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Abstract. The electron temperature gradient driven electromagnetic-drift waves
and associated instabilities and electron thermal diffusion in a magnetized plasma
have been investigated by employing kinetic ion and fluid electron responses. A new
dispersion relation has been derived analytically and studied numerically. Two
broad classes of unstable fluctuations, namely ‘low” and ‘high’ frequency unstable
modes, have been identified and studied in detail. The instabilities of these modes
and associated electron thermal diffusion coefficients are also estimated. The results
of our theoretical model can be considered as a plausible explanation for experi-
mentally observed fluctuations in Burke et al. (2000a Phys. Plasmas 7, 1397).

1. Introduction

It is well known (Mikhailovskii 1992, 1998) that magnetized laboratory and space
plasmas contain free energy sources in the form of equilibrium pressure and mag-
netic field gradients. The latter can cause different classes of micro-instabilities
involving electrostatic drift and electromagnetic drift—Alfvén waves (Mikhailovskii
1992). Non-thermal fluctuations can produce anomalous cross-field charged particle
and heat transport (Kadomtsev 1965, Horton et al. 1965), which degrade the
plasma confinement. Accordingly, a complete knowledge of waves and instabilities
in a non-uniform magnetoplasma is very essential for understanding the instability
and transport processes in laboratory and space plasmas.

Recently, Burke et al. (2000a, b) and Maggs and Morales (2003) have performed
several laboratory experiments to demonstrate the spatio-temporal properties of
spontaneous fluctuations that are triggered by gradients in the ambient plasma
parameters, namely density, temperature, magnetic field, etc. They observed two
kinds of broadband fluctuations. One is identified (Burke et al. 2000a) as a low-
frequency (w~0.02 w.) temperature fluctuation mode and the other as a relative
high-frequency (w~0.1 wg) drift-Alfvén mode, where w (w.) is the mode fre-
quency (ion gyrofrequency). In this paper, we present a theoretical explanation for
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those experimental observations. Specifically, we theoretically investigate the elec-
tron temperature gradient driven electromagnetic-drift waves and associated non-
thermal transport coefficients (namely the electron thermal diffusion coefficient)
in a magnetized plasma by employing a kinetic description for ions and a fluid
description for electrons. We identify two broad classes of unstable fluctuations,
namely low- and high-frequency unstable modes, and study their existence regimes
in detail. The results of our theoretical model can be considered as a plausible
explanation for experimentally observed fluctuations in Burke et al. (2000a).

The manuscript is organized as follows. The electron and ion number density
perturbations are obtained by using a kinetic (fluid) description for ions (electrons)
in Sec. 2. The general dispersion relation for the electron temperature gradient
driven electromagnetic-drift waves is derived and investigated both analytically
and numerically in Sec. 3. The electron thermal diffusion coefficient associated
with unstable low- and high-frequency waves are estimated in Sec. 4. Finally, a
brief discussion is given in Sec. 5.

2. Electron and ion responses

We consider a fully ionized, two-component (electron—ion), collisionless plasma
with an equilibrium electron temperature gradient. We assume that the plasma
is embedded in a homogeneous magnetic field zZBy, where Z is the unit vector along
the z-direction, and that the equilibrium electron temperature gradient is in a
direction perpendicular to the direction of the external magnetic field (namely
along the z-direction). We are interested in examining the obliquely propagating
low-frequency electromagnetic waves with the frequency satisfying w < we. (where
wee =€Bg/mec is the electron gyrofrequency, e is the magnitude of the electron
charge, m, is the electron mass, and c is the speed of light in vacuum) in such
a magnetoplasma. Thus, in the presence of low-frequency electromagnetic fields,
E=—-V¢—ic19;A, and B=VA, x z, where ¢ is the scalar potential, A, is the z-
component of the vector potential and 9, = 9/0t, we can express the perpendicular
and parallel components of the electron fluid velocities (uey and u,;) as

1
U ~ Bio EXVo— ——2xV(nT.)|, (2.1)
u € vig (2.2)

7 4ren, 7 '

where n, is the electron number density and T is the electron temperature in units
of the Boltzmann constant. To derive (2.2), we have used Ampere’s law along with
an assumption that the current parallel to z is mainly carried by the electrons.

Now, using (2.1) and (2.2) we can express the electron continuity equation, the
z-component of the electron equation of motion and the electron energy equation
in linearized form as

Byner + V29, A, =0, (2.3)
4re
T, T,
(8 + V,0,) A, + . <¢— 2e0 el ﬂ) =0, (2.4)
: e ng e
2 27T,
Oy — SO ) Ty + V0o = =2 (8, — ) nea, (2.5)
3 3710
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where 0, =03/0y, *—k Vi Jwee, Vipe = ( Too/me)'/?, kp=—T4'0.Too, Qr=—ng!
(0L /0T )1y, Q=T (0L )ONe)ny. and £ is a generalized heat loss function (a
function of n. and T;), and is defined as energy losses minus energy gains, per unit
of volume per unit of time. ne; (T¢1) is the perturbed part of the electron number
density (temperature), ng (Te) is the equilibrium part of the electron number
density (temperature). Using (2.3) and (2.5) in (2.4) we obtain a single equation
relating n.; and ¢ in the form

N 2 ~ 2
(0@+amV@5P+3aﬂ%ﬁ@7m=55ﬁ$(0—§M)¢ (2.6)

where O = Oy +V,0y. P= 0r—207/3, Q=0,—0,, Vi= (B§/4ﬁn0mi)1/2, Ps = Cs/Weis
and ¢, = (T.o/m;)"/%. We now assume that n.; and ¢ are proportional to exp(—iwt +
tkyy +ik,z), where k, (k.) are y (z) components of the wave propagation vector k,
i.e. ky =ksin6 and k, =k cos 6 with 6§ = tan'(k, /k.) being the angle between the
directions of By and k. Hence, (2.6) can be Fourier transformed to obtain
2 K262 (0 — i200) 0

 dre (Quw — Q3) (w—i2Qr) — 203 (w — i)

Ne1 = (27)

where Q, =w—kyV, and Q) = k.Vak,p;. We next present the expression for the ion

number density perturbation nj; which can be deduced from the Vlasov equation

(Brambilla 1998; Rao and Kaup 1992; Shukla and Stenflo 2000). Thus, we have
npe

2F1(b)
1o — D08 () — P
ni1 T o(bi) — 2

®, (2.8)

where T; is the ion temperature in units of the Boltzmann constant, ' = Iy 1
exp(—b;), Iy (I1) is the zero (first) order modified Bessel function with argument
bi=Fk;p?. pi = Vii/wei is the ion Larmor radius, Vi = (T;/m;)*/? is the ion thermal
speed, we =eBgy/mic is the ion gyrofrequency, and m; is the ion mass. We note
that for b; <1, (2.8) reduces to n;; ~ k2noe¢/[ i(w? — w?)], which for w <w, can
be further simplified as nj; ~ — (¢ 2k2n0m1/630)¢ On the other hand, for b;>1,
(2.8) reduces to nj; ~ — (nge/T}) .

3. Dispersion properties

By invoking the quasineutrality condition n.; =nj; as well as (2.7) and (2.8), we
obtain the general dispersion relation

w? k2VEEZp? (Q —i2Qr)
1—=To(b) = 2T (bi) 7—— = (o= ) (w200 = %Qi( i (3.1)

C1

Our new dispersion relation given by (3.1) does not impose any restriction on the
values of w/w.; and b;. Before going to the numerical analysis of (3.1), let us briefly
discuss the following two limiting cases.

3.1. ITon fluid limat

When we neglect the ion Larmor radius effect, i.e. b; <1, the dispersion relation for
the low-frequency electromagnetic waves satisfying w/w.; <1 can be simplified as

W — Qpw? — (ozkngf —i2Qrw.)w + (wi + i%QL])kgVAQ =0, (3.2)
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where a=1 + 5k2p2/3. w, =k, Vi, Qre=w, +92Q1/3, Qui=Qp + QukZp?. and
QL =Qr +Q,,. For parallel propagation (k, =0), (3.2) reduces to (w — k,Va)(w —
2iQ21/3) = 0 which represents two uncoupled modes, namely the shear Alfvén waves
w=k,Vy and a purely growing radiative thermal mode w =72Qr/3. On the other
hand, for perpendicular propagation (k, =0), from (3.2) we have (w — k,V,)(w —
2iQr/3) =0, which represents two uncoupled modes, namely the electron temper-
ature gradient driven drift waves w =k, V,, and a purely growing radiative thermal
mode w=12Q7/3.

For oblique propagation (3.2) represents the dispersion relation for the coupled
drift—-Alfvén waves modified by the electron inertia, fluctuation of the electron tem-
perature and radiative energy loss. To examine the instability of the coupled drift—
Alfvén waves, we have to numerically solve (3.2). However, for w~k,V, <k, Vi
(3.2) can be approximated as

e RV 2Rt Qukp?)
1+ Sk2p2 3(1+ 3k2p2)

(3.3)

Equation (3.3) represents unstable electron temperature gradient driven drift waves
with the real frequency wy~Fk,V,/(1+5k2p2/3) and the growth rate =~
2(Qr + QLkpr)/S(l + 5k§pf/3).

3.2. Strong ion Larmor radius effect

When we consider an extremely strong Larmor radius effect, i.e. for b;>1, the
dispersion relation (3.1) can be simplified as

w? — Qpw? — (okaf — 120w, )w + (wi + i%QLg)bikEVf =0, (3.4)

where o= (14 5T /3T;)b;i and Q2 =y + TooQ1/T;. Since kzp? >1 is assumed,
in (3.4) we cannot consider the parallel propagation. However, for perpendicular
propagation (k, =0), from (3.4) we obtain the two uncoupled modes (namely the
electron temperature gradient driven drift waves w==Fk,V,, and a purely growing
radiative thermal mode w=1i2Q1/3) that we obtained in the fluid limit (b; <1).
Now, for oblique propagation and for w ~ k, V, <bik. V4, (3.4) can be approximated
as

o~ ky Vi Z.Q(QT + (Teo/T3)S21.)

- 14+ 5Te0/3T} 3(1 + 5TeO/3T;)

Equation (3.5) represents the unstable electron temperature gradient driven drift
waves with the real frequency wy =k, V, /(1 + 5T.0/3T;) and the growth rate v ~
2(Qr + Teof2/T7) /3(1 4 5T /3T;) including the effect of the strong ion Larmor
radius effect.

(3.5)

3.3. Numerical analysis

The waves and associated instabilities that we have discussed are restricted to two
limiting cases, namely b; <1 and b; > 1. The former is further restricted to w < wy;.
To have more general results (without imposing any restriction on the values of
w/we and b;), we now numerically solve (3.1) and find its real and imaginary
solutions for typical laboratory plasma parameters (Burke et al. 2000a; Maggs and
Morales 2003): Too ~5 eV, By ~1 kG, ng~ 102 em ™3, T, ~0.2T,, and Qp/we ~0.1.
The numerical results are displayed in Figs. 1-5. We have found in our numerical
analysis that for the above-mentioned typical laboratory plasma parameters, the
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Figure 1. The dispersion properties of the low-frequency mode for typical plasma param-
eters given in the text. The upper plot represents the dispersion properties for Qp/w; =0.2,
kpr =2 em™! (solid curve), 3 em™! (dotted curve), and 4 em~! (dashed curve). The lower plot
represents the dispersion properties for ky =2 em™, Qp/w.; = 0.2 (solid curve), 0.5 (dotted
curve), and 0.8 (dashed curve). Here the frequency wy, is found to be independent of 6.

dispersion relation (3.1) has two positive real roots and three positive imagin-
ary roots. The two positive real roots represent two eigenmodes: one is a low-
frequency mode and other is a high-frequency mode. The dispersion properties of
low-frequency mode are shown in Fig. 1 and those of the high-frequency mode are
shown in Fig. 2.

Figure 1 shows how the frequency wy of the low-frequency mode varies with
kypi for different values of kp (cf. the upper plot of Fig. 1) and Qp (cf. the lower
plot of Fig. 1). The real solutions corresponding to the low-frequency mode were
found to be independent of 6. Figure 2 shows how the frequency wy of the high-
frequency mode varies with kyp;. The upper (lower) plot of Fig. 2 shows how the
dispersion properties of this high-frequency mode for a long (short) wavelength
perpendicular to the magnetic field varies with 6 (k). The frequency wy, is found to
be independent of kp and Qr for a long perpendicular wavelength limit (k,p; <0.1)
and independent of # and Qr for a short perpendicular wavelength limit (£, p; > 0.1).
Figure 3 shows how the growth rate ~y; of the unstable low-frequency mode varies
with kyp; for different values of kp (cf. the upper plot of Fig. 3) and Qy (cf. the
lower plot of Fig. 3). The imaginary solutions corresponding to the low-frequency
mode are found to be independent of 8. Figure 4 shows how the growth rate v; of a

https://doi.org/10.1017/50022377803002757 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377803002757

374 A. A. Mamun and P. K. Shukla

0.5

0.4

0.3

oo

0.2

0.1

0.001 0.002 0.003 0.004 0.005

oo

0.5 1 1.5 2 2.5 3
kyp;

Figure 2. The dispersion properties of the high-frequency mode for the typical plasma
parameters given in the text. The upper plot represents the dispersion properties of the
waves corresponding to long-wavelength perpendicular to the magnetic field for 8 = 60° (solid
curve), 70° (dotted curve) and 80° (dashed curve). The lower plot represents the dispersion
properties of the waves corresponding to short-wavelength perpendicular to the magnetic
field for ky =2 em™" (solid curve), 10 em™! (dotted curve) and 15 em™! (dashed curve). The
frequency wy corresponding to the long-wavelength limit (cf. the upper plot) was found to
be independent of Oy and ky. The frequency wy, corresponding to the short-wavelength limit
(cf. the lower plot) was found to be independent of 6 and Q.

purely growing radiative thermal mode varies with k,p; for different values of kr.
The growth rate 7, of this purely growing radiative thermal mode is found to be
independent of kp and 0. Figure 5 shows how the growth rate 7; of the unstable
high-frequency mode varies with &, p; for different values of by (cf. the upper plot of
Fig. 5) and Qr (cf. the lower plot of Fig. 5). The imaginary solutions corresponding
to the high-frequency mode are found to be independent of 6.

4. Diffusion coefficient

We now estimate the diffusion coefficients D associated with low- and high-freque-
ncy modes which produce a cross-field electron thermal energy flux

Iy = (To1tez) + complex conjugate, (4.1)

where the angular brackets denote the ensemble average. For wy <we., kc, we can
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Figure 3. The growth rate 7, of the low-frequency mode for the typical plasma parameters
given in the text. The upper plot, where Qr/we =0.2, kr =2 em™! (solid curve), 6 cm™?
(dotted curve) and 10 em™! (dashed curve), shows how the growth rate «y; varies with krp.
The lower plot, where ky =2 em™t, Qr/wei; =0.2 (solid curve), 0.3 (dotted curve) and 0.4
(dashed curve) shows how the growth rate v, varies with Qp. The growth rate 7, of the
low-frequency mode in both cases is found to be independent of 6.
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Figure 4. The growth rate v;, of the purely growing radiative thermal mode for the typical
plasma parameters given in the text, and for Qr/w. =0.2 (solid curve), 0.3 (dotted curve)
and 0.4 (dashed curve). Here 4 is found to be independent of kp and 6.
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Figure 5. The growth rate 7y, of the high-frequency mode for the typical plasma parameters
given in the text. The upper plot, where Qr/we = 0.2, by =2 em™* (solid curve), 10 em™*
(dotted curve) and 15 em™! (dashed curve), shows how the growth rate ~y; varies with krp.
The lower plot, where kp =2 em™, Qp/w.; =0.2 (solid curve), 0.3 (dotted curve) and 0.4
(dashed curve) shows how the growth rate 7, varies with Qp. The growth rate 7, of the
low-frequency mode in both cases is found to be independent of 6.
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where wy and «; are the real and imaginary parts of the wave frequency w cor-
responding to a fixed k. Now, using (4.1)—(4.3) and Fick’s law I'y = —D0, T, the
diffusion coefficient corresponding to a fixed k can be approximated as

Dy ~ 21k (4.4)

We note that in order to derive (4.4) we used (¢r) ~mBowy/ckk,, which is ob-
tained by using the mixing length hypothesis. Taking k,pi~1, §=60° and the
corresponding i /we ~0.003 from the dashed curve in the upper plot of Fig. 3,
we estimate the diffusion coefficient (associated with the low-frequency waves)
Dy ~720.003 weip?sin? @ ~ 1.5 x 10* em? s7'. On the other hand, taking k,p; ~1
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and the corresponding i /we =~ 0.1215 from the dotted curve in the upper plot of
Fig. 5, we can estimate the diffusion coefficient (associated with the high-frequency
waves) Dy, ~720.1215 weip? sin? 6 ~ 6 x 10* ecm? s~'. We note that in our numerical

analysis (Figs. 1-5), we used k, =k, cot @ which means that k. and k= /k2 + k2
vary with k, for fixed 6.

5. Discussion

We have investigated the electron temperature gradient driven electromagnetic-
drift waves and associated instabilities and transport coefficients (namely the elec-
tron thermal diffusion coefficient) in a magnetized plasma by employing a kinetic
description for ions and a fluid description for electrons. We have derived a new
dispersion relation, which has been investigated first analytically in two limits
(namely kyp; <1 and kyp; >1) and then numerically in general. We have found
two broad classes of unstable fluctuations: one is a low-frequency temperature
fluctuation mode with the frequency wy ~0.02 w. (cf. Fig. 1) and the other is a
relative high-frequency drift-Alfvén mode with the frequency wi ~0.1 wg; (cf. the
upper plot of Fig. 2). We have also studied the dispersion properties of these modes
and associated instabilities in detail. The growth rates of these modes are found to
be a fraction of the frequency of the corresponding mode (cf. Figs. 3 and 5).

We have found in our numerical analysis that for the typical laboratory plasma
parameters (Burke et al. 2000a; Maggs and Morales 2003) the dispersion rela-
tion (3.1) has two positive real roots and three positive imaginary roots. The two
positive real roots represent two eigenmodes: one is a low-frequency mode (cf.
Fig. 1) and other is a high-frequency mode (cf. Fig. 2). The three positive ima-
ginary roots represent the growth rates of the low-frequency mode (cf. Fig. 3),
the purely growing radiative thermal mode (cf. Fig. 4) and the high-frequency
mode (cf. Fig. 5), respectively. We have also estimated the electron thermal diffu-
sion coefficient associated with the unstable low- and high-frequency modes for
typical laboratory plasma parameters (Burke et al. 2000a; Maggs and Morales
2003) T(.\,O ~5 8‘7, Bo ~1 k(}, ng =~ 1012 CHliB, T; ~ 0~2T90-, Qn/wci >~ 01 er/wci = 02
kr= 10 em™! and kypi~1. The electron diffusion coefficient Dy turns out to be
~1.5x10% em? 57! and ~6 x 10* em? s~ for the low- and high-frequency modes,
respectively. The results of our theoretical model can be considered as a plausible
explanation for experimentally observed fluctuations in Burke et al. (2000a).
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