) #0, Vn > ng}. Thus
there exists k € [0, 3] such that B,, ={x e N : Si(ik]EM(x|%n0)) > 0, Vn > ng} verifies
w(By,) > 0, where i = —1. Since B, € B,, C B,,—1, one has

| NGB @ di= [ NG 1B, = 0.
Bno B"O

S0 Buy—1 =1{x € By : RG*E (X|Bny—1)(x)) > 0} = {x € N : RG'E, (x|B,) (x)) > 0,
Vn > ng — 1} verifies t(Bp,—1) > 0. By induction, u(Bg) > 0, so u(B’) > 0. Since B’
is o-invariant, w(B’) = 1 by o-ergodicity from hypothesis (1) of Theorem 3.4 . <&

CLAM 8. LetneNand letd € dDY. If E, g N B’ is non-empty then d e T ={d’ €
DI : x(d) = x(c™(d")),Vm € Z}.

Proof. Letd e BDnE and let x € E, 4 N B’. There exists j € Z such that
0% Eu(x1Bn) (0! (x) = /A L Xl i) = X0 ()8 10 () (=)x(af(x>)¢n,x<x).
3

Here (x) is because x — &y x is o*Pn_invariant by Lemma 3.1(c) and Z,(0)= I,L(Ukpn)
by Claim 1, so x — ¢, x is o-invariant. One deduces that ¢, x(x) #0. Butx € E, 4N N,
so d € I" by Claim 3. O

CLAIM 9. Letn>1andletde SDE. For p-almost all x € E, 4 N B’ one has F(x) €
E,_1,ra)NB.

Proof. Letd € 3D and x € E, 4 N B’. One has
Sn-1,Foo {F(d)}) = tax (FY{F@D) = Lo x({d}) $)0~

Here (a) is by Lemma 3.1(b) and (b) is because x € E, 4. We deduce that
F(x)e E,—1,Fa)- Since w(B)=1 by Claim 7 and u is F-invariant, one has
M(ﬂneN F_"(B/)) =150 F(x) € E,—1 F@) N B’ for u-almost all x € E,, 4 N B’. &

CLAIM 10. (e F7"T is infinite.

Proof. Let n > 0. The set E, = F~"t1(E}) is o-invariant since E; is o-invariant and
F commutes with 0. Moreover, u(E,) = u(E1) >0 by Claim 5. By o-ergodicity
(hypothesis (1) of Theorem 3.4), w(E,) =10 u(E, N B’) =1 by Claim 7. Forall n > 1,
there exists d, € dD;F such that u(E, 4, N B’) > 0, and thus, by Claim 9, M(E, _i pr(g,) N
B’) > Oforall k € [0, n]. Thatis to say, Fk(d,,) e I' fork € [0, n] by Claim 8. One deduces
that ("), F "I is infinite since it contains d,, for all n € N. <&
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If we consider I'" = (Id 4z — 0)(ﬂn€N F‘"F), we have an infinite (F, o)-invariant
subgroup of DEO because Ker(Id 4z — o) is finite. We deduce that I'” is dense in X by
condition (4) of Theorem 3.4, but x(I'”) = {1} by construction, so, by continuity of x,
x(x) =1 forall x € X. Contrapositively, we must have u(x) =0 forall x € ;l\Z such that
x(2) # {1}. Since supp() C X, we conclude that © = Ay. O

COROLLARY 3.5. Let A% be any abelian group shift, let (A%, F) be an algebraic
bipermutative CA. Let X be a closed (F, o)-invariant subgroup of AZ such that there exists
7 AL - X, a surjective continuous morphism which commutes with F and o ((X, o, F)
is a dynamical and algebraic factor of (AZ, 6, F)). Let k €N be such that every prime
factor of | A| divides k. Let p be an (F, o)-invariant probability measure on AL Assume
that:

(1) s ergodic for the N x Z-action (F, 0);

2) Zu(0)=1, (a*P1y with p1 the smallest common period of all elements of Ker(F);
3)  hzu(F)>0;

(4) every o-invariant infinite subgroup of DOEO = U, ey Ker(F") N X is dense in .
Then T = Ax.

4. A discussion about the assumptions

Comparing the assumptions of Theorems 3.3 and 3.4 with those of Theorems 1.1, 1.2
and 1.3 is not completely obvious. Already Theorems 3.3 and 3.4 consider bipermutative
algebraic CAs without restriction on the neighborhood. In this section, we discuss
the assumptions of these theorems and show that Theorems 3.3 and 3.4 generalize
Theorems 1.2 and 1.3 but the ergodic assumptions cannot be compared with those of
Theorem 1.1.

4.1. Class of CAs considered. Theorems 3.3 and 3.4 consider algebraic bipermutative
CAs without restriction on the neighborhood. The bipermutativity is principally used to
prove the entropy formula of Lemma 2.1. We can hope that such a formula exists for
expansive CAs . Section 4.3 gives a result in this direction. The next proposition shows
that considering algebraic CAs or the restriction of a linear CA is equivalent.

PROPOSITION 4.1. Let AZ pe any abelian group shift and let (AZ, F) be an algebraic
CA. There exist a linear CA, (B%, G), and a ogz-invariant subgroup of BZ, T, such that
(AZ , 0, F) is isomorphic to (I', ogz, G) in both the dynamical and algebraical sense.

Proof. Let (A%, F) be an algebraic CA. By Kitchens [Kit87, Proposition 2], there
exists a finite abelian group, B/, a Markov subgroup of B’ Z. T, and a continuous group
isomorphism, ¢, such that ¢ o0 =0z o@. Define G'=¢o Fo ¢~!. One has the
following commutative diagram:

oz 2z
QYoo =0gz0QY
¢ o ¢ poF=Gog
ORIL>

r ——7T
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G’ is continuous and commutes with o3z, so it is a CA on I''. We want to extend G’
to obtain a linear CA. By Hedlund [Hed69], there exist a neighborhood U, a subgroup of
B/U, H, and a local function G’ : H — B’ which define G'. Moreover, by linearity, G'is
a group morphism. If we could extend G’ to a morphism from BY to B (where B’ is a
subgroup of B), we would obtain the local rule of a linear CA.

There exist d, k € N such that B’ can be viewed as a subgroup of (Z/dZ)*. If
B = (Z/dZ)*, then H can be viewed as a subgroup of BY. By the fundamental theorem
of finitely generated abelian groups [Lan02, Theorem 7.8], there exist ey, ..., eu|, a
basis of BY, and qay, ..., agu) € N such that BY = P, (ei) and H = P, (a;e;). For all
i € [1, k|U]], there exist f; € B such that a(aiei) = a; f; because the order of E(aiei) is
at most d /a;. We define the morphism G : BY — B by G(¢;) = f; foralli € [1, k|U|]. G
defines a linear CA on BZ denoted G whose restriction is T, G). O

Remark 4.1. The study of algebraic CAs can be restricted to the study of the restriction of
linear CAs to Markov subgroups.

Since we consider o-invariant measures, we can assume that the neighborhood of the
CA is U =0, r]. Moreover, it is easy to show the next proposition and consider CAs of
the neighborhood U = [0, 1].

PROPOSITION 4.2. Let (AZ, F) be a CA of neighborhood U = [0, r]. There is a CA
(A" )Z, G) of the neighborhood U = [0, 1] so that the topological system (AZ, F) is

isomorphic to the system ((A” )Z, G) via the conjugacy

¢ ()icz € A > ((Xpriitr—1icz) € (ADZ.
Furthermore, one has
(AZ, F) is bipermutative <> ((A")Z
(A%, F) is algebraic < (A2, G) is algebraic,
(A%, F) is linear < (A%, G) is linear.

, G) is bipermutative,

If u e M(A%) is o-totally ergodic then ¢, i € M((A")%) is o arz-totally ergodic.
Moreover, by conjugacy, h,(F) > 0 is equivalent to Ay, ,(G) > 0. So, as suggested in
[Piv05], Theorem 1.3 holds for algebraic bipermutative CAs without any restriction on the
neighborhood.

COROLLARY 4.3. Let A” be any abelian group shift, let (A%, F) be an algebraic
bipermutative CA (without restriction on the neighborhood) and let u be an (F, o)-
invariant probability measure. Assume that:

(1) s totally ergodic for o;

(2) hu(F)>0;

(3) Ker(F) contains no non-trivial o -invariant subgroups.

Then = A yz.

Remark 4.2. The correspondence holds only if u is supposed to be o-totally ergodic.
Indeed if u is o-ergodic, ¢, is not necessarily o 4-z-ergodic.
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4.2.  Ergodicity of action. Assumption (1) of Theorem 3.3 characterizes the ergodicity
of the action (F, o) on the measure space (.AZ, B, ). Since we want to characterize
(F, o)-invariant measures, it is natural to assume that u is (F, o)-ergodic because every
(F, o)-invariant measure can be decomposed into (F, o)-ergodic components. The
following relations are easy to check for an (F, o)-invariant probability measure :

wis (F, o)-totally ergodic = u is o-totally ergodic
= wiso-ergodic = uis (F, o)-ergodic;
w is o-totally ergodic = w is (F, o)-ergodic and Z,(0)=1, (ak) for every k > 1.

Thus, hypothesis (1) of Theorem 1.3 implies hypothesis (1) and (2) of Theorem 3.4
which imply hypothesis (1) and (2) of Theorem 3.3. However, we note that the ergodicity
assumption (1) of Theorem 1.1 cannot be compared with hypotheses (1) and (2) of
Theorem 3.3. Indeed, there are probability measures which are (F, o)-ergodic with
(o) =1, (%) for some k> 1 which are not o-ergodic. Conversely, there exist
probability measures which are o -ergodic with Z,, (o) # 1, (o®) for some k > 1.

Moreover, if A=Z/pZand F = a Id + b o on AZ then p — 1 is a multiple of the com-
mon period of every element of Ker(F). So the spectrum assumption (2) of Theorem 1.2
implies hypothesis (2) of Theorems 3.3 and 3.4. For Theorem 1.3 the total ergodicity of
@ under o is required. This property does not seem to be very far from hypothesis (2)
of Theorems 3.3 and 3.4. But condition (2) of Theorems 3.3 and 3.4 (concerning the
o-invariant set) shows the importance of the algebraic characteristic of the system. The
property of (F, o)-total ergodicity of p is more restrictive. With such an assumption,
Einsiedler [Ein05] has proven rigidity results for a class of algebraic actions that are not
necessarily CAs. To finish, the next example shows that assumption (2) of Theorems 3.3
and 3.4 is necessary to obtain the characterization of the uniform Bernoulli measure.

Example 4.3. Let A=7/27 and F=Id4+0o on A% We consider the subgroup
Xi={xe AZ X2pn = Xop+1, Yn € Z}, which is neither o-invariant nor F-invariant. Let
Xo=0(X)={x e AL : xp, =x0p_1,Vn€Z}, Xz=F(X))={xe AL :xp,=0,VYn €
Z} and X4 = F(X2) ={x € AL : xp,41 =0,Vn €Z}. The set X = X; U X, U X3U X4
is (F, o)-invariant. Let v be the Haar measure on X;. We consider u = z—l‘(v +ov+
Fv + Fov). Itis easy to verify that u is an (F, o)-ergodic measure such that 4, (o) > 0.
However, X; € IM(O’z) N Z, (o) foralli € [1, 4], and hence hypothesis (2) of Theorem 3.3
is false, so we cannot apply Theorem 3.3 and w it is not the uniform Bernoulli measure.
Silberger proposes similar constructions in [Sil0S].

4.3. Positive entropy. Corollary 2.3 shows that for a non-trivial bipermutative CA,
(AZ, F), the assumption of positive entropy of F can be replaced by the positive entropy
of F" o 0™ for some (n, m) € N x Z. Therefore, the positive entropy hypothesis (3) of
Theorems 3.3 and 3.4 can be replaced by the positive entropy of the action (F, o) in some
given direction. We can find this type of assumption in [Ein05].

We can also expect a similar formula for an expansive CA F but in this case we have
the inequality i, (F) > 0 if and only if &, (c) > 0. To begin, we show an inequality for a
general CA.
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PROPOSITION 4.4. Let (AZ, F) be a CA of the neighborhood U=[r,s]>0 (not
necessarily the smallest possible one) and let u be an (F, o)-invariant probability measure
on A%, Then h,,(F) < (r —s) h, (o).

Proof. By definition, for N €N, [ €N and x e AL, the knowledge of x[N—isN+1]
determines (F"(x)[—1,)nefo,n]- This means that Ppy_; sy iS a refinement of
\/,’lv=O F~"(Pi-1,11)- So for I > max(s, —r) we have

1 N
hy(F, P—igp) = lim NHH<\/F "(73[_,,,])>

N—o00 =0

1
li —H, I Ne
m w(PlurN—i,Ns+11)

=<
. N(s—r)+2l 1
= lim — w([u]) log(ulul)
N—00 N N(s—r)+2 ueANZs;r)Hl
= (s —r) hy(o).
We deduce that /i, (F) = limy_ 00 b, (F, Pi—1,11) < (s — 1) hy (o). ]

Let (AZ, F)be a positively expansive CA. There exists r,, the constant of expansivity,
such that, for all x, y € A, if x # y there exists n € N which verifies F"(x)[—y,.,,] #
F"(¥)[-r,.r,}- Then (AZ, F) is topologically conjugate to the one-sided subshift (Sf, o),
where Sp C BY, with B= A%¥**! and where Sy = {(F' (X)[=rpr])ieN 1 X € AZy, via
the conjugacy ¢r :x € AL (F! (X)[=r,.r.))ieN € Sp. Define Fr :Sgp — Sp by Fro
Or(x) =¢F oo’ (x) for every x € AZ. (Sp, Fr) is an invertible one-sided CA. Define
the radius of expansivity rr = max{r(Fr), r(FT_l)}.

PROPOSITION 4.5. Let (.AZ, F) be a positively expansive CA and u an (F, o)-invariant
probability measure, then h, (F) > (1/rr)h, (o).

Proof. By definition of ry, for NeN, [ >r, and x EAZ, the knowledge of

(F™(x)[=1,))nefo,rrN] 1mplies the knowledge of x_ny—; N+ This means that
\/;Tzlg F7"(Pi—11p) is a refinement of P_y—_; v+/]. A computation similar to that in the
previous proof shows that 77 h, (F) > h;, (o). O

This result can be viewed as a rigidity result. Indeed, for an expansive CA (AZ, F), the
measure entropy of F and o are linked for an (F, o)-invariant measure. This is a first step
in the research of Lyapunov exponents for expansive CAs [Tis00].

4.4. (F,o)-invariant subgroups of Ds. Now let us discuss assumption (4) of
Theorems 3.3 and 3.4 which is an algebraic condition on the CAs. We can remark that
Theorems 1.1 and 1.2 have no such assumption because they concern a particular class
of CAs which verifies this assumption: F =ald+ b o on (Z/ pZ)Z with p prime. By
Proposition 4.2 it is easy to modify the proof of Theorem 1.3 to consider non-trivial
algebraic bipermutative CAs without restriction on the neighborhood (Corollary 4.3).
However, it is necessary to compare the assumption “Ker(F) contains no non-trivial
o -invariant subgroups” with “every o-invariant infinite subgroup of D is dense in AL,
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We show that the second property is more general and give in §5.1 a general class of
examples where it is the case.

If HcC A%, denote by (H) the subgroup generated by H, by (H), the smallest
o-invariant subgroup which contains H and by (H)r ., the smallest (F, o)-invariant
subgroup which contains H. Let ¥ be a closed (F, o)-invariant subgroup. If H C X,
then we note that (H), (H), and (H)r , are subgroups of 3.

PROPOSITION 4.6. Let (AZ, F) be an algebraic CA and let ¥ be a closed (F, o)-
invariant subgroup of AZ. The following propositions are equivalent.
)] Dg:o contains no non-trivial (F, o)-invariant infinite subgroups.
(2) There exist m € N and ny > 0 such that Dnz0 C(d)F,s foralld € 8Dnzo+m.

(3) There exists m € N such that DnzO C{d)F,o forallng e N* and d € BDHEﬁm.
(4) There exists m € N such that DlE C{d)F,s foralld e BDE_H.

Proof. (2) = (1) Let I" be an (F, o)-invariant infinite subgroup of DEO. We prove by
induction that D¥ C I for all n > ny. Since I is infinite and D is finite for all n € N, we

deduce that there exists n’ > 0 such that there existsd € ' N BDE notm® By F-invariance

of I we have F”/(d) el'n 8D,§)+m, and thus D,E) - (F"/(d))p(r cr.

Let n > ng and assume that Dn2 cI'. We want to show that Dnz+1 cI'. As before,
since I' is infinite and F-invariant we can find d € ' N 8Dr)l:+l+m. From F"t1=70(d) e
rnoDY .. we deduce DY C (F"t'="(d))f 4. Letd € DY, |. Then F"t!="(d') e
D,i C (Frtl—no (d))F,o and consequently there exists a finite subset V C Z x N such
that FrHl-n0g"y = > wmyey Cum ™ o Fr'+nt1=n0 () where ¢, v € 7. We deduce that
d' =3 ey Cuws™ o F™ (d) € DF,,_, C DY CT.Butd €T, 500" o F" €T for
all (n,m’)€V. Thus, d’ €. This holds for any d’ € D% ,. Thus, DX, CT. By
induction, DF C T for all k € N. Finally, D% =,y D CT.

(1) = (4) By contradiction, we assume that for all m € N there exists d € Z)DIE 41 such
that (d)ro N Dl2 %+ DIE. Since DlE is a finite group there exists a strict subgroup H of
D¥ such that A = {d € DX |(d)r,, N DY C H} is infinite. Observe that F(A) C A. For
all d' € A we denote Ay ={d € Ald’' € (d)F,+}. Let (n;);eN be an increasing sequence
such that AN3Dy #@. If de ANID,. |, we have d' = F"+17"(d) € (d)F,s, 50
that d € Ay, and also d' € AN 8D,>Ei. So we can construct by induction an infinite
sequence (d;)jen of DX such that d; € AN3Dy. and diy1 € Ay, for all i € N. Thus
I' = U;en(di) F .o 18 an infinite (F, o)-invariant subgroup of DEO such that ' N D]E CH,
which contradicts (1).

(4) = (3) Letm € N such that D{* C (d)F o foralld € 9D ,. We prove by induction
that for all n > 1 and d € dDZ,,, one has D¥ C (d)F ,. For n =1 it is the assumption.
Assume that the property is true for n € N*. Let d € 8Df+l+m; since F"'(d) € aanJr],
one has Dl2 C(F"(d))Fo-Ifd € DnEJr], then F"(d') € Dl2 and we deduce the existence
of V C Z x N such that F"(d") = Z(u!m,)ev Cumo” o F™+1(d) where Cy.m € Z. From
d — Zw’m,)ev Cyum oo F"(d) e DF and from the fact that DX C (F(d))F.» because
F@) e 8Dnz+m, we deduce that d’ — Z(u,m’)EV Cumo" o F’"/(d) e(Fd)Foc C{d)F.o-

Thus, d’ € {d) F,,. One can then deduce that Dnz+1 C(d)Fo-
(3) = (2) is trivial. O
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COROLLARY 4.7. If Df: = Ker(F) N X contains no non-trivial o-invariant subgroups
then DEO contains no non-trivial (F, o)-invariant infinite subgroups.

Proof. 1f DlE =Ker(F) N ¥ contains no non-trivial o-invariant subgroups, for all d
BDIE, the subgroup (d)r , must be equal to Df:. By Proposition 4.6, one can deduce
that DOEo contains no non-trivial (F, o)-invariant infinite subgroups. O

For a linear CA (A%, F) where A = Z/nZ, the o-invariant subgroups coincide with
the (F, o)-invariant subgroups. From Corollary 4.7 we get directly that Theorem 3.3 is
stronger than Theorem 1.3 in this case. Moreover, if we consider the case of Theorem 1.2,
that is to say, that A = Z/ pZ with p prime and F = a Id + b o with a # 0 and b # 0, then
Ker(F) >~ Z/ pZ does not contain non-trivial o-invariant subgroups. So Theorem 3.3 also
generalizes Theorem 1.2.

When A is not cyclic, the o-invariant subgroups do not necessarily coincide with
the (F, o)-invariant subgroups. In this case we do not know if Theorem 3.3 implies
Theorem 1.3. However, Corollary 4.7 implies that Theorem 3.4 is stronger than
Theorem 1.3 for every algebraic bipermutative CA.

5. Extensions to some linear CAs

5.1. The case A=1Z/pZ. Theorem 1.2 concerns linear CAs on (Z/pZ)% of smallest
neighborhood U =10, 1]. We will show that this implies the fourth assumption of
Theorem 3.3. In fact, we can show that the fourth assumption is directly implied when
we consider a non-trivial linear CA on (Z/pZ)%. This allows us to prove the following
result.

PROPOSITION 5.1. Let A=17/pZ, let (A%, F) be a non-trivial linear CA with p prime
and let u be an (F, o)-invariant probability measure on AZ. Assume that:

(1) s ergodic for the N x Z-action (F, o);

(2) Z,(0) =TI, (cPP)ywithk € N* and p; the smallest common period of all elements

of Ker(F);
3) hu(F)>0.
Then:
(@ =2z

(b) moreover, py divides ]_[f;é (p" — p') where r = max{U, 0} — min{U, 0} and U is
the smallest neighborhood of F.

Proof. Proof of (a): By (F, o)-invariance of x, we can compose F with o and assume
that the smallest neighborhood of F is [0, r] with r € N\ {0}. So F = Zue[(),r] fuoot=
Pr (o) where Pr is a polynomial with coefficients in Z/pZ with fy 7% 0 and f, % 0. We
remark that F' is bipermutative.

Case 1: First we assume that Pr is irreducible on Z/ pZ. We can view D1 (F) asaZ/pZ
vector space and consider the isomorphism o1 : D1(F) — D1(F), the restriction of o at
the subgroup D;(F). By bipermutativity of F, D| >~ (Z/pZ)". Moreover, Pr(o1) =0;
since Pp is irreducible and its degree is equal to the dimension of D, we deduce that
Pr is the characteristic polynomial of 1. Since Pp is irreducible, D1 (F) is o1-simple, so
D (F) contains no non-trivial o -invariant subgroups, see [AB93, § V1.8] for further details.
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By Corollary 4.7, Do (F) also contains no non-trivial (¥, o)-invariant infinite subgroup,
so hypothesis (4) of Theorem 3.3 is verified.

Case 2: Now we assume that Pr = P® where P is irreducible on Z/pZ and « € N.
We have D, (Pr(0)) =Ker(P*"(0)) = Dy, (P(0)) for all n € N. So Dy (Pr(0)) =
Do (P(0)). Now we are in the previous case and the fourth condition of Theorem 3.3
is verified.

Case 3: In the general case, Pr = Pla 1...Pla’ where P; is irreducible and «; € N
for all i € [1,/]. Let I be an (F, o)-invariant infinite subgroup of D, (Pr(c)). By
the kernel decomposition Lemma [AB93, §V1.4], we have D, (Pr(0)) = D,,(Pla o)) ®
- P D,,(PIO” (0)) for every n € N. Moreover, D, (Pr(c)) NT is a o-invariant subspace
of D, (Pr (o)) considered as a Z/ pZ-vector space and D, (Pr(c)) NT = (Dn(Pf‘1 (o) N
D& @ (Dy(P"(0)) NT). We deduce that

Doo(PF(@)) NT = @) (Dao(P1 (@) NT) = € (Doo(Pi(0)) NT),
ielll] ™) jelr

where (x) follows as in Case 2. There exists i € [1, ] such that I' N Do (P; (o)) is an
infinite subgroup. By Case 1, one has I' N Do (P;(0)) = Do (Pi (7)), S0 Do (Pi(0)) CT.
We deduce that I" is dense, because D, (P;(0)) is dense, because P;(o) is bipermutative.
Thus the fourth condition of Theorem 3.3 is verified and part (a) of the proposition follows.

Proof of (b): If x € Ker(F), then the coordinates of x verify x4, = — fr_1 Z:& fiXnti
for all n € Z. This recurrence relation can be expressed with a matrix. For all n € Z one
has X,,+1 = AX,, where

_fr—lfr_l —fofr_l
Yntr—1 1 0 --- .- 0
X, = and A= 0
Xn :
0 e 0 1 0

A is invertible because fy # 0 # f;, and for all n € Z one has X, = A" X. Thus the period
of X, divides the period of A, which divides the cardinality of the set of invertible matrices
on Z/ pZ of size r, that is to say, the number of bases of (Z/pZ)", which is ]_[;;(1) (p" - pH.

O

Remark 5.1. Proposition 5.1 still holds if ((Z/pZ)%, F) is an affine CA.

Remark 5.2. Proposition 5.1 extends to the case when A is a finite field and F =
Y uey fuo" is a linear CA where each coefficient f, is the multiplication by an element
of the field.

Let ((Z/pZ)Z, F) be a non-trivial linear CA where Pr(o) = Zue[(),r] fuoao is
a polynomial with coefficients in Z/pZ with fy#0 and f, #0. In this case,
Theorem 1.3, generalized to non-trivial algebraic bipermutative CAs without restriction
on the neighborhood, holds only if Ker(F) contains no non-trivial o -invariant subgroups,
which is equivalent to the irreducibility of Pr. Proposition 5.1 holds for every linear CA
on (Z/ pZ)~.

https://doi.org/10.1017/50143385707000247 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000247

1984 M. Sablik

5.2. The case A=7/pZ x Z/qZ. Now we consider A=7/pZ x Z/qZ with p and
q distinct primes and (A%, F) alinear bipermutative CA. In this case D, contains infinite
o-invariant subgroups which are not dense in A% For example, Dgg and Dgg where

= (Z/pZ)Z X {O(Z/qZ)Z} and I'y ={07,,7)2} X (Z/qZ)Z. The measures Ar, and Ar,
are (F, o)-totally ergodic with positive entropy for o. If u is an (F, o)-invariant measure
which verifies the conditions of Theorem 3.3, we cannot conclude that u = A 4z. However,
if we consider the natural factor 7 : AL I't and 75 : AL I['», then, by Corollary 3.5,
one has w1 = Ar, or mou = Ar,. A natural conjecture is this: if every cellular automaton
factor of F has positive entropy, then @ = A 4z. The problem is to rebuild the measure
starting from 71 and mo .

5.3. The case A=7/p*7Z. In this case, we do not know under what extra conditions
an (F, o)-invariant measure is the Haar measure. Moreover, some linear CAs are not
bipermutative. The next lemma shows how to remove this condition when you consider a
power of the CA.

LEMMA 5.2. Let (AZ F) be a linear CA with A =17/ p*Z, where p is prime, k > 1 and
F = Z,e[r 5] f, o', with ﬁ €7/ p~. Let U= {i €lr, s]: fi coprime with p}, ¥ =min U
and § = max U. Assume U is not empty and ¥ < §.

Then FP* " is bipermutative of smallest neighborhood U’ = [p*~17, pk=15].
Proof. We can write F = Pr(o) with Pp € Z/ka[X, X1, we decompose Pr =
Py + pPy where Py =) . 5 fi X i, By Fermat’s little theorem and induction on j > 1,

we can easily prove that
(P +pPy)? = (P)P" mod pI*!.

k—1 k—1 .
So we have P[p’ :PI’7 :Zie[pkfl;’pk—l_;] giX' where g; € Z/p*Z. Moreover,
k—1 k—1 —
8 pk—l P = ffp and g k-13 = f;’ are relatively prime to p. We deduce that F -

Plff (ov) is bipermutative of smallest neighborhood U’ = [p¥—17, pk—15]. O

Now from Corollary 2.3 we can deduce an entropy formula for general linear CAs on
2/ p* )"

COROLLARY 5.3. Let (A%, F) be a linear CA with A=17/p*7, where p is prime,
k>1and F=3% . fi ol with f; € Z/p*Z. Let # <§ be as in Lemma 5.2. Let
w be an (F, o)-invariant probability measure on A%.  Then hy (F) = (max(#, 0) —
min(§, 0)h, (o).

COROLLARY 5.4. Let (A%, F) be a linear CA with A = 7] p*Z, where p is prime, k > 1
and F = Zie[m] fi ot with f; € Z)p*Z. Assume that, for at least two i € [s, r], f; is
relatively prime with p. Let ¥ be a closed (F, o)-invariant subgroup of A% and let . be
an (F, o)-invariant probability measure on A% with supp(n) C X. Assume that:

(1) s ergodic for the N x Z-action induced by (F, 0);

(2) Iu(0) =TZ,(cPPr) with py the smallest common period of all elements of Ker(F);
3) hu(o)>0;
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(4) every o-invariant infinite subgroup of DOEO(F) = UnEN Ker(F") N X is dense in Z.
Then p = Ax.

Example 5.3. Let A= Z/47, we consider the CA (AZ, F) defined by F =1d + ¢ + 202
Then X = {0, 2}Z satisfies the conditions of Corollary 5.4. In this case, the only (F, o)-
invariant probability measures of positive entropy known are A 4z and Ax.

6. Measure rigidity for some affine one-sided expansive CAs

An invertible one-sided CA (.AN, F) is said to be expansive if there exists a constant
re € N such that, for all x, y € AN, if x # y there exists n € Z which verifies F” (x)o,,,] #
F*(y)10.r,]- Expansive CAs are different from positively expansive CAs because we also
look at the past of the orbit. Boyle and Maass introduced in [BMO0O0] a class of one-
sided invertible expansive CAs which have remarkable combinatorial properties. Further
properties were obtained in [DMS03]. We study this class of examples from the point
of view of measure rigidity. This class of CAs is not bipermutative so we cannot apply
Theorem 3.3 directly. However, in some cases, it is possible to associate a ‘dual’ CA
which corresponds to the assumptions of Theorem 3.3. This is a first step to study measure
rigidity for expansive CAs.

We are going to recall some properties obtained in [BMOO0]. Let F : AN > ANpeaCA
such that r(F) = 1. Associate to F' the equivalence relation R g over A defined by: aR pb
if and only if F(ca) = F(cb) for all ¢ € A. Write PR, to be the partition induced by R p
and Cr,(a) to be the class associated to a. Also define 7 : A — Aby nrp(a) = F(aa)
for any a € A.

PROPOSITION 6.1. [BMO00] A one-sided CA F : AN — AN with r(F) =1 is invertible
with r(F~1) = 1 if and only if the following conditions hold:

(1) mF is a permutation;

(2)  F is left-permutative;

(3) foralla e A, Succr(a) :=Im(F(a-)) C np(Cr,(a)).

If F is an expansive invertible CA with r(F)=r(F~!)=1, then AN, F) s
topologically conjugate to the bilateral subshift (Sr, o) where Sr = {(F £ (X)0)iez i x €
AN} via the conjugacy ¢r :x € AN (Fi(x)0)ien € Sp.  Define Fr:Sp — Sp by
Fr(¢r(x)) =¢r(o(x)) for every x e AN, If F is expansive then (Sg, Fr) is a CA
(defined on S instead of a fullshift). Invertible expansive CAs with r(F) =r(F - =
r(Fr) = 1 can be characterized as follows.

PROPOSITION 6.2. [BMO00] A one-sided invertible CA F: AN — AN with r(F) =
r(F~YY =1 is expansive with r(Fr) =1 if and only if the following conditions are
verified:

(1) |CNap(C) <1 foranyC, C' € Pr,;

(2) foralla e A Succp(a) :=Im(F(a-)) = np(Cr,(a)).

Such a CA is said to be in Class (A). The alphabet A of a CA in Class (A) has cardinality
n? for some n € N.
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Write B="Pr,. In [BMO00], the authors show that (Sr, o) is conjugate to the
fullshift (BZ o)byop:Sp— BZ such that ¢ ((a;);ez) = (Cr(a;i))icz. The CA (SF, Fr)
determines by ¢ a CA (BZ, FT) on BZ and (S, Fr) is conjugate to (BZ, FT) To sum
up, we have
(BZ, Fr),

(BZ, 0),

(AN, o) = (SF, Fr)
AN, F) = (SF, 0)

(where = means topologically conjugate).

PROPOSITION 6.3. If F is in Class (A) then I::; is bipermutative.

Proof. Let (.AN, F) be a CA in Class (A) and let «, o/, B,y,8 € B such that
Fr(a, B, y) = Fr(a/, B, y) = 8. Suppose B = ¢(b), for some b € Sp. Then b € wp(y)
by condition (2) of Proposition 6.2, so b€ BNmr(y), which is a singleton set by
condition (1). Hence 8 and y uniquely determine b. Likewise, if o« = ¢(a) and o’ = ¢(a’)
for some a, @’ € S, then we must have a, @’ € F(b, 8). But F(b, .) : A — A is constant
on 8 by definition of the partition P, , so a =a’ so @ = «’. We deduce that the function
IFT;(-, B,v): B — B is injective. So it is bijective because B is finite. Thus, (B, I?;) is
left-permutative.

In the same way we can prove that (B, I7T) is right-permutative by applying
Propositions 6.1 and 6.2 to F~! instead. The result follows. O

After this proposition, with a view to applying Theorems 3.3 and 3.4, we want to
characterize the CA F in Class (A) such that Fr is algebraic. We have only the next
sufficient condition.

PROPOSITION 6.4. Let (AN, F) be a linear CA, with F = fo Id + fio where fy and f

are endomorphisms of A extended coordinate by coordinate to AN.

(a) F isinvertible with r(F~Y) = 1 if and only if fy is an automorphism and fi o fo_1 o
f1=0.

(b) F is in Class (A) if and only if fy is an automorphism, Im f| = fo(Ker f1) and
Im f; N Ker f; = {0}.

(c) When (A%, F) is in Class (A), the CA (’P%F, I?;) is linear:

Proof. First we note that b € Cr . (b') if and only if fy(a) + f1(b) = fo(a) + f1(b') forall
a € A; this is equivalent to b € b’ + Ker fi. So Cr, (b) = b + Ker fi for all b € A. Thus,
Pr, = A/Ker fi. Moreover, Succr(a) = Im(F(a ") = fo(a) +Imf for all a € A, and
wr = fo+ fi1.

Proof of (a): Assuming fj is an automorphism and fi o fo’1 o f1 =0, it is possible
to express F~'as F~' = fy'ld — f;' o fi o fy'o. Conversely, if F is invertible with
r(F~1) =1, by Proposition 6.1, f; is an automorphism because F is left-permutative and
fio f(;1 o f1 = 0 because for some a € A one has

fo(a) +1Im(f1) =Succr(a) Cnr(Crp(a)) = fola) + fi(a) + fo(Kerf1),

that is to say, Im f1 C fo(Ker f1).

Proof of (b): As in the proof of (a), one has Succr(a) = np(Cr,(a)) for any a €
A if and only if Imf; = fo(Kerf1). Moreover, if |C N7p(C')| <1 for any C, C’' €
Pry, then 04 Kerfi Nnmp(04 Kerfi) =Kerfi N fo(Kerfi) =Kerf; NImf; = {0}.
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Conversely, for any b, b" € A one has Cr,(b) Nwp(Cr, (b)) =b+Kerfi Nmp(b') +
Im f1, soif Ker fi N Im f; = {0} then Cr . (b) N mr(Cr (b)) contains at most one element.
Characterization of linear CAs in Class (A) follows from Proposition 6.2.

Proof of (c): Let (AN, F) be a CA in Class (A). We will show that (P%F, I?}) is linear.
Since A is finite abelian and Im f; N Ker f; = {0} by (b), one has Imf]; @ Kerf] = A.
Moreover, Im f] and Ker f] are isomorphic to the same group, denoted B, because fj is
an automorphism and Im f] = fy(Kerf]) by (b). An element a € A is written (’y‘) where
xelmf; ~Band y € Kerf; >~ B. One has Pr, ~ A/Kerfi ~Imf; >~ B. We want to
show that (BZ, 1::}) is linear. We can write fp and f as 2 x 2-matrices with coefficients

in Hom(B):
| for  foarz | fin fie
fo= |:f0,21 fo,zz] and - fi = |:f1,21 fl,zz] '

Since Imf; = fo(Kerfi), one has fp2 =0 and since fp is an automorphism, we
deduce that fp 12 and fp2; are automorphisms of 5. Since the second coordinate
corresponds to the kernel of fi, one has fll2 = f212 =0 and since Im f; N Ker f; = {0},
one has f121 = 0. Moreover, f1 11 is an automorphism of 13 since it is the restriction of f;
at Im f1. So we have

foor  fo12 —1 0 fo fiin O
fo= [ ’ L fe =2 _ : _ and fi=|"" .
Jo 0 0 f0,112 _f0,112°f0,11 °f0,211 0 0

These formulas are illustrated by the next diagram which represents the action of F and
F~1 on a neighborhood:

(fo,ll (x0) + fo,12(30) + fi,11 (X1)>
fo,21(x0)

()

f52100)
fo(x0) = fo s © fou1 0 fo200) + fo a0 fiin o foa ()

G

We deduce that Fp = flilll 00 — ffll] o fO,ll old — ffll] o fO,lZ o f0’21 o 0’71, SO
(BZ, I::}) is linear. O

With Proposition 5.1 and the conjugacy relations it is possible to characterize the
uniform Bernoulli measure of some linear CAs in Class (A).

PROPOSITION 6.5. Let (AN, F) be an affine invertible CA in Class (A) with |A| = p?
with p prime. Let i be an (F, o)-invariant probability measure on AN, Assume that:

(1)  wis ergodic for the Z x N-action (F, 0);

Q) Z,.(F)= ZM(Fp(p—l)(pz—l));
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3) hu(o)>0.
Then p = A yn.

Proof. By Proposition 6.4, Fr is alinear bipermutative CA of the neighborhood [—1, 1] on
BZ, where B = 7/ pZ . There exists ¢ : AN — BZ quch that (AN, F, o) and (BZ, o, I::})
are conjugate via ¢, so:
(1) ¢u is ergodic for the N x Z-action (1::}, 0);
(2) Zyulo) = Iw(al’(”_l)(l’z_l)) (=)I¢# (oPP~1), where (%) is by Remark 3.2;

*

(3)  hgu(Fr) > 0.
By Proposition 5.1(a) we deduce that ¢ = Agz SO (L = A yn. O

The next example shows two CAs of Class (A) with | A] = 22,
Example 6.1. Let A=7/2Z x Z/2Z. We define two CAs (AN, F)) and (AN, F) in

T A@E)T 1608 96
(D=1 A6)

The first coordinate corresponds to the class of Pr, and the second coordinate
corresponds to the class of PRF_, . Fori € {1, 2}, let u; be such that:

and

(1) wiis (F;, o)-ergodic and Z,, (F) =1, (F%);
(2) there exists (n, m) € N x Z such that h, (6" o F") > 0.

All the hypotheses of Proposition 6.5 are satisfied, so that we can conclude that
i =i 4n for all i € {1, 2}. To see where Theorem 1.3 does not hold when we assume

u o-totally ergodic, we are going to calculate Ker(Fl.T) fori € {1, 2}.
For F one has

Fl(@ B.y)=a+p+y.
This formula is illustrated by the following diagram, which represents the action of Fj

and F 1*1 on a neighborhood:

xo0 +x1+ Yo
X0
)
Yo

(o ms30)
Yo+ y1 + xo

G
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So we have
Dy(FT) = Ker(FT) = {°000%,% 011%°,% 110%,% 101%} = 727 x Z/2Z.

Ker(F IT) contains no non-trivial o -invariant subgroups. Then p; = A 4n by Theorem 3.3
and Corollary 4.7. In this case, if © were o -totally ergodic, then we could also have applied
Theorem 1.3 to conclude that ;t = A 4.
For F, one has e
Fj (@ B, y)=a+y.
This formula is illustrated by the following diagram which represents the action of F»
and F, "ona neighborhood:

)
) G
(2

One obtains
Dy (FT) = Ker(FT ) = {00%°,% 11%°,% 01, 10} = 727 x /22,
Dy(FT) = (D) U {0001%°,% 0111%°,% 0011%}),.

We note that foralld € 9D, one has D; C (d)s, s0 3 =A v by Theorem 3.3 and
Proposition 4.6. We also note that in this case {°°00°°,°° 11°°} is a non-trivial o -invariant
subgroup of Ker(F) so Theorem 1.3 would not apply, even if we assumed that © was
o -totally ergodic.

Acknowledgements. 1 would like to thank Alejandro Maass and Francois Blanchard for
many stimulating conversations during the process of writing this paper. I thank also the
referee, as the final version of this paper owes much to his numerous suggestions. I thank
Nucleus Millennium P01-005 and Ecos-Conicyt CO3E03 for financial support. Last but
not least, a special acknowledgment goes to Wen Huang for his attentive reading and his
relevant remarks.

REFERENCES
[AB93] J.-M. Arnaudies and J. Bertin. Groupes, Algébres et Géométrie, Tome 1. Ellipses, Paris, 1993.
[BMO00] M. Boyle and A. Maass. Expansive invertible onesided cellular automata. J. Math. Soc. Japan

52(4) (2000), 725-740.

https://doi.org/10.1017/50143385707000247 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000247

1990

[DMS03]
[Ein05]

[FMMNO00]

[Fur67]
[Gui68]
[Hed69]
[HMMO3]
[Kit87]

[Lan02]
[Led78]

[Lin84]
[MM98]
[Pet89]
[Piv05]
[PY02]
[PYO04]
[Sch95]
[She92]
[Sil05]

[Tis00]
[Wal82]

[War00]

M. Sablik

P. Dartnell, A. Maass and F. Schwartz. Combinatorial constructions associated to the dynamics
of one-sided cellular automata. Theoret. Comput. Sci. 304(1-3) (2003), 485-497.

M. Einsiedler. Isomorphism and measure rigidity for algebraic actions on zero-dimensional
groups. Monatsh. Math. 144(1) (2005), 39-69.

P. A. Ferrari, A. Maass, S. Martinez and P. Ney. Cesaro mean distribution of group automata
starting from measures with summable decay. Ergod. Th. & Dynam. Sys. 20(6) (2000), 1657—
1670.

H. Furstenberg. Disjointness in ergodic theory, minimal sets, and a problem in Diophantine
approximation. Math. Systems Theory 1 (1967), 1-49.

A. Guichardet. Analyse Harmonique Commutative (Monographies Universitaires de
Mathématiques, 26). Dunod, Paris, 1968.

G. A. Hedlund. Endormorphisms and automorphisms of the shift dynamical system. Math.
Systems Theory 3 (1969), 320-375.

B. Host, A. Maass and S. Martinez. Uniform Bernoulli measure in dynamics of permutative
cellular automata with algebraic local rules. Discrete Contin. Dyn. Syst. 9(6) (2003), 1423-1446.
B. P. Kitchens. Expansive dynamics on zero-dimensional groups. Ergod. Th. & Dynam. Sys.
7(2) (1987), 249-261.

S. Lang. Algebra, 3rd edn. (Graduate Texts in Mathematics, 211). Springer, New York, 2002.
F. Ledrappier. Un champ markovien peut étre d’entropie nulle et mélangeant. C. R. Acad. Sci.
Paris Sér. A-B 287(7) (1978), A561-A563.

D. A. Lind. Applications of ergodic theory and sofic systems to cellular automata. Phys. D
10(1-2) (1984), 36-44.

A. Maass and S. Martinez. On Cesaro limit distribution of a class of permutative cellular
automata. J. Stat. Phys. 90(1-2) (1998), 435-452.

K. Petersen. Ergodic Theory (Cambridge Studies in Advanced Mathematics, 2). Cambridge
University Press, Cambridge, 1989. Corrected reprint of the 1983 original.

M. Pivato. Invariant measures for bipermutative cellular automata. Discrete Contin. Dyn. Syst.
12(4) (2005), 723-736.

M. Pivato and R. Yassawi. Limit measures for affine cellular automata. Ergod. Th. & Dynam.
Sys. 22(4) (2002), 1269-1287.

M. Pivato and R. Yassawi. Limit measures for affine cellular automata. II. Ergod. Th. & Dynam.
Sys. 24(6) (2004), 1961-1980.

K. Schmidt. Dynamical Systems of Algebraic Origin (Progress in Mathematics, 128).
Birkhiuser, Basel, 1995.

M. A. Shereshevsky. Lyapunov exponents for one-dimensional cellular automata. J. Nonlinear
Sci. 2(1) (1992), 1-8.

S. Silberger. Subshifts of the three dot system. Ergod. Th. & Dynam. Sys. 25(5) (2005), 1673—
1687.

P. Tisseur. Cellular automata and Lyapunov exponents. Nonlinearity 13(5) (2000), 1547-1560.
P. Walters. An Introduction to Ergodic Theory (Graduate Texts in Mathematics, 79). Springer,
New York, 1982.

T. B. Ward. Additive cellular automata and volume growth. Entropy 2(3) (2000), 142-167
(electronic).

https://doi.org/10.1017/50143385707000247 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000247

